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ABSTRACT. Let p be an odd prime. It is well known that Fp—(%) =

0 (mod p), where {F, },, >0 is the Fibonacci sequence and (—) is the Jacobi
symbol. In this paper we show that if p # 5 then we may determine Fp_(%)

mod p?3 in the following way:

—1)/2
(p—1)/ (zkk)

F,
2 S (B0 o

k=0
2k

We also use Lucas quotients to determine Z](f:_ol)m (k
for any integer m # 0 (mod p); in particular, we obtain

)/m* modulo p?

(p=1)/2 (2k 3
Z (lgk)z (p) (mod p?).

k=0

In addition, we pose three conjectures for further research.

1. INTRODUCTION

The well known Fibonacci sequence {F}, },,>0, defined by
F() = O, F1 = 1, and Fn+1 = Fn—f-Fn,l (’I”L: 1,2,3,...),

plays an important role in many fields of mathematics. This sequence
has nice number-theoretic properties; for example, E. Lucas showed that
(Fon, Fr) = Fnny for any m,n € N = {0,1,...}, where (m,n) denotes
the greatest common divisor of m and n.
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Let p # 2,5 be a prime. It is known that F,_(z) =0 (mod p), where (—)
denotes the Jacobi symbol. In 1992 Z. H. Sun and Z. W. Sun [SS] proved
that if p? { Fp_(g) then the Fermat equation zP 4 y? = 2P has no integral
solutions with p f xyz. When F, (zy=0 (mod p?), p is called a Wall-Sun-
Sun prime (cf. [CDP] and [CP, p.32]). It is conjectured that there should
be infinitely many (but rare) Wall-Sun-Sun primes though none of them
has been found. There are some congruences for the Fibonacci quotient
F,_(#)/p modulo p (cf. [W], [SS] and [ST]); for example, in 1982 H. C.
Williams [W] proved that

,_

Uil
st
=

(=D*

p klk

Fy(z)

(mod p).

Il
SN

Quite recently H. Pan and Z. W. Sun [PS] proved that for any a € ZT =
{1,2,3,...} we have

p“z—:l(_l)k(zkk) _ (%) (1-2F,. () (modp?),

k=0

which was a conjecture in [ST].

Now we give the first theorem of this paper.
Theorem 1.1. Let p be an odd prime and let a be a positive integer. If
p # 5, then

(p*—1)/2 (Qk)

a Fa_ pa
Z (_fﬁ)k = (%) (1 + pT(S)) (mod p?). (1.1)

k=0
If p # 3, then
(p*-1)/2 2k a_1q a_q 2
2 2P —1 (2° -1
Z (—(§2))k = (E) (1—1— 5 ! 5 ) ) (mod p*). (1.2)

k=0

Let p be an odd prime and let a € Z*. For k = 0,1,...,(p* —1)/2,

clearly
((pa —-1)/ 2) a

Ty 11 (1_2jp+1>51 (mod »)

K 0<i<k

((p“ —kl)/Z)

and hence

2k
(_2/2) = % (mod p). (1.3)
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Thus, for any integer m # 0 (mod p) we have

p*—1 (Qkk) (p*—1)/2 (Qkk _ (m(m —4)
k mk - pa

) modp, ()

since

(p“—zl)/2 ((pa_kl)/2> (_i)k _ (1_ i)(p“—l)ﬂ

()~ 32 (457) 0 o

for each k = (p* +1)/2,...,p* — 1 by Lucas’ theorem (cf. [St, p.44]).

Recently the author [SulO] determined Ziigl (Qkk) /m* mod p? in terms
of Lucas sequences. See also [SSZ], [GZ] and [Sulla] for related results on
p-adic valuations.

Let A,B € Z. The Lucas sequences u, = u,(A,B) (n € N) and
vy, = vp(A4, B) (n € N) are defined by

up =0, uy =1, and u,41 = Au,, — Bup—1 (n=1,2,3,...)
and
vo =2, v1 = A, and v,11 = Av, — Bu,—1 (n=1,2,3,...).

