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ABSTRACT. For n = 1,2,3,... let S, be the sum of the first n primes. We
mainly show that the sequence ap, = ¥/ Sp/n (n =1,2,3,...) is strictly decreas-
ing, and moreover the sequence an+1/an (n =10,11,...) is strictly increasing.
We also formulate similar conjectures involving twin primes or partitions of in-
tegers.

1. INTRODUCTION

For n € ZT = {1,2,3,...} let p, denote the nth prime. The unsolved
Firoozbakht conjecture (cf. [R, p.185]) asserts that

VPn > "ppy1 foralln € ZT,

i.e., the sequence ({/pn)n>1 is strictly decreasing. This implies the inequality
DPnt1—DPn < log2 pn —log p, +1 for large n, which is even stronger than Cramér’s
conjecture pp41 —pp = O(log? p,). Let P, be the product of the first n primes.
Then P, < p”,; and hence P! < P ;. So the sequence ({/P,),>1 is strictly
increasing.

Now let us look at a simple example not related to primes.

Example 1.1. Let a,, = {n for n € Z*. Then the sequence (a,),>3 is
strictly decreasing, and the sequence (@n41/an)n>4 is strictly increasing. To
see this we investigate the function f(z) = log(z'/*) = (logz)/x with 2 > 3.
As f'(x) = (1 —logz)/z? < 0, we have f(n) > f(n+1) for n = 3,4,.... Since

') = 2logx — 3

3 >0 forxz > 4.5,
T
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the function f(x) is strictly convex over the interval (4.5, +00) and so
2f(n+1) < f(n) + f(n+2) (ie., a5,y < anans2) forn=>5.6,....
The inequality a2 < asag can be verified directly.

A sequence (ay)p>1 of nonnegative real numbers is said to be log-convex if

a? 41 < apapyo for all m =1,2,3,.... Many combinatorial sequences (such as

the sequence of the Catalan numbers) are log-convex, the reader may consult
[LW] for some results on log-convex sequences.
For n € Z* let S,, = Y ,_, px be the sum of the first n primes. For instance,
S1=2,85=243=5,55=243+5=10, S4=2+3+5+7=1T.

Recently the author [S] conjectured that for any positive integer n the interval
(Sp,Snt1) contains a prime. As S, < np,y1 for all n € ZT, the sequence
(Sn/n)n>1 is strictly increasing.

In the next section we will state our theorems involving the sequence (ay,)n>1
with a, = {/S,/n, and pose three related conjectures for further research.
Section 3 is devoted to our proofs of the theorems.

2. OUR RESULTS AND CONJECTURES

Theorem 2.1. The sequences (/Sp)n>2 and ({/Sn/n)n>1 are strictly de-
creasing.

Remark 2.2. Note that S,,/n is just the arithmetic mean of the first n primes.
It is interesting to compare Theorem 2.1 with Firoozbakht’s conjecture that

(¢/Pn)n>1 is strictly decreasing.
For o > 0 and n € Z* define

Sy = Zn:pi‘-
k=1

We actually obtain the following extension of Theorem 2.1.
Theorem 2.3. Let a > 1 and n € ZT with n > max{100, e2*1-348"+11 " Then

n S,,(la) n+1 S?S,C—T—)l
>
n n+1

@ S TLJFM' (2.2)

Remark 2.4. In view of Example 1.1, (2.1) implies (2.2) if n > 3. We conjecture
that (2.1) holds for any « > 0 and n € Z™.

Note that [e?*1318+1] = 40 and we can easily verify that

\/ Sn > " n+11 for every n =1,...,99.

So Theorem 2.1 follows from Theorem 2.3 in the case o« = 1.

(2.1)

and hence
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Corollary 2.5. For each o € {2,3,4}, the sequences

(@)
Sn and ( \n/ 57(1&) )

n n>1

n>1

are strictly decreasing.

Proof. Observe that
L62><1.3482+1J — 102, L€2><1.3483+1J — 364, L€2><1.3484+1J — 2005.
In light of Theorem 2.3 and Example 1.1, it suffices to verify that

n S(a nt1 7(L2_21

n-+1

whenever a € {2,3,4} and n € {1,. e2x1:348%+1 11 These can be easily
done via computer. [

Our following theorem is more sophisticated than Theorem 2.3.

Theorem 2.6. Let o > 1. Then the sequence

(V/siusmrn) /5 m)

18 strictly increasing, where

n>N(a)

N(O{) — max {350000, I'e((a—i—l)?1.22a+1+(a+1)1.20‘+1)/a‘|} ) (23)

Corollary 2.7. All the sequences

n+1
n 1 )
n>10" + / n>5’

(Sl 1/ /Sum)
("\/5(2)1/n+ /(/S,(f)/n) (”“ Sﬁl/”S@) ,
(Vshmrvsifsom) (VU)o
(/s e/ s0m) (s s<4>)

are strictly increasing.
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Proof. For N(a) given by (2.3), via computation we find that
N(1) = 350000, N(2)= 974267, N(3) = 3163983273

and
N(4) = 2271069361863763.

