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ON SUMS RELATED TO CENTRAL BINOMIAL AND
TRINOMIAL COEFFICIENTS

ZHI-WEI SUN

ABSTRACT. A generalized central trinomial coefficient T, (b, c) is
the coefficient of " in the expansion of (2% +bx +c¢)" with b, ¢ € Z.
In this paper we investigate congruences and series for sums of
terms related to central binomial coefficients and generalized cen-
tral trinomial coefficients. The paper contains many conjectures on
congruences related to representations of primes by certain binary
quadratic forms, and 62 proposed new series for 1/7 motivated by
congruences and related dualities.

1. INTRODUCTION

Let N ={0,1,2,...}. The central binomial coefficients
2n (2n)!
= neN
(0) =t e
play important roles in combinatorics and number theory. In this sec-
tion we first review some known results on sums involving products of
at most three central binomial coefficients.
Let Zt = {1,2,3,...}. Recall that for given numbers A and B

the Lucas sequence u,, = u,(A, B) (n € N) and its companion v, =
vn(A, B) (n € N) are defined by

Uy = 0, Uy = ]_, Up41 = Aun — Bun_l (n € Z+),

and
vo =2, v = A, V1 = Av, — Bu,_1 (n € ZT).
It is well known that
(= B)u, =a" — " and v, =a" + " forallneN,

where a = (A ++V/A)/2 and B = (A — VA)/2 with A = A2 — 4B.

Key words and phrases. Central binomial coefficients, central trinomial coeffi-
cients, congruences, representations of primes by binary quadratic forms, series for
1/m
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Let p be an odd prime and let m be any integer not divisible by p.
The author [Sul] proved that

p—1 (2k 2
Z (k) = (m 4m> +up_(m2_4m)(m— 2,1) (mod p?),

%
m
k=0 p P

where (—) denotes the Jacobi symbol.
Let p=1 (mod 4) be a prime. Write p = 2*+y* with x = 1 (mod 4)
and y =0 (mod 2). Gauss showed in 1828 the famous congruence

(Ez - 3@ = 22 (mod p),

and this was further refined by S. Chowla, B. Dwork and R. J. Evans
[CDE] in 1986 who used Gauss and Jacobi sums to show that

(52 =T )

For more such congruences involving products of one or more binomial
coefficients, the reader may consult the excellent survey [HW] by R. H.
Hudson and K. S. Williams. In 2009 the author (cf. [Su2, Conjecture
5.5]) conjectured that

2G5 e (R () pymarn

k=0

and this was later confirmed by Z.-H. Sun [S1]. Recently the author
[Su5] determined x mod p? via the congruence

(p—1)/2 2 (p-1)/2 2
2 k+1/2k 2k +1 [(2k
— = _— = —_— d 2 .
(p)f” 2y <k> 2 <—16>k(k> od )

Note that p | (2:) foral k=(p+1)/2,...,p— 1.
Let p be an odd prime. By [I, vH],

L 4% —2p (mod p?) ifp=a?+y* 2tz & 2]y),
0 (mod p?) if p=3 (mod 4).

2k\ 3
)

k
— 64
In [Su2, Sud] the author made conjectures on S 7~ (zlf)3 /m* mod p?
for m =1, —8,16, —64, 256, —512,4096; for example, Conjecture 5.3 of
[Su2] states that

(2:)3 _ {4x2 —2p (mod p?) if (

p—1

)y=1& p=a+Ty%

0 (mod p?) if (2)=-1.

USRS

k=0
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(Throughout this paper, when we write a multiple of a prime in the
form az? + by?, we always assume that z and y are nonzero integers.)
To attack such conjectures, Z.-H. Sun [S2] deduced the useful combi-
natorial identity

where P,(z) is the Legendre polynomial of degree n given by

rio =3 () (1) (55)

Actually (1) is just a special case of the well-known Clausen formula
for hypergeometric series. We can rewrite (1) in the form

i (Z) (n Z k) (2:) (x(z +1))" = Dy(x)? (2)

k=0

where D, (x) is the Delannoy polynomial of degree n given by

£ ()

k=0
Note that those D, = D,(1) (n = 0,1,2,...) are central Delannoy
numbers (see, e.g., [CHV], [Su3] and [St, p.178]. It is well known
that P,(—z) = (—=1)"P.(x), i.e., (—1)"Dy(z) = Dp(—x — 1) (cf. [Su3,
Remark 1.2]). As observed by Z.-H. Sun [S1, Lemma 2.2], if 0 < k <
n=(p—1)/2 then

n+k\ _ (2:) 2
= mod
( 2k ) (—16)k( od p)
and hence

()= () ) = B .

This simple trick was also realized by van Hamme [vH, p.231]. Com-
bining this useful trick with the identity (2), we see that

;é—"ié)z@(“”)@ (;é'}é)k”k) ot

To study the author’s conjectures on

”i (2 lg?}f), ”i (2 }E;"Z{ - () (Bé;) ()
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modulo p? (with m suitable integers not divisible by p) given in [Sud,
Su7], Z.-H. Sun [S2, S3, S4] managed to prove the following congruences
similar to (3):

SR e (B LY
2% Coae D) :(M (—64)F " ) (mod p?) (4)
— (2:)2(3:) v p-] CHER L\
2 W(:p(x +1)) :(kzo = xk) (mod 12) (p > 3
(5)
Z 43)2( iata+ E( ((ii;;)lx’“) (mod p?) (p > 3)

In 1859 G. Bauer proved that
00 (2k)3 92
4k + 1)~k = =
2( R oy

In 1914 S. Ramanujan [R] found 16 new series for 1/7 which are quite
similar to Bauer’s series. The (rational) Ramanujan-type series for 1 /7
(cf. B. C. Berndt [Be, pp. 353-354], and also [BB] and [ChCh]) have
the following form:

Z(aerk)%]z) = % (7)

k=0

where f(k) refers to one of

2k\® 2K\ 3K\ [2k\?[4k\ [2Kk\ (3K (6K
(o) (o) () () ) ()
and a,d, m are integers with dm # 0, and C? is rational. Up to now,
36 such series have been established via the theory of modular forms.
The reader may consult [CCL], [CC], and S. Cooper [C] for some other
series for 1/7.

Let p be an odd prime. Note that I'(1/2)? = 7 while T',(1/2)* =
(=1)P+1/2 where T',(x) denotes the p-adic I-function. In view of this,
in 1997 van Hamme [vH] studied p-adic supercongruences for partial
sums of some hypergeometric series involving the Gamma function. (If

a p-adic congruence happens to be true modulo a higher power of p,
then it is called a supercongruence.) For example, Bauer’s series led
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him to conjecture that

p—1 2k)3 1
4k;+1 k_p( ) (mod p?),
par 64) P

which was later confirmed by E. Mortenson [M2] in 2008. More su-
percongruences motivated by Ramanujan-type series have been inves-
tigated by some followers of van Hamme, see, e.g., L. Long [L] and
Zudilin’s work stated there. The author [Su6| refined the congruence
by van Hamme and Mortenson to the following congruence mod p*:

’G

-1 2I<: 3 (p—1)/2 )
4k;—|—1 = 4/€+1
=0

k=0

—1
61 = =p (?> +p*E,_3 (mod p*),

where Fy, E1, ... are the Euler numbers defined by

Eq =1, and Z (Z) E, r=0 (neZ").
k=0

2/k

For more conjectural connections between Ramanujan-type congru-
ences and Euler numbers or Euler polynomials, the reader may consult
[Sud].

Gosper announced in 1974 that >, (25k — 3)/(2* (3:)) =7/2 (see
G. Almkvist, C. Krattenthaler and J. Petersson [AKP] for a simple
proof). Though this is not a Ramanujan-type series, the author con-
jectures that for any prime p > 3 we have

(p— 1/2

25k—3 (-1 2\ 5p
e e (e

§<25k 3k’ (3:) =0 (%) — 18p (mod p?).

k=0

The author [Sud| found some new series for powers of = motivated by
corresponding p-adic congruences. Here is a new example: Immediately
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after the author discovered the conjectural congruence

pi 28n 4+ 5 (2n Z": 5 (2:)2(2(:;’“))2
—~ 576" \n )4 )
n= =0 k

() 6+2(3) o

for any prime p > 3, he conjectured (on Jan. 14, 2012) that

980+ 5 (20 <= 5 (2) () 9
n =—(2+v2). 8

2 "5 (n); @) Fetva.

The author [Sud, Su7] found that an identity like (7) usually cor-
responds to a congruence for Y2~ f(k)/m* modulo p* in terms of
parameters in representations of a prime p or its multiple by certain
binary quadratic forms. This was the main starting point of the au-
thor’s discoveries of many new series for 1/7.

Let n € N. Clearly (2:) is the coefficient of z™ in the expansion of
(2% + 2z + 1)" = (z + 1)*". The nth central trinomial coefficient

T, = [z"](2* + x + 1)"

is the coefficient of 2™ in the expansion of (2% 4+ z + 1)". Since Tj, is
the constant term of (1 + z + z~!)", by the multi-nomial theorem we
see that

Tnziﬁm:%(@@ 2 00)

k=0

Central trinomial coefficients arise naturally in enumerative combina-
torics (cf. [Sl]), e.g., T}, is the number of lattice paths from the point
(0,0) to (n,0) with only allowed steps (1,1), (1,—1) and (1,0).

Given b, ¢ € Z, we define the generalized central trinomial coefficients

To(b,c) :==[z"|(a* + bz + )" = [2°](b+ x + ca™ )"

_LHX:/% n 2k bn%ck—tnf n\ [n—k 2k (9)
_k:0 2k k N k k )

k=0

Clearly T,,(2,1) = (*") and T,(1,1) = T,,. An efficient way to compute
T, (b, ¢) is to use the initial values Ty(b, ¢) = 1 and T3 (b, ¢) = b, and the
recursion

(n+1)T,41(b, c) = (2n+1)bT, (b, ) —n(b* —4c)T,_1(b,c) (n=1,2,...).