The sequence {vy,}n>0 is called the companion of {uy},>0. (Note that
F, = uy,(1,—1), and those L,, = v,(1,—1) are called Lucas numbers.) It
is known that for any prime p not dividing 2B we have

A
Up = (E) (mod p) and Up—(2) = 0 (mod p)

where A = A2 — 4B (see, e.g., [Sul0, Lemma 2.3]); the integer U,_(2)/P

is called a Lucas quotient. The reader may consult [Su06] for connections
between Lucas quotients and quadratic fields.
Our second theorem is as follows.

Theorem 1.2. Let p be an odd prime and let a € Z*. Let m be any
integer not divisible by p. Then

(p*=1)/2 (Zk;)

> =)
n <_m) <m<m — 4)) M, 1=m)(4,m) (mod p?),

D pa—l
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where

We also have

(p*—1)/2 C. 4-m (p*—-1)/2 (2k) m —m
B — ARl b, | — d p?), (1.
]CZ_O mk 2 ];) mk + 92 P Oa,1 » (mo p )7 ( 6)

where Cy, denotes the Catalan number %H(Qkk) = (2:) — (k%fl), and the

Kronecker symbol ds+ takes 1 or 0 according as s =t or not.

Remark 1.1. For any m € Z \ {0} and n € N, the sum > ;_, k;(zkk) /mF is
closely related to >} _, (Qkk) /m* via the identity

zn:(l_m_zlk) () :(2n+1)(%)

2 mk
k=0

which can be easily proved by induction.
Now we present two consequences of Theorem 1.2.
Corollary 1.1. Let p be an odd prime and let a € ZT. Then
(P =1)/2 (2%
2
Z (8%) = (—a> (mod p?) (1.7)
k=0 p

and
(p*—1)/2 (Qk)

> T = (%) (mod p?). (1.8)

k=0
Corollary 1.2. Let p > 3 be a prime. Then

(p—1)/2 2k -1 3 p +1 5
Z ﬁ = (—) % (mod p~), (1.9)

k=0 p
that s,
1 (mod p?) if p=1 (mod 12),
(pim &) ] —=1/2 (mod p?) ifp=>5 (mod 12), (1.10)
~ (2k—1)*16" | —1 (mod p*)  fp=T7T (mod 12), '

1/2 (mod p?)  ifp=11 (mod 12).

We will show Theorems 1.1 and 1.2 in Sections 2 and 3 respectively.
Section 4 is devoted to the proofs of Corollaries 1.1-1.2.

To conclude this section we pose three conjectures.
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Conjecture 1.1. For any n € N we have

1 nL (%K 1 (mod 9) if3|n,
Z(k):{ ( ) |

(2n+1)2(*") & 168 | 4 (mod 9) if3fn.
Also,
1 (3%-1)/2 (2k)
o > # = (—1)*10 (mod 27)
k=0

for everya=1,2,3,....

Let p > 3 be a prime. In 2007 A. Adamchuk [A] conjectured that if
p =1 (mod 3) then

5° (%) 20 ot .

k=1
Motivated by this and Theorems 1.1 and 1.2, we pose the following con-
jecture based on the author’s computation via the software Mathematica.

Conjecture 1.2. Let p be an odd prime and let a € Z7.
(i) If p=1 (mod 3) ora > 1, then

L&) 2k
M = (]%) (mod p?).

(ii) Suppose p # 5. If p* = 1,2 (mod 5) or p = 2 (mod 5) or a > 2,

then
()= i

— (3) (mod p).

L 15" (Qk:
k) — ( o ) (mod 2
—16)F — \pa p’)
— (-16) p
If p* =1,3 (mod 5) or p=3 (mod 5) or a > 2, then
Li5P" ]
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Conjecture 1.3. Let p # 2,5 be a prime and set q := Fp_(g)/p. Then

p—1

Fk . P 3 )
p> gy = (5) (304 o) tmodst)
= k20

and

p—1
Loy, 5 15 )
: - — - T d .
pk§:1 eEy - 2l pq®  (mod p?)

