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ON MONOTONICITY OF SOME COMBINATORIAL
SEQUENCES

QING-HU HOU*, ZHI-WEI SUN** AND HAOMIN WEN

ABSTRACT. We confirm Sun’s conjecture that ( "R/Fy,11/ ¥V Fp)n>a is
strictly decreasing to the limit 1, where (F,),>0 is the Fibonacci se-

quence. We also prove that the sequence ( "*{/Dy,11/ /Dy, )n>3 is strict-
ly decreasing with limit 1, where D,, is the n-th derangement number.

For m-th order harmonic numbers Hy(Lm) =3 1/E™ (n=1,2,3,...),
we show that ("7y/ Hflnj)l /A, Hr(y,m))ngg is strictly increasing.

1. INTRODUCTION

A challenging conjecture of Firoozbakht states that

Dp > "ppr1 foreveryn=1,2,3,...,

where p,, denotes the n-th prime. Note that lim, ,, /p, = 1 by the Prime
Number Theorem. In [4] the second author conjectured further that for any
integer n > 4 we have the inequality

"R/ Dnt1 c1— log logn
/Pn 2n2
which has been verified for all n < 3.5 x 10°. Motivated by this and [3], Sun
[4, Conj. 2.12] conjectured that the sequence ( "5, 11/ /Sy )n>7 is strictly
increasing, where S, is the sum of the first n positive squarefree numbers.
Moreover, he also posed many conjectures on monotonicity of sequences of
the type ( "/@n11/ /@n)n>n With (ay,)n>1 a familiar combinatorial sequence
of positive integers.
Throughout this paper, we set N={0,1,2,...} and ZT = {1,2,3,...}.
Let A and B be integers with A = A2 — 4B # 0. The Lucas sequence
un, = un(A, B) (n € N) is defined as follows:

ug =0, uy =1, and u,1 = Au, — Bu, 4 forn=1,2,3,....

Key words and phrases. Combinatorial sequences, monotonicity, log-concavity

2010 Mathematics Subject Classification. Primary 05A10; Secondary 11B39, 11B75.

*Supported by the National Natural Science Foundation (grant 11171167) of China.

**Supported by the National Natural Science Foundation (grant 11171140) of China.
1



2 QING-HU HOU, ZHI-WEI SUN AND HAO-MIN WEN

It is well known that w, = (o™ — ") /(a — ) for all n € N, where

A+VA A—-+vVA
o= ——- _—
2 2

are the two roots of the characteristic equation z?> — Az + B = 0. The

and =

sequence F, = u,(1,—1) (n € N) is the famous Fibonacci sequence, see [1,
p. 46| for combinatorial interpretations of Fibonacci numbers.

Our first result is as follows.

Theorem 1.1. Let A > 0 and B # 0 be integers with A = A? — 4B > 0,
and set u, = u,(A, B) for n € N. Then there ezists an integer N > 0 such
that the sequence ( "/Uny1/ 3/ Un)n=n is strictly decreasing with limit 1. In
the case A =1 and B = —1 we may take N = 4.

Remark 1.1. Under the condition of Theorem 1.1, by [2, Lemma 4] we have
Up < Ups1 unless A =n = 1. Note that the second assertion in Theorem 1.1
confirms a conjecture of the second author [4, Conj. 3.1] on the Fibonacci

sequence.

For n € Z* the nth derangement number D, denotes the number of
permutations o of {1,...,n} with o(i) =i for no i = 1,... k. It has the
following explicit expression (cf. [1, p.67]):

n

D, = Z(—nk%.

k=0
Our second theorem is the following result conjectured by the second
author [4, Conj. 3.3].

Theorem 1.2. The sequence ("Rl/DnH/\”/Dn)WS 15 strictly decreasing
with limit 1.

Remark 1.2. Tt follows from Theorem 1.2 that the sequence (/D )n>2 is

strictly increasing.

For each m € Z* those H{™ = Yoy 1/k™ (n € Z7T) are called harmonic
numbers of order m. The usual harmonic numbers (of order 1) are those
rational numbers H, = H\” (n=1,2,3,...).

Our following theorem confirms Conjecture 2.16 of Sun [4].

