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ON SUMS OF BINOMIAL COEFFICIENTS MODULO p»?

ZHI-WEI SUN

Department of Mathematics, Nanjing University
Nanjing 210093, People’s Republic of China
zwsun@nju.edu.cn
http://math.nju.edu.cn/~zwsun

ABSTRACT. Let p be an odd prime and let a be a positive integer. In this
paper we investigate the sum ZZ:BI (hpk_l) (Qkk) /m"”‘ mod p?, where h
and m are p-adic integers with m # 0 (mod p). For example, we show

that if h #Z 0 (mod p) and p® > 3, then

TN (1)

k=0

() (o (2) )t

where (—) denotes the Jacobi symbol. Here is another remarkable congru-
ence: If p® > 3 then

p¥—1 a

Z (pak_ 1) (Qkk) (_1)k — 31 (1;) (mod p2).

k=0

1. INTRODUCTION

Let p > 3 be a prime. In 1828 Gauss (cf. [BEW, (9.0.1)]) proved that
if p=1 (mod 4) and p = 2% + y? with z = 1 (mod 4) and y = 0 (mod 2)

then ( 1)/2
p— _
(o= 1y74) =22 tmoa

In 1862 J. Wolstenholme [W] established the classical congruence

1(2]?) = (2p 1) =1 (mod p?).
2\ p p—1
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In 1895 F. Morley [M] showed that

((pp—_l)l/Q) = (—1)(7"_1)/241”_1 (mod p?).
Since

((—2]2'@ _ (—;/2> _ ((p ‘kl)/2> (mod p) forall k=0,1,... ,p—1,

it is apparent that

S ="% (7)o - oo = (2 o,

k=0 k=0 p

where (—) denotes the Jacobi symbol. In 2006, H. Pan and Z. W. Sun
[PS] derived the congruence

p—1
2k p—d
= —— d ford=0,...
(2% ) = (55) o) o

from a sophisticated combinatorial identity. Later Sun and R. Tauraso
[ST2] proved further that

% ()= (5) mwar

for any a € ZT = {1,2,3,...}. Moreover, Sun and Tauraso [ST1] deter-
mined Y77} (°F)/m* mod p via the identity

(cf. [ST1, (2.1)]), where

uo(z) =0, ui(z) =1, and up41(z) = 2up(z) —up—1(x) (n=1,2,3,...).

Now we need to introduce Lucas sequences.
Let A, B € Z. The Lucas sequences u,, = u,(A,B) (n € N=1{0,1,2,...})
and v, = v, (A, B) (n € N) are defined by

ugp =0, uy =1, and upq1 = Auy — Buy—q (n=1,2,3,...)
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and
vo =2, v1 = A, and v,11 = Av, — Bu,—1 (n=1,2,3,...).
The characteristic equation 22 — Az + B = 0 has two roots

A— VA

A+ VA
o= ———"
2

5 and (=

where A = A2 — 4B. Tt is well known that for any n € N we have

_ kane1—k [ (@ =8")/(a=p) fA#0,
tn = Z a"p N { na" ! =n(A/2)""t if A=0,

0<k<n
and also v, = a™ + 8". If p is a prime then
vp =0l + P = (a+ )P = A? = A (mod p).

It is also known that
A
up = (E) (mod p) and Up—(a) = 0 (mod p)

for any prime p not dividing 2B. (See, e.g., [S10, Lemma 2.3].) The reader
may consult [S06] for connections between Lucas sequences and quadratic
fields. If A = a+ 1 and B = a for some integer a # 0,1 (mod p) where p
is an odd prime, then A = (a — 1)? and

Up—(2)  up 1 e l—1

P P a—1 P

In the paper [S10] the author proved that for any odd prime p and
integer m #Z 0 (mod p) we have

p—1 (2k)

m(m — 4
> ﬂ];k = ( : D >> +u,_ (memen,(m—2,1)  (mod p?).
k=0 P

See also [SSZ] and [S11a] for related results on p-adic valuations.
For a sequence {ay },>0 of complex numbers, its dual sequence is given
by {a}}n>0, where
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It is well known that (a})* = a, for all n € N (see [GKP, (5.48)] and also
[S03]). Let p be an odd prime and let m be an integer not divisible by p.