Remark 1.2. 1t is interesting to compare Conjecture 1.3 with the two
identities

i Foy, 4 and Lo _7r2
2k - 2k -
k:lkz(k k=1 kQ

obtained by putting = (/54 1)/2 in the known formula

ka

k(%)

o
2 arcsin® = =

WK

(2| < 2).
k

1

2. PrROOF OF THEOREM 1.1

Lemma 2.1. Let p be an odd prime and let k € {0,...,(p* —1)/2} with

a € ZT. Then
(<pa - 1>/2+k> G
2% (—16)k

a 2a (2‘1)
_ (-1 p* —1-2k p
:(—1)k (p_‘l> <(pa 12 k:) 0<J2-<k —(2j 1y (mod p3).

Proof. Clearly (2.1) holds for £ = 0. Below we assume 1 < k < (p* —1)/2.
Note that

(<pa ~1)/2+ k) I % - (25— 1))
2k B 4% (2k)!

[T (—(25 - 1)?) & p2e
T AR H(“@j—w)
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(which was observed by Z. H. Sun [S11, Lemma 2.2] in the case a = 1).
Thus, in view of (1.3) we have

<—<16)>k (") = ()

(( pa’ —11)/—22kk) (_4)_((pa—1)/2—k)4_k
Pt — -

() (a7 ) ot

Lemma 2.2. Let p be an odd prime and let a € Z+. If p # 3, then

So (2.1) holds. O

1+ (mod p*). (2.2)

or' =1 1 N ("1 —1)2 (2 2r" 41
6 24 T \p2 ) 3 x2*-1)/2

When p # 5, we have

Lye—1 [p® 1
L _(€> Fpo+1=—_F2

E 5 Fpe_(22) (modp4). (2.3)

Proof. Note that

. p pop” 2\ ¢ 2
2(P*=1)/2 — (271) T = <};) = (F) (mod p)

and
a_q (r*=1)/2 _ (2
A U (5) (2(pa1)/2+ (3))
p p P
9\ 20" -1/2 _ (2
= (E) ’ ) (mod p).
Thus

2
(219“*1 —1)2=4 (2(pa1)/2 — (3))
pa

. 2 .
=427 "1 —1)+8-8 (—> 2(P"=1/2 (mod p?).
p(l
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It follows that

2<p —1)/2 <2p ) é (5) <2pai1 - 1)2

~1)/2
2(13 )/ —8+8<2)2(p _1)/2)
p*

== ( ) (2@ -1 _ ) _o"-1)/2 | (—2 ) o’ —1
pa
2 a a
fy P 4 _ (p _1)/2 3
_(pa> <2 —|—1> 3x2 (mod p°),

which is equivalent to (2.2) times 3 x 2(P*~1/2_ S0 (2.2) is valid if p > 3.

Now assume that p # 5. As Ly, = 5F2 + 2(—=1)" = L2 — 2(—1)" for
all n € N, by [SS, Corollary 1] we have Lp_(%) = 2(£) (mod p?). Thus, in
view of [Sul0, Lemma 2.3],

/\

\-//—\
w 1\3
S S
L

a

= ((3)=(52))/2 —9o(P
Lpa—(%):( ) L (5):2<—

L) mod ),

Write L, e = 2(Z°) + p?Q with Q € Z. Then
5

2 12 4P ()
5F (o) Loy —4H=DT 00

——44 (2 <%a) +p2Q>2 = 4p° (%) Q (mod p*).

pa
Lpe = Fpe +2Fpa1 = 2Fpaty — Fpe = 2Fp“*(%) + (E) Fipa

Note that

and

pa
2Lpa — 5F a_] +Lpa_]_ — 5Fpa+1 — Lpa+1 — 5Fpa_(%) + (?) Lpa_(%).