Note that the recursion is rather simple if b*> — 4¢ = 0.



CENTRAL BINOMIAL AND TRINOMIAL COEFFICIENTS 7

Let b, ¢ € Z and d = b*—4c. It is known that T}, (b, ¢) = V/d P,(b/v/d)
if d # 0 (see, e.g., [N] and [Su9]). Thus

(b, c) = zn: (”;kk) (2:) (b _2‘/3>k NZARCT)

k=0

(In the case d = 0, (10) holds trivially since x?+bx+c = (z+0/2)%) B
the Laplace-Heine formula (cf. [Sz, p.194]), for any complex number
x & [—1,1] we have
(I + M)wrlﬂ
V2nmy/a? — 1
It follows that if b > 0 and ¢ > 0 then
[ ) n+1/2
Tu(b,c) ~ fulb,c) = L2V
2c\/nm
Note that T,,(=b,c) = (—=1)"T, (b, c).
The generalized central trinomial coefficients seem to be natural ex-

tensions of the central binomial coefficients. To see this, in the next
section we study congruences for

i () Tx(b, ) - % (%) Tk (b, )

mk mk
k=0 k=0

P(x) ~

as n — +00.

as n — +00. (11)

modulo an odd prime p, where b,c,m € Z and m # 0 (mod p). One

may compare them with congruences for i;(l) (2:)2 /m* mod p? with
m = 8, —16,32. Since

e - (%), muen - (%) i ren - (%),

in Section 3 we are going to investigate general sums

i (TI;L—ZTk(b, C), i %Tk(bv C)’ i %Tk(b’ C>
and » 2 .
Z Tgkbc,z )( T3, (b, c)

k=0
modulo p?, Where p is an odd prime, b,¢,m € Z and m #Z 0 (mod p).
For this purpose, we need to extend those congruences (3)-(6) in Section
3.

Section 4 contains many conjectural congruences involving general-
ized central binomial coefficients and they offer backgrounds for those
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conjectural series for 1/ in Sect. 5. In the fifth section we first show
a theorem on dualities and then propose 61 new conjectural series for
1/ based on our investigation of congruences.

2. ON Y020 (PF)Thu(b, ¢)/m* aND 300 (3F) Tok(b, ¢) /m* MODULO p
Lemma 2.1. Let p =2n+ 1 be an odd prime and let k € {0,...,n}.
Then

2k 2(n — k)
= (—1)"16* : 12
() = oo (P02 moa (12)
Given b, c € Z with b* # 4c (mod p), we also have
(b —4dc\ Tor(b,c)
_wy(b,c) = ( 5 ) 0 — 107 (mod p). (13)

Proof. (12) holds because

S (V)= ()= (2 = () - 5 man

= ()

For b, ¢ € Z with d = V> —4c # 0 (mod p), we get (13) from the known
result /T,,_1_j(b,c) = (g)Tj(b, ¢) for j =0,...,p—1 (see [N, (14)] or
[Su9, Lemma 2.2]). O

Theorem 2.1. Let p be an odd prime and let m,b,c € Z with m #
0 (mod p). If m = 4b (mod p), then

ZZM

_ 2:B6p1/4 (mod p) ifp=a®+y? (4]|z—1),
N mod p) if p=3 (mod 4).

(14)

If m # 4b (mod p), then

i(mL,ka@,c)z( m— 4b)20m 420% (mod p).  (15)

k=0
Also, provided that d = b* — 4c # 0 (mod p), for any h € Z" we have

1

p—1 T2k b, c) _ ((—1)hdm) Pz: (Qkk)hTQk(b, C) (mod p)- (16)

h k
= v Jim (6@ /m)
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Proof. Set n = (p—1)/2. As (}) = (_2/2) = (2:)/(—4)’“ (mod p) for
all k=0,...,p— 1, we have

3 @Tk(b, c) Ei (Z> <_%>k 2]z + b+ ca™)"

k=0 k=0

") (1_3%)"
m X

= (%) [z"](ma — 4(2® + bz + ¢))"

=(-1)" (%) ("] (:ﬁ - L c)n
(2] (27t () et

(%) T, (m — 4b, 16¢) (mod p).

Observe that

_ _an n\ (2k a2k k
T, (m — 4b, 16¢) = ok )\ 1 (m — 4b)"~**(16¢)

k=0
= Lnf (_(%)% (2:) (m — 4b)"2*(16¢)"
£ Y-

Thus (15) holds when m # 4b (mod p). If m = 4b (mod p), then

2n n n/2 d if 2
Tn(m _ 4b7 166) = (n) (n/Q)C (mo p) 1 ‘ n,
0 (mod p) if 2t n.

Clearly (") = (*-') = (—1)" (mod p). If p=2n+1=1 (mod 4) and

n

p=2?+y? with z = 1 (mod 4), then (n72) = 2z (mod p) as observed

by Gauss. Thus, (14) holds when m = 4b (mod p).
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Now suppose that d = b*> — 4c # 0 (mod p) and h € Z*. In view of
Lemma 2.1, we have

n 2k\ b A c n -1 n16k Q(n_kk) h
Z (,C)T—’;:(b) :Z ((=1) ’E v i) <gl) A Ty (b, )
k=0 m k=0 " Y

o ({5 () s

J=

(=D rdm &= CF) " To(b, )
=(55) X b ot

p k=0

Recall that p | (%) for each k =n+1,...,p— 1. So (16) follows. 0O

Corollary 2.1. Let p be an odd prime. Then

k=0
(—1)E D22 (mod p) if8|p—1&p=2a"+y* (21 ),
=q (=1)¥272y (mod p) if8|p—5&p=a+y*(2|y),
0 (mod p) if p=3 (mod 4).

Proof. If p = 3 (mod 4), then >-5—y (*")75(1,2)/4" = 0 (mod p) by
(14) withm =4, b=1 and ¢ = 2.

Now assume that p = 1 (mod 4) and write p = 22 + y? with z =
1 (mod 4) and y = 0 (mod 2). Applying (14) with m =4, b = 1 and
c =2, we get

’B
,_.

(

) 1(1,2) = 22 x 2°~D/* (mod p).

?r”:r

i

0

By Exercise 27 of [IR, p.64] (an observation of Dirichlet),
9lp=1)/4 — <g>xy/2 (mod p).
x
Note that
2 4
<y> Y - (mod p) and hence (E) =1 (mod 4).
x x

So we have
y/2
o=/t = (%) (mod p).
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If p=1 (mod 8), then 4 | y and hence 2(P~V/* = (~1)¥/4 (mod p). If
p =5 (mod 8), then y = 2 (mod 4) and hence

o(p-1)/1 — (E)“H)/ !
\z

SEENS

= (—1)w-2/4 % (mod p).

Combining the above, we obtain the desired result. O

Corollary 2.2. For any prime p > 3 we have

)T,

- (_—1) (mod p) and pi it = (%’) (mod p).

p

[en] =
|
[~}

Proof. Applying (15) with b = ¢ =1 and m € {—4,12} we obtain

(mod p)

btk Tk: - ((—4)(—8)) — G

k=0

and

p—1 (4k) <2k> _9

2/ \ k) _ 2
which was conjectured in [RV] and proved in [M1]. So the two congru-
ences in Corollary 2.2 are valid. 0
Theorem 2.2. Let p be an odd prime. Then

2 (32)

p—
k=0
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Proof. Set n = (p —1)/2. Then

> @T% = Z (Z) (D )1+ + 7)™

: :[xg] (1- (1—1—:1;—1-33’1)2)”

_[2%(—1)" (332 +1 (z+ 1)2)”

T xZ

~uriae e+ = oy () (3)

k=0
“/n n n —2
EZ (k)(_l) =(-2)" = (—) (mod p).
p
k=0
This concludes the proof. O

Remark 2.1. For any prime p > 3 we observe the following congruences:

p—1 ( k) T5,(5,4) =1 (mod p), pZi ALy (3,1) (%) (mod p),
::; (1 )TQk(4 9) = (g) (mod p), Z:: @Tgk(&%) = (%5) (mod p).

Conjecture 2.1. Let p > 3 be a prime. Then
) ) 3 +3 2
Z 19k (_> (HlOd p )7

3 4
0
)

k

"G
>_.

e
Il

P-1)/2 12

; i
B =5 () (3) war

~~
x5

To(4,1) =1 (mod p?),

D

(p-1)/2
_ 7 3p
Z ( ~ESTok(3,4) = (—) (mod p?),
k=0 p
(p— 1)/2( 3
Z 16kT2k (8,9) = (]3) modp

k=0
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and
1

3

(3 ) T3,(6,1) =1 (mod p).

b
Il

Conjecture 2.2. Let p > 3 be a prime. Then
(p—1)/2 (p—1)/2
)y,

> o W(2,3)= ) (162T2k(4 —3)

_J(GHE)@2r = &) (mod p?)  if p =2 + 3y,
~ 10 (mod p) if p=2 (mod 3).

Also,

(r=1)/2 r2k zy/2 2 2
Z MT (1,-3) = (=1)®7%(5)2z (mod p) if p=2*+ 3y°,
el AT ~ 10 (mod p) if p=2(mod 3);

and

(p—Xl):/Q( )
Tor(4,3)
k
c~ 16
(—1)#/60+v/222 (mod  p) if12 | p—1&p=2*+9*(212),
= (=D)EVIDREN2y (mod p)  if 12 p—5&p =1 +y* (21 ),
0 (mod p) if p=3 (mod 4).
Conjecture 2.3. Let p be an odd prime. Then
(p—l)/2( )
LT (12, =7
kZ:O T )

_ 22(%) (mod p) if (2)=1& p=a®+Ty%
|0 (mod p) if (

3. EXTENSIONS OF (2)—(6) WITH APPLICATIONS TO SUMS
INVOLVING GENERALIZED CENTRAL TRINOMIAL COEFFICIENTS
Our following theorem is a natural generalization of (2).

