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ON CRITICAL RAMSEY DECOMPOSITION’
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Abstract  After inducing the definitions of decomposition. Ramsey decomposition and critical
Ramsey aecomposition . we deduce some proposimons of these kinds of decompositions and a lower
bounc formulz for Ramsey numbers.
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Let H,.H..- ,H, be graphs or hypergraphs, K be a complete r-uniform graph or hy-
pergraph. The Ramsey number R, (H,;,H;.-=* . H,) is the smallest integer p such that for any
k-edge coloring (E,.E..++.E,) of K. it contains some /. H, as a subgraph in Ki,[E]. Let
R(G;+Ga.*.Gi) + =R;(G,+G:.++.G,). A k-edge coloring (E; E.,** E,) of Kj1s called a
roH Hevo JHui p) ((rimyane oo wmps p) oresp. ) -decomposition if for all 1. H, (K . resp. ) 1s
not contamned in K,[E,]. It s clear that R, (H,,H,,* H))=po—1 iff p,=max p, there ex-
ists a (r3H, H,.+ ,H,.p)-decomposition;. The (riH, Hzvo Has p) (Gringpamgasomip)
resp. )-decomposition is called & (r: H, Hyv o Hii p) ((rinyonyo== ymi p) . resp. )-Ramsey
decomposition if p=R, (H,,H;.* H:)—1(R.(ny.ny,+ m)—1.resp. ). Let (G,.G:. G
p)-(Ramsey) decomposition : = (2;G;+Gyy > +Gai p)-(Ramsey) decomposition. The (G, .
G: .+ .G:i p)-Ramsey decomposition is called a (G,,G,,*** «Gi; p)-critical Ramsey decomposi-
tion if for any edge e not in K,[E,].K,[E,]+e contains G,. Note that this kind of decompos:-
tion must exist, for given a (G,,G,,+**.G,: p)-Ramsey decomposition, if for any e in K,[E].
i1 and K,[E,]+e¢ does not contain G,, then let E, : =E,+¢.E; : =E, —e, along this way
we finally obtain a (G,,G;,+* ,G;: p)-critical Ramsey decompositon. All terminology not de-
fined here can be found n [1,3].

It 1s well-known that finding Ramsey numbers is very hard. However if we get the order
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of some Ramsey decomposition, then the corresponding Ramsey number follows. In fact. such
as the critical connected graph and coloring etc. , we only need to research a special kind of de-
composition with rich properties i. e, Ramsey decompositions. So, to find the properties of
critical Ramsey decomposition is interesting.

Lemma. In each (K,,G;,Gy. "+ Gs;p)-critical Ramsey decomposition (E,,E;,**,E.),
there are at least n— 2 vertices incident to « and v in K,[E,], where uv& E,.

Proof If follows by the definition of critical Ramsey decomposition.

Theroem 1 Let (E,,E;,**.E,) be a (rin;,ny. . m; p)-Ramsey decomposition. For
any vertex v in K}, and /€ {1,2,* .k}, there exists a K _, in K}[E;] such that v is in K| _,.

Proof If for some /,v is not in any K, _, contained in K3[E. ], then we can give a 4-edge
coloring of K., as follows,

E; = E,U {uvvyeeov,_ ooyt € Ey Y v,vp,0,0,, € VKD )

U {wvvyv0000,, |V 102000000, € VK] — v},

E'; = E;U {uvyvyoeev,_ lvovyeen,_, € EjLY vy,0,005,, € VK, — v}, for j3#i.
It is clear that K7, is not contained in K’ ..[E'.] as a subgraph for any i. This contradicts that
(E\ E;y*** Es) is a (rsny,nye>r ymu; p)-Ramsey decomposition. Thus the theorem holds.

Theorem 2
R (nyyoerom,_, oy -+ n, — Tomgyomeeom) 2 Ro(nyyeeeon M Tyt o)

+ R(nyooom o smy g oeeeemy) — 1 for i = 1.2,% .4, (n

Proof Let (E;.E;,,E,) and (F,,F;,**+F,) be (rim.oom_, T SRR o py)

and (rsn,.n_, T STy s "7 P TS p1)-Ramsey decomposition respectrvely. Then we give a 4-
edge coloring of K, ., as follows,

E=EUFUIEEK, ,IENVEK,)#Z and ENVK;) # &},

E,=EUF, forj#i
It is clear that there are no K,',l_l,,,.,_1 inK, ., [E’'.] and no K, in K',l+,z[E',] for j#i. Hence.