Therefore
Lp“5 L_ (%a) Fpo+1
2, ur, - g(Lpa )
2F e _(p2y — % (§F )+ (%) Lpa(rey = 1)
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This proves (2.3). O

The following Lemma was posed as [Sul2, Conjecture 1.1].

Lemma 2.3. Let p be an odd prime and let HliQ) = D o<i<k 1/52 for
k=0,1,2,.... If p#5, then

pzl(—l)k (2:) g = (%) 2q2 — b3 (mod p), (2.4)

k=0
where q denotes the Fibonacci quotient Fp,(g)/p. If p > 3, then

p—1

( )H(2) = gqp(Q)2 (mod p), (2.5)
k=0

where q,(2) denotes the Fermat quotient (2P~1 —1)/p.

Proof. 1t is easy to verify (2.4) for p = 3. Below we assume p > 3.
The desired congruences essentially follow from [MT, (37)]. Here we
provide the details. Putting ¢t = —1,—1/2 in [MT, (37)] we get

-1

Y (—1)* <2kk> H,gz) = —22 ngj;, D (mod p) (2.6)

k=0 k=1

and
1

<2l<:> HO = —QPZ uk(5/2,1) (mod p). (2.7)

p—l

kQ

OM

Note that uk(3,1) = Fy, and ui(5/2,1) = 2(2%F — 27%)/3 for all k =
0,1,2,....

Since
p—1 g p—1 2
2 1 qp(2)
Z == —qp(2)* (mod p) and Z 3ok =~ p2 (mod p)
k=1 k=1

by [Gr] and [SO8, Theorem 4.1(iv)| respectively, (2.7) implies that

p—1 p—1 k
2k 4 2 1 2
—92)k H(2)E——E — — = 2¢,(2)? .
( ) <k> k 3 P k2 k22k 3q1>( ) (mOd p)

k=0

Now we work with p > 5. Recall that for any n € N we have

Fn:—a =5 and L, =a" + 6",
a—p
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where a and 3 are the two roots of the equation 22 — x — 1 = 0. By [PS,
(3.2) and (3.7)],

p—1 o p—1 2
9 ot o} L,—-1
Wzﬁz—?Zﬁ‘( » )
k=1

(Qap5— 1 1) (Lpp— 1)2 (tmod p).

Since af = —1 and a® = (a+1)? = a? + 1 (mod p), we have

a2 (aP+1)(aP—3) (L,—1\*> aP+2[(L,—1)\°
Z T = 5 == (mod p).
— P P
Hence

p—1 p—1 p—1l ok 2k

Foy Foy, at — f3
5) o ==Y 5 =-0) —5—
k=1 k=1 k=1
2 2
E(a—ﬁ)ﬁp_ap (Lp_1> E_(a—ﬂ)PJFl (Lp—l)
P i) p

5
2
__s-1)2 (LP - 1) __ (
P

since 2(Ly, — 1) = 5F,_(») (mod p?) by [ST, p.139]. Combining this with
(2.6) we obtain

p—1
2% 5\ 5 5
—1)k HY =2x (2) 22 =(2) 242 d p).
k_o( )(k> p “\5) 1 <5>2q (mod p)

The proof of Lemma 2.3 is now complete. [J

Proof of Theorem 1.1. Let us first recall the following two identities:

[n/2] n n+k o2n+1
—k 2 +1
Fny1= E (nk ) and E (Sz): T o

Thus we have

(p*—1)/2 a (p*—1)/2 " ]
Fu:pz p* =1k :”Z (p* = 1)/2+
P pt —1—2k : 2

k=0
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and
*—1)/2 a__ a
(r*-1)/ ((p %I)€/2+k) RS
ok 3 x 20 -D/2°
k=0
Therefore, with the help of (2.1),
(P*=1)/2 2k
Z ( k ) o Fpa
_1R\k
— (—16)
(p*—1)/2 o a
= Z ( p - ]- - 2k >(_1)(pa_1)/2_k Z p2 :
(p*-1)