Theorem 3.1. For any n € N we have

Dy () Dn(y) = i (n;;k> (2:) g (k;;j) (Zj) (zy+y) (z—y)" 7,

o (17)
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Proof. Let a,, denote the left hand side or the right-hand side of (17).
It is easy to see that

ap=1, ay = (22 +1)(2y + 1), ay = (62° + 62 + 1)(6y* + 6y + 1)
and

= (202® + 302 + 122 + 1)(20y°® 4 303 + 12y + 1).

Applying the Zeilberger algorithm (cf. [PWZ, pp. 101-119]) via Mathematica
we find the recursion for n > 3:

(n+1)*2n — 3)an1 — (2n — 3)(2n + 1)*(2x + 1)(2y + 1)ay,
+ (2n — )A(n,z,y)an_1 — (2n —3)*(2n + 1)(22 + 1)(2y + 1)a,_»
+(n—2)*(2n + Da,_3

=0,
where

Aln,z,y) :=6n* — 6n — 5+ (16n* — 16n — 12)(x +y — 2% — ).
Thus (17) holds by induction. O

Now we give our extensions of (3) — (6).

Theorem 3.2. Let p be a prime and let a € Z*. Let h be a p-adic
integer and set wy(h) = (Z) (h:k) for k € N. Then

(Zwm)) (piwm)yk)

zzw Z(’““)( ) oy (a9 (o 7). "
In particular, if p 2 then

(5 ) (£ )
S LS (L) et e
and

£R5(ER5)
S e I
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provided p > 3 we have

(5 0.0

L = (21)
_P —1 (2k) (3k) k —|—j 2] J J )
:; (527];’6 ;( 2 )(3 (zy +y) (x — y)* 7/ (mod p?)
and
'« G N CHE
kz—o (_432>kx ) ( k=0 (_432)ky ) (22)

Also, (19)-(22) in the case = y and a = 1 yield (3)-(6) respectively.

The reader may wonder how we found Theorem 3.2. In fact, (17) is
our main clue to the congruence (19). By refining our proof of (19)-(22)
we found (18).

To prove Theorem 3.2 we need two lemmas.

Lemma 3.1. For m,n € N we have
" /n\ (k+m Wy (h)w,, ()
E m(h) = ——"7—,
£ (/{;) < n )wk+ (h) (m:n) (23)

where w(h) = (Z) (hzk) as defined in Theorem 3.2.

Proof. Let u,, denote the left-hand side of (23). By applying the Zeil-
berger algorithm via Mathematica, we find the recursion:

(m+1)(m+n+Dupy = (h—n)(h+n+1u, (n=0,1,2,...).

Thus (23) can be easily proved by induction on n. O
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Lemma 3.2. For k,m,n € N we have the combinatorial identity
> ) GG
=0 J J

_(k+m+n\[E+m\ m

a m m nj)

Proof. 1f m < n then both sides of (24) vanish. (24) in the case m =n

can be directly verified. Let s, denote the left-hand side of (24). By
the Zeilberger algorithm we find the recursion

(24)

(m4+1)(m—n+1)spms1 = (k+m+1)(k+m+n+1)s,, (m=n,n+1,...).
So we can show (24) by induction. O

Proof of Theorem 3.2. In view of Remark 3.1, it suffices to prove (18).
Note that both sides of (18) are polynomials in z and y and the degrees
with respect to x or y are all smaller than p°.

Fix m,n € {0,...,p* — 1} and let ¢(m,n) denote the coefficient of
2™y™ in the right-hand side of (18). Define (fk) =0fork=1,23,....
Then ¢(m,n) coincides with

R [ I

S S (S ()
Y S (N Y ) ()

I
s
3
3
=
NE

2 e oo (") G) (TR (L)
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By Lemma 3.1,

p*—1

()0
S 7)) 2452

So, it remains to show

(07) & e (1)) oo

k=p%—m

To prove (25) we only need to show

(1) (7)o

under the supposition n > k£ > p* —m. Note that m+n > k+m > p®
and 0 < p®—n < k+m—n<m < p* As the addition of m and n in
base p has at least one carry, we have p | (m;i") by Kummer’s theorem
(cf. [Ri, p.24]). Similarly, p | (ktlm)
So far we have completed the proof of Theorem 3.2. O
Theorem 3.2 implies the following useful result on congruences for

sums of central binomial coefficients and generalized central trinomial
coefficients.

Theorem 3.3. Let p be an odd prime and let x be a p-adic integer.
Leta € ZT, b,c € Z and d = b* — 4c. Set D := 1+ 2bx + da®. Then
we have

(p - (;k’;):a ~VD+ \/Ex)k) (pa_l @2(1 —VD - \/&x)k)

k=0

EP(pa_l)/g(\/B—f— \/gx)P(pa_l)/Q(\/B - \/gx) (mod p2)

(26)
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and
ZZ_: ((3?6%? Ty, (b, c)a* z(pk_: (42 ék ) (1-VD+ Vdz) )

X 5 (425) (1—+vD —Vdz)* (mod p?).
Ifp > 3, then _ o
§ (:{)2%? Tp.(b, c)a* E(p:_: (2? 4(k ) (1-vD+ Vda)* )

X p:_l (2]24(5 )<1 — VD — Vdz)* (mod p?)
and :O -
ZZ_: ((g_’agl Ty, (b, c)a* z(p:_: (623 ik ) (1-vVD+ Vdz) )

x ,:_1 (6§ég) (1—+vVD —Vdz)* (mod p?).

(20)

Remark 3.2. Note that v/d and v/D in Theorem 3.3 are viewed as
algebraic p-adic integers.

Proof of Theorem 3.3. Let n = (p* —1)/2. For k =0,...,n we have

(") - ( o) = g ()

and hence

D)= () () = g owar
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Note also that p | (2:) fork=n+1,...,p* —1 by Kummer’s theorem.
Thus

-2 ()0 (F)

Ekz_o (Eklé)k (t; 1) = Z_ (;Tl(l —t)¥ (mod p?),

k=0

M ‘

and hence the second congruence in (26) follows.

Set
VD +Vdz—1 VD —+Vdz—1
= and v = .
2 2
Then
_ 2 _
uv—l—v:D (\/8$+1) _!b \/Ex and u—v=+Vdaz.

4 2

In view of (10), for any k € N we have

)
i (“j)( )(uuﬂ)‘(u—v)’fi

j=0

kao (k+j) ( ) (b—Qﬂ)j Vi — b o)

So the first congruence in (26) follows from (19). Similarly, (27)-(29)
are consequences of (20)-(22) respectively. O
For d € {2,3,4,7}, it is well known that an odd prime p can be
written in the form 2? + dy® with x,y € Z if and only if (=%) = 1 (see,
e.g., [BEW] and [Co]).
Applying (26) we get the following new results.

Theorem 3.4. Let p be an odd prime. Then
—1 2 .
pz: (%) Tr(1,-2) _ {(5)(4:52 —2p) (mod p?) if p=a®+ 4y

k=0 32* 0 (mod p?) if p=3 (mod 4).
(30)
Also,
% (%) Tx(2, 1) _ ) (5H4a® (mod p) if p=a® + 247, 31)
= 8 |0 (mod p?) if p=5,7 (mod 8);
G _ f42? (mod p) if p = a? + 3y, (32
pr (=4)* |0 (mod p?*) ifp=2 (mod 3);
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S () oo = () S G0

) =1 and p = 2 + Ty?,
0 (mod p?) if (2)=-1, ie, p=3,56 (mod 7).

(33)

Remark 3.3. Let p be an odd prime. We guess that 42? (mod p) in
(31)-(33) can be replaced by 4z* — 2p (mod p?).

To prove Theorem 3.4 we need a lemma.

Lemma 3.3. Let p be an odd prime. Then

ZZ:: (;k];):xk = (g) v Fn <1 - %) (mod p) (34)
and
Pu(x) = (22 +2)"P, (? - i) (mod p). (35)

Proof. With the help of Lemma 2.1, we get

p—1 n (2k)2 n 256k(2(n_—k))2 n ok 2 -
Z 3’“2k z* 52—32k LI (k:) (8x)"F

k=0 k=0 k=0

(L0 (=)
- <129> 2" P, (1 - %) (mod p).

This proves (34).
(35) follows from [S1, Theorem 2.6] and its proof. O

Proof of Theorem 3.4. For convenience we set n = (p — 1)/2.
(i) Applying (26) with b =1, c = —2 and x = —1/2, we obtain that

S D= (£15)(§ ) e

k=0
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The author [Su2, Conjecture 5.5] conjectured that Zi;(l) (2:)2 / 32k
0 (mod p?)if p=3 (mod 4), and

1 2 —1 2
G ()5 @

32k »

_ p 2
10y = 2z — 95 (mod p?)

(]

k=0 k=0
if p=2?+y? withz =1 (mod 4) and y = 0 (mod 2). This was
confirmed by Z.-H. Sun [S1]. So the desired (30) follows.

(ii) Applying (26) with b =2, c = —1 and x = —2 we get

B (mod p?).

p—1 (Qk)QTk(Q; 1) n (2k)2 n (2k)2

Z : gk EZ 3k2k ot XZ 3k2k

k=0 k=0 k=0
where o = —4(1 + v/2) and 8 = —4(1 — v/2). Clearly a8 = —16. By
Lemma 3.3,

kz:; (;T)kak (%) oz"Pn(\/E) (mod p)

and
n o (2k\2
()
32k
k=0
By [S2, Theorem 2.7], P,(v/2) = 0 (mod p) if (_72) = —1, and
P,(V2)? = (_71)4x2 (mod p) if (_72) =1and p=2*+2y* (2,y € Z).
So (31) holds.
(iii) (26) with b =2 =4 and ¢ = 1 yields that

(Y
< (—4)F

By Lemma 3.3,

s (V3 (3
i (2) - ()

_ wp (3FV3/2\ _ 0
=(24+/3)"P, (W) — (2+V3)"P,(15 T 8V/3) (mod p).

