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ABSTRACT. The nth Delannoy number and the nth Schréder number
given by
oy mH4k "y m+k 1
D"_;::(](k)( k ) and Sn—kgo(k)( k )k+1

respectively arise naturally from enumerative combinatorics. Let p be an
odd prime. We mainly show that

pi:l Dr_y (%) Ep—3 (mod p)

2
k=1 k
and
p] Sk m2 —6m +1 m2 —6m+1
R E T 1-{ —F (mod p),
k=1 m p
where (—) is the Legendre symbol, Fo, E1, E2, ... are Euler numbers, and

m is any integer not divisible by p. We also conjecture that

= s :
Z 2 = —2¢p(2)* (mod p)
k=1

where gp(2) denotes the Fermat quotient (2P~1 — 1) /p.
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1. INTRODUCTION

For n € N ={0,1,2,...}, the (central) Delannoy number D,, denotes
the number of lattice paths from the point (0,0) to (n,n) with steps
(1,0),(0,1) and (1,1), while the Schréder number S,, represents the num-
ber of such paths that never rise above the line y = z. It is known that

P2 (B () -2 (30 (E)

and
" /n\ (n+Ek 1 " /n+k
S"_Z(k:)( k >k:+1 _Z< 2k )C’“
k=0 k=0
where Cj, stands for the Catalan number (%f)/(k: +1) = (2:) - (szl) For

information on D,, and S,,, the reader may consult [CHV], [S], and p. 178
and p. 185 of [St].
Despite their combinatorial backgrounds, surprisingly Delannoy num-
bers and Schréder numbers have some nice number-theoretic properties.
As usual, for an odd prime p we let (5) denote the Legendre symbol.
Recall that Euler numbers Fy, Fq, Fo, ... are integers defined by Fy = 1
and the recursion:

Z(Z)En_k:o forn=1,2,3,....

k=0
20k

Our first theorem is concerned with Delannoy numbers and their gen-
eralization.

Theorem 1.1. Let p be an odd prime. Then

p—1
Dy, -1
7z = 2 (?) E,_s (mod p) (1.1)
k=1
and )
p—
D
Zh = —gy(2) (mod p), (12)
k=1

where q,(2) denotes the Fermat quotient (2P~1 —1)/p. If we set

P =3 () (" 1) e,

k=0
then for any p-adic integer x we have

pi Dy(z) _ (=14 V=) + (=1 — V=) +2
k

p

(mod p). (1.3)
k=1



ON DELANNOY NUMBERS AND SCHRODER NUMBERS 3

Corollary 1.1. Let p be an odd prime. We have

p—1

) Dk}j e 2qp(2) (mod p) provided p # 3, (1.4)

k=1
p—1 p
> D’“Ef) =° _pg (mod p), (1.5)
k=1

Dk(k_g) = — 6g,(2) (mod p), (1.6)

k=1

and also
EiDu(-2) 4

k=1

where the Pell sequence { Py, }n>0 is given by
PQZO, P1 =1, cmdPn+1 =2Pn+Pn,1 (n:1,2,3,)
If p #5, then

i
I}

DU )Py gy ot (19

>
Il

1

where the Fibonacci sequence {Fy,}n>0 s defined by
FO = 0, F1 = 1, anan+1 :Fn+Fn_1 (n: 1,2,3,...).
Now we propose two conjectures which seem challenging in the author’s
opinion.

Conjecture 1.1. Let p > 3 be a prime. We have

p—1 D2
—5 = —2¢,(2)? (mod p), (1.9)
k=1
p—1 D
> 7’“ = - ¢(2) +pg(2)? (mod p?), (1.10)
k=1
p—1 p—1 k
1 3
DypSp=—2p ( )k i (mod p*),
k=1 k=1

and

(pzlimD 5 _{4x2 (mod p) ifp=1(mod4) &p=a2+y2 21z, 2]|y),
k=1 TET 0 (modp)  ifp=3 (mod 4).
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Also, YP_1 % /n = —6 (mod p), where
n+k 2k
n = =D, —5,.
i ;( 2k )(k+1)

Remark 1.1. Let p be an odd prime. Though there are many congru-
ences for ¢,(2) mod p, (1.9) is curious since its left-hand side is a sum
of squares. It is known that > %_ l/kr = —p?B,_3/3 (mod p?) if p > 3,
where By, By, Bs,... are Bernoulh numbers. In addition, we can prove
that P70 Dy = (_71) — p?E,_3 (mod p?) and YP_! D2 = (%) (mod p).