/2 2%k 2a
- x (e a e

k=0 0<j<(p*—1)/2—k
and
<p21:>/2 (%) 2" 41
2o (C32F  3x 207072
(p*=1)/2
_ 2k (—1)k p2a 3
= 2 (k)z@a—n/z—k 2 @j — 1 (med s
k=0 0<j<(p*—1)/2—k
For k=0,...,(p" —1)/2, clearly
(p*—1)/2—k 2% (p®—1)/2 og
X morT 2o a_l)/ﬁ_ [+ 1) - 1)2
=1\ j=ht1 WP J
(P*=1)/2 o4 o
_ pz P > P
- 12 72
j=1 4‘7 0<j<k 4‘7
(p—1)/2 p2a p2e
_ 3
= Tz 2 qeiz (mod pY).
o AP e AT
Since

(p—1)/2 (p—1)/2 <

1 2
22@.—252

1 1 —1y
2 N2 ) — =20 d
= \7 " (p—z')2> i_zliz p3 (mod p)

with the help of Wolstenholme’s congruence (cf. [Wo] and [Z]), by the
above we have
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and

(r*=1)/2 ok a
—4 Z (%) ¥4
p? = (=32)F 3 x 2(p*—1)/2

S(2)'S (52l motn)

k=0

(2.9)

Our next task is to simplify the right-hand sides of congruences (2.8)
and (2.9). Let v € {1,2}. Then

p*—1
2k k17(2)
> (k;>(_“) H i jpa-)

k=0

p—1p® " —1 a—
Z Z 2p 1]€ + 2r (—u)pa_1k+rH(2)
pa—lk +r k

k=0 r=0

a_1,1

(—u)kH,E?) Z (2pa— k+ 27‘) (—u) (mod p).

—1
k=0 r=0 pa k +r

For k € {0,... ,p—1}and r € {0,... ,p* 1 —1}, by the Chu-Vandermonde
identity (cf. [GKP, p.169]) we have

a—1
2p¢ 1k + 2 _ P ka 2021k 2r
Pkt ) j Pk +r—j)

J=0

p—1

If p*~1 ¢34, then

(Zpa_lk) _2ptk (Qpa_lk -1
J J Jg—1

) =0 (mod p).

Thus

20 Yk + 2r
pelk +r

Zk (Qpa_lkz>( 21 ) B <2pa_1k‘> (m)
o\l )\ k= g) + ptk )\ r
2r
= ) < ) (mod p) (by Lucas’ theorem).
r

Therefore

(2.10)
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In view of (1.4),

and also
g () = (2= DEZ0) 1 uoa )

provided p # 3. Combining this with (2.8) and (2.10), we obtain

‘-1)/2 (2k>
k

;_4((,; o )

a—1

_= (2:) (1) H® ’ Z_ ' (2:) 1y — 5p73’”§ (2:) 1y

r=0 k=0

and hence

4( )
n2 k_ Fpe
k=0

(2.11)
—( )( ( ) H(2+5p3> (mod p).
Similarly, when p # 3 we have
-4 (pi)/Q (3 24
p? pars (—32)F 3 x20*-1)/2
= (2.12)
2\ 2k b er(2)
=\ Z B (—=2)"H,” (mod p).
k=0

Now assume that p # 3. By (2.5) and (2.12),

(P*-1)/2 2k p® 2
3 ((k) 41 E_(E)p_qp(zy (mod p?).