By [S2, Theorem 2.8, P,(v/3/2) = 0 (mod p) if p = 2 (mod 3),
and P,(v/3/2)? = (—1)"42? (mod p) if p = 1 (mod 3) and p =
2?4+ 3y? (z,y € Z). Therefore (32) is valid.

p= (2) orr-va) - (‘—2) B P(v/2) (mod p)

p p

3

Ti(4,1) = P,(15 + 8V/3)P,(15 — 8v/3) (mod p?).

b
Il
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(iv) Applying (26) with b =1, ¢ = 16 and = = 1/16 we obtain that

p—1 T 1 16 n (2k)2 n 2k
2k56 e e (Z%Tlak) XZ(3226 8" (mod %)

where a = (143y/—7)/16 and 5 = (1-31/—7)/16. Note that a5 = 1/4.
By Lemma 3.3,

S (2) "R (v=3) mod )

k
— 32 P

and

<y

(26) with b = 16, ¢ = 1 and = = 16 yields that

_ (g) B P,(—/763) = (‘72) 4" P,(v/63) (mod p).

;(—1)’f(2:) Ti.(16,1) = P, (255 4 96V/7) P,,(255 — 96v/7) (mod p?).
By Lemma 3.3,

(+£1)"P, (3\[) = (8 & 3V/7)"P,(255 T 96v/7) (mod p).
Therefore

—9xT7)" X_:(_l)k (Qkk) T.(16,1) = (-1)" P, (%\ﬁ (mod p).

By [S2, Theorem 2.5], P,(v/=63) = P,(3v/7/8) = 0 (mod p) if
) =

() =—1, and
3
P,(vV—63)* = (-1)"P, ( \8/_> = 42” (mod p)
if () =1 and p=2°+7y* (z,y € Z). Therefore (33) holds. O

Motivated by Theorem 3.4 and the congruence

p—1 2 3
(21k + 8) < ) = 8p + 16p"B,_3 (mod p°)
k=0
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proved in [Su4] (where By, By, . .. are Bernoulli numbers), we conjecture
that
- CO’Tu(1,-2) (-2 2
) _ P 2
(3k 4+ 1)~k - = (—> — = (mod p°),
P 32 P 3 — (7)
p—1 2k\ 2
Tu(2, —1 1
(5k‘+2)(k) K )Ep+p — | (mod p?),
k=0 8¢ p

bS]

k:(5k + 2)%2)(271) gp (2 (%) - 1) (mod p?),

. 2%\ 2 ~1
(255k + 112)(—1)* ( L ) Tx(16,1) =16p (3 + 4 (?» (mod p?),

k=0

p—

e G711, 16) ) Ti(1,16) ~1 )
Z (30k +7) (Z256)F =Tp (?> (mod p7).

The last congruence led the author to find the conjectural identity
=L 30k + 7 (2K 24

—_— T(1,16) = —
;(—256)k(k> K(1,16) = =

in Jan. 2011 which was the starting point of the discovery of many
series for 1/ of new types given in Section 5.

4. CONJECTURAL CONGRUENCES RELATED TO REPRESENTATIONS
OF PRIMES BY BINARY QUADRATIC FORMS

In view of (26), our following conjecture implies that for any prime
p = x® + Ty? with x,y € Z* we have

> %5(61):6) - (%) (42% — 2p) (mod p*).

k=0

Conjecture 4.1. Let p be an odd prime with (£) = 1. Write p =
22+ Ty? with x,y € Z such that x = 1 (mod 4) if p=1 (mod 4), and
y=1 (mod 4) if p=3 (mod 4). Then

. (Qk) 0 (mod p?) if p=1 (mod 4),
Z 25t (1 10) = {%(%)(% —4y) (mod p?) ifp=3 (mod 4);

(2’“>2W<1 16) = {2<%><2@“‘2)%> (mod p%) ifp=1 (mod 4),

?T‘
O

k 2 T
£~ 256 0 (mod p if p=3 (mod 4).
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When p =1 (mod 4), we have

p—1 4. (2 p=1 Zkk 2 (%) ,
; §6k) k(1,16) = Z %uk(]ﬂ 16) = VD) (I - %) (mod p°)
and

p—

1 (2k>2
4/€ 1,1
. + 3 16k Uk< 6)

=3 _ (4k +1) ggf)jk vk(1,16) =6 <]%> z (mod p?).

k=0

When p = 3 (mod 4), we can determine y mod p? in the following
way:

p—1 k(%)? p—1 k(%)? y
k _ k _ 2
o u(1,16) = > o ve(1,16) = — (_) 5 (mod p?)
k=0 k=0
and
p—1 2%\ 2 p—1 2k\ 2
k(%) k(3) y
3 k 1,16) = k 1,16 Z d p?
£ 7256 (1, 16) £ 256¢ (1,16) (p) 5 (mod p’)

Just like Q(v/—7), the imaginary quadratic field Q(1/—11) also has
class number one. Let p be an odd prime. Whenever () = 1 we can

write p in the form (22 + 11y?)/4 with z,y € Z. We guess that
g (2:) (3kk)Tk(46’ 1) _ r? — 2p (mod p?) if 4p = 22 + 1132,

To attack this we note that (28) with b =46, ¢ = 1 and z = —27/512
yields

; (gigk_):r (46,1) = (kzzo ((5)6(4’;2 ak) X 2 ((k_)f;i];lc) B* (mod p?),
where o = (1 +1/33)/2 and 3 = (1 — v/33)/2. Observe that 2a* =
Uk(17 _8) + (O& - ﬁ)uk(L _8) and 26k - Uk(l _8) (Oé - )uk(l - )

So we have

42 e

z(pl () (3:2 vg(1, —8) ) — 33(p_1 () (&) k(1 —8))2 (mod p?).

—64)k
k=0 0

k=0

g

S
|
(@)
g
SN—
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This, together with the author’s conjecture on >~} (2:)2 (3:) /64% mod
p? (cf. [Su2, Conjecture 5.4]) leads us to raise the following conjecture.

Conjecture 4.2. Let p > 3 be a prime. If (£) = —1, then

(i)

(—64)F

vr(1,—8) =0 (mod p).

When (£) = 1, p = 1 (mod 3), and 4p = z* + 11y? with v =

=y (-64)F
— FCE () _ 114 (2 ’
’; (—op b= (?‘“”) (mod 7).
— k() (1) _4 (2 2
kz:% 2]“16kk ug(8,27) =50 (; - :13) (mod p?),
2 ((k_)ﬁil;k) (1, —8) = 2 (gié:)vk(&ﬂ) = <§ — x) (mod p?),
and
k;o(k‘ + 60) ((k—)6<4];’f> ve(1, —8) = — 602 (mod p?),
k:0(9k +2) (’“21((3: ) v(8,27) = — 22 (mod p?).
When (£) = 1, p = 2 (mod 3), and 4p = 2* 4+ 11y* with y =
1 (mod 3), we have
11; <<’€_)6El’)fk) ug(1, —8)
=-— 32 ((k_)égk) vE(l, —8) = g (E — 11y> (mod p?),
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ar (—64)k
p—1 2k\ (3k
4359
(2k — 243) ((k_)64§"k) (1, —8) = — Y (mod p?),
k=0
p—1 (Qk) (Skz)
k) \k _. P 2
> gt w2 =y g (mod )
p—1 2k\ (3k p—1 2k\ (3k
k(k)(k) _ 1 k(k)(k) _ Y 2

Motivated by the author’s investigation of ) j_ (2k) (M T3.(3,1) /27"
mod p? (with p > 3 a prime) and the congruence (28), we pose the
following conjecture which involves the well-known Fibonacci numbers
F, = ui(1,—1) (k € N) and Lucas numbers Lk = u(1,—1) (k € N).
Note that the imaginary quadratic field Q(1/—15) has class number 2.

Conjecture 4.3. Let p > 5 be a prime. If p = 1,4 (mod 15) and
p=1x?+15y* (z,y € Z) with x =1 (mod 3), then

pi kGG 2

P 2
F ( 2) d p?),
i z) (mod p)

; 1 (Qk) (3k>

27k

Ly =4z — L (mod p?)
k=0 v

and

Zz;(?)k + 2)%&f = 42 (mod p?).

Ifp=2,8 (mod 15) and p = 32> +5y* (z,y € Z) withy =1 (mod 3),
then

Fp = P 4y (mod p?)

and
p—1 3k p—1 2k\ (3k
k(% ) kGG, 4
E 27k = %Lk =3Y (mod p?).
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Remark 4.1. By [Su& Theorem 1.6], for any prime p > 3 we have

p—1 3k)
z; 27k F. =0 (mod p?) if p=1 (mod 3),

and

L, =0 (mod p?) if p=2 (mod 3).

In fact, we have many other conjectures similar to Conjectures 4.1-
4.3; for the sake of brevity we don’t include them in this paper.

Conjecture 4.4. Let p > 3 be a prime.
(i) If p= 1,4 (mod 15) and p = 2 + 15y with x,y € Z, then

Pyl /=T 16v=0) = () (£ (20 L) (o )

(ii) Suppose that (£) = (2) = 1 and write 4p = z* + 35y> with

x,y €Z. If p=1 (mod 3), then

$ G0 544 o7v5 4 vy = (5) (5 —=) tmod )

£ 73456 3) \z

If p=2 (mod 3), then

— (D . 2
Lk (64+27V/5:v/=35) j:\/_( ) (y—%) (mod p?).

