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ABSTRACT. In this paper we prove three conjectures on congruences in-
volving central binomial coefficients or Lucas sequences. Let p be an odd
prime and let a be a positive integer. We show that if p = 1 (mod 4) or
a > 1 then
[2p%]

—-1/2 2
> (/) =(2) woar
k=0 p
where (—) denotes the Jacobi symbol. This confirms a conjecture of the
second author. We also confirm a conjecture of R. Tauraso by showing
that

p—1 I

Z k—s =0 (mod p) provided p > 5,
k=1

where the Lucas numbers Lqg, L1, L2,... are defined by Lg =2, L1 =1

and Ly4+1 = Ln + Lp—1 (n =1,2,3,...). Our third theorem states that

mod p3 in the following way:

if p # 5 then we can determine Fpa,(ﬂ)
5
p—1
2k p®
—1)k = (£ _ @ 3
k§_0( DE(,) = ( - ) (1 2Fpa(,,5)> (mod p%),

which appeared as a conjecture in a paper of Sun and Tauraso in 2010.

1. INTRODUCTION

In this paper we aim to prove three conjectures on congruences.
Our first theorem confirms a conjecture raised by the second author
[S11, Conjecture 1.2].

2010 Mathematics Subject Classification. Primary 11B65, 11A07; Secondary 05A10,
11B39.
The second author is the corresponding author.
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2 HAO PAN AND ZHI-WEI SUN

Theorem 1.1. Let p be an odd prime and let a be a positive integer. If
p=1 (mod 4) or a > 1, then we have

[$p]

()@ e o

where (—) denotes the Jacobi symbol.

Our second theorem confirms a nice conjecture of R. Tauraso [T], and
it presents a congruence involving Lucas numbers which is similar to the
well-known Wolstenholme congruence Zi: 1/k? =0 (mod p) with p > 3
prime (cf. [Wo)).

Theorem 1.2. Let p > 5 be a prime. Then

1

3
|

pr|b'
N

=0 (mod p), (1.2)

e
I

1

where the Lucas numbers Lo, Ly, L, ... are defined by Lo = 2, L1 =1
and Lpy1 = Lp+ L1 (n=1,2,3,...).

The Fibonacci sequence {F,},>0 is given by Fy = 0, F; = 1 and
Fopr=F,+F,—1 (n=1,2,3,...). It is well-known that p | F},_(z) for
any odd prime p, and the Fibonacci quotient Fp_(z) /p modulo p is closely
related to fundamental units of real quadratic fields (cf. H. C. Williams
[W]) and Vandiver’s conjecture about class numbers of real cyclotomic
fields (cf. S. Jakubec [J]). Our following theorem determines F, 2o

mod p? for any a = 1,2,3,..., and the result appeared as Conjecture 1.1
of Sun and Tauraso [ST].

Theorem 1.3. Let p # 2,5 be a prime and let a be a positive integer.
Then we have

paz_l(_l)k (Qkk) _ (%a) (1-2F,._(2)) (mod p?). (1.3)

k=0

Note that (1.3) modulo p is [ST, (1.7)] with d = 0, and (1.3) modulo p?
was given in [S10, Corollary 1.1].

Those primes p > 5 satisfying the congruence Fp_(g) = 0 (mod p?) are
called Wall-Sun-Sun primes (cf. [CP, p.32] and [SS]). It is known that
there are no Wall-Sun-Sun primes below 4.5 x 1016 (cf. [P]).

To understand our proofs of Theorems 1.1-1.3 one needs some basic
knowledge of Lucas sequences.
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Let A and B be two integers. The Lucas sequence w,, = u,(A, B)

(n € N=14{0,1,2,...}) and its companion v, = v,(A,B) (n € N) are
defined by

up =0, uy =1, upy1 = Au,, — Bup—q forn=1,2,3,...,
and
vg =2, v1 = A, vyy1 = Av, — By, forn=1,2,3,....

