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ABSTRACT. In this paper we establish some new supercongruences motivated by
the well-known fact limp— o0 (1 + 1/n)™ = e. Let p > 3 be a prime. We prove that

_ +1 _ -1
Z ( 1/(p+ 1)>p = 0 (mod p°) and Z (1/(Pk 1)> = §p4BP*3 (mod p?),

where By, B1, B2, ... are Bernoulli numbers. We also show that for any a € Z with
pta we have

_ p—1
;2( 7) = 1 (modp) and ;;(1+Z)k51+21a (mod p).

1. INTRODUCTION

A p-adic congruence (with p prime) is called a supercongruence if it happens
to hold modulo higher powers of p. Here is a classical example due to J. Wolsten-
holme (cf. [W] or [HT)):

L, 9 —1

=0 d p? d
(mod p*) an (p—l

1
Z > =1 (mod p?)
k=1

for every prime p > 3. In 1900 Glaisher [G1, G2| showed further that

% —1 2
<p . ) =1- §p3Bp_3 (mod p*)
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for any prime p > 3, where By, By, Ba, ... are Bernoulli numbers. (See [IR, pp.
228-241] for an introduction to Bernoulli numbers.) The reader may consult [L,
Sul, Su3, T] for some other known supercongruences.

In this paper we establish some new supercongruences modulo prime powers
motivated by the well-known formula

1 n
lim (1 + —) —e.
n—oo n

Now we state our main results.

Theorem 1.1. Let p > 3 be a prime. Then

p=1 p+1
Z ( 1/(2 * 1)) =0 (mod p°). (1.1)

k=0

Moreover, if p > 5 then

p—1 , p+1 5
Z( ”“,j“)) =2 B, 5 (mod p°). (1.2)

18
k=0

Theorem 1.2. Let p > 3 be a prime and let m be an integer not divisible by p.
Then we have

S (M) S IR, wed ). 13
k=0

In particular,
p—1

}:CW;”>E§¢&%(mﬁﬁy (1.4)

k=0

Remark 1.1. Note that if p is a prime and m is an integer with p{ m then

Gmgﬂ)z(?)zpﬂﬁio(mwﬁ)ﬁﬁﬂk=&anp—L

(1.1)-(1.4) are interesting since supercongruences modulo p° are very rare. We
conjecture that there are no composite numbers p > 1 satisfying (1.1) or the
congruence

p—1 p—1
kz_o (1/(pk_ 1>> =0 (mod p*). (1.5)
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Theorem 1.3. Let p > 3 be a prime and let m be an integer not divisible by p.
(i) If p > 5, then

p—l m p—1
m—1 1 1
(p/ i ) = - Z e (mod p?). (1.6)
k=1 k=1
Also, for anyn=1,...,(p—3)/2 we have
p—1 km m
-1 p/m—1 P
k=1

(ii) For everyn =1,...,(p—3)/2, we have

p] p/m—1\" 1—m p*n
=1+ ——2n+1 By_1_on d p?).
;k( ; ) (+2m<n+>)2n+lp12<mop>

(1.8)

Remark 1.2. If n is a positive integer and p > 2n + 1 is a prime, then (1.8) with
m=p=+1 yields the congruences

— 1\ 2p°n?
k2" ( )) = g1 D12 (mod p) (1.9)
and
1/(p+1) _ p*n 5
Z an 1 < ) T 1Bp—1—2n (mod p°). (1.10)

Theorem 1.4. Let p be an odd prime and let a € Z with pta. Then

2l a
E< —) =1 (mod p). (1.11)
k=1
If p > 3, then
p—1
1 a\k 1

—(14+-=) =1+ — . 1.12

L2 L o

Remark 1.3. (1.11) with a = 1 yields the congruence

p—l
Z kk+1 :—1 (mod p). (1.13)
=1

We will show Theorems 1.1-1.2 in the next section. Theorems 1.3 and 1.4 will
be proved in Sections 3 and 4 respectively.
To conclude this section, we pose two related conjectures for further research.
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Conjecture 1.1. Let m > 2 and q > 0 be integers with m even or q odd. Then,
for any prime p > mq we have the supercongruence
p—1 /m . m
(—1)km <p " q) =0 (mod p?). (1.14)
k=0
Remark 1.4. Clearly (1.14) with ¢ = 1 follows from (1.3).