Via computer we can verify that

RIS (4 1) ”*i/ S, /(n+2)
/S(a)/n ntl S”r(zojr)l (n+1)

for all « € {1,2,3,4} and n = Ny(«), ... ,N(a) — 1, where

No(1) = 10, No(2) = 13, No(3) = 17, No(4) = 35.

Combining this with Theorem 2.3 we obtain that

(VS + 1)/ ¥/Su/m)

n2No(a)

is strictly increasing for each a = 1,2,3,4. Recall that ("V/n+1//n)n>4
is strictly increasing by Example 1.1. So (”ﬂl/ Snt1/ {L/Sn)n>No(a) is strictly
increasing for any « € {1,2,3,4}. It remains to check that

R e
s s,

for all @ € {1,2,3,4} and n = ng(a), ..., No(a) — 1, where ng(1) = 5, no(2) =
no(3) = 10, and ng(4) = 17. This can be easily done via computer. [J

n

We conclude this section by posing three conjectures.

Conjecture 2.8. The two constants

are both transcendental numbers.

Remark 2.9. Our computation shows that s; &~ 1.023476 and s, &~ —0.3624545778.

If p and p+ 2 are both primes, then they are called twin primes. The famous
twin prime conjecture states that there are infinitely many twin primes.
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Conjecture 2.10. (i) If {t1,t1 + 2}, ..., {tn,tn + 2} are the first n pairs of
twin primes, then the first prime t,11 in the next pair of twin primes is smaller

than t}fl/n, Qe Wtn > "Vt
(ii)) The sequence ( "R/ Thni1/ 3/ Tn)n>9 is strictly increasing with limit 1,
where T, = Y p_; ti.

Remark 2.11. Via Mathematica the author has verified that {/t, > "“/t,4+1

for all n = 1,...,500000, and "/T,y1/ VT, < "/Thia/ "/Thy1 for all
n = 9, NP ,500000 Note that t50()()00 = 115438667.

Recall that a partition of a positive integer n is a way of writing n as a sum
of positive integers with the order of addends ignored. Also, a strict partition
of n € ZT is a way of writing n as a sum of distinct positive integers with the
order of addends ignored. For n = 1,2,3,... we denote by p(n) and p.(n) the
number of partitions of n and the number of strict partitions of n respectively.
It is known that

671'\/277,/3 e™ n/3

P(n) ~ W and p*(n) ~ W as n — +o0o

(cf. [HR] and [AS, p.826]) and hence lim,, ;o {/p(n) = lim, o ¥/p«(n) = 1.
Here we formulate a conjecture similar to Conjecture 2.10.

Conjecture 2.12. Forn € Z™ let

o) =" gy = PV ) = /), and ) = /a0

Then the sequences (g(n+1)/q(n))n>31 and (¢«(n +1)/q«(n))n>44 are strictly
decreasing, and the sequences (r(n+1)/r(n))n>60 and (r«(n +1)/7«(n))n>120
are strictly increasing.

Remark 2.13. Via Mathematica we have verified the conjecture for n up to 10°.
In light of Example 1.1, Conjecture 2.12 implies that all the sequences

(M) | (YM) (/D) nz6, (V/Pe(m))nz

o) ) s p) ) s

are strictly decreasing, and that the sequences ( "*y/p(n + 1)/ ¥/p(n))n>26 and
("R/ps(n+ 1)/ ¥/pe(n))n>a5 are strictly increasing. The fact that (p(n +
1)/p(n))n>25 is strictly decreasing was conjectured by W.Y.C. Chen [C] and
proved by J.E. Janoski [J, pp. 7-23].
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3. PROOFS OF THEOREMS 2.3 AND 2.6

Lemma 3.1. Leta>1 andn € {2,3,...}. Then
atllog®n a
S 590 I 1- . 3.1
noZ e a+1 (a+1)logn (3:-1)

Proof. 1t is known that py > klogk for k = 2,3,... (cf. [Ro] and [RS, (3.12)]).
Thus

S — Zpk >Z klog k)« >Z/ (xlogx) da::/ (xlogx)“dx
1

Using integration by parts, we find that

n a+1 n n a+1 1 a—1
/ (xlogx)dx = ’ log® x — / (x  allogz) ) dx
1 a+1 o1 1 \a+1 T
a+1 n
= log®n — a / 2% (log z)* 'dx
a+1 a+1/;
notl o "
> 1 o, e 1 a—ld
Lrilestn a+1/1x(0gn) x
na+1 anaJrl
> log®n — 1 a—1