Let A = A? — 4B. The characteristic equation z?> — Az + B = 0 has two

roots
A—VA
2 b

which are both algebraic integers. It is well known that

=—A+2\/Z and §=

«

(v — Buy, =a” =" and v, =a™ + 5" foralln=0,1,2,....
For an odd prime p and a positive integer a, clearly
vpa = (a+ B)P" = AP" = A (mod p)

and
Aupe = (a—=B) (P =pP") = (a—p)P" Tt = APFD/2 = A (1%) (mod p).

It is also known that p® | Upa (4 y provided that p 1 B (see, e.g., [S10,

Lemma 2.3]).

Note that F,, = u,(1,-1) (n € N) and L,, = v,(1,-1) (n € N) are
familiar Fibonacci numbers and Lucas numbers respectively. The Pell
sequence and its companion are given by P, = u,(2,—1) (n € N) and
Qn = v,(2,—1) (n € N) respectively.

We will show Theorems 1.1-1.3 in Sections 2-4 respectively. In the
proofs of Theorems 1.2 and 1.3, we employ the useful technique of A.
Granville [Gr| and deal with congruences in the ring of algebraic integers.

2. PrROOF OF THEOREM 1.1

Lemma 2.1. Let p be an odd prime and let a be a positive integer. Then

P (@)@ = () 5 mod#) @

P
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Proof. Recall that P, = u,(2,—1) and @Q,, = v,(2,—1) for all n € N. So

Ppa = <]%) (mod p) and Qp« =2 (mod p).

Since Q-1 = 4P, —Q, and Q11 = 4P, +Q,, forn =1,2,3,..., we have

(pi) Qe (2) =1 <E) Py — Qpe = 2 (mod p).

Similarly,

Qpe 2
Ppa_(p%):—p— s Py =0 (mod p).

Clearly a = 1 + V2 and 8 =1-— V2 are the two roots of the equation
22— 22 —1=0. Thus

Q7 — 8P = (a" + ") — (" = 8")? = 4(af)" = 4(-1)"
for all n € N. Therefore

Q2

. _ 2
()~ AT 8

and hence

2 2
4 (E) Ppo — Qpa = (E) Qpa_(p%) = 2 (mod p?).

It follows that

2
(E) P () O

_ 2 — 2
:2Ppa—( ) = Qpa -2 —) Ppa = 9 -1 (mOdp )

This proves (2.1). O

Lemma 2.2. Let p be an odd prime and let a be a positive integer. Sup-
pose that p =1 (mod 4) or a > 1. Then

1 2\ Qpe —2 )
p® Z W = (—) ¢ 1 (mod p?). (2.2)

a
0<h< pe /4] b

Proof. If p* =1 (mod 4), then (p® — 3)/2 is odd and hence

(p*-1)/4-1 (p*—3)/2

1 1 1
Z ((p“—kfi)/?) 9 Z ((p“—k3)/2)'

k=0
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If p* = 3 (mod 4), then a € {3,5,...} and
(p*—3)/4-1 (p*—3)/2 1 ]

1 1 1
Z ((pa—kswz) ~ 9 Z ((pa—ksvz) T 9 ((pa—3>/2)'

k=0 (pa—3)/4

In the case p® = 3 (mod 4), as the fractional parts of (p* — 3)/(2p) and
(p* —3)/(4p) are (p — 3)/(2p) and (p — 3)/(4p) respectively, we have

{(p“ - 3)/2J 5 {(p“ - 3)/4J

p p

and hence
(B 9) - S (|52 - [2528 ) <on

where v, (z) denotes the p-adic valuation of an integer x. (It is well known
that v, (n!) = 3272, [n/p? ] for any n € N.) Therefore,

a 1 e (p*—3)/2 ) 2
p oggéw (GRENE] 2:: () (mod p?).
Applying the known identity
iﬁ =(n+1) <L)n+1 Languy R (1+x)k
k=0 (2) 1+ i K1+ ) .