Conjecture 1.2. Let p > 3 be a prime. Then

5o ern (1) = () Eorn ()

k=0 k=0 k=0
B (_71)(4x2 —2p) (mod p?) ifp=1 (mod 3) & p = 2% + 3y? (x,y € 7Z),
:{ 0 (mod p?) if p=2 (mod 3).
Also,

(F)Zve(y)

422 — 2p (mod p?) if p=1,7 (mod 24) and p = 2% + 6y* (z,y € Z),
={ 8x? —2p (mod p?) if p=>5,11 (mod 24) and p = 222 + 3y? (x,y € Z),

0 (mod 1) 5= 1
And
§<—1>ka<—4>3 = (=) kg( yoe ()

422 — 2p (mod p?)  if p=1,4 (mod 15) and p = 2% + 15y? (x,y € Z),
={ 1222 — 2p (mod p?) if p=2,8 (mod 15) and p = 322 + 5y* (z,y € 7Z),
0 (mod p?) if ( ;5) —1.
Remark 1.2. Note that (=1)"D,(z) = D, (—x — 1) for any n € N, since

Dn(—z — 1) ::O (k
(

Concerning Schroder numbers we establish the following result.
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Theorem 1.2. Let p be an odd prime and let m be an integer not divisible
by p. Then

S_k M(1 _ (M)) (mod p).  (1.11)

m 2m P

hs}
|

el
Il

1

Ezample 1.1. Theorem 1.2 in the case m = 6 gives that

< Sy
6k

M |

=0 (mod p) for any prime p > 3. (1.12)

e
I

1

For technical reasons, we will prove Theorem 1.2 in the next section
and show Theorem 1.1 and Corollary 1.1 in Section 3.

2. PROOF OF THEOREM 1.2

Lemma 2.1. Let p be an odd prime and let m be any integer not divisible
by p. Then

M |

SO (D)) ay )

m

e
Il

1

Proof. This follows from [Sul0O, Theorem 1.1] in which the author even
determined Zz;i Ci/m* mod p?. However, we will give here a simple
proof of (2.1).

For each k =1,... ,p — 1, we clearly have

(77507) = (37) = e moam

Note also that

1 Sp+k
= =1 d p).
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Therefore
pzlg: O e B "L G
mk k k+1 m mp—1
k=1 0<k<p—1
_om 2 (’”‘Z”/Z -+ /2y (4"
4 p+1 — k+1 m
B m 4 (P+1)/2 ) p_|_ 1 4 )
2 m 2 m
_ (p—1)/2
=_T m(m —4)) -1+ ER 1
2 mp—1 m
m—4 (m(m —4) m
=— - — d
5 ( ’ )—I— 5 2 (mod p)

and hence (2.1) follows. [

Lemma 2.2. For any odd prime p we have

Proof. Recall the known identity (cf. (5.26) of [GKP, p.169)])

S(0)=(510) vmew

Then "
ZS _Y;)kzo(rwrk) Zockz<n+k>
:ZC’“<2pk++k1> Zk'k:Jrl)p' %+ 1) I -

0<j<k

(k) gy (2 L .
- - 1 - d p?).
Zk'kJrl (2 + 1) pkz_;)( ) (2k+1 k+1) (mod p7)

Observe that
p—1 k p—1 k —1—k
~1 ~1 —1)P
2p22(k )1:pz<2(k )1+2( 1) K 1)
Pl k=0 ™ (p—1—k)+

—pZ <2k+1+2p—(;k+1))

=p(-)r <1 * 2191 p) -7 (_71) (mod 7.
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Also,

Combining the above, we obtain

p—1 1
ZS’n =2 (—) +1—2? (mod p?)
n=0 p

and hence (2.2) holds. O

Proof of Theorem 1.2. In the case m = 1 (mod p), (1.11) reduces to the
congruence

which follows from (2.2) in view of Fermat’s little theorem.
Below we assume that m # 1 (mod p). Then

p—1 p—1 -1

1 mP— —1
§ — = g mp_l_n = = O (mOd p)
n=1 m® n=1 m—1

Given k € {1,... ,p — 1}, we have

—1 —1-k —1-k /—2k— —1-k 11—
p (n;]—gk) _ p (2]6:—7‘) _ p ( Qﬁ 1) _ p (p 17‘ Qk‘) (mOd p)
n=k m”_k r=0 m" r=0 (—m)T r=0 (_m)T'
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Therefore
p—1 S, _(p—l)/2 Ci 1 1 p—1—2k Cps
o=, -~ e
n=1 k=1
p—1 2k p—1
Ck m Ck
k=1 k=1""0

where mg is an integer with mg = (m — 1)?/m (mod p). By Lemma 2.1,

p—lﬁ _mo —4(1_ (mo(mo—4)))
k:lmlg_ 2 P

_mmo — 4m (1 _ (mmo<mmo - 4m>) )

p

L () )

p

So (1.11) follows. We are done. [

3. PROOFS OF THEOREM 1.1 AND COROLLARY 1.1

We need some combinatorial identities.

Lemma 3.1. For any n € N, we have

o (D" (-1e)"
;_()2n+1—27“ (2n+1)(*")

and
o (UG (e
2@ 1P s )
that is,

) i ' _L or s =
kZ (2/{3+1)8(n—k)_(2n+1)8<2n) for s =1,2.

