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ABSTRACT. Let H,(f) denote the second-order harmonic number Zo<k<n 1/k?
for n =0,1,2,.... In this paper we obtain the following identity:

o 2
$ 2