(cf. [G, (2.4)]) with x =1 and n = (p® — 3)/2, we get

(p*—-1)/2

a (p*—3)/2 a(,na
D D S A
2 ((pa—S)/Z) T 9(p*+3)/2 k
k=0 k k=1
(P*=1)/2 &
2\ p® 2 9
=—|— | = — (mod p~).
(p“> 4 ; P )
Since
e p* p*—i _ p® 1 2
== — = — (=1 mod p
(J> J H ? J ( ) ( )
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Combining the above we immediately get (2.2). O
Proof of Theorem 1.1. Clearly,

—1/2 (%)
( ! ):(_4)k forall k=0,1,2,....

Choose § € {1,3} such that p* =6 (mod 4). Then

[53p°] _1/2 p®—1 (Qk) p*—1 (Zk)
2 ( k )Z = 2 =

k=(3p2+06)/4

By Sun [S10, Theorem 1.1 and Lemma 2.3],

P

p“—1 (2kk) /2 ;
kZ:O (—4)k = <E) +Upa_(%)(—6,l) (mod p~).

Hence we only need to prove the following congruence:

p*—1 (Qk)
Z (_’Z)k = upa_(p%)(—G, 1) (mod p2) (2.3)

k=(3p®+35) /4

provided that p =1 (mod 4) or a > 1.
Let k£ and [ be positive integers with k41 = p® and 0 < [ < p®/2. Then

(215) (2pa - 21)! ((pa - 1>!>2 . H0<¢<1(Pa - i)z

Gy T @2\ (-0 [Ti<jcn (20 = J)

pe—1

and hence

(%) @-nt [looic(1—p"/i)?
(2pa—_2) (=1 Tlicjeu —2p*/j)

1 (mod p).

pe—1
Note that
2p — 2 P 2 — o
(pa_1>=p H = (mod p*™7)
j=2
and

()= (o) = (F17) =0t
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by Lucas’ theorem. So we have

1 /21 (20 —1)!
_(Z) —(l_l)'zgéO(modp)

2
and )
Qk) (-1 2p° ,
=-—p = ——5; (mod p%).
( k (20 —1)! 1(3)
In view of the above,
‘-1 k o (P*=6)/4 q (P*=6)/4
pz <2k) — —2p pz (_4)l _p pz (_4)k (modp )
“ kT (—4)p° 21y 2k
@iy VTGO = @) 2 T kG
Fork=1,...,(p* —1)/2, clearly
((p“*kl)/Q) ((p“fl)/2 1:[ Pt —1)/2—j
CH/=aE () e Y2
k—1
=H(1— 1)El(modp)
§=0
and hence
T
— = = —2 (mod p
R Ay 1 2P

Therefore

o (P¥—0)/4 k (p®—8)/4—1

p Z (=4)" _ a 1 2

v —=—p Z T (mod p*).

2 = k(%) k=0 ((p k)/)
So far we have reduced (2.3) to the following congruence:

(p"—0)/4-1 1
pa Z ((1)“‘——3)/2) = —upa_(p%)(—fi, 1) (mod p2) (24)
k=0 k

In view of (2.4) and Lemma 2.2, it suffices to show that

Upa_(p%)( 6 1)
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As —342v/2 and —3—24/2 are the two roots of the equation 22 +6x+1 = 0,
for any n € N we have

(=3 +2v2)" — (=3 —2v/2)"

Up(—6,1) = Wi
_ DT A4V - -V (D) 0
2 2¢/2 2 nen
Therefore, with the help of Lemma 2.1 we finally obtain
Upa—(2)(=6,1) = _%Ppa ) @pe-(i) = (%) Qpa4 ? (mod p?)
as desired.