0
(iii) If (]%) = (8) = (&) =1 and p = 2* + 30y* with z,y € Z, then

pzl G) G >(54 35v2 + V5)F = <§> (2:1:— %) (mod p?).

«— (M )(250 99v/6 + 2v/14)F = <$> (25‘7_%) (mod p7).

(v) If (%) =(8) = (&) =1 and p = * + 78> with x,y € Z, then

« (DG )(9826 6930v/2 + 5v/26)* E( )(2:@—23) (mod p7).

T
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(vi) If (%) = (8) = (&) =1 and p = 2* 4+ 102y* with z,y € Z, then

S

-1 (2k> (3k) - . 2
S A (T1874- 17420V 1T£35V/2) (g) (2;1;_%) (mod p?).

—~

=
=
&

(%) =(8) = (&) =1 and p = 2* 4 33y* with x,y € Z, then

Y <21)Zg))(96 — 5V11 £ 65V3)F = (g) (% - 256) (mod p?).

i
o
—~

Remark 4.2. Let p = 1,4 (mod 15) be a prime with p = 2% + 1532
(x,y € Z). Applying (26) we see that

Z(_l)k (2:> Tk
k=0
=Pp—1)2(TV =15+ 167/=3) Pp_1)/2(TV—15 — 164/=3) (mod p?).

Thus part (i) of Conjecture 4.4 implies that

—_

p—

k(2K ’ — PN? _ 2 2
(—1) k T = (22 — o) = 4x* — 2p (mod p?).
x

=
Il

0

We omit here similar comments on parts (ii)-(vii) of Conjecture 4.4.
We also have many other conjectures similar to Conjecture 4.4.

Conjecture 4.5. Let p > 5 be a prime. Then

(Emen - )5 B

0

42 —2p(modp) if p=1,9 (mod 20) & p = 22 + 5y?,
=< 22% — 2p (mod p?) if p=3,7 (mod 20) & 2p = 2% + 5y?,
0 (mod p?) if p=11,13,17,19 (mod 20).

k=0
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Conjecture 4.6. Let p > 3 be a prime. Then

4k 3 16+
k=0 k=0
p—1 [2k\2 p—1 [2k\2 p—1 [2k\2
_y- () T(10,1) @) (5) Tor(6,1) _ = (8) Tor(6,1)
e A e 256+ T 1024k

422 — 2p(mod p?) ifp=1,7(mod 24), p =22+ 6y?,
8% —2p(mod p?) ifp=5,11(mod 24), p= 22>+ 3y?,
0(mod p?) (=) = 1

and

= (" 126,1)
192k

M

71 )(42? — 2p) (mod p?) ifp=1,7(mod 24), p= 2%+ 6y?

8x% — 2p (mod p?) if p=5,11(mod 24), p= 22>+ 3y?,
0 (mod p?) z‘f(_?G) =—1.

Also,

pfl

e p EEGY £65) ) ot

:4]{4_ <2’“)1T9kz<f D_, (—;) <4_3 (g)) (0d 7).

Conjecture 4.7. Let p > 5 be a prime.
(i) We have

if (3)T2(3,1) (2)p1 7@&1@ gf(ffT@ﬂ&l)

k " k

36 p) & L4096

42% — 2p(mod p?) ifp=1,9,11,19 (mod 40), p = 2% + 10y?,

8z% — 2p(mod p?) if p=7,13,23,37 (mod 40), p = 22* + 5y?,
0 (mod p?) if(_Tlo) =-1
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Also,
,,Z 16k + 5 ()2# =5p (mod p?),
k_0(60k + 23)% =p <8 (%) +15 (%)) (mod p?).

Conjecture 4.8. Let p > 7 be a prime. Then

& (B EHT08, D) _ 10\ &= ) G Tai(6,1)
> -(3)

512k (=512)*

e}

i\

= |

z® —2p (mod p?)  if (E) = (8) =1 & 4p = 2* + 35y%,
={2p—52? (mod p?*) if (&)= (%’) = —1 & 4p = 5% + Ty?,
0 (mod p?) if (35) =
And
p—1 (2k> (3k)Tk(18 1) 9p »
([, (P 2
> (35k + 9) o = (7 5<5>) (mod p?),

% s +.9) (1) Zg?ikz(f : =5 (2) (25+7(3)) (mod #?)

=0

Conjecture 4.9. Let p # 2,29 be a prime. When p # 5,7, we have

2L (%) T,,(19602, 1)
) YTiEG

k=0
122 = 2 (mod 1) if (2)
=q 822 — 2p (mod p?) if (=2) = (?9) = —1 & p =22 + 29y,
0 (mod p?) if (5°) =—1
Provided p # 13 we have

2L (3% Ty,,(19602, 1)

k

42* — 2p (mod p?) zf(%):(%)—l&p:x + 58y°,
=< 2p — 822 (mod p?) zf(‘f):(%):—l & p = 2x° 4+ 29y°,
2 8



CENTRAL BINOMIAL AND TRINOMIAL COEFFICIENTS
Conjecture 4.10. Let p > 5 be a prime. Then

(—_6) pi () (%) Ta(26,1) _ (E) pi () () T (62, 1)

p (=24)%  — \p (—240)%

k=0 k=0

z® —2p (mod p?) if (B) = (&) =1 & 4p = 2% + 91y,
= 2p — T2* (mod p?) zf(%):( ) —1 & 4p = T2? + 13y?,
0 (mod p?) if (37) =
And
p—1 (Zk:) (3k)T3k(26 1)
Z; (B19k +230) =4 sy
E?% (?) (949 + 6699 (g)) (mod p?),
. (%) (3F) T34 (62, 1)
> (1638k + 277) ETE

k=0
iio (%) <8701 + 2379 <7>) (mod p?).

Remark 4.3. Note that the imaginary quadratic field Q(v/—d) has class

number two for d = 5,6, 10, 15, 35, 58, 91.
Conjecture 4.11. Let p > 3 be a prime. We have

(—_6) pi (21) (zk’“_)ggz()lklo, 1)

p k=0

(422 —2p (mod p?)  if (51) = (8) = (B) =1, p=a® + 2147,
1222 — 2p (mod  p?) if (_71) =B =-1%=1p= 322 + Ty
=< 22% — 2p (mod p?) if (_71) = (&) =-1,(8)=12p=2+21y
62% —2p(mod p*) if (51 =1,(§) = (8) = —1, 2p = 32" + Ty?,
0(mod 5 () = -1
and
1
Y (30) G T6(110,1) _ p (=6 p
S (28K + 5) e (?> (33 +7 (?)) (mod p?).

k=0
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Conjecture 4.12. Let p > 3 be a prime. Then

2L (F) T (18, 1)
256+
k=0
(422 —2p(mod p?) if (3)=(8) = (&) =1, p=a®+ 304",
1222 —2p (mod p*) if (§) =1,(3) = (§) = -1, p = 32° + 1097,
=42p—82*(mod p*) if 3)=1,(5§) = (§) = —1, p= 22+ 15,
2p — 62 (mod p?) i (2) =1,(2) = (§) = —1, 2p = 327 + 104?,
L0 (mod p?) if (5°) =1
And
2L (Y Ty (30, 1)
256~
k=0
(422 —2p(mod p?) if ()= (8) = (&) =1, p=a? + 427,
120 = 2p (mod p*) if (F2) =1,(§) = (&) = —1, p = 32® + 14¢°,
=q2p—82%(mod p*) if (8)=1,(3%) =(§) = —1,p=22"+21y°,
2p — 62% (mod p?) if (8) =1,(32) = (2) = —1, 2p = 327 + 143,
L0 (mod p?) if (52) =—1.

Conjecture 4.13. Let p > 3 be a prime. When p # 13,17, we have

2 (%N (3913102, 1)

— 1023k
(40 —2p (mod p?)  if (3) = (§) = (&) =1, p= 2" + T8,
2p — 8% (mod p*) if () =1,(§) = (§3) = —1, p = 227 + 39°,
=< 1222 — 2p (mod p?) if (H) =1, (%) =(E)=-1p= 3x2 + 2692,
2p — 242* (mod p?) if (B) =1, (%) = (&) = —1, p = 62° + 13y°,
|0 (mod p?) if (5°) =1
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Provided p # 11,17, we have
(%N (3973198, 1)

Z : k1983k

k=0

(42% = 2p (mod p?) if (2) = (8) = (&) =1, p =2+ 102¢",

2p =82 (mod p*) if () =1,(3) = (§) = -1, p =22 + 51",
=< 1222 — 2p (mod p?) if (8) =1, (%) =(&)=-1p= 322 + 3492,

2p — 242* (mod p?) if (2) =1,(§) = (§) = —1, p = 62° + 1Ty,

[0 (mod p?) if (/%)= -1

Conjecture 4.14. Let p be an odd prime and let m belong to the set
{2,3,6,10,18,30,102,198}. If ptm, then

— (3) (kggllj(m’ D) — i % (mod p?). (36)

k= k=0
If m? # —12 (mod p), then

1

- (Qk;k)QTQk(m, 1) m? 412 « % )Ti(m? — 2, 1) 2
kZ:O 256 < ) ZO m2 4 12) (mOd P )
(37)

Remark 4.4. We note that (36) holds mod p for any integer m #
0 (mod p), and (37) holds mod p for any m € Z with m? # —12 (mod p).