2o (“32)F  3x 200 D2
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Since p® = p (mod ¢(p?)), we have 2P" = 2P (mod p?) and hence

(”ai)/z () " 41 2\ @I
- =—(—)——% (m :
Za (=32)F T 3x 207D/ e 6 oap

Combining this with (2.2) we immediately obtain (1.2).
Below we suppose that p # 5. By (2.4) and (2.11),

(p*—1)/2 (2k)

_ 2 (p 2 3
Z (—]_6)k — Fpa = —g (g) Fp_(g) (mOd P )
k=0

In view of [Sul0, Lemma 2.3],

F a_(p% F —(% F —(¥
po— (22 E(_l)«i)—(,,%))/z( f_l) p=(®) _ 2= (104 p)
P p P P
and thus
(p*—1)/2 (2k) 5 a
k) — _2 (P p2 3
2. T = ( 5 ) Ty (mod 770

k=0
Combining this with (2.3) we get
(r*-1)/2 (2k)

Lpa —1 (p® 5 5 (p®
k/_ _F.=-2 — ) —ZF.+- (= d p%).
kZ:—O (—16)F P 1 5) ~afr g ) (medr)

Therefore

(»*—1)/2 (2k)

3 _ (P L B, (0"
Zs (C16F ~\5) 4 4

This proves (1.1).
So far we have completed the proof of Theorem 1.1. [J
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3. PROOF OF THEOREM 1.2

We need some preliminary results about Lucas sequences.
Let A,B € Z and A = A? — 4B. The equation 22 — Az + B = 0 has

two roots
A—+vA
2

which are algebraic integers. It is well known that for any n € N we have

«

:—A+2\/Z and (=

un(A,B)= Y  o"B" "% and v,(A,B)=a"+ 5"

0<k<n

If p is a prime then
vp(A,B) =af + P = (o + B)P = AP = A (mod p).

Lemma 3.1. Let A,B € Z andn € N. Then

[n/2]
unt1(A,B) = > (n ; k) AR (=B)E. (3.1)

k=0

Remark 3.1. (3.1) is a well-known formula due to Lagrange, see, e.g., H.
Gould [G, (1.60)].

Lemma 3.2. Let A,B € Z and let p be an odd prime not dividing BA
where A = A2 — 4B. Then

A A
up(A, B) = 53((%)_1)/2%7(%)(%1, B)+ (;)

Br~1 41

5 (mod p?). (3.2)

Proof. For convenience we let u,, = u,(A, B) and v, = v,(A, B) for all
n € N.
Let o and 8 be the two roots of the equation 22 — Az + B = 0. Then
v: — Au? = (o™ 4 )2 — (o™ — ﬁ”)Q =4(af)" =4B"

for any n € N. As p | Up,_(2) (see, e.g., [Sul0, Lemma 2.3]), p? divides

p—(3)
= (vp_(A) -2 (E) B(p—(ﬁ))/Z) (Up_(A) +2 (E) B(p—(g))m) '
P p D P
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On the other hand, by [Sul0, Lemma 2.3] we have

ooy =2B0-(3)/2 = 9 (5) BE=3)/2 (mod p).

P

Therefore B
Vp_(ay =2 (—) B=(3)/2 (mod p?).
P p

By induction, for e = +1 we have
Au, +ev, = 23(1_5)/2un+5
for all n € Z*. Thus

(A A

P
A\ (B
=Au,_(s) + <?> ’ (?) B#=GD2 (mod p?)

and hence
Ay
2uy, — AB(%) 1)/2up (2)

P

-(3) ((2) (- ()

= (%) (BP~' —1+2) (mod p?).

So (3.2) is valid. O

Lemma 3.3. Let p be an odd prime and let a € Z7. Let m be an integer
not divisible by p. Then

(p"—-1)/2 (k2lc1) m — 9 P2 (2k) m —m
Z T:L_k = 9 Z # - 3 + 2p5a,1 <7> (Hlod pz)
k=0 k=0 (3 3)

Proof. Observe that
O () 4 ()

>,

k=0

_(p _21)/2 (215:11) . ((paﬁl)ﬂ) + 1 v _23)/2 <2kk—|——|—12)

N mk  m@*=1/2 2 mk
k=0 k=0

e s

(/2 \(pr-1)/2) 2 mk

—m m (p*—1)/2 (2k> m
52p6a,1 (7) + 5 ~kL_ — (mod p2)



FIBONACCI NUMBERS MODULO CUBES OF PRIMES 17

and hence (3.3) follows. O
Proof of Theorem 1.2. Set n = (p® — 1)/2. By Lemma 3.3,

) P z":@Jr@_” =™\ (mod )
mk 2 — mk 2 Pla,1 P mos vy

k=0

This proves (1.6). It remains to show (1.5).
By Lemmas 3.1 and 2.1,

) =3 (317

k=0
ki) (;(Z ) Z)> 16"~*(—m)* = k; (n
() my = = mp S G (moa 2.