For a prime p and a p-adic number z, as usual we let v,(z) denote the p-adic
valuation (i.e., p-adic order) of x.

Conjecture 1.2. Let p be a prime and let n be a positive integer. Then

Vp("i (—1/(Z+ 1))1’“) - {%J | (1.15)

k=0
where
1 ifp=2,
cp =1 3 ifp=3,
5 ifp=5.

If p > 3, then we have

yp(nil (1/(pk_ 1))p_1> >4 {%J . (1.16)

k=0

2. PrROOFS OF THEOREMS 1.1 AND 1.2
Form=1,2,3,... and n=0,1,2,..., we define

H™ .= Z k:im

0<k<n

and call it a harmonic number of order m. Those H,, = HT(LI) (n=0,1,2,...) are
usually called harmonic numbers.

Lemma 2.1. Let p > 3 be a prime. Then

2
2
H, = —%Bp_g (mod p?®) and Hf_)l = ngp_g (mod p?). (2.1)

Also,

p—1

p—1
2
S B = By ot ), S =2y (o), (22
k=1 k=1
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and
p—1
Z H,i4) ngg)l =0 (mod p). (2.3)
k=1

Proof. The two congruences in (2.1) are known results due to Glaisher [G2], see
also Theorem 5.1 and Corollary 5.1 of [S].
For m = 2, 3,4 we have

p—1 p—1 k p 14
N
k=1 k=1j= 17
Note also that
- (p—1)/2 1 1
H)”\ = Z (F + (p——k):‘) =0 (mod p).

Combining these with (2.1), we immediately get (2.2) and (2.3). O
Lemma 2.2. Let p > 3 be a prime. Set

p1 11 1 1
Zl:z Z (—4—%), Yo = e

— ij2
k=11<i<j<k

k=11<i<j<k

Y1 =pBy—3 (mod p?), Y9 = Bp—3 (mod p) (2.4)
and

Y3=3%4=—-Bp,_3 (modp). (2.5)

Proof. With the help of Lemma 2.1,

p—1

1 1
ne E (Fem)

Ii<isp—1 k=j

1 1 1 1
- 2 G- 2 Gre)
1<i<j<p—1 1<i<j<p—1

p—1 .

_ (2) (3) 1 p—1—i

P (Hp‘al—l - Hp_1> - Z P Z 2
1<i<j<p—1 i=1

1
=0-3 (Hg_l - H;Q_)1> —(p—1)H?, + H, 1 =pB,_3 (mod p?).
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Recall the congruence Zi: Hy/k?* = B,_5 (mod p) (cf. [ST, (5.4)]). Note that

1 = 1 1
T2= ), @mad ler 2 2 7
1<i<jsp—1 k=j 1<i<j<p—1 1<i<j<p—
p—1 p—1
H, . — H, Hy

and

Ss= Y (W%Jr%)pgjl 1<%+%>(p—j)

1<i<j<p—1 k= 1<icgep—1 N0 VY
B 11\ M H -1/ k=p-1-i
1<i<j<p—1 j=1 i=1
p—1
Hy, 3 2
= — ]{72 +2H( )1 +H]g )1 = —Dp-3 (mOd p)'
k=1

In light of (2.2),

1 p—1 ) 7j—1
e (S-S

1<i<j<p— k=1 s=1
B 1 1 1<~ j—t
-y iy i-- 3 lyi
1<<<—12‘71<t< ' < i<p—1 =
<i<j<p s<J 1<i<j<p—1 t=1
:_ZHJ 1H(2)+Z (H —3) (mod p?).
For every k =1,... ,p — 1, we have
1
Hp—k = Hp—l - s = Hk—l (mod p)
0<j<kp J
and )
(2) (2) (2)
HY =HY - ) et ~H,?, (mod p)
0<j<k
Thus
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and hence
p—1 p—1 p—1 ;.9
_ (2) Hy, Hj,
Sa=> HHY —2) = 2 7 (modp). (2.6)
k=1 k=1 k=1
Since
p—1 ;.9 p—1 772 p—1 2 p—1 ;.9 p—1
Hj; Hyk 1 1 Hj, He 13
Tk = N (H ) =-S5 " ZEoN "k g d
k b—k T g P22 g ~Hpm (modp)
k=1 k=1 k=1 k=1 k=1
and H(S)1 =0 (mod p), we have
p—1 p—1
H? H
Tk = _2k = B,_3 (mod p). (2.7)
k=1 k=1

Combining this with (2.6) and the congruence Zi;} HkH,?) = 0 (mod p) (cf.
[Su2, (2.8)]), we obtain ¥4 = —B,_3 (mod p). This concludes the proof. O

Proof of Theorem 1.1. (1.1) in the case p = 5 can be verified directly; in fact,
5—1 5+1
—-1/(56+1
Z ( /(k + )> =55 (mod 59).
k=0
Below we assume p > 5. As (1.2) implies (1.1), we only need to prove (1.2).

