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Abstract A Benhocine et al'™ proved that G contains a D-circuit if G is a connected, almost

bridgeless graph of crder nz==3 and deg(u)+deg(v)}2";1
% and v. We generalize this result, end obtein that, if G is & connected . almost bridgeless graph of
order »>>3 end deg{(z) +degi{y)+deg{z) >x for every triple independent set [z, y.z}, then G
contains a D-circuit.
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for every pair of nonedjacent vertices

1 Introduction

We use [2] for basic terminclogy and notation. If H is a subgraph of G, the neighbor-
hood of w on H is Nu(u)={v€V{H) ww & E(G}}, and Ny{G") =.5H9;N" (w). Some-
times, we simplify N(u)= : Ny(u), N(G' )= 1 Ny(G'). dylu,v) denotes the distance of =
and v in H. In [4] a circuit was defined as a nontrivial closed trail. C is a circuit if and caly if
C is a nontrivial connected subgraph such that every vertex of £ has even degree in C. A domi-
nating circuit, short say D-cireuit, of G s a circuit such that every edge of G is incident with at
least one vertex of the circuit. We say G is almost bridgeless, if every bridge of G is incident

with a vertex of degree one.

In (1] A. Benhocine, L. Clark, N. Kohler, H. J. Veleman proved the following
thercem.

Theorem 1™  Let G be a connected , almost bridgeless graph of order n2=3. H deg (u)
+deg{v)>>(2n+1)/3 for every pair of nonadjacent vertices » and v, then G contains & D-cir-
cuit,

In this note, we get that,
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Main Theorem Let G be 8 connected, almost bridgeless graph of order n>>3. If deg(a)
+deg (v) +deg(w) >n for every triple independent set {u,v,w} of G, then G contsins a D-
circuit.

It is obviously that the condition of Theorem 1 satifies the condition of Main Theorem and
G (see Fig. 1) is satisfied the later but is not satisfied the former,
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Fig. 1
2 Preliminary Lemmas

In order to prove the main theorem, we must establish some lemmas,
Lemma 17  Let G be a connected graph and C s cireuit of G with maximum number
vertices. Then G contains no circuit €' satisfyimg ’
VIC) NVO) = dE=VIC)Y)N VWG — VIO and [E(C')Y N EO)] <1,
Lemma 2 Let & be a connected graph and C a tircuit with maximum number of ver-
tices, K a nontrivial compoinent of G—V(C). I there are %, ,u, € N,(K) such that for any =
FvE N, (KY\ 2=ds_vur (1 sus) Sdoyer (57) » then
2.1 For any w& N, G, ) NN, G} > we have {wyw,une, ) CTE(C)
2.2 There is no cycle C; CC such that C; contains exactly one of the edges u,w and
w,w. And Py=u,um, is contained in a shortest cycle C,CC
2.3 In22, let Cy=rwaszy . Top 1w (o=t y26,4.1 =3 }. then
2.3.1
{ryw,zat [ EGY =&
N(z) N N@w) C {uy a5}
N,y N NGy Clugex, )y
2.3.2 For any v€EVIK), we have
{vw, v} M EG) = &
N(z;) (I N(v) C {uy,x;}
Néx) NN C {uy,2,41,
Proof Let P be an o, —u; path with $EV (P — {1, u: )T VLK) such that |V(P)! is
minimum,
2.1 U {myw,wu VCEWC). let ¢ = {uyw.rengy } U P then both €' and C contradict Lem-

ma 1,
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2.2 I there is a cycle C,CC . which contains exactly one of edges w2 and wtw, and let
C' =C— {uyw,u,w}+ P, then ' is a circuit with |V (C')|>|V(C) |, a contradiction. since
C is r circuit, there is a shortest cycle C, D P,

2.23.1 ¥ zw€E(G). then zyw& E{C) by 2. 2 thus there is C'=C— {zyuy,wp } +
{zyw}+ P with [V{C'){>|V(C)|, a contradiction. So zw & E(G). Similarly, rw & E
(G).

Suppose that ' & {e; ;) and w' € N(z,) M N{(w),we have

Case | I o/ €VIC)—{u>2:}s then 'z o/ w& E(C), otherwise contradicting 2. 2,
Thus we have O’ =C— (x4, su, | + {zw/ v/} +P with |[V(C') > |V(C)|, a contradic-
Hon.