The proof of Theorem 1.1 is now complete. [l

3. PrROOF OF THEOREM 1.2

Lemma 3.1. Let p > 3 be a prime. Then we have the following congru-
ence:

?+(1—2z)pP—1\> = (1—2)* 5 = (1 —ax~H*
( P ) =2 T A

12 (mod p).

k k=1

(3.1)
Proof. (3.1) follows immediately if we combine (4) and (5) of Granville
[Gr]. O

Proposition 3.2. Let A and B be nonzero integers, and let o and (3 be
the two roots of the equation x> — Ax + B = 0. Let p be an odd prime not
dividing AB. Then

vp(A, B) — AP 2 - 2p_1 ok 9 L a2k
k=1 k=1
and
v,(A, B) — AP\ bl ok Pl pkgk
( o4, 5) ) = 240" ) 5 — 267 ) S (mod p). (3.3)
p k=1 k=1
Proof. By (3.1) and Fermat’s little theorem,
1 (2P + (A—x)P — AP 2
A2 P
- ((w/A)p +(1—z/A)P - 1)2
B p
p—1 k p—1 k
1—xz/A X\ 2P 1-A/x
Y A R Sl )
k=1 k=1
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Note that v,(A, B) = P + a? = P + (A — )P and af = B. So we have

(vp<A,B> —Ap)2 e Lk

k.2
P — AFRk

p—1 — Aa Lk
ot 1 Aa/m)

2 (mod p)

k=1

and hence (3.2) holds since Ao — B = a?.
On the other hand,

QP(AP — 0,(4, B)) = aP(A4? — o — §7) = (B + a?)P + (—a?)? — BY

and hence
2P (Ap — vp(A4, B))2
b
_ ((—oﬁ)p + (B~ (—a?)" — Bpf
p
-1 -1
e (1= (—a?)/B)" 212p "~ (1 = B/(—a?))*
=—-2B 2( )
k=1 k2 k=1 k?
p—1 k p—1 k
_ opee M)t o (Ag)
o 2B — Bk L2 2a kz_l a2k k2
p—1 p—1 _
Aa)k aP=F
=_—2(aB)? ( 2 AP mod
( /B) k:1 Bkk2 ];Ap_k(p_k)Q ( p)

Therefore (3.3) follows. [

Proof of Theorem 1.2. Let a and 8 be the two roots of the equation
2?2 —x —1=0. Applying Proposition 3.2 with A = 1 and B = —1, we get

L. —1 2 p—1 O{k p—1 a2k
k=1 k=1

and

2 p—1 p—1
(Lp — 1> = —2a” Z C;—: —2p3% Z (_];)k (mod p). (3.5)
k=1

p k=1
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Since
St Sy <5 (e ety
2 (k) ~ 2 7o\ b+ F)?
ot e (o)
=(1+af)) 5 +(1-aP) 12 (mod p),
k=1 k=1
3.4) can be rewritten as
(3.4)
L,-1 2 bl gk
=—2(1+2(1 P\ 32 -
(77) =2 rrenem S G
- _k (3.6)
()

—4(1—a”)B? ) 15— (mod p).
k=1

Multiplying (3.5) by 2(1—a?) and then subtracting it from (3.6) we obtain

L,—1\2 9 b1 ok
(20 — 1) ( pp ) =(40P(1—aP) =2 —4(1+a?)5P) y —
k=1
p—1 o
=(4L, — 4Ly, —2) > -z (mod p).
k=1

Now that L, =1 (mod p) and
Loy = o + % = (a? + )P = ((a + B)? — 2a8)" = 3 = 3 (mod p),

we have
L —1 2 p—1 p—1 p
(2ap—1)<pT) =(4—4x3-2) a—:—loz%(modp).