For any p-adic integer , we can write (1+pxz)™ as the p-adic series >~ (ZL) pra™.
Thus, for each £k =1,... ,p— 1, we have
+
4

(M 1>>p“ (o 1)“1 _ 1_1 (1

k
(-5 (3 ) gt () ot ( o)
e J 2 ) (p+1)%57 3 (p+1)%j*
k
:H<1_z_?+ p pip=1) . pPlp-Dlp— 2)
e Jj o 2p+1)j2 6(p+1)2%53 24(p+1)3
k 37,2 4
p pp*—p+1) p 2p°
= 1—%+ : ———(p—-1)(1-2p) + ——
]1;[1< J 257 633( 245
k 5 4 3 4 5 5
p p’—p +p> p —3p P 6
= 1-= d
H( j+ 27 + 675 +12j4> (mod p°)

<
I
_
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and hence

) )

j=1

5 4 3 4
PP =t 4D’ 2y PP =3D° (3 (4)
=— - H —H, H
2 T +1 127°%
p(p* —p*) ( 11 ) p° 11
+ —— E 3 + 5| — = g -3 + ey
2 1<i<i<k t ©J 6 1<i<j<k t rJ
5 k
D 1 1 1 1
+ = E — g 5 T 3 T 3 (modPG)-
2 [ 2122 \ 7 J 1 3)
1< <ie <k 7j=1
Thus, in view of Lemmas 2.1 and 2.2, we obtain
p—1 p+1  p—1
2 : _1/(p+1) _§ :(_1)k p_l
k k
k=1 k=1
5 4 3 4 5 5
p>—p"+p° , p° —3p 2 p
= ~ p°B,_ —— | —=pB,_ — x0
g PPt g ( 3PPr=s | T 75
5 4 5 5
- b
+ 2 5 Y pB, s — %(—Bp—?») + 5 (=Bp-s = (=Bp-3))
_p°

:EBp_g (mod p°)

and hence (1.2) follows since Zz;é(—l)k(pgl) =(1-1P1t=0.

The proof of Theorem 1.1 is now complete. [J

Proof of Theorem 1.2. For each k € {1,... ,p — 1}, obviously

) i £

is congruent to

k
I 1_@ mm 1)  _p* _ (m\ p*  (m) p’
] 2 j2m? 3 ) 73m3 4 ) j4*m*

J

k

3)

e ' om  j2 6m? B 24m3

H(l“ pmol gt (m=oDm=2) g (m = 1)(m = 2)(m -

i
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modulo p°, and hence

() ()

Jj=1
m—145.@2 M=1)(m-=2) 3 @3  (m=1)(m-2)(m-3) , ()
=—9p°H~ — H H
2m Pt 6m? BT 24m3 k
o P 2 (z’j2 * z’2j) T P2 B
1<i<j<k 1<i<y<gk
(m—1)(m—-2) 4, (1 1)
+ P Z — + ==
2 3 3
6m L <ior<k i 1°9
k
m—1, 1 1 .
m=-:- — — (mod
* om Z 0112 Z 32 (mod p7)
1< <9<k j=1
JFi1,i2

Therefore, applying (2.2) and (2.3) we get

m—1 5, 4 m—1)(m—-2) 5/ 2
=" 2B, ) — _ZuB,_
5 P (P Bp-s) 2 p° | —3PBp-s
m-—1 4 (m—1)% ,
— —Dp X by
om P 1+ amz P22
(m—1)(m—2) , m—1 4 5
b —p (X — X d
+ 2 P83+ ———p"(E4 — X3) (mod p°),

where 31, 35, 33,3, are defined in Lemma 2.2. Combining this with Lemma 2.2,
we finally obtain