Therefore (3.1) holds. O
Lemma 3.2. Let a > 1 and n € ZT with n > 55. Then

log S\ > (a4 1)logn. (3.2)

Proof. Note that 54 < e* < 55 < n. Aslog®n > 4% = (29)?2 > (a + 1)?, by
Lemma 3.1 we have

a+110g n « notl
Sl 5 = 70 T = log®n > not!
" a+1 ( a—l—l) g n=zn

and hence (3.2) follows. O
Proof of Theorem 2.3. It is known that

pm < m(logm + loglogm)
for any m > 6 (cf. [RS, (3.13)] and [D, Lemma 1]). If m > 101, then

log logm < log log 101 < 0.3314

logm log101
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and hence p,, < 1.3314mlogm. As n+ 1 < 1.01n, we have

log(n+1) _ , lgl(n+1)/m) ., loglOL . loglOL o000
log n log n logn log 100
Therefore

Prnt+1 < 1.3314(n+ 1) log(n +1) < 1.3314 x 1.01n x 1.0022logn < 1.348n logn.

Combining Lemmas 3.1 and 3.2, we see that

(o) (ML vfgta) _
Sn <n1—|—1/n Sn 1
:Sga) <€(log Sﬁla))/n+log(n+1)—(1+1/n) logn __ 1)

257(1&) <6(10g Sga)—logn)/n . 1) > S{r(la) (e(alogn)/n - 1>

>n°‘+1 log®n ) o alogn
a+1 (a+1)logn n
a a
— ] o (1ogm —
a+1(n ogn) (ogn a+1)
1 «
>M(logn— 1).

As (logn —1)/2 > 1.348%, from the above we get

(a) 1—|—1/’I’L
(n+1) ( = ) — S > (1.348nlogn)® > Pha1

n
o (n+1)/n (o)
St . S
n n+1

which yields (2.1). As mentioned in Remark 2.4, (2.2) follows from (2.1). This
concludes the proof. [J

and hence

Proof of Theorem 2.6. Fix an integer n > N(«). For any integer m > 350001,
we have
log logm < log log 350001

< 0.1996
log m log 350001

and hence

log 1
P < m(logm) <1 n M) < 1.1996m log m.
logm
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As n > 350000, we have

log(n + 1) log(1+1/n) _ log350001
= =14 <

< 1076,
logn logn log 350000 +

Therefore

Prt1 <1.1996(n 4 1)log(n + 1)
350001

350000
Since logn > log 350000 > 1/0.078335, Lemma 3.1 implies that

<1.1996 x x (141079 logn < 1.2nlogn.

n®*t1log* n

n*t1log® n
1.085(a + 1)

Sl > (1 —0.078335) >

a—+1
Therefore o
() . Pnt1 _ Ca
n T ST(LQ) < n ) (33)
where ¢, = 1.085(a + 1)1.27.

By calculus,
2

m—x—<log(1+x)<ac forz >0

2
and
—r—z2><log(l—z)< -z for0<xz<0.5.
Thus
S J(n+1) 1 1
log =n+L/ V"~ 7/ 1— — loo(1 (@) o (@)
& s, 0g< n+1>+og( @) <t
and
S /(n +2) 2
log —+2 log {1 — ——= ) +log(1 + 2¢
og S /n >og( n—|—2)+0g( + 24,,")
2 4
> — — 2(®) _ 9(g(@)y2
Hence
2 S s st
D) .= log 4L — Zlog " — log 12
" n+10gn+1 n 8Ty n-+2 Ogn+2
2 (5 ) L s
n+1 % ntl I n ¢ h
1 S 2 4
- log 2" — _ 2@ _ 9((@))2
_ —2log(SY /n) 2 2 4 2¢4) 2(g4)2

TR D42 12 mt2?  mr2 T st nt2
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Combining this with (3.2) and (3.3) and noting that (350001/350000)n? >
n(n + 1), we obtain

Do) < —2alogn  2(2n+3) N 4
" nn+1)(n+2) (n+1)2n+2)2 (n+2)3
2¢Cq 2c2
T Dm+2) | n2n+2)
—2alogn 4 4

S Dm+2) it D)nt2Z et Dm+2)?
2¢q + 2(350001/350000)c2
n(n+ 1)(n + 2)
~ 2((350001/350000)c2 + co — arlog n)
nn+1)(n+ 2)

Note that

350001 ,
350000« " °

350001
= 1.0852 1)21.22* 4+ 1. 1)1.2¢
350000 < 085%(ar + 1)°1.2** + 1.085(cv + 1)1.2

<1.2(a +1)%1.2%* + 1.2(a + 1)1.2% < alog N(a) < alogn.

So we have ngla) < 0 and hence

"RSSN (1) 3 RIS, (0 + 2)
VS n "R/5) J(n+1)
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