Conjecture 4.15. Let p # 2,5,19 be a prime. We have
”i (%) T (5778, 1)

£ 12162F
(422 = 2p (mod p?)  if (2) = (2) = (&) =1, p=a? + 190¢?,
8% —2p(mod p*) if (2)=1,(8) = ({5) = —1, p = 2% + 95¢°,
=4 2p —202% (mod p*) if (3) = (§) =1, ({5) =1, p = 527 + 387,
2p —402% (mod p?) if (2) = ({3) = —1,(8) = 1, p = 1027 + 19y,
|0 (mod p?) if (/52) = —1,

and

—_

bS]

Ty (5778, 1)
12162

(57720k + 24893) ~& )

B
Il

0

=p (11548 + 13345 (;%)) (mod p?).
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Provided p # 17 we have
1

pi (2F)*To(5778, 1) _ < >”Z ) Tor(5778,1)

d 2
4392802F 12162 (mod p7),

—

RS

(%) Ty (5778, 1)
57720k + 3967) k. 2% !
( +3967) = g0

—p (19> (3983 16 (95>) (mod p?).

Conjecture 4.16. Let p > 5 be a prime. Then

pz‘l (%) T (198, 1) _ (]_9) 2L (M T, (322,1)

B
Il

0

(]

- 2242% 7) 48%
(4% ~2p(mod p*)  if (2) = (8) = () =1, p =+ T0"
8z° —2p(mod p?) if (§)=1,(3) = (&) = —1, p= 22"+ 35",
=12p—202% (mod p*) if (§)=1,(3)= (%) = —1, p=5a% + 14¢°,
282% —2p(mod p?) if (3)=1,(8) = (%) = —1, p=Tz" + 10y°,
|0 (mod p?) if (_770) =—1
Also,

2L Ty (322, 1)

; (k)(_21034)k

4% — 2p (mod p?)  if (

2p — 222 (mod p?)  if ( .

2p — 2022 (mod p?) if (’71) =1,(8) = (&
( 7)
(

) =—1, 2p = 2 + 8517,
)= —1,p =522+ 17y?,
) =—1, 2p = 5z + 17y?,

102% — 2p (mod p*) if (&) =1,
L0 (mod p?) if (=
And

* Ty (1298, 1)

- ()
D
k=0

(422 — 2p (mod p?)  if () =(8) =({) =1, p=2?+130¢%
822 —2p(mod p?) if (3}) =1,(8) = (§) = -1, p =22+ 657,
=< 2p — 2022 (mod p?) if (&) =1, (’?2) =(&)=-1p= 52 + 26y2,
2p — 402 (mod  p?) if (&) =1, (_?2) = (£) = —1, p = 102 + 13y?,
L0 (mod p?) if (/) =—L
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Remark 4.5. . The imaginary quadratic field Q(1/—d) has class number
four for d = 21 30,42,70,78, 85,102,130, 190.

Conjecture 4.17. Let p > 3 be a prime. Then

pi G T _ [ (5)(4a? = 2p) (mod p?) if p =2 + Ty,
0 (=27)F ] 0 (mod p?) if (2) = —

(8)(2? —2p (mod p?) if 4p = 2 + 1132,

(mod p?) if (1) =1

2 (%) (3F) 126, 81)

Z 943k
k=

0

p
g z? —2p (mod p?) if 4p = 2 + 1932,
(mod p?) if () = —1.

243k
k=0

If p # 13, then

p—1 (2k;) (3k)T3k 106, 1

2 3123 -

k=0

If p # 73, then
p—1 (2k) (Sk) Ty, (586, 1)

2 s

k=0

_ {(%)(z? —2p) (mod p?) if (

_ o) =
0 (mod p?) if (&) =—1.

% x? — 2p (mod p?) if 4p = 2 + 4332,
(mod p?) if () =—1.

p—1 2k 3kT3k101 {

If p # 8893, then

22 (%) (3F) Ty (71146, 1)

pre 2134323]g
[0 2) (mod 7)) = 1 & dp = a® 4 16392
~ ] 0 (mod p?) if (§5) = —1.
Also,
p—1 p—1 (2k\ (3k
BT - _ (1) 2 C)EITu29)
; S 3150)" :(7); e
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And
% Gl
— (—3456)k
2) (mod p?) if3|p—1 and 2 is a cubic residue mod p,
mod p) otherwise.

Remark 4.6. The imaginary quadratic field Q(+/—d) has class number
one for d = 7,11,19,43,67,163. We observe that if p > 3 is a prime
and m is an integer with m(3m + 8) £ 0 (mod p) then

i () () T (m +2,1)

(3m)3

(mod p).

_(—mBm+8)\ s~ () ()6
( D ) I; (—9m — 24)3k

Conjecture 4.18. Let p be an odd prime.
(i) When p > 5 we have

pi <Tk. (38, 212)) _ (—_5) ”Z Ti (38, 212)>
- k
k=0 p k=0 20
(422 —2p(mod p?) if (3) = (8) = (&) =1, p=a®+ 3047,
1222 = 2p (mod p?) if (§) =1,(2) = (§) = —1, p = 32* + 1047,
={2p—8z%(mod p*) if (2)=1,(5) = (%) = —1,p =227+ 15",
202% — 2p(mod p?) if (8) =1,(3) = (§) = —1, p = 52" + 67,
| POp7 (mod p?) if (5°) =1
Also,
p—1 3 2
T3(38,21%)  p p )
kzzo(zsk +15) e =1 (124 ~19 (3)) (mod p?).
If p# 7, then
p—1 2k p—1
(1249 T;.(38, 212
=0 k=0
and

: 24;8 o (2:) T(4,9) =p (‘?6) (4 + (%)) (mod p).
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(ii) When p # 7 we have
p—1 2 3
- (Tk(110,57 )) B (—14)
o9k ) T\
— 32 P
(422 — 2p (mod p?)  if (32)

( )
8% —2p(mod p?) if () =1,(32) = (§) = —1, p =227 + 21y?,
=4 122> = 2p(mod p*) if (32) =1,(§) = (%) = -1, p = 32" + 14°,
242% —2p(mod p*) if (§) =1,(37) = (&) = —1, p= 62" + Ty?,
| POp,19 (mod p?) if(_742 =-1.
Also,
= T3(110,57%)  p —2 1
(684K + 320)—*———— = - ( 5160 ~ +1091 ) (mod p?).

B
Il

0

If p> 3 and p # 11,19, then

p—1 2k: 2 p—1
T 51 T, 11 572
Z 2% (k Ok )) (mod p?)
— 22 32

k=0

and

p—1
560k + 71 (2K, D D 9
> ( )Tk(5, n=1 (280 (5) 67) (mod p?).

Conjecture 4.19. Let p > 3 be a prime. When p # 5, we have

= (M T12(9,12)

£ 0008
(402 — 2p (mod  p?) zf(?l) = (3) = %) =1, p= 2%+ 332,
2% —2p(mod p*) if (51)=1,(5§) = (f) 1, 2p = x? + 3312,
= ¢ 1222 — 2p(mod p?) if (&) =1, _71) = (8) = -1, p =32 + 1197,
62% —2p (mod p*) if (§) =1,(5") = (ff) = —1, 2p = 32" + 1197,
[0 (mod p?) if (57°) = -1
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Provided p # 29, we have

= (1T, —171)
(—5177196)*

[4

k=0
(422 — 2p (mod p?)  if
222 — 2p (mod p?) if

2p — 1422 (mod p?) if

— b \7
L0 (mod p?) if (F322) = —1.

(
( :
2p — 2822 (mod p?) if () =1,(3) =
(
(

) =1, p=x*+ 13312,

= —1, 2p = 2% 4+ 1332,

=—1,p="T72%+ 1992,

= —1, 2p = 72 + 1992,

Conjecture 4.20. Let p be an odd prime. When p # 23, we have

— (3N 12(7,1)

> Ll

k=0

(422 — 2p (mod p?)  if B=%)=
822 —2p(mod p*) if (§) =1, (3)

=4 202% — 2p(mod p?) if (2) =1, (2)

2p — 282% (mod p?) if (%) =1, (&)
|0 (mod p?) if(%m =-1

Provided p # 3,7,11,17,31, we have

2 (*)T2(73,576)

Z 4342k:

k=0

—~
ks

~—

—~

~—~

—

—~

I Sl

—~~ —
wrs

—~

(42% —2p(mod p?) if (3)= (%) =
8z% —2p(mod p*) if ({5) =1,(3)
=< 1222 —2p(mod p*) if (§) =1, (%)
242® — 2p(mod p?) i (2) =1,(5)
L0 (mod p?) Zf(%) =—1.

—_

=
-3

N IRSEEN ThS IS

~— — ~—

—_

S
s S

~— ~— ~—

p =22 + 70y,

—1, p = 222 + 3532,
—1, p =522 + 1442,
—1, p = 722 + 1092,

p = 2% + 10212,

—1, p =222+ 5142,
—1, p =322+ 3442,
—1, p =622+ 1732,
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Conjecture 4.21. Let p > 3 be a prime. If p # 23, then

2 (3N T2(23,74)
Z 462k

k=0

(42 —2p (mod p?)  if (3) = (§) = (&) =1, p= 2> + T8,

8% —2p(mod p*) if (3)=1,(5) = (§5) = —1, p = 2% + 39°,
=< 2p — 1222 (mod p?) if (&) =1, (%) =(E)=-1p= 322 + 2692,

2p — 242% (mod p?) if (§) =1,(2) = (§) = —1, p = 62" + 13y,

| Pop,7 (mod p?) zf(_T78 =-1,

where Oy, takes 1 or 0 according as m =n or not. If p # 5, then

”i T3(1298,6512)
(—100)%

k=0
(422 — 2p (mod p?) if (
2p — 8% (mod p?) if (
1222 — 2p (mod  p?) if (
(

(

)= () =(B) =1 p=st+ 7852

y=1 )= —1, p= 222 + 392,
)= —1, p= 322 + 2692,
)= —1, p= 62 + 1332,

2p — 24z% (mod  p?) if
\p(épi + 5p,31) (HlOd p2) Zf

Conjecture 4.22. Let p #2,7,1

=
jop)
®
S
3
3
- .
S
o
3
Q
S

1 42k
k=0

”i (*)T2(7,81) (p ) ”i (*)T2(20,1)
if

4% — 2p (mod p?) (
=q 82> =2p (mod p?) if (51) = (%)=
0 (mod p?) if (51) =-().
Conjecture 4.23. Let p # 2,7 be a prime. Then
> (") T2(6,2) 4% — 2p (mod p?) if (
kz; 450 {0 (mod p?) if (
and

p—1
221k + 28 2k .., _ 4p ~1 )
2228 1y 29 (32 20 o )

k=0
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Conjecture 4.24. Let p > 3 be a prime. Then
p—1 (Qk) T2(7 12) p—1 (2k) T22k(37 3)

k" —
Zk 4k - k36k

k=0 k=0
422 — 2p (mod p?) ifp=1 (mod 12) & p = x* + 9y?,
=< 4y (mod p?) ifp=5(mod 12) & p=2a?+y* 3|z —y),
0 (mod p?) if p=3 (mod 4).

