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PROOF OF A CONJECTURAL SUPERCONGRUENCE

XTANG-ZI MENG AND ZHI-WEI SUN*

ABSTRACT. Let m > 2 and ¢ > 0 be integers with m even or ¢ odd. We
show the supercongruence

p—1 / . m

Z(—l)km (p 77; q) =0 (mod p*)
k=0

for any prime p > mgq. This confirms a conjecture of Sun.

1. INTRODUCTION

Let p be a prime. A p-adic congruence is called a supercongruence if it
happens to hold modulo higher powers of p. A classical result due to J.
Wolstenholme (cf. [7] or [2]) states that if p > 3 then

p—1
k=1

For some recent supercongruences modulo p? involving products of two bi-

2p—1
=0 (mod p?) and ( P 1) =1 (mod p?).
p_

| =

nomial coefficients, one may consult [4] and [1].
Recently, Z.-W. Sun [5] established some new supercongruences modulo

prime powers motivated by the well-known formula

1 n
lim (1 + —) = e.
n—oo n

For example, he obtained the following theorem.

Theorem 1.1. For any prime p > 3, we have

p—1 p+1
-1 1
( /<Z+ )) =0 (mod p°)
k=0
and
p—1 p—1
1/(p—1 2
)
P k 3
where By, B1, Bs, ... are the well-known Bernoulli numbers.
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In this paper we show the following result conjectured by Sun [5].

Theorem 1.2. Let m > 2 and q > 0 be integers with m even or q odd.

Then, for any prime p > mq, we have the supercongruence
p—1 /m . m
Z(—l)km (p . q) =0 (mod p?). (1.1)
k=0

We are going to provide few lemmas in the next section, and then show

Theorem 1.2 in Section 3.

2. SOME LEMMAS
Lemma 2.1. For any positive integer n, we have
- n ki1.m
Z f (=D)*K™ =0 forallm=0,1,...,n—1.
k=0
Remark 2.1. This is a well-known result, see, e.g., [6, pp. 125-126].

Lemma 2.2. Let q be a positive integer, and let p > 2q be a prime. Then,
for any integer k with ¢ — 1 < k < p—1 we have

1 1 1
ot X 5= > =+
q<jsk q<j<pt+q—1- k! Jj=q

Proof. Observe that

o= Y = Y

q<j<p+q—1-k J q<j<p+q—1-k (p B ‘7> k+1—g<i<p—q

—Z Z—— > (modp)

0<z<q 0<i<k+1—q

+ > ﬁ(modp). (2.1)

0<i<qg—1

and

I SO LI DI NN =

q<j<k 0<i<q 0<i<k+1—q k+1—q<j<k J

So the desired (2.1) follows. O

Lemma 2.3. Letm > 2 and q > 0 be integers. Then, for any prime p > mq
we have

gl (q ﬁ 1)m =0 (mod p) (2.2)

k=q—
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and

p—1 e m . B
Zl <q - 1) 2 k=02~ 0 (mod p). (2.3)

0<i<g—1

Proof. As m(q—1) < mg—1<p—2, we can write

(q - 1>m Z%x]

with ag, . . ., a,—o p-adic integers. It is well-known that Zi;(l) k7 = 0 (mod p)
for any positive integer j #Z 0 (mod p — 1)(see, e.g., [3, p. 235]). Thus

—2

p—1 k m p—10p ' p—2 p—1 4
> ( _1) => > ik’ =) a; > K =0 (mod p).
1\ k=0 j=0 j=0 k=0

k=q—

Let [ be any integer with 0 <! < ¢— 1. Then

pi (qﬁl)mﬁ

k=q—1
p+l-1 m p—1 m

B k 1 k1™ 1

=2 (q—l) (k—1)? :Z(q—l) 2 mod p)
k=l+1 k=1

Asm(¢—1) <mg<p-—1and (qil) = 0, we may write
n" .
(x +1) = > o
1= m<j<p—1
with ¢, ..., cp—2 p-adic integers. Hence

p—1 m p—1
k > 1 o
E = c;k’
. (q -1) (k=1) :

k=q—

Now it follows from the above that

pi (qﬁl)m 2 ﬁ

k=q¢—1 0<i<q—1

-y 5 (,51) g =0 tmoan.

0<l<q—1 k=q—1

This concludes the proof. 0
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3. PROOF OF THEOREM 1.2

Proof of Theorem 1.2. For each k € {1,2,--- p — 1}, obviously

(—1)km (p/ﬂ”;— q)m _ (_Ukmﬁ (p/m —g—j+1

is congruent to
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So, from the above we obtain

S (M) S () e ()

k=0 k=0

om—1(k+q—1\" 1
_Zp 2m ( q—1 ) 2 (j+q—1)

0<j<k

1 p+q—2 k m 1
:p2m2m 2 (q—l) 2 72

k=q—1

p—1 m
_om—1 k 1 3
=P 5 1 (q— 1) E - (mod p°).

k=q—

Clearly,

i pz;il(q—l) Zji?

q<j<k
—1 p—1 m
1 p+q—2—Fk 1
Z Z =T . Z 5
~ ] q—1 , J
k=q-1 q<j<k k=q—1 q<j<ptq—1—k

and

() (e

forall k=qg—1,q,...,p— 1. Therefore, with the helps of Lemmas 2.2 and
2.3, we get
p—1

2 2 (qﬁl) Z_

k=q—1 q<]<k

- pi: (qf1>m<z j%+ 2 %)

q<j<k q<j<p+q—1-k

=S (M) (EE X o)

k=q—1 0<l<q— 1
=0 (mod p).
As the degree of the polynomial (”q 1) s (m—1)(g—1) < (m—1)g <
p — ¢, by Lemma 2.1 we have

) ) B e )

k=0 k=0
Therefore the desired (1.1) follows from the above. O
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