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Abstract1

The Ramsey numberR(G1, G2) is the smallest integerp such that for any graphG on p vertices2

either G containsG1 or G containsG2, whereG denotes the complement ofG. In this paper, some3

new bounds with two parameters for the Ramsey numberR(G1, G2), under some assumptions, are4

obtained. Especially, we prove thatR(K6 − e, K6) ≤ 116 andR(K6 − e, K7) ≤ 202, these improve5

the two upper bounds for the classical Ramsey number in [S.P. Radziszowski, Small Ramsey number,6

Electron. J. Combin. DS1 (2002) 1–36].7
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The Ramsey numberR(G1, G2) is the smallest integerp such that for any graphG9

on p vertices eitherG containsG1 or G containsG2, whereG denotes the complement10

of G. A graphG with order p is called a(G1, G2; p)-graph, if G does not containG111

andG does not containG2. It is easy to see thatR(G1, G2) = p0 + 1 iff p0 = max{p |12

there exists a(G1, G2 : p)-graph}. The(G1, G2; p)-graph iscalled a(G1, G2; p)-Ramsey13

graph if p = R(G1, G2) − 1. Let G be a graph with orderp, di be the degree of vertex14

i in G, anddi = p − 1 − di , where 1≤ i ≤ p. Assume thatG p−1 is the subgraph of15
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G with one vertex being deleted fromG andG p−2 is the subgraph ofG with one vertex 1

being deleted fromG p−1. 2

Theorem 1. Let G1 (resp. G2) be a graph with order m (resp. n) and 3 ≤ m ≤ n. Assume 3

that R(Gm−2
1 , G2) ≤ α+1, R(G1, Gn−2

2 ) ≤ β+1, R(Gm−1
1 , G2) ≤ γ +1, and 0 < x < 3, 4

y ≥ 2(3 − x)γ . Then the following inequalities must hold: 5

(a) If 9
4 < x < 3, then 6

R(G1, G2) ≤ 2 + 1

4x − 9

{
C +

√
C2 + (4x − 9)D

}
. (a)

7

(b) If 0 < x < 9
4 , then 8

R(G1, G2) ≥ 2 + 1

9 − 4x

{
−C +

√
C2 + (4x − 9)D

}
9

or 10

R(G1, G2) ≤ 2 + 1

9 − 4x

{
−C −

√
C2 + (4x − 9)D

}
. (b)

11

(c) If x = 9
4 , then 12

R(G1, G2) ≤ F(y) = 2 + 1

6y − 6α − 3β − 9 13

×
{
(y + β − α)2 + 9γ y − 27

4
γ 2

}
(c)

14

where C = 2x +2xβ −3β +3α−3y and D = (y +β −α)2 +4xyγ −4x(3− x)γ 2. 15

Proof. For any (G1, G2; p)-Ramsey graph, denote the number of subgraphsK3 in G 16

(resp. inG) by |K3| (resp.|K 3|). One has 17

3|K3| =
∑

i j is an edge ofG

∣∣∣N(i)
⋂

N( j)
∣∣∣ .

18

Since any subgraph ofG does not contains the subgraphG1,
∣∣N(i)

⋂
N( j)

∣∣ ≤ α for i j 19

being an edge ofG, thus 3|K3| ≤ 1
2α

∑p
i=1 di . Similarly, 3|K 3| ≤ 1

2β
∑p

i=1 di . Now 20

by [1], we have: 21

3
( p

3

)
− 3

2

p∑
i=1

di di = 3|K3| + 3|K 3| ≤ 1

2

{
β(p − 1)p − (β − α)

p∑
i=1

di

}
.

22

It is clear thatdi ≤ γ , and 23

p(p − 1)(p − 2 − β) ≤
p∑

i=1

{−3d2
i + (3p − 3 − β + α)di }

24

=
p∑

i=1

{−xd2
i + (3p − 3 − β + α − y)di − (3 − x)d2

i + ydi }
25

≤ p

{
1

4x
(3p − 3 − β + α − y)2 − (3 − x)γ 2 + yγ

}
.

26



UNCO
RRECTE

D P
RO

O
F

ARTICLE  IN  PRESS
Y.R. Huang et al. / European Journal of Combinatorics xx (xxxx) xxx–xxx 3

YEUJC: 927

Furthermore, we obtain:1

(4x − 9)(p − 1)2 − 2C(p − 1) − D ≤ 0.2

Now, (a)–(c) follow from the above inequality.3

Remark 1. If y0 = 1
2{2α + β + 3

√
γ (4α + 2β + 6 − 3γ ) + (β + 1)2}, then dF

dy (y0) = 04

and d2F
dy2 F(y0) > 0. Thisimplies thatR(G1, G2) ≤ F(y0), and this is the formula of [3].5

Corollary 1. R(K6 − e, K6) ≤ 116and R(K6 − e, K7) ≤ 202.6

Proof. Let G1 = K6 − e, G2 = K6 in the Theorem 1, by [2] we may assume that7

(α, β, γ ) = (20, 35, 54). Let x = 10
4 , y = 60 (resp.x = 1.5, y = 162), by the8

formula (a) (resp. (b)), we obtain R(K6 − e, K6) ≤ 116 (from the formula (b) we9

obtain R(K6 − e, K6) ≤ 116 or R(K6 − e, K6) ≥ 170, however from [2] we know10

R(K6 − e, K6) ≤ 119, thusR(K6 − e, K6) ≤ 116).11

Let G1 = K6 − e, G2 = K7, and(α, β, γ ) = (33, 66, 87). Assumex = 1.5, y = 300,12

by the formula (b), R(K6 − e, K7) ≤ 202 or R(K6 − e, K7) ≥ 334, however we know13

R(K6 − e, K7) ≤ 204, thusR(K6 − e, K7) ≤ 202.14

Remark 2. (a) Let G1 = K6 − e, G2 = K6, from [2], we may assume(α, β, γ ) =15

(20, 35, 54). Let x = 1
4, y = 299.095, now from the formula (b), R(K6 − e, K6) ≥ 118 or16

R(K6 − e, K6) ≤ 117, certainly this can not tell us anything, however, from the Corollary17

above, the formula (b) of theTheorem 1is useful for some cases.18

(b) The right hand of the formula (a) is a function of degression on the variable19

γ , thus if we know the smaller value ofγ , we can obtain better the upper bound of20

R(G1, G2). For example, if we assume thatγ = 50 in (2) of the Corollary above, we21

obtainR(K6 − e, K6) ≤ 115.22
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