Conjecture 4.25. Let p be an odd prime. Then

(M) T2(19,-20) B (3M)T2.(9,20)

D =)
222k - 4k

k=0 k=0

dz® = 2p (mod p?) if (5H)=(§)=1&p=2>+y* (5{u),
= 4ay (mod p?) if ()= =1&p=a>+y* (5|z—y),
0 (mod p?) ifp=3 (mod 4) & p # 11.

We have many conjectures similar to Conjectures 4.18-4.25. For
example, we find that Sy (BIYT2(b, ¢)/m* mod p? is related to the
representation p = z? + dy? 1f (b,c,m;d) is among

(5,4,4;10), (3,—4,36;13), (5,4,14% 30),
(7,1,142%:30), (7,28,14%21), (11,49,22% 42).

Though we will not list many other conjectures similar to Conjectures

4.4-4.25, the above conjectures should convince the reader that our

conjectural series for 1/7 in the next section are indeed reasonable in
view of the corresponding congruences.

5. DUALITIES AND NEW SERIES FOR 1/7

As mentioned in Section 1, for b > 0 and ¢ > 0 the main term of
T, (b,c) as n — +oo is

(b+2y/e)"
oo

Here we formulate a further refinement of this.

fa(byc) ==

Conjecture 5.1. For any positive real numbers b and ¢, we have

T, (b, c) = fn(b,c) (1 + 16 4\>/: 0 ( >)
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asn — +oo. If ¢ > 0 and b = 4\/c, then

T, (b, c) 3 x 6" 115 21 1
2l T4,1) = 1 o(=))-
Nk 1) Vénm ( * 8n? * 64n3 * 32n? * <n5>)

If c <0 and b € R then

lim {/|T,(b, c)| = Vb2 — 4c.
n—oo

Let p be an odd prime. Z.-H. Sun [S1] proved the congruence

kz_; (1k6)k k= (%) kz_; %(1 — x)k (mod p2) (38)

via Legendre polynomials; in fact this follows from the well-known i-
dentity P, (—z) = (—1)"P,(z) with n = (p — 1)/2. In [Su8] the author
managed to show the following congruences via the Zeilberger algorith-

) (’“34(5’“)96’“E<_?2> ) (1o o 57 (39)
5 02 (05 D ot ) 9. (a0
) <Z;§ik)xk5<_?l> _ (Zégi’“) (1= 2)" (mod p*) (p#3)- (41)

Our following result on dualities was motivated by (38)-(41).

Theorem 5.1. Let p be an odd prime and let b,c and m # 0 (mod p)
be rational p-adic integers. Then

>, (fgﬂl)ka(b, ¢) = (_?1) (fgﬂl)ka(m —b,¢) (mod p?), (42)
G 100 = (2) S D0 -0.0) oot .
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Provided p > 3 we also have

pi () () .

— (27m)* g

(b, ) — <Z_7> “ (2kk) (3:)

(45)

Proof. Since the proofs of (42)-(45) are very similar, we just show (43)
in detail.

For d = 0,...,p — 1, by taking differentiations of both sides (39) d
times we get

> (0)=(3) S () (107 - mo ).

k=0 p k=0

In view of this, we have

T

(o) (7)o

— 2; (2;) 752] :_: (2%4(52) (213 ) ( % ) k=2
()7

k=0 ( j
-2\ & (1) G)
= — Ti(m—0b d
( - ) > (e A Tilm ) (mod 1)
The proof of Theorem 5.1 is now complete. U

Ezample 1. Let p be an odd prime. By (42) we have

(-5 e ()T_ .

p k=0 k=0 =0
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The author [Su4] conjectured that

pzi 4% — 2p (mod p?) ifp=a2+y* (24 2),
— 0 (mod p?) if p=3 (mod 4),

and this was recently confirmed by Z.-H. Sun [S2]. When p > 3, by
(44) we have

()5 BEneD
3) 2 27k
> (k) ( k )27722(_2’ 1) _ > ((k_)2§)kk> (mod p?);

the reader may consult [Su4, Conjecture 5.6] for S"2_¢ (2: )2 (3:) /(=27)k
mod p?.

Based on our investigations of congruences on sums of central bi-
nomial coefficients and central trinomial coefficients, and the author’s
philosophy about series for 1/7 stated in [Su7], we raise 61 conjectural
series for 1/7 of the following seven new types with a, b, ¢, d, m integers
and abed(b? — 4c)m nonzero.

Type I. > 2,(a+dk (%)

Type II. Y52 (a+ dk) (,f)(k)Tk (b, c)/m".
Type III. Y ;- (a+ dk) (Z)(%)Tk b, c)/mk.
Type IV. Y ;- (a+dk) (k)2 Tor(b, c)/m*.
Type V. > v, (a+ dk) (% )(3 )Tgk b,c)/mk.

Type VI. Y 2 (a+ dk)Ti(b,c)®/m*.
Type VIL. > 02 (a+ dk)(%)Ti(b, ¢)?/m*.

Recall that a series ), a is said to converge at a geometric rate
with ratio r if limy_, 1 o agr1/ar = r € (0,1). All the series in Conjec-
tures I-VII below converge at geometrical rates, and they were found
by the author in 2011 except that (IV19)-(IV21) were discovered in
2012.

k(b, ) /mE.

Conjecture I. We have the following identities:

X 30k 47 /2k\° 24

(—256)* P
k=0
30k +7 /2k\° 12
S () misan =2, (12
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30k — 1 /2k\2 80
> o ( k) Ti(194,1) =—, (13)
k=0
X 42k + 5 (2k\? 16V/3
k=0

Remark 5.1. (I1) was the first identity for 1/7 involving generalized
central trinomial coefficients; it was discovered by the author on Jan.
2, 2011. Different from classical Ramanujan-type series for 1/m (cf.
N. D. Baruah and B. C. Berndt [BB], and Berndt [Be, pp. 353-354])
and their known generalizations (see, e.g., S. Cooper [C]), the two
coefficients in the linear part 30k — 1 of (I3) have different signs, and
also its corresponding p-adic congruence (with p > 3 a prime) involves
two Legendre symbols:

oo (o) (2

k=0

bS]

Conjecture II. We have

(3;) Ty(18,6) :43\/5, (I11)
( )Tk(lo, 1) =22 (112)

)

42k — 41 [2k\ [/ 3k 525v/3
T,(970,1) = 114
kZ:O 303k (k k k( 9 ) T 9 ( )

= 18k + 1 /2k\ [ 3k 25v/3

- - T, (730, 729) = 115
kz:; 303% <k)(k) #(730,729) =—"—, (I15)

. 6930k + 559 /2k\ [ 3k 14456
Zw(k)(k)mm,n = (116)
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and

> 222105k + 15724 [ 2k
LT (260 (3 1 1)
k=0
390k — 3967 3
T:(39202, 1
> (1) () maomnnn =

= 210k — 7157 /2k\ [ 3k
- T
2157 (20) (911
k=0
= 45k + 7 (2k\ (3k
E — T, (26,729
L Q4% <k>(k) (26, 729)

= 9k +2 [2k\ (3k
T:,(70, 3645
Z; —5400)* ( )(k) Kl )=

k=
=, 63k + 11 [/2k\ /3k

T, (40, 1458) =
kzzo —13500)* ( )(k;) (40, 1458)

Remark 5.2. .

114345/3
v 11
y— (117)
56355
VF_ (118)
T
114345
___7;_!f: (119)

:3%(3\/5 1+ VI5), (I110)

15‘[6: VIS
%(3\/5 +46).
(1112)

In view of (44), we may view (I19) as the dual of (1I7)

since 198%/27 — 198 = 287298. The series in (II7) converges rapidly at
a geometric rate with ratio 25/35937, but the series in (I19) converges
very slow at a geometric rate with ratio 71825/71874. (I112), (I19) and
(IT10) were motivated by the following congruences (with p > 3 a

prime):

103k

k=0

422 — 2p (mod p?)
0 (mod p?) if (%2) =

p—1 (2k) (3k> Tk(10 1)

1k + 12
;(9 +12) e

if p=1,3 (mod 8) & p = 22 + 2y,
—1, i.e., p=5,7 (mod 8),

& (9 (—73) - 1) (mod p2) (p # 5);
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e (%) (3F) T (287298, 1)
. k) \k ’
kzoj(zmk 7157) o5

=p (35 (_?3) - 7192) (mod p?) (p # 11);

p—1
45k + 17 (2k\ 3k
ZW(Z@)(I@)T’“(%’?ZQ)

k=0

“2(0(2) ()

Conjecture III. We have the following formulae:

o

T 85k + 2 (4k;> <2k> Tu(52.1) :33\/@

662 \2k) \ k s
k=0

Z28k;+5 4K\ [ 2k Tk(11o,1):3¢6,

(—962)k \ 2k ) \ K T

k=0

2. 40k + 3 [4k\ [ 2k 704/21
- - T, 1) =

kzzo 1122k (2k:)<k> €(98,1) ==5

80k +9 [(4k\ (2k 111/66
— - T, (257, 256) =
kzzo 2642k <2k>(k> (257, 256) ===,

[e.e]