(Y
Emz—mlp‘lB U ;;g;" ~2) g,

— mz—mlpg’(PBp—s) + (WZ;Q )2p4Bp—3 (m = 2722” — 2)294(—Bp—3)
(0T g,

which gives (1.3). Putting m = p — 1 in (1.3) we immediately get (1.4). This
concludes the proof. [
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3. PROOF OF THEOREM 1.3

Lemma 3.1. Let m and n be positive integers with m < 2n, and let p > 2n + 1
be a prime. Then

= HM™  (—pm-t (2n +1

k2n+l-m 2n + 1

)Bp12n (HlOd p). (31)
k=1

m

When m < 2n we have

p—1 (m)
H By 1_9n — 2 1
b - Popolo2 <n+ (—1)mn m( nr )) (mod p?). (3.2)

2n—m
— k 2n+1 m+1 m

Proof. Since ZZ;} k* =0 (mod p) for any integer s Z 0 (mod p — 1) (see, e.g.,
IR, p.235]), we have S-P_1 1/k2"+1 = 0 (mod p). Hence

p—1 H(m)

Z 2n4+1-—-m
k
k=1

p—1 1 p—1 1
= 2n+1 2n+1—-m -] o

0<j<k
p—1 1 p—1—m p—m ‘
EZ 2t l=m(p — ) Z ( ; )Bz‘k?p m=t (by [IR, p.230])
k=1 i=0
1 p—1—m D m p—1
=_ _ o B; pp—1-2n—i
NG

1 — 1 —
=— Z p—m B; = — p—m By _1-2n
m . 7 m\2n+1—m

1 —m (=)™t 2n+1
=— B, 19, =—"—— B,_1_9n d p).
m(2n+1—m) | ( m ) p-i-2n (mod p)
This proves (3.1).
Now assume that m < 2n. As m,2n —m € {1,... ,p — 2}, we have
p—1 p—1
1 1
) G = pr—— 0 (mod p).
j=1 k=1
It is known that
=l s
= si pr,l,s (mod p?) foreach s =1,...,p— 2. (3.3)

e
I

1
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(See, e.g., [G2] or [S, Corollary 5.1].) Thus

pBp_1-2,, (mod pz).

p—1 p—1 p—1

1 1 1 1

‘m an—m + Z kzZn B Z 'men—m
— ) ) J
j=1 k=1 k=1 1<i<k<p—1

1 1
- Z im L2n—m - Z _ 2\m _ 2n—m
= J"k G2, =)~ k)
S ek
_jZ)m(pZ _ k2)2n—m

3 (™ +pmg™ (R 4 p(2n — m)k* T
j2mk2(2n—m)

1 pm p(2n —m) )
jmk2n—m * jmAlg2n—m " jmp2n—m+1 (mod p).

Therefore, with the help of (3.1) we have

—1 4(m)
on N H
Bp—l—Zn -2 § K

o+ 17 £ f2n=m
—1 _(m —1 m
Epmpz: I;g]énj;) + p(2n —m) pz: %
k=1 =1
Epm% (ZLI 11> Bp—1-2n +p(2n = m)% (272: 1) By_1-2n

and hence (3.2) holds. O

Remark 3.1. By [ST, (5.4)], Zi;i Hy/k? = B,_3 (mod p) for any prime p > 3.
By [M, (5)], Zi: Hy/k?® = —pB,_5/10 (mod p?) for any prime p > 5. Obviously
these two results are particular cases of Lemma 3.1.

Lemma 3.2. Let p > 5 be a prime. Then
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Proof. In view of Theorem 5.1(a) and Remark 5.1 of [S],

(2)
HpyZy _ (Bop-a QBp—3 _ Hp (mod p?)
2 "\2p—-4 "p-3)
and HI(,S_)1 =0 (mod p?). Also,
s 1 H
k—1 _ p—1 2
O T
k=1 1<j<k<p—1
by [T, Theorem 2.3]. So we have
=l pH i
— pHy, k
Z H]l(f_)1 —pHZ()g') pz ! — Hp1 (mod p?).
k=1