Theorem 1.3. For any positive integer m, the sequence ( "/ H™ /1Y H,(Lm))n>3

18 strictly increasing.



ON MONOTONICITY OF SOME COMBINATORIAL SEQUENCES 3

We will prove Theorems 1.1-1.3 in Sections 2—4 respectively. It seems that
there is no simple form for the generating function >~ «/a,z" with a, =
Uy, Dy, Hq(zm). Note also that the set of those sequences (ay,)n>1 of positive
numbers with ( "4/, +1/3/@n)n>1 decreasing (or increasing) is closed under
multiplication.

2. PROOF OF THEOREM 1.1
Proof of Theorem 1.1. Set

A+ VA A— VA
QZT,ﬁzT

,andyzé:

BI5

A—
A+

Q

Then

a"(1—19")
a—p

for any n € Z*. Note that

log Vi1 _ logtny  logun _ log(1 —7) _log(1 —7") |, log vaA

log u,, = log = nloga + log(1 —~") — log VA

Wy, n+1 no n+1 n n(n+1)
Since
log(1 —~™ o 1
lim M = lim T 0 and lim —— =0,

we deduce that

. "/ Unt1 : . "R/ Ut
lim log ——— =0, ie, lim —— = 1.
n—00 Y Uy, n—oo YUy

For any n € Z*, clearly
AT - "2 U1 o logunyy  logu, - logupio  logu,.q
YUy, " U1 q n—+1 n n+ 2 n+1

_ 2loguny1 logu,  logugio

— A, = > 0.
n+1 n n+ 2
Observe that
2log(1 — ") 2log VA
A, =21 —
st T n+ 1
log(1 — ~™ log(1 — A™*2 | A1 A
(210ga 4 08 =17") | log(l—v ) logvVA logvVA
n n—+2 n n+2
log A n+1)_log(1—’y") _log(l—”y"”)

2
- log(1 —
n(n—l—l)(n+2)+n—l—10g( 7 n n+2
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The function f(x) = log(1l + z) on the interval (—1,4o00) is concave since
f"(x) = =1/(z + 1) < 0. Note that |y| < 1. If —|y| < z < 0, then
t = —x/|v| € [0,1] and hence

f@)=Ft(=[y)+ @ =1)0) = tf (=) + (1 =) f(0) = gz,

where ¢ = —log(1 — |v])/|v| > 0. Note also that log(1 + z) < x for x > 0.
So we have

log (1 —~"*1) > log (1 — |4["*") = —qly|"*,
log (1 —=7") <log (1+y[") < |4,
log (1 —7"*%) <log (1+ |y["*?) < |y|"*.
Therefore
2
Bn > n(n —iof;)(An +2) " (iqj—ﬂq * % * n’ﬂ 2)
and hence

nin+1)(n+2)A,
>log A — [y|* (2g]y|n(n +2) + (n+1)(n+2) + [y[’n(n+ 1)) . (1)
Since lim,, o n?|y|" = 0, when A > 1 we have A,, > 0 for large n.
Now it remains to consider the case A = 1. Clearly v = (A—1)/(A+1) >
0. Recall that log(l —z) < —x for = € (0,1). As

1-2
12— =20

i(log(l—x)+x+x2) =13 —

dx

we have log(1 —x) +z+ 2% > log1+0+ 0% =0 for x € (0,0.5). If n is large
enough, then 4™ < 0.5 and hence

> (0 forz € (0,0.5),

2 log(1 —9") log(1 —4"*?)
= ——log(1 — ") — - > 1w,
n+1 og(1=7"") n n+2 v
where
2 ,yn ,yn+2
. _ ~n+l 2n—+2 o
Wn n + 1( i i ) n n+2
Note that
lim 22 — 27+ 14++2=(1—-7)?>0.
n—00 ’yn

So, for sufficiently large n we have A,, > w,, > 0.
Now we show that n > 4 suffices in the case A = 1 and B = —1. Note
that A = 5 and 7 ~ —0.382. The sequence (|v|"(n + 1)(n + 2))p>1 is
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decreasing since

P20 (e 2) <

<_
7(n+1)(n—|—2) 2 n+1

for n > 1. Tt follows that |y|"(n + 1)(n +2) < 7% x 7 x 8 < 1/3 for n > 6.
In view of (1), if n > 6 then

n(n+1)(n+2)A, >logh — |y["(n+ 1)(n + 2) (2q[’y| +1+ |’y!2)

1+1+72

>logh — >logh—1>0.