Clearly
p—1 1 p—1 <2k)
_ k
> (7 )k =

ok (mod p)

since (P.1) = (—=1)* (mod p) for all k = 0,1,... ,p—1. As Y00 (3F) /m*
mod p2 has been determined, it is natural to seek for the determmatlon of
P ( ) (%f)/(—m)k modulo p? which is the main goal of this paper.
Let P be an odd prime. When p = 3 (mod 4), the author [S11b] noted
that
p—1 (2k)2
Z /=0 (mod p)

8k
k=0

and conjectured further that
p—1 2k 2
p—1 ( k) 2
=0 d .
(% =0 tmear

: 1 e 3
In [S11b, (1.11)] it was shown that S-P_1 (") (%) /(—64)* = 0 (mod p?)
if p > 3 and p = 3 (mod 4). Inspired by these, we are led to think that it
is really worth studying > 7 _ ( h (2kk) /(—m)* mod p? (with m a p—adic

1nteger not divisible by p) Wthh might behave better than Y 7_ (Zk) Jm¥
mod p? in some cases.

We shall state our main results in the next section and provide some
lemmas in Section 3. Section 4 is devoted to the proofs of our theorems.

g

2. THE MAIN RESULTS

For a prime p we use Z, to denote the ring of p-adic integers; if h € Z,
and h # 0 (mod p) then we denote the quotient (h?~! —1)/p € Z, by
¢p(h) and call it a Fermat quotient. For m,n € N, the Kronecker symbol
Om,n takes 1 or 0 according as m = n or not.

Now we state our main results and give some corollaries.

Theorem 2.1. Let p be an odd prime and let a € Z*. Let h be a p-adic
integer with h #Z 0 (mod p), and (2h # 1 (mod p) or p* > 3). Then

SIEIRIe]
(A 6(8) )

M

(2.1)
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Corollary 2.1. Let p be an odd prime and let a € ZT. Then
pt—1 Pt —1 (2k) .
> kL — ()P =D/29P=1 (1od p?). (2.2)

Proof. Simply apply Theorem 2.1 with h =1. U
Remark 2.1. Let m € Z and n € ZT. Later we will show that

55

k=0

L[(n—1)/2]
_ n—1\/n—-1—k on—1-2k
-3 ()T e

k=0

(2.3)

Thus, for any prime p > 3, by applying Morley’s congruence (cf. [M], [C]
and [P])

(6 y2) = 077 a5

we get

pZ_: (p - 1) (iﬁ) = (—1)P=D/22p71 (mod p?)

k —2)k
k=0
which is a refinement of (2.2) in the case a = 1.

Corollary 2.2. Let p > 3 be a prime and let a € ZT. Then

) ()

k=0
and
pt-1 a k 2k
Z <p ]:— >((—k2;k = <%> (1 —p(gp(2) + gp(3))) (mod p*). (2.5)
k=0
Proof. Just put h = 2 and h = —1 in (2.1) and note that (") =

(D). O

Corollary 2.3. Let p be an odd prime and let a € Z. Then

P ot 4k (2K @

3 ( P . )(0(—1)’c - (%) (3-2-57"1) (mod p%).  (2.6)
k=0

Proof. Simply apply (2.1) with h = —-2. O
Our following result is more general than Theorem 2.1.
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Theorem 2.2. Let p be an odd prime and let m € Z with p { m. Set
A =m(m —4) and let h € Z,,. Then we have

paz_:l (hpak‘_ 1) (—(}I:L))’“

k=
) ( h;n) U= =2 1) (2.7)

2

+( )1+hm 4P~ - 1))
{ — modp) ifp* =3 and 3| m—1

(mod p?) otherwise.