R(nyseeom_yom + 1 — Limy o om) — 1 =2 b+ P

Since pr=R.(ny»*>snteyom; oMy oo om) =1 and p,=R,(n,,**,n,_, o am g aesam) =10 (1)
holds.

Theorem 3 Let (E,,E,,*,E,) be a (3,n;,n3,*,m; p)-critical Ramsey decomposition
and p be odd. Then for any v€V(K,), there exists a 5-cycle C; containing v in K,[E,]. Fur-
thermore, it is also true for each edge in K,[E,].

Proof For each vertex vin V(K,), there exists an edge wv in E, by Lemma. 1If N K,[E,)
(@) UNg 5@ =V (K,) then p=|Ny 1 1) UNg 5,y @) | = | Ny g5 1) |+ [N, gs,,(0) |
< 2R(nyyn3, >+ ,m) — 2. Noting that p=R(3,n;,n5,**,m)—1 and p is an odd integer, we
have R(3,n;,n5, 51 ) <<2R(nysny,+ yn,) — 1 which contradicts Theorem 2. So there exists a

vertex z in v(k,) — N, g3 (w) UN‘,(: ](v) , & vertex z in NK,EE.J(“) and a vertex y in N e
1
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(v) such that zz and yz in K,[E,]. Thus we obtain a Cs:uzzyv.

Theorem 4 In each (K,,G;,G;,**,G:; p)-critical Ramsey decomposition (E,, E,, -,
ED 0K, LED=[R(K;,G2+Gss sG) —21/[R(G; Gy, G —1].

Proof Assume dx’u,]('v)=6‘(K,[E1]). If vertex u is not in N g 1(v) then, by Lem-
ma, there exists a vertex w in NK,[E,J('”)’ wvw€ E,. Thus p-—l—dx'[,;l](v)gd,('ul](v)[R
(G;+,Gs+++*»G)—2]. Since p=R(K,,G;,Gs,**+G,)—1, the theorem holds.

Theorem 5 If there exists a 5-cycle Cs in K,[E,] for a (K;,G;+Gssr G p)-critical
Ramsey decomposition (E;,E;,*,E;), then there are at least L[R(K3,G3Gys*»Gi) — 2R
(G;,Gyy+»Gi)]/5]+1 separate C, in K,[E,].

Proof Assume K,[E,] contains n(K[[R(K;,G;,Gsr+++Gi) —2R(G;5Gs, G 1/5 D)
separate Cs. Let V=V (G) —V (nC;). If for each vertex v in V, dx 15,303 (v) <2 or di 1z 1)
(v)>1 and for each vertex u in N ¢, 1v1(v) +dx e, 3v1(#) <2, then K,[E,]J[V] is a bipartite
graph without cycles. Noting that E,VE(K,[V]) is also in a (K;,G;+Gas*Gis |V | )-de-
composition, we have |V | <2R(G;,Gs,*+,G:) —1. Thus R(K3,Gy3Gsy+++G)<5n+2R
(G3+Gyr > yGOISLIR(K:+G25Gsy o+ yG) — 2R(G; G35+ »Gi) /5 1+ 2R(G. Gy v+ GO KR
(K;+G;+Gss+**+»Gi) which is absurd. So U={vEV |dx,[£,3m('”)>1 and 3 ¥ € N 15,37 (v)
s.t. dg (W >1}# .

If for each vertex v in U, each vertex u in N r¢yv;(v) and each vertex w in N ¢ 3v;
(), NKJEJE"'J ('U)CNK'[E]][V] (w), then K,[E,]J[V] only, contains even cycles, i.e. K,[E,]
[V]is a bipartite graph which is impossible. So P={wz&E,NE(K,[V]DI3 vEV s. t. u.z
€ N, 1g,30n(2) and w€ N (z, )} #=J.

By Lemma, for each wzr in P, there exists a vertex y in V(K,) such that wy and ry are
in E,. H all these kinds of y are not in V then E;NE(X,[V])UP is also in a (K5,G;,Gs»
Gs; | V | )-decomposition and only contains even cycles which is impossible. So there exists
some vertex y in V such that wy and zy in E,\NE(K (VD) and wvryw is a 5-cycle. The proof
is complete.

Corollary There are at least{[R(3,n1,n3, > »7) — 2R (nz 755> ,m) 1/5]+1 separate 5-
cycles in K,[E,] for a (3,n;,n5,*,m; p)-critical Ramsey decomposition (E;,E;,,E,) as p
is odd.

Proof It follows by Theorem 3 and 5.

All lemma and theorems (partly) generalize the corresponding results in [2].
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