It is easy to verify that A, and Ay are positive. So ( "N/ Fpi1/V/ Fn)nsa is
strictly decreasing.
In view of the above, we have completed the proof of Theorem 1.1. [

3. PROOF OF THEOREM 1.2

Proof of Theorem 1.2. Let n > 3. It is well known that |D,, — n!/e| < 1/2
(cf. [1, p.67]). Applying the Intermediate Value Theorem in calculus, we

obtain

< 0.5.

| |
log D,, — log (n_) ‘ < ‘Dn e
e

Set Ry(n) = log D,, — logn!. Then |Ry(n)| < 1.5.

Since lim,, . Ro(n)/n = 0, we have

) logD,.1 logD, ) log(n+1)!  logn!
lim — = lim —
I nlog(n + 1) + nlogn! — (n + 1) logn!
= lim
I nlogn + nlog(l+ 1/n) — logn!
= lim
/)
— lim log(n /n)
n—o0 n(n + 1)

As n! ~2mn(n/e)” (i.e., lim, . n!/(v/2mn(n/e)”) = 1) by Stirling’s for-

mula, we have log(n"/n!) ~ n and hence

logDpy1 log D, _ 0
n+1 n o

lim
n—oo

Thus lim,, oo "/Dypy1/V/ D, = 1.
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From the known identity D,,/n! = >";_,(—1)¥/k!, we have the recurrence
D, =nD, 1+ (—=1)" for n > 1. Thus, if n > 3 then

Ro(n)—Ro(n—1) = log ol 08 (n—1)! 08 nD, 08 ( + nDn_l)

Fix n > 4. If n is even, then

1 1 1 3
0< R —Ry(n—1) =1 1 <
< Ro(n)—Rp(n—1) = log ( + nDn—l)

If n is odd, then

1 9 9 -3
0>R —Rp(n—1) =1 1— = >
o(n) = Fo(n—1) = log ( nDnl) " wDni Dntl1” Dnt05

since log(1 — x) + 2z > 0 for x € (0,0.5). So

3 3e
R — R —1 —_— < —
| Bo() o(n )< D,+05 " n!
and hence
3e 3e

’Ro(n— 1) — Ro(n)
n—1

< .
nln—1) " nn—1)(n+1)
Similarly, we also have

3e < 3e
nln+1) " nn—1)(n+1)

‘Ro(m 1) — Ry(n)

n+1
Therefore,
Ro(n + 1) B QR()(’I”L) 1 R()(TL — 1) _ QRQ(TL)
n+1 n n—1 nn—1)(n+1)
| Ro(n +1) — Ro(n) N Ro(n — 1) — Ry(n) o 6e
B n+1 n—1 Snn—1)(n+1)
and hence

Ro(n+1) 2Ryg(n) Ro(n—1) 2|Ro(n)| + 6e 6e + 3
‘ n+1  n L ’gn(n—l)(n%—l)gn(n—l)(n—i—l)'

Thus |R;(n)| < 6e + 3, where

Rl(n) = n(n _ 1)(n + 1) (Rorgz:l-ll) B 2R;)l<n) n Rorin_—l 1)) '
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Since
n—1 k41
log((n —1)!) = / (log k)dz
k=1"k
n—1 k+1 n
<Z/ logxdx—/ logxdx = nlogn —n+1
k=17 1
n—1  ak41
< 2/ (log(k + 1))dx = log(n!),
k=1"k
we have

nlogn —n <log(n!) =log((n — 1)!) +logn < nlogn —n +logn + 1

and so log(n!) = nlogn —n + Re(n) with |Rs(n)| < logn + 1.
Observe that

logDpy1 2 log D,,_1
Tarl a Pt T
_ log(n+1)!'  2logn! N log(n — 1)! Ry(n)
n+1 n n—1 (n—1)n(n+1)
B 2logn! logn  log(n+1) Ry(n)
T (n—Dnn+1) n-—1 n+1 (n—1)n(n+1)
B 2n log(n+ 1) —log(n) = 2Rs(n) + Ry(n)
T —Dnint1) T nt1 n—Dnn+1)
2n n—1 2Ry(n) + Ri(n)