Case 2 Huw' €VIG)—VIC), by 2 2, {wz,ww]LCEC). Thus there exists a cir-
cuit O,

C =

C— =z o oway) + {ww'} + P if zg! € E(C), wu' & E(C)
C — {zwm,, ww,wu} + (o'} + P iz & E(C), wu' € E(C)
with |[V{C) |>> |V{C) |, a contradiction. Similarly, we have N(z,) NN (w) C{uz,2,-1}-

2.3.2 For any o€V (X)), we have {vw,xv} NE(G) =9 by Lemuma 1.

HYeNG@E@)NN@ N VIE - {uy, 25 ) 7= othen v §V{C) IJV(K) by Lemma 1.
and z,v/ € E(C) by 2.1, Let C'=C— {ux,»zyv’ } + P, with |[V(C')[>{V(C)], a contra-
diction, where P is & w,—2' path with &#(V{F)— {uv/})CV(K). Similarly, we have
NEINN@)CTlag sz}

Lemma 3 Let G be e connected graph and C a circuit of with maximum number of ver-
tices, K & nontrivial component of G—V{C). And there are u,,%; € No(K) such that for any
ustp e N (KD 3=ds_vur (s 1) Sodoevery (#s1). The sharrest w, —u; path in G—V(K} is
denoted by sy royzegey, then N () TN (wy) = {wi} or N{ug) (NN (un) = {2 }.

Proof Let P be & u; —u, path with @£V (P)— {u; ,14;} CV{K) such that |[V(P)| is

minimum. If

{C — {zuy,wiy} + {3 w'w} + P if {w'zy, ww) N ECy=¢&

v, € N{u) N N(wp) 1 (V(G) — D) F#=
and
vy € N(uy) (i NGy N (VG) — {Wz}J #= 2,
then vi7 vy, v € V(K), i=1,2, by the definition of #; and w, €V(C), i=1.2. and Lemma
{uyeen y1o4t0; st ) (N E(C) 1222 . In the following, using symbol abtxy to denote
ah + zy if zy & ECC)
ab & zy = ab — xvy if ry € E(C),
we divide the proof into three cases,
Case 1 {uyw,wnwy e CE(C),
‘We have
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C+ P~ uyw, £ wm  vuy if (w,vy,om,} T E(C)
CH+P—uuw —ww, —wm, o ,ouw} U {wge,,ve,) C EWO)
with |V{(C')|>|V(C)|, & contradiction.
Case 2 |{wyw>uw: ) NEC)Y=1.
Without loss of generality, we assume w,w; & E{C), then {wyws,wqte; w0 rvpn; ) C
E(C) by Lermraa 1. Thus we have
o - {C + P 4+ wyw, — wuntyy — Wi, if {uoy,0w, C EC)
C+ P 4w £ vw, — wy, if (w7, 0yw,} @ EC)
with |[V(C') > |V(C)|. a contradiction.
Case 3 w,u, & EXC).

{C + P 4 wp, + mwy — gy if {uguow,) & E(C)
Cr’ —

We have
{C 4+ P — ww, + wniey — wy, H w000 tor {w,v, oy, } ©— E(C)
T lc+ P+ v, + vy + wiw, + wie, + v, otherwise

with |[V{C"Y{>|V{C) |, a contradiction.

3 The Proof of the Main Theorem

Suppose that G contains no D-circuit, we will find a triple independent set (s, v, w} of G
such that deg(u)+4-deg (v) +deg (w)<<n. Obviously, G#K,, ., »G contains a circuit. Let C be
a circuit of G such that |V(C) ] iz maximum. Since C is not a D-circuit, G—V (C) bas a non-
trivial component K. Since G is almost bridgeless, K has at least two neighbaors on C. Let
N(K)={uy1us">u,;. By Lemma 1 we have de—ver (12,0222 GFj). We iake uy
€ N.(K) with de_vuy iy s 1)) Sdo—ver (5,3 (375j). Now the following three cases must be
coneidered

Case 1 dovimlegsuyi=2.