In particular, if hm =2 (mod p) then

hpt — 1 Qkk:
m)k

= ("
) (1+ h((m —4)P~1 1)) (2.8)

{ —4 (mod p?) ifp*=3and 3 |m —1,
0 (mod p?) otherwise. .

TS|[>WM\

Il
+

Corollary 2.4. Let p be an odd prime and let a € ZT. If p* > 3, then

B (5w e

If p # 3, then

a

pz—l <pak— 1) ((jg;k _ (%a) (mod p?). (2.10)

k=0

Proof. Just apply (2.7) with h = 1 and m € {1,3} and note that
(_1)n_1un(17 1) = un( 1 ) = (%) forne N. [

Corollary 2.5. Let p # 2,5 be a prime and let a € Z+. Then

S = (5) 6 -sn) oo

k=0



ON SUMS OF BINOMIAL COEFFICIENTS MODULO p? 7

and

pil (pak_ 1) ((_zgk = (%a) (1-8Fp)) (modp?),  (212)

k=0
where {Fy, }n>0 is the well-known Fibonacci sequence defined by

FOIO, Flzl, anan+1:Fn+Fn_1 (n:1,2,3,)

Proof. Observe that
(_1)n—1un(_3, 1) = Un(g, 1) = by, = FnLn7

where L,, = v,(1,—1). By [SS, Corollary 1] (or the proof of Corollary 1.3
of [ST1]), if p # 2,5 then L,_py = 2(&) (mod p?). In view of this, if
we apply (2.7) with h = 1 and m € {—1,5} then we obtain the desired
result. [

To conclude this section we raise four conjectures based on our compu-
tation via Mathematica.

Conjecture 2.1. Let p be an odd prime and let h be an integer with
h=(p+1)/2 (mod p). If p* > 3 with a € Z", then

p“z—1 (hpak_ 1) (2:) (—h/2)" = 0 (mod p**1).

k=0

Also, for any n € Z* we have
n—1
1 hn — 1\ (2k k
— —h/2 ZLy,.
n;( () erten,

Conjecture 2.2. Let p be an odd prime.
(i) If p=1 (mod 8), then

k=0 k=0

If p=7 (mod 8), then

() () s =

k=0
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(ii) If p=1 (mod 12), then

p—1 2

2k\ “ug(4,1) 9
Z(k) ik =0 (mod p?).
k=0
If p=11 (mod 12), then

le (p; 1) (2:)2”(’1(1’)? =0 (mod p?).

k=0

Recall that any prime p = 1,3 (mod 8) can be uniquely written as
2% + 2y? with z,y € ZT, and any prime p = 1 (mod 3) can be uniquely
written in the form 22 + 3y? with z,y € Z*. (See, e.g., [Co, p.7].) The
following two conjectures are related to Conjecture 2.2 and look more
difficult.

Conjecture 2.3. Let p be a prime with p = 1,3 (mod 8). Write p =
2% + 2y* with x,y € Z so that x = 1 (mod 4), and y = 1 (mod 4) if
p=3 (mod 8). Then

oy kup(2,-1)  p =
> (1) G = 5 et

k=0

[\

and

p—1 2 _

Z <2k:k> % =4x — g (mod p?).
k=0

If p=1 (mod 8), then

42 (%) kuk32k :Z: ( > kvakl)