=D+l m=Dnin+1)  (n=Dnm+1)
. n+1-2Ry(n) — Ri(n)
B (n—1nn+1)
If n > 27 then n+1—2Rs(n) — Ri(n) >n —2logn —1—6e —3 > 0, and

hence we get

D %D,
By a direct check via computer, the last inequality also holds for n =
4,...,26. Therefore, the sequence ( "/D,1/3/Dy)n>3 is strictly decreas-

ing. This ends the proof. 0

log

4. PROOF OF THEOREM 1.3

Lemma 4.1. For x > 0 we have

2

log(1+z) >z — % (2)
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Proof. As
x

d $2 2
2 (og1+2)—a+ 2 ) =
qu(og( +z)—x+ 2) 52

we see that log(1 +z) —xz +2%/2 > logl —0+0?/2 =0 for any z > 0. O

Lemma 4.2. Let m,n € Z* withn > 3. If m > 11 or n > 30, then

2 m—1
H™ 1og H™ > 4 . 3

Proof. Recall that H,, refers to JZAR T n > 30, then H, log H,, > Hsylog Hsy >
4 and hence (3) holds for m = 1.

Below we assume that m > 2. As n > 3, we have H™ log H™ >
H{™ log H{™. So it suffices to show that

(n ; Q)ml H™ log H™ > 4 n
whenever m > 11 or n > 30. By Lemma 4.1,
gy P11 2
2 om  3m gm

Ifm > 3 then (4/3) > (4/3)3 > 2 and hence log H{™ > 1/2™. Note also
that H logH > 1/4. So we always have

H{™ log H{™ >

2_m.
If m > 11, then 1.25™ > 1.25' > 10 and hence
1 4 4

—_— > = )
2m = 2.5m=1 7 ((n+42)/2)m-1
therefore (4) holds. When n > 30, we have

Lo L 42\
2m 7 24m—6 — 16m-1 7 "\ p 42

and hence (4) also holds. O

Proof of Theorem 1.3. Let m > 1 and n > 3. Set

ntl n+2 (m) (m)
n n 2 m 1 Hn log H.

Ay( = log ——— H —log +2 lo H7s+)1— °8 _ 08 n42
(m) ntl Cn+1 n n -+ 2

Hn n+1

It suffices to show that A, (m) < 0. This can be easily verified by computer
if me{l,...,10} and n € {3,...,29}.
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Below we assume that m > 11 or n > 30. Recall (2) and the known fact
that log(1 4+ x) < x for x > 0. We clearly have

=log |1+ <
Hé R (n+1)mH™ ) (n+1)mH

log

and
(m) 2 9
my > log [ 1+ w |~ m g
H, (n+2)"Hy (n+2)"Hy (n+2)>m(Hy")?
It follows that

Bt = (2 = % = oy ) o Y

n+1 n n+2

log

2 H 1 HT)
_'_ ].Og n+1 _ ].Og n+2
n+l 7 k2 g
—21log H™ N 2
n(n+1)(n+2)  (n+ 1)m+1H7(Zm)
2 2
- o + (2
(n + 2)m+1 gL (n + 2)2m+1(H{™)2
Since (n+2)"+1 =S ] (™) (n+1)* by the binomial theorem, we obtain
A (m) < —21log H™ 250 (M (n+ 1)k 2
n m ~
nn+1)(n+2)  (n4 1)ymti(n+ 2m g™ (4 2)mr2 g
—2log ") 2n+ 1) Y0, (™) 2
nn+1)(n+2)  (n4 1) (n 4+ 2)m 1 H™  (n+1)(n+ 2)m 1 HY
~ —2log HY™ 2(2m+1 — 1) +2
nn+1)(n+2)  (n+1)(n+2)mt1H™
Thus
H(m) m+1n
1 2)A, t < —H™Mlog H™ + ———
i+ Do+ 28 m) 75— <~ B log H + 2
2 m—1
<4 — H{™ log HI™.
(n + 2) 08
Applying (3) we find that A,(m) < 0. This completes the proof. O
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