This concludes the proof. [
Proof of Theorem 1.3. Let k € {1,... ,p—1}. Then

i p m(m—-1) p°
= H 1—=+ C =
j 2 ijQ

j=1
_ m—1 5 (2 2 1 3
zl—ka—f—Wka +p Z T(modp).
1<i<j<k
Thus, for every r =1,... ,p — 3 we have
p—1 km m
Z (=1) <p/m - 1)
= k" k
p— H(Q) 2 p—1 H?2 H(Q) (35>
11— m p E— Mg 3
Z 2 — (mod p°).
k=1 k=1

(i) Now suppose that n € {1,...,(p — 3)/2}. Then (3.5) with r = 2n yields

i (-1 (p/m B 1) Z 1= ka (mod p?). (3.6)

k2n
k=1 k=1
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By (3.3) and Lemma 3.1,

p—1
1-— ka 2n po—1—2n 2
= —1)pBy,_1_9, = ————— d .
kz_:l k2n (2n+1 )p p=i=2n ont1 (wedp)

So (1.7) follows from (3.6). If n < (p — 3)/2, then

-1 2 -1 2 (2) -1
21)ZH£)ZPZ B Mo )R
pt k2n - an (p _ k)2n -

k=1

and hence by (3.5) with = 2n we obtain

p—1 e m  p-1 2 P~1 19
—1 -1 1—pH, H
( kz)n (p/ﬂ”lt€ ) =Y PR PN R (mod pf). (3.7)

of Sun [Su2, (1.5)], yields (1.6).
(ii) Fix n € {1,...,(p — 3)/2}. Putting r =2n — 1 in (3.5) we get

o (-1 (p/m - 1)’”

k2n—1 k
k=1
A 1-pH, m—-1,%2 H® p2iiHz-H? )
— B — 2 k k— k 3
= PEN™ZE Tk (mod pf).
£l TP I; 1T g ]; Zn—1 (mod p”)

In view of a known result (cf. [G2] or [S, Theorem 5.1(a)]),

p—1 9
1 n—-2n°, .
Z 21— opa 1P By_1_2, (mod p°).
k=1
By Lemma 3.1,
p—1 9
Hy, 1+3n—2n )
= B, 1 " d
pt f2n—1 2(2n+1) PDp—1-2 (mO p)
and
p—1 H}gz)

W = _anflfgn (mOd p).

k=1
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Note also that

p—1 2 p—1 2 p—1
H? H’ (Hy, —1/k)?
f2n—1 - Z (p k 2n 1 Z f2n—1 (mOd p)
k=1 k=1 k=1

and hence

p—1 2 p—1 p—1 p—1
H Hy 1 1 H,
ko — _ - E yETESY = =B,_1-2, (mod p)

L2n—1 = L2n L2n
k=1 k=1 =1

with the help of (3.1) in the case m = 1. Combining all these we obtain (1.8)
from (3.8).
The proof of Theorem 1.3 is now complete. [J

4. PROOF OF THEOREM 1.4

Lemma 4.1. Let p be an odd prime. Then, for any positive integers d and r with
d+r < p, we have

’il (b =0 (mod p). (4.1)
r+d

p—1 p—1—r
k=r r s=0

s=0 s
'Y< (p—1-r
_ p L >( 1)p—17"k( l_k)plrd
k=0
p—1—r 11—y
0t Y (77T )0 (od )
k=0

It is known that for any positive integer n we have

Z <Z)(—1)kkm =0 forallm=0,1,... ,n—1.
k=0

(See, e,g., [VLW, pp. 125-126].) Therefore, (4.1) follows from the above. [
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Proof of Theorem 1.4. Let d € {1,2}. With the help of Lemma 4.1, we have

p—1 p—1
1 a\k (k + a)k
(14 5) =2

— 1 k ‘ k k—r r
=D, R td <k + <T>k @ )
k=1 r=1
p—1 1 p—1 p-—1 (k)
S LY

r=1
p—1 1 p—1 p—1 (k)
EZE—F Z a”"Zﬁ (mod p).
k=1 r=p—d k=r

Thus,

i~}

-1 (p—1)/2 1
1 a\k 1 1 aP
-1+ =) = — =-1 d
) = X (k+p—k)+(p—1)l’ (mod p)

=1 k=1

e

in view of Fermat’s little theorem. When p > 3, we have >-?_11/k%> = 0 (mod p)
by [W], and hence

1 p—1

IR EUEEPA = I =

3
|

k? k
1 k=1

e
Il

as desired. This concludes the proof. [

Acknowledgment. The author would like to thank the referee for helpful com-
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