E(_1)(p—1)/8+(ac—1)/4= <_ _ 29:) (mod p?),
X

and we can determine x mod p? via the congruence

- 1) @=D/8RZL 198N 2 (ke 4 Dup(2, —1

k=0
If p=3 (mod 8), then

) (2:) B (o9 (£ 2) (mod 57,
> (:)2% =(- 1)/ (o 4 2 (mod p?),

bup(2,—1) 152 726\ 2 kog(2, —1
( > T 39k 52( ) 30k )—_y (mod p%),

k=0
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and

p—1 2
2k uk(27_1) _ b 2

k=0

Conjecture 2.4. Let p > 3 be a prime.
(i) If p=1 (mod 12) and p = 2%+ 3y?* with z,y € Z and x = 1 (mod 4),

then
p—1 2
1)@=1/4 Z 2k\ " ok(4,1)
k 4k

2k\ “vg(4,1) P 9
_Z< ) G :4x—5(modp),
also we can determine x mod p? by

pl( ) (k+2)vp(4,1)

1k = (—1)?»=Y/%4g (mod p?)
k=0
as well as .
p—
— 1 ’Uk(4 1)
Z (k) G = —22 (mod p?).
k=0
ii) Ifp =7 (mo and p = 22 +3y? withx,y € Z andy = 1 (mo
i) If 7 d 12) and 3 h Z and 1 d4),
then
p—1 2
ug(4,1) 2k P 9
=2y — —
64k \ k Y= gy (mod ),
k=0
p—1
< ) =(—1)PH0/ <4y— 3£) (mod p?),
k=0 y
L (2
Z ( ) =(—1)—3)/4 (123/ — B) (mod p?),
k=0 y
p—1 2
2k\ " kvg (4,1 8p
<k> % =(—1)PtH/ (2 ( Oy — —) (mod p?),
k=0 Y
and also

p—1 p—1

2k kuk 4 1 1 kvk 4 1)

v= Z( ) T ZZ( ) 64F
k=0 k=0

()@ 20N 2 (k o+ Thug(4,1)

= k Ak

(mod p?).
k=0
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3. SOME LEMMAS

Recall that harmonic numbers H,, (n € N) are defined by H,, = >, <,, 1/k-
The reader may consult [S12a] and [S12b] for some fundamental congru-
ences involving harmonic numbers.

Lemma 3.1. Let p be an odd prime and let a € ZT. Let m € Z with
ptm. If p| m — 4 then
p*—1 a—1
mk k

) = 20,1 (mod p). (3.1)

k=1

When m # 4 (mod p), we have

Proof. For k=1,...,(p* —1)/2, we have

((p“—kl)/Q) :((Pa*kl)/Q) _ ﬁ (pa —1)/2—j+1
e S O N A e

Ifke{(p*+1)/2,... ,p* — 1}, then 2k —p® € {1,... ,k — 1} and hence

()-8 ) v

with the help of Lucas’ congruence (cf. [St, p.44]). So, for any k =
0,...,p* —1 we have

(2:) _ (—4)k(<pa _kl)/ 2) (mod p). (3.3)
Therefore
p]:Z—:ll w;n—lkH’“ <2kk;> _ <P“]§/2 ((p“ _]{:1)/2) (—4/m)* (" Hy) (mod p).

(Note that pa—lj—[k — Z;‘lep“_l/j € Zp for every k =1,... ,p* — 1.)
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For each k € N clearly

Thus

where

. ::/01 (pag:ﬂ ((p“ _161)/2) (_%)k ﬂdt

iy T e T
-/ t
__(”a‘z”” - 1)/2) (, 4 (1““‘”/2"“/1 4\ " dt
N Pt k m o \m t
(p*—1)/2
1 (p*—1)/2 (p"~1)/2—k
= —a 2o ( k )k(m 4
k=1

If m =4 (mod p), then

_ 1 pa_1 a_
a—1ly _ . (»*-1)/2 —
Pty = o L Ve P 1)/24 = 204,1 (mod p)

and hence (3.1) holds.
Now assume that m # 4 (mod p). In view of (3.3),

a @—1
po-iy = _ (mm = )T (%) (=1)Fp !