Let P and {wsxg>x1s*** s2os1) a5 in Leramna 2, 5, E Np(1,)» ', € Nx{ry). By Lemma 1
and 2, we have ' \w G E(G), v'1x, § E{G) and x,w & E(G). Thus there is a triple indepen-
dent set {v/,,x;,w}. First, we have

NGO N Nw C {u) (1

In fact, = hes no neighbors in V{X) and v/, no neighbora in VIG) —(V(K) JVIC)). T =/
€ V(C) with iz75w/ € N(¢', )TN (w), we have
, C — wpw + (o 0007 0w yuwe' } i ww & E(C)
- {C — {ugw,ww’ | + (w0, 0v,, v 0 ) if ww' € E(C)
with [V{C')[>'|V(C) |, a contradiction. (1) follows. And then, by Lemams 2 and "1, &
E{G}, we have

Nizy N N(w) C {x5,u} (2}
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NE DN Nix) iz} (3)
From (1), (2) and (3), we obtain
deg(v',) + deglz, ) + deglw) <Kn—3+4=n+1
U deg (v',)+deglz, ) +deglw) =n+1. then all equalities of (1), (2) and (3) hold and P=
w vt 1ie.
Case 1.1 ;555 2w E(C) by Lemma 2. Thus there is a C'=wyv,v"yxwm, " ch
eontradicts Lemma 1.
Cuse 1.2 x> Io his case,
deg(v',) + degix,) 4 degiw; <Kn—5+5=mn
Thus, in case 1. we alv.zys have :deg(e’ ) +deglx)+deglw)sn.
Case 2. de-vun Ty u)=23.
Let P be a shortest », —u, path with @V I(P)— {2, i, YOV (KD 1 € Ny ().
Cise 2.1 There exist v/, € Ng(vy) and 2", & V(P or v/, € N () v/, EV(P)
and |V(P)|>>5. In this case, {v'y»u; u:} is a triple independent ser, end N(v/ 1N (4} =
{o,}, N@ VNG TIv}=NeCus) and NG (NG TV KD 7 th [N ()N () |
1. Then
deg(e/,) + degin,) + deg(a, ) K~ 3+ 3=n.
Dy the symmetry ~f u; and u; . the remains is that;
Case 2.2 K=K,=ut/, and P=wo1v' 1ts. L&t tywenmwpu; be a shortest %, —u, peth in (3
—V(K), by Lemza 3, we have
Niu,) N NGy = {wy} {4)
or
NGzl () N(wy) = {wy) &)
without Ioss of generslity, we assume that {4) hulds. Thus there is ¢ triple independent set
{e') s2ty y1t }. Furthermmore, we bave
NG D N N = (v} (6)
N(w) NN = {u} (n
In fact, N/ DCVEIUVE),, Nud)N WK — (o D=&. Hz&N@ DNNWw), z#F
o, . then € Nc(K), This contradicts do_yu; (#,2;)=3 CZimilarly, we cao get (7). From
(4), (6) and (7), we have
deg(v',) + deg(n;) + deg{my) Kn— 3+ 3=n.
Case 3  dovox (uy u) 24,
Suppose the shortest x;, —u; path in G—V(X) is Py=u,wywy*>us. Fls defined as case 1.
Case .1 P=uwu,. In “iscase, {t/,2 ,m ]} is a triple indcpend .nt set, where =/, €K
with v/, € E(G). And N(up) NNW P =N AN ) ={n}, Ne)INNI={n}.
Thus we have,
deg(e’;) + degin,) +deglu,) <n— 3+ 3=n.
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Case 3.2 P=umv, -4 In this case, {v;,w,,#,} is a triple independent set, and by
dovvan (G, u;) 224, we have N(wy) ) [T N(u, ) =&, Nl )N Nw)={u}, Nlo)IN{u,)T
{v:}. Thus we get :

deg{w) + deg(mwy) +deg(mp) <<n—3+2=an—1,

Up to now, we exhaust all cases. They alwaye contradict the hypothesis of Main Theo-
rem. Therefore the proof ie completed.

From a result of Harary and Nash-William!*); A line graph L(G) of a graph G is Hamilte-
nian if and only if G contains 8 D-circuit or G=K,, (5223). So we have

Corollary A connected, almost bridgeless graph G of order a223. 1 deg{n) +deg(z 3+
deg(w)>n {or every triple independent set {u,v,w} of G, then £.(G) is Ham:ltonien.
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