(I111)

(1112)

(I113)

(1114)

(—1682)F \ 2k ) \ k 8

k=0

[e o]

> 760k + 71 (4k) (Qk) To(322.1) :126\/77

— 3362k \2k )\ k T
> 10k —1/4 2 21
0k _ ( k:)( k)Tk(1442,1):7*/ 07
Zk:o 336 2k ) \ k A7
. TT0k + 69 [4k\ [ 2k 05v/114
5T (06) (s ) <
912 ok ) \ k A7
. 280k — 139 [4k\ [2k 95+/399
5 0100 (46 (26, 1y 1) 0
912 ok ) \ k T
= 84 11 /4 2 434
84370k + 60 k k T,(10402.1) :3689\/ 3 |
104162k ok ) \ k A

k=0

k+13 [4k\ [2k 14210 + 2142
Z80 + 3( )( )Tk(7,4096)= 0+ J_’

(I115)

(1116)

(I117)

(I118)

(1119)

(11110)
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. 8840k — 50087 [4k\ [ 2k 7378+/83463
> ( )( )Tk(1684802,1) —,

£~ 10416% ok ) \ k
(I1111)
. 11657240k + 732103 [4k\ [ 2k 80883/817
tk < )( )Tk(39202,1) -
e 39216 2k ) \ k e
(I1112)
. 3080k — 58871 [4k\ [ 2k 17974+/2451
> T3,(23990402, 1) =———— ="
392162k 2k ) \ k P
(I1113)

Remark 5.3. (I1112) and (II113) are dual in view of (43). Other dual
pairs include (I116) and (I117), (ILI8) and (II19), (III10) and (III11).
Below are the corresponding p-adic congruences for (I111) and (I1113)
(with p > 3 a prime):

ok)\ k) tk )
(85k + 2) Co
k=0
=p (12 (_—33> - 10 (§>) (mod p?) (p # 11),
p P
e (3) (3 T7,(23990402, 1)
3080k — 58871 )2t/ \k/F ’
k:O( ) 392162k
—2451 1634
=p <385 ( 5 ) — 59256 <7>) (mod p*) (p # 19,43).
Conjecture I'V. We have
> 26k + 5 (2k\? 48
e Top(7.1) =— V1
;(—482)k(k) 2’6( 3 ) 571" ( )
> 340k + 59 /2k\ 2 120
it id T (62,1) == V2
Z (—4802)k (k’) Qk( s ) T 5 ( )
k=0
> 13940k + 1559 /2k\ 2 4320
> (576070 (k) To,(322,1) = (IV3)
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> 1/2k\? 10v/2

Z8k+ k Ty (10, 1) = of’
962k k 3

k=0

X 10k 4+ 1 /2k\? 15v/6

Z—( )T2k(38,1): ot

k=0 @

2402k \ k
11556
7T )

> 14280k + 899 (Qk: 2

I ) Tye(198,1) =
k=0

120k + 13 _12V15
Z i ( ) Toi(18,1) ,
™

T 2902k
£ 320

21k +2 5\F
8062 (k) T (30, 1)

i 195k + 14
104002k

k=0

Z 3230k + 263
46800%F

2k

2

1326+/3

Toe(1298,1) = \/_,
™

k=0

Z 280k — 149
204002~

330\/_

k=0

k
2 7414/10

2]€
Zk( ) 20 )

k

Z 520k — 111 [ 2k
56162~ k

i 78k — 1
2888()2k
k=0

i 57720k + 3967 <2l<;
k=0

T 1) =
4392802k k (5778, 1)

i 1615k — 314 (2k:)2 1989\/_

)

)
2k>2TZk<4898 1) =

)

)

Ty (54758, 1
2433602% \ k (54758, 1) =

™

? ~ 2890v/19
T )

(IV4)

(IV5)

(IV6)

(IV7)

(IV8)

(IV9)

(IV10)

(IV11)

(IV12)

(IV13)

(IV14)

(IV15)

(IV16)

(IV17)

(IV18)
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and
o

4 2K\ 2 12
k

ZOW L -
130k 41 2k ? 288+/3
Zm<k> T5,(238, —14) = —, (IV20)
k=0

=\ 2380k +299 2k o
Z(—16629048064)k(k) T5£(9918, —19) = e (IV21)

k=0
Remark 5.4. For (IV6), Mathematica indicates that if we set

" 14280k + 899 [2k\ 2
S(H) = £ W( k) T2k<198, ].)
then
15 T 1 ! d |s(30 T 1 !
ol )X1155\/6_ ‘<W and |s( )X1155\/6_ '<W'

Here are corresponding p-adic congruences of (IV9)-(IV11) and (IV18)
with p > 5 a prime:

. (%) To(110,1)

k) L2k L) P p 2
;:0(561{: +3) =2 (35 (§) - 23) (mod p?),
ZL (%) * T (322, 1)

k) L2k L) _ P p 2
> (56K +5)H— = (147 (?) - 47) (mod p?),

hS]

2
) T (198, 1)
28002k

_ (10k+1)(

k=0

5() (3 -1) i o2

—1

and

3

(2F)* Ty (54758, 1)
1615k — 314)~k. 2% !
( ) 33007

(]

0

36 (6197 (g5) = 14301) (mod ) (9 £13).

For any prime p > 3, the corresponding p-adic congruence of (IV19) is

3 (2 matn 2= (5 (32) - (2)) ot

=T
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Conjecture V. We have the formula

. 1638k + 277 [ 2k\ [ 3k 44+/105
> ( k)( k)T3k<62,1>: 2R
k=0

Remark 5.5. (V1) was motivated by Conjecture 4.10; the series con-
verges at a geometric rate with ratio —64/125.

We conjecture that (IV1)-(IV18) have exhausted all identities of the
form

Z (a + dk) —) (b 1) :%

mk
k=0

with a,d,m € Z, b € {1,3,4,...}, d > 0, and C? rational. This comes
from our following hypothesis motivated by (16) in the case h = 2 and
the author’s philosophy about series for 1/7 stated in [Su7]. We have
applied the hypothesis to seek for series for 1/7 of type IV and checked
all those b =1,...,10° via computer.

Hypothesis 5.1 (i) Suppose that
= a+ dk (2K’ C
Zw<k> Tor(b,1) = T
k=0
with a,d,m € Z, b € Z* and C* € Q \ {0}. Then /|m| is an integer

dividing 16(b* — 4). Also, b= "7 or b= 2 (mod 4).
(ii) Let € € {£1}, bym € Z" and m | 16(b*> — 4). Then, there are

a,d € 7Z such that
= 2k C
()
T

k:0

for some C' # 0 with C? rational, if and only if m > 4(b + 2) and

S () Tl ) €= s L) b l) e

= (em?)* (em?)*

for all odd primes p { b* — 4, where m = 16(b*> — 4)/m.
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Conjecture VI. We have the following formulae:

. 66k + 17 540/2
—T 10,11%) = VIl
=, 126k + 31 880v/5
— _—T3(22,212 VI2
;; (—80)3k il T (Vi2)
. 3990k + 1147 432
T T3(62,95%) =——(195vV/14 + 94V/2). VI3

k=0

Remark 5.6. The series (VI1)-(VI3) converge at geometric rates with
ratios

16 64 343

277 1257 512

respectively. The author would like to offer $300 as the prize for the
person (not joint authors) who can provide first rigorous proofs of all
the three identities (VI1)-(VI3). (VI1) and (VI3) were motivated by
the author’s following conjectural congruences for any prime p > 3:

g T3(10,11%) {(%)(4x2 —2p) (mod p?) if p=a?+ 3y?,

— (2139 0 (mod p?) if p=2 (mod 3),

p—1
66k 4 17 o D —2 —6 -
Z ) ———T2(10,11%) = o (195 (7) -8 (?)) (mod p?);

=0

L T3(62, 952 _ {(p)(zm —2p) (mod p?) if p=a? + Ty,
0 (

k
k=0 ( 288 mod p ) if (1_7)) = _17

”i 3990k + 1147
(—288)%

k=
—14 —2
=P (17563 ( =) +4230 ( —=) ) (mod p?).
19 p p

T2 (62,95%)
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Conjecture VII. We have the following formulae:

=1 221K + 28 (2K 2700
—_— T2(6,2) =—— 111
> e (e =22 (Vi)
24k +5 2k, 49
> T?(4,9) =— 112
" 282k <k’> k( 79) 97T(\/§+ \/6)7 (V )
L 560k + 71 2K\ 605+/7
3 T2(5.1) = VII
p 292k < k > k(57 ) 3r ( 3)
i3696k+445 2k 12 7 1)_1587\/7 (VIL4)
=467 k)R o
. 56k + 19 (2k 97
E : T2(3. —3) =2 VII
" (_108)k <l€> k<37 3) T ( 5)
. 450296k + 53323 (2K ., 113535v/7
T2(171,—171) =————"— VII6
]; (—=5177196)* (k) ¢ (7L, ) o (VII6)
> 2800512k + 435257 (2k 10406669
TE(73,576) =————. VIIT7

Remark 5.7. The series (VII1)-(VII7) converge at geometric rates with
ratios

88+48yv2 25 49 81 7 175 14641

225 " 497 1217 5297 97 75697 47089°
respectively. The author found (VII2) and (VII3) in light of Conjecture
4.18. Similarly, (VII6)-(VII7) were motivated by Conjectures 4.19-4.20.

Concerning the new identities in Conjectures I-VII, actually we first
discovered congruences without linear parts related to binary quadratic
forms (like many congruences in Section 4), then found corresponding
p-adic congruences with linear parts, and finally figured out the series
for 1/m.
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