mp*—1 k ) k(m —4)k
k=1
@1
m(m — 4) L
S (AL P d p).
("5 S e (o
So it suffices to prove that
p“—1 p—1 (2k)
a 1 k
Z nk o ; knk (mod p)
for any n € Z with p J( n. If po=! ’( k then p®~1/k = 0 (mod p). Therefore
S L))
a 1 a 1 — NJ/
Z k’?’bk - jzl pe— 1jnp - ; ]’I’LJ (mOd p)

in view of the Lucas congruence. [
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Lemma 3.2 (Sun [S10]). Let p be an odd prime and let a € Z. Let m
be any integer not divisible by p and set A = m(m — 4). Then we have

p*—1 (2k)

D = (%) - (pf_l) w,_(a)(m—2,1) (mod p?).

k=0

Lemma 3.3 (Sun and Tauraso [ST1, Theorem 1.2]). Let p be any prime
and let m be an integer not divisible by p. Then we have
S (%) _ m? —vy(m,—m)

1
2 (—1)kkml§€_1 = (mod p).
k=1 p

Lemma 3.4. Let p be an odd prime and let m € Z with A = m(m —4) #
0 (mod p). Then

2 vp(m—4,4—m) — (m—4)P

m—4 P 24
m <A> up—(%)(m_271) ( 1) (mod p) (3.4)
=— [ — — qp(m — mod p).
2 \p p .
Proof. (i) Let us first show the equality
Vonr1(m —4,4—m)  uzpi1(m,m) (3.5)

(m — 4)n+1 - mn
forn =10,1,2,.... Clearly both sides of (3.5) coincide with 1 when n = 0.
Note that
vs(m —4,4—m) wva(m—4,4—m)+vi(m—4,4—m)

(m —4)2 B m—4
4.4 —
:vl(m—4,4—m)+Uo(m—4,4—m)—|—vl(m A-m
m—4
=m—44+2+1=m—1=us(m,m)—uy(m,m) = M
m
Also, for n =2,3,... we have
02n+1(m _ 474 - m)
(m — 4)n+1
_'U2n—1<m_474_ m) +U2n(m_474 B m)
- (m — 1)
_(1 + (m B 4))v2n—l(m B 474 _ m) + (m — 4)v2n—2(m B 474 B m)
B (m —4)"
_(m - 2)U2n—1(m - 474 - m) — (m — 4)U2n—3(m - 474 - m)
B (m —4)"

—(m — Vop—1(m — 4,4 —m) B Vop—3(m — 4,4 —m)
_( 2) (m _ 4)n (m o 4)n—1
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and

U2n+1(m,m) :u2n(m7 m) - U2n—1(m7m)

mn mn—1
(m — Dugp—1(m,m) — mug,_o(m, m)
mn—1
(m — Dugp—1(m,m) — (ugn—1(m, m) + musg,_z(m,m))

mn—1
U2n—1 (ma m) . U2n—3 (m7 m)

:(m - 2) mn—1 mn—2

Thus, by induction (3.5) holds for all n € N.
(i) By part (i),
i (p—1)/2

(m — 4)(+1)/2 (vp(m—4,4—m)—(m—4)P)+(m(m—4))P~H/2,

up(m, m) =

Since vy(m — 4,4 —m) = (m — 4)? (mod p) and

AG-D/2 _ (%)
(m — 4)-D/2 (m(p—l)/z _ <%>) N (%) (<m gy _ <mT_4> )
(3) () (o= (5))
) ()

_L (p) (P~ =1+ (m — 41— 1) (mod p?),

we have

On the other hand, by [S10, Lemma 2.4] we have

2uy(mm) — (£

p) mP™ = up(m = 2,1) +u,_(a)(m —2,1) (mod p?).
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—— () (wm—4,4—m) = (m - 47
)

=iyl =2,0) = (5) g m = 20) = () payom ) (mod 7).