=—n n

(3.1)

(3.2)

(3.3)

Proof. If we denote by a,, the left-hand side of (3.1), then the well-known

Zeilberger algorithm (cf. [PWZ]) yields the recursion

8(n+1)

G, (n=0,1,2,...).
2n—|—3a (n )

Ap+1 =
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So (3.1) can be easily proved by induction. (3.2) is equivalent to [Sull,
(2.5)] which was shown by a similar method. Clearly (3.3) is just a com-
bination of (3.1) and (3.2). We are done. [

Proof of Theorem 1.1. Let s € {1,2} and let x be any p-adic integer. We
claim that

p—1 (p—1)/2 k
Dy (x) _ (=)
0s,20p3 + Z = Z s (mod p) (3.4)
n=1 k=1
Clearly,
p—1 p—1 n+k\ (2k p—1 p—1 (n+k
Z—D”@)_IZZ i1 (o) () 2" _ (Qk)xk (")
ns ns k ns
n=1 n=1 k=1 n=k
Note that Zﬁ;ll 1/n® = =652 0,3 (mod p) since
p—1 p—1
1 1
- = — (mod p).
k=1 (Qk) n=1 n

p—1 (n+k) p—1—k (2k+r) p—1— k ) (p 1— Qk)
2k / __ T — s
— n B — (k+r)s ; (p— 2k:—2r) (mod p)

fork=1,...,(p—1)/2, by applying Lemma 3.1 we obtain from the above

p—1 (p—1)/2 _1)/2—k
D, (z) (%) L (—16)P1/
0s 20,3+ E — =(—-2)° E
,20Up,3 ns ( ) k z (p 2]{3) ( p—1—2k )

(p—1)/2—k
(p— 1)/2 -1
2k k4(p 1) /2—k —1/2
k) ks (p—1)/2-k
(p e 2k\ o —1/2 -
— k
(p 1) /2 (2k .T ( 1/2) (p—1)/2 (_I)k
ks

k ) ks4

(mod p).

=1 k=1

In the case s = 2 and z = 1, (3.4) yields the congruence

(p—1)/2 ( 1>k

p73—{—ZD—2E Z _kz (mod p).

k=1
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By Lehmer [L, (20)],

(p— 1)/2 1
Z k:2 = 0p3 + ( D )Ep—B (mod p)
2|k
and hence
(p— 1)/2( 1)k (p—1)/2 1 (p—1)/2 1
Z =2 Z k2 Z k2—5p3+2( > Ep—3 (mod p)
k=1
2|k

since Z(p 1)/2(1/142 +1/(p—k)?) = Zz;i 1/k? =0 (mod p) if p > 3. So
(1.1) follows.
With the help of (3.4) in the case s = x = 1, we have

M1
AN
-
3 ‘3
[
5
M:
~
[\
[
N | —
=
iMe
~
[\
/\
/\
!
=
ol
bl
N——

This proves (1.2).
Now fix a p-adic integer . Observe that

(p— 1)/2 )k (p—1)/2
—_9 k
b Z Z Qk(% )( @)

=(—1+v=2)P + (-1 — vV=2)" + 2 (mod p?).

Combining this with (3.4) in the case s = 1 we immediately get (1.3).
The proof of Theorem 1.1 is now complete. [

Remark 3.1. By modifying our proof of (1.2) and using the new identity
Zf«no ( ")/(2n + 1 —2r) = 22" /(2n + 1), we can prove the congruence
Sy ( s /k = 4((p) — 1) (mod p) for any odd prime p. Combining
this with Zi;}(—l)ka/k = —4Pp_(%)/p (mod p) (an equivalent form of
(1.7)) we obtain that > 5—) (—1)*Sk/k = 4(1 — (%) — P,_(2)/p) (mod p).
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Proof of Corollary 1.1. Note that w = (—1 4 +/—3)/2 is a primitiv e cubic
root of unity. If p # 3, then

(=1 + V=3P + (=1 —vV=3)P = (2w)? + (2w?)P = —2°

and hence (1.3) with = 3 yields the congruence in (1.4).

Clearly (1.5) follows from (1.3) with x = —4.

Since 2P — 4P + 2 = (2 — 2P)(2P + 1) = 6(1 — 2°1) (mod p?), (1.3) in
the case x = —9 yields (1.6).

The companion sequence {Q,}n>0 of the Pell sequence is defined by
Qo=0Q1=2and Qn+1 =2Q, +Qn_1 (n=1,2,3,...). It is well known
that

Qn=(1+\/§)n—|—(1—\/§)n for all n € N.

(1.3) with x = —2 yields the congruence

-1

S

Dk 5{:_2> 2-Qp (mod p).

e

=1

Since Qp —2 =4P,_ (2, (mod p?) by the proof of [ST, Corollary 1.3], (1.7)
follows immediately.
Recall that the Lucas sequence {L,, }n>0 is given by

L0=2, L1 :1, and Ln+1 ZLn—f—Ln,l (n=1,2,3,)

It is well known that

1 T l1ovB)
Ln:( +2\/5> +( 2\/5> for all n € N.

Putting x = —5 in (1.3) we get

1

i

Dy(—5) _2—2PL, 2P(1—1L,)+2—2°
k P P

(Lp -1) - 2q1>(2) (mod p).

o
l
R
Il

iR

It is known that 2(L, — 1) = 5F,_(z) (mod p?) provided p # 5 (see the
proof of [ST, Corollary 1.3]). So (1.8) holds if p # 5. We are done. [
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