[
3 |
N+

k=0 k=0
Note that
a—1 s
Siop’ —m\ == P —
) = (=) 02) :(_) :<_> d
m m = mod p
(=m)" = ((=m) ; ) (mod p)
and hence

2 pe
Thus
W [—m mP 1 — 1\ (;T) B
= (5] () = gy e )
and hence
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since mP" =1 = mP~! (mod p?) by Euler’s theorem. By [Sul0, Lemma 2.3],

42 — 4m

) = (5 Yy am) (mod )

pa—l
42—4m) (4—m)
= —— Jui(4,m) = mod p).
() wtm) = () Gmod p)
Therefore
n 2k —1
(k) . —-m —m\ mP~ —1
~EL =y 4(4 — | —uya(4
kzzomk up(,m)(pa) up(,m)<pa> 92

() (S — (Y

(2 () gy (Y S

D pa—l pa

In view of Lemma 3.2,

4 p—1_q 4-
up(4,m)—( m)m m

T —m 4 - d 2 .
p 5 My, (i X ,m)—l—( " ) (mod p?)

So, by the above, >_p_, () /m” is congruent to

(1) (5) o e+ (%))
(o0 (5) ()

modulo p?. This proves (1.5). We are done. [

4. PROOFS OF COROLLARIES 1.1-1.2

Proof of Corollary 1.1. Note that n = p—(4p%8) = 0 (mod 4). The equation
2% — 4z + 8 = 0 has two roots 2 4 2i where i = v/—1. Thus
(24207 — (2—20)  (i(2 — 2i))" — (2 — 20)"

un(4,8) 43 43

and hence by Theorem 1.2 we have
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Clearly ¢ = p — (4_%) = p — (%) is divisible by 3 and the two roots of
the equation x2 — 4z + 16 = 0 are

24+ 2v/—3 = —4w? and 2 — 2/ -3 = —4w,
where w = (=1 + +/—3)/2 is a primitive cubic root of unity. Thus

(—4w?)? — (~4w)?
44/=3

since 3 | g. Applying (1.5) with m = 16 we get

B () () e

a
k=0 p

uq(4,16) = =0

The proof of Corollary 1.1 is now complete. [J
Proof of Corollary 1.2. Set n = (p —1)/2. Then

n (Qk) 1 1
MDY <2k—1 T (2k—1)2)

k=1
n 2<2kk—1> 2% 1 n—1 (2kk> B )
_; 16F (2k — 1)2 _Z];)(Qk-l—l)mk =0 (mod p)

with the help of [Sullb, (1.4)].
Observe that

L) - 2 -G
I; (2k — 1)16* _; (2k —1)16% kal k16¥

n—1 n
C; 1 Ch Cn
=2 1 == — .
]2_:0 165+1 8 16F 8 x 42n

Also,

C (( p_1)1/2)

in view of Morley’s congruence ([Mo])

(6 my2) =07 mod )



20

ZHI-WEI SUN

By (1.6) and (1.8),

55 -0(2)w(3)

k=0
Therefore
e 86(3) () 20— p)(=h)
kz_:l (2k —k1)16k - 8 R 8
=1y 4 3(3 — B
_ _(p)z () _ _(?1) 3BT od ?)
and hence

n

k=1

(Qk) B n (Qk) B 1 3(§)+1 ,
> Gt =~ i = 1 (5) T (med )

which yields (1.9) and its equivalent form (1.10). We are done. [
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