Similarly,
L — 2 p—1
(287 — 1) (p71> =10y % (mod p). (3.7)
k

=1
As 2aP — 1+ (2P —1) =2L, —2 =0 (mod p), we finally obtain

p—1 p=1l k
Z Ly, Z a4+ B7
k=1 k=1

So far we have completed the proof of Theorem 1.2. [

Remark 3.3. Let p > 5 be a prime. In view of (3.7), we also have

p—1 2 2
F,  2F, (L,—1 1 /p\ (Lp—1
ke Zef o) = (B dp). (3
£ §2 10 ( » ) 5 <5> D (mod p). (3.8)
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4. PROOF OF THEOREM 1.3

We need a lemma which extends a congruence due to Granville [Gr,

(6)]-

Lemma 4.1. Let p be an odd prime and let a be a positive integer. Then

p“—1 L
11—z
p(; 73_’_pa 1 Z ( - )
k=1
1=z = (1 =) gk
k=1

pafl
) (mod p?),

where the Kronecker symbol 6, 3 is 1 or 0 according as p = 3 or not.

Proof. As observed by Granville [Gr], for any integer n > 1 we have

”z‘:l (1—z)k -1
k
k=1

k=1 i
n—1
-y
j=1
n—1
j=1
n—1
-y ("
j=1
Note that
p*—1 p*—1
1 1
9 a—1 — 01 -
Pt Y =D (k
k=1 k=1
p—1 p?

'<n(n—1
J\J—1

)

J

G

n

))

n—1\ (—z)’ C(l=2)"—(—2)" -1
j=1) 5 n '
@1
1 _ p p_a . pa—l
p* —k — kK p*—k
a—1 p—1 1
— =P ) — =pdp3 (mod p*)
=17

(As Z?;% 1/42 = S°P711/(2k)? (mod p), we have Z?;ll 1/5% = 0 (mod p)

if p > 3.) Hence

p*—1
1
a—1 _ 2
— = —pd d .
D ,}_1 k pdp.3 (mod p)

Note also that

p*—1\
(o)-1
0<1<yg

p* —1

i

(1)~ (mod p).

(4.1)
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Therefore

k
k=1
p*—1 k
—a—1 (1 - 113') —1
o k
k=1
a1 Ay - +(1—2) -1 9
ey o 3
= P

To complete the proof, it suffices to note that

pa_l ] xpa—lk p—l 1

p—l a—
2a—1 L7 2a—1 P
p < =D i =P
R A e S

(mod p2)

and

NG S o N AN Y ) SRRt
x x x
(Z ?> = Z (ﬁ) = 2 (mod p).

k=1 k=1 k=1
This concludes the proof. [

Proposition 4.2. Let p # 2,5 be a prime and let a be a positive integer.
Then

p*—1 2
Foipa_ Fso — Fla a L,—1
a—1 2(pe—k) _ L'2p p p (P p 2
E = — [ = - d )
P = k p +10<5)( p > (mod 77)
(4.2)

Proof. Let a and /3 be the two roots of the equation 22 —x—1 = 0. Clearly
a+pf=1and af = —1. Set

pa’—l k pa pa p—1 k
o1 z" P+ (1-z)P —1 B zv
g(l‘) =D Z k ) Q(x) - P and G(ZL‘) - ; kg :

By Lemma 4.1 we have

1

Pops +g(1 —2) = —q(z) = pG(z)”" " (mod p?).

In view of (3.7),

D . 2
o) = =2 (L”p 1) ~ 5, (mod p)
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(this can be checked directly when p = 3). Hence

p—k
Gloa) =G = 55 Z &

=—-aPG(B) = dpzaf —

2+ aP (Lp—l

10 p )2 (mod p).

Note that

a

i) = p p p

Applying Lemma 4.1 we get

9(a®) = g(1 - (~a))

= —pdps —pG(—a)”"  —q(—a)

. o 2\ /L —1\® . L.—1
= — pdp3 — pop3al +p( ) (p ) —aP 22
P33 10 p p

e " +2 /(L —1\2 oL oa—1
=—pip3(l+a)? +p 10 < z ) —af 2 (mod p?)
p p

and hence

B g(a?) + pdy 3(aB)?P

a a 2
E2925217 — P (Lp—l) +BpaLpa—1
p p

2
0 (mod p*).

