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Abstract: In this paper, we prove the following result:
Let 1) be a diconnected oriented graph of order n. I
A () +dY(0) = 0 -2 for any pair u,e of nonadjacent ver-
tices such that N YY) N (o) £ 0 and d (u) +d (v) =
no-- 2 for any pair w,e of nonadjacent vertices such that
N7 (u) VN (o) # B, then D contains a directed Hamilto-

nian cycle.

We use the terminology and notation of [1j. 1 = (V (D). A(D)) will
denote an oriented graph on n vertices. A digraph is diconnected if
there is a directed path from ¢ to ¢ for any two vertices uoand o
Define Juel = 1 when ae ¢ A(D) and jurf = 0 whew ve ¢/ (D). If
pe V(D) and S C V(D) we denote the set of ares fronn o to S (resp.

from S to ¢) by (0.8) (resp. (5. 0)). Furthermore, we define 4/;'(:') =
[(eoS)dgle) = 15, o). Define NPy = Lot V(D) oue o A(D)}
NT(u) = {ele ¢ V(DYora € A(D)} IS © V(D) an S-path s
a directed path of length at least two having exactly its origin and

terminus in S,

Theorewmn Let 1D be a diconnected oriented graph of order oo 1f
ANy dV o) 2o 22 for any pair e of nonadjacent vertices siceh
that N1 (a)y O N V(o) £ O and d7(u) +d (o) > o0 2 Jor any par
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u of nonadjacent vertices such that N~ () VN (o) # 0. then D
contains a directed Hamillonian cycle.

Proof: Supposc that D satisfics the condition of the theorem,
but does not contain a directed Hamiltonian cycle. Let S bealongest
directed cycle in D.

We first prove that there is a S-path iu D. Suppose there is no 5-
pathin 7. Then since D is diconnected and S is a proper subset of V',
1) contains a dirccted cycle S” having precisely one vertex, say . .
Lot S = awgeyra - ralo, ST = royiye - unro, A = {aq, o cats
Bo= {yi 2 un) and 11 = V(D) —{AUDBU {xg}). Obviouscly,
Al = «a, |B] = b and )=~ (a+b) -1 =1 Since there is
no S-path in D, va, us and rq, y; are pairs of nonadjacent vertices
such that N1 (rg) N NY(yp) # 0 and N7 )OON {y1) # V. Since D
contains no S-path, we have

dh(ea) = dylen) = () = da(n) =0 (1)
ancl there is not a path of form rgoyy or ypery, where v € . Henee,
leqo] + [ <1, Jgpel + el <1
for cach v € I7. Furthermore,

(/}t(.l?u) + (l;([/]) + (l;t,(m,) + (I;v(,rl)

< Y (et o) + (goel + [P
veEl
< 2/ ()

Clearly,

4[}\(.:'(,,) < a - 2, (/;\'(.1'1) < a— 2, (115(5/1,) < bh -2, "ig(!/l) < h 20 (3)

Combining (1), (2) and (3}, we get

At () () +d (o) Hd ()
< 2a - 2)+2(b - 2) + 2f + [rarol + luprol + Lo} 4 froul
= '2(41+1)+f+1)“*(i
= 2n — 0. (4)
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The above inequality implies dt(e,) + dH ) < n - 3 ord” (1) -+
d " (y1) < =3, but this contradicts the hypothesis of the theorem.

Therefore D contains a S-path P, say wz129- - zp00, where
rocda €080 bet )= gy cag, Py = Fatatl - rerg be the
directed path on the cycle S, Let the path P be chosen so that
o is maximum. DBecause of the maximality of S, ov # «. Let A =
{wooen, - rah o B = {21, 20,250 C = {wapi.vag2 o, ra} and
"=V -(AuBUC). Obviously, |[A]l = o +1,|B] = 3,|C]| = a—o and
Wy =n-—- (Al +{Bl+|C]) = 1w —a -3~ 1 =1 Because of the max-
imality of o and « # «, zg, .1 and zy, x4 are pairs of nonadjacent
vertices such that NV (zg)NN T () # 0, and N 7 (eqy )N (1) AW
respectively. By the same reason, we have

dd(zg) + do(z) + df(rasr) +dj(ry) = 0 (5)

If there exist g, i € A (1 =0,1,2,-- -, — 1) such that wrqq1,
rerip) € A(D), then

Tl ol lad2 alip |02 P 2122 - ZRU0E1LY - 4y
is a cycle longer than . This cotradiction shows that
lvivept]| +learist| < 1HE=0,1,--.0 = 1)

Hencee,

(¢
‘]jl("'u) + ’I;\(JYY-H) = Z(]"'(l"“i+1| + |"Al"'(1+1|)

=0

a—1

= Z(""G-"Hl‘ + lriv 1)) + learol + [ ataytl

1=()
a4+ 2 (6)

IN

Similarly, we have
(lji(z/;) +dy(z1) <a+2 (7

By the maximality of S, there exists no vertex ¢ € F such that g,
vz € A(D) or zge, vrgg € A(D). Henee,

leqel +vzr| <10 fzge] + jraayr] < 1
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for every v € I'. Furthermore,
(I;?(‘z'a) +dp(z1) <ty (IT;(Z/;) +dp(ragrr) <t (8)
Obviously,

4/7}(2/;) < /f——»2,r/l;(z;) < /1’*2,(12?(;1@) < u d(\AQ,(/(—}(.r,wﬂ <u-—-a—2

(9)
Combining (4)-(8), we get
W (o) 4 d () +d () ()
< 2{a+2)+2(0-2)+2(u -0 —-2)+2
= 2(a+p+14+1)-6
= 2n-0 (10)

The above inequlity implies that d*(zg) +d ¥ (ry) < n—3, 0vd ™ (z)+
d™(rqs1) < n—3. But this contradicts the hypothesis of the theorem.
This completes the proof of the theorem.

Remark: Let D be an oriented graph of order n (1 > 5). In
[3], it is shown that if for any two vertices v, y, vy ¢ A implics
dt(e)+d (y) > »—2, then D is Hamiltonian. The following example
shows that in some sense, our theorem is stronger than the above.

Example: Let € be a directed cycle with #(> 5) vertices de-
noted by wpry - ayy. Forany e {1,2,--- n}, wehave n; g ¢ A,
but d¥ (rjp1) +d 7 (1) = 2 < n—2. ¢ doces not satisfy the conditions
of the theorem of [3]. NP ()NNT(y) =0and N7 («)NN " (y) = @ for
any pair ., y of vertices, so (! satisfies the condition of our Theoren.

The bound presented in our theorem is sharp in the following
sense. Let & be positive integers and n = 2k, Let D be a digraph
with n vertices. Sce Figure 1. The digraph 1 is diconnected and
nonhamiltonian.  Vertices vy, vop—g are the only pair whiclh are
disjoint and have common out-ncighbour or common in-ucighbour.
Furthermore, o (o) +d (vop-2) = (h =2} + (k- 1) = n - 3.



Figure 1
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