In view of this, we have reduced (3.4) to the following congruence

up(m —2,1) — (%) = (% - 1) up_(%)(m —2,1) (mod p?).  (3.6)

Let o and 3 be the two roots of the equation 2? — (m — 2)z + 1 = 0.
Then

valm = 2,12 = A (m — 2,1) = (0" + B")% — (a” — B)? = 4(aB)" = 4
for all n € N. As upf(%)(m —2,1) =0 (mod p) we have
vp_(%)(m —2,1)2 =4 =0 (mod p?).
By [S10, Lemma 2.3], vpf(%)(m —2,1) =2 (mod p). So
vp_(%)(m —2,1) = 2 (mod p?).

By induction, (m — 2)u,(m — 2,1) £ v,(m — 2,1) = 2u,41(m — 2,1) for
all n € Z*. Therefore

A
2up(m —2,1) =(m — 2)up_(%)(m —-2,1)+ (E) vp_(%)(m -2,1)

=(m = 2Ju,_(8)(m—2,1)+2 (%) (mod p?)

and hence (3.6) follows.
The proof of Lemma 3.4 is now complete. [
Combining Lemmas 3.3 and 3.4 we get the following result.

Lemma 3.5. Let p be an odd prime and let m € Z with A = m(m —4) #
0 (mod p). Then

p—l_ i (Qkk:) _ B _E é up_(%)(m—ll) o
S g = w0 = 5 () T mod )

(3.7)
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4. PROOFS OF THEOREMS 2.1-2.2 AND (2.3)

Proof of Theorem 2.2. For k =0,...,p* — 1, clearly

(hpa_1)<—1>’“ 0 1 5= (“h%)

k : J .
0<j<k 0<ji<k

0<ji<k
Thus
1 ‘-1 ‘-1
pz hp®* —1 (2kk) — ! @ _ hpap (2K (mod p?)
ko) (=m)F ¢ N
p—ry k=0 k=0
and hence

p“z—l <hpak_ 1) ( _(}Z))k T paz—l % (2;)

k—0 k=0 (4.1)
() (2 epin s

with the help of Lemma 3.2.
If ptm — 4, then by combining (4.1), (3.2) and Lemma 3.5 we get

a_q
> (A
k)G
A A
oo )t et ) - (m =2 1)
Up_(é)(m—Z,l)

k
Y
o (2)otn -5 () T

and hence (2.7) follows. (Note that if p* = 3 and 3 | m — 1 then m =
4 (mod p).) In the case m =4 (mod p), we have

p*—1
P ;W<k>:2p5a,1(modp)

p

by (3.1), and
Up_(é)(m — 2, 1) = up(m — 2, ].)

m— 2\ ! m — 4
=p (T) + 5p,3me =p+ 0p3(m —4) (mod p2)
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by [S1la, Lemma 2.2]. So (4.1) also implies (2.7) when p | m — 4.

Since up_(%)(m —2,1) =0 (mod p) by [S10, Lemma 2.3], (2.7) in the
case hm =2 (mod p) yields (2.8).

So far we have completed the proof of Theorem 2.2. [

Proof of Theorem 2.1. Choose m € Z such that hm = 2 (mod p?). Clearly
p 1 m. Note that

2—4h
4=

2 2
7 h (mod p?).

m — 4

So we may get (2.1) by applying (2.8). This concludes the proof of Theo-
rem 2.1. [

Proof of (2.3). For k € N clearly the constant term of

(2 —r— .ZI/’il)k _ (_1)k (.I . 1)2k

is the central binomial coefficient (2:) Observe that

n—1
Z (n ; 1) (—Dfmn P2 —z - Y =(m—-2+z4+2"H L
k=0

Comparing the constant terms of both sides of the last equality we obtain
= (n—1)\ [2k
- 11—k
(") ()
k=0

[(n—1)/2] _
_ o\n—1-2k
(k:,k:,n—l—%)(m 2) ’

which is equivalent to (2.3). O

k=0

Acknowledgment. The author would like to thank the referee for helpful
comments.
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