As %" = (14 B)*" =1+ " (mod p), we have

“ 246" (L, —1\> oLya —1
B2P g(oz2)z—p5p’3—|—p +105 (pp ) + GP pp (modpQ).

Similarly,

“ 2+a” (L,—1\? aLyo—1
P g(BQ)E—p(S 3+D 10 ( pp ) + o pT (modpQ).

Observe that

— a2p —2k _52;0 —2k

pa_lFQ(p“—k) =
D D D L

k=1 k=1

1 P—lﬂ% P—lazk
(e e )

k=1 k=1

13

(—a)?" + (1 +a)" —1 _ o (a?” 4 P —1) _ Lo — 1.
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So, by the above, we have

¢—1 a a
pa_lpz Fype-ry _a"g(8%) — 5" g(a?)
— k a—pf

Fo. (L, —1\> Lo—1
—p- P (22 + Fp 2
10 D p

a\ (L —1\> Fhpe — F.a
P (p_) (P_> 4+ 22 T (nod p?).
5 P P

This concludes the proof. [
Lemma 4.3. Let p # 2,5 be a prime and let a be a positive integer. Then

pa L. —1 2
(€> (2Fpa — Fopa) + % =1-2F,, (2 (mod p%).  (4.3)

Proof. Note that

Lo —1\2
(Lpa—l)2:p2< p >
b

P (Lpp‘ 1)2 — (L, —1)? (mod p?)

since Ly« = L, (mod p?) by [S10, (2.4)]. Also,

pa
Lpa = Fpa + 2F a_1 — 2Fpa+1 — Fpa == 2Fp”‘—(%) _|_ (g) Fpa.

Thus
127, e — () @Ry — Fope)
po(i) T\ 5 ) ST T
p* p*
:]_ - Lpa + (E) Fpa _— (€> (2Fpa - FpaLpa)

e ()

and hence it suffices to show that

@ Ly —1
(%) Fpo—1=-2 5 (mod p?) (4.4)

as Ly« =1 (mod p). Since Ly« = L, (mod p?), and

p a—1 2
Fpa = <g) F, (mod p)
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by [S10, (2.5)], (4.4) is reduced to the case a = 1. Note that

L, —1
. (mod p?)

p _
(5)F—1=Ly—2F, (5 —1=

since L, = 1+ ng,(g) (mod p?) by the proof of [ST, Corollary 1.3]. The
proof is now complete. [

Proof of Theorem 1.3. Applying [ST, (2.4)] with d = 0 and n = p®, we get

paz_l(_l)k (2:) = paz_l(_l)k<2£a> Fy(pe—p)- (4.5)

k=0 k=0

For each £ =1,... ,p* — 1, clearly

() e () =2 T (-2

and similarly

hence

2k
<_1)k(k) _F2pa
p*—1 .

p*—1 a
_ p k p
=4y (k)(—l) Fape gy +2 ) ~ Fowe—n)

k=1 k=1
p*—1 i p“—lpa

=4 1P R Ry, 42 . d p?).
S ()t 2 3 R By o)

Let o and 3 be the two roots of the equation 22 — z — 1 = 0. Then

pi=1 , . p” a 2k 2k
D a_y P a_pa —p

E —1)P "FFy, = — Fyoa + E < > -1

— <k)( ) 2k 2P — k (=1) a—pf

o —1)P" — (B2 —1)P"
_( )a_(; ) — Fopa = Fpa — Fypa.
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Thus, by the above and Proposition 4.2 we have

rl 2k pel F( )
a 2(pe—k
;_0 (—=1)* ( k) =Fype + 4(Fpe — Fapa) +2p 1;—1 pT

o\ (L, — 1)2
=4Fpa — 3Fopa + 2(Fapa — Fpa) + (%) %

a L. —1 2
=2Fpa — Fopa + (%) % (mod p*).

Combining this with (4.3) we immediately get the desired (1.3). This
completes the proof of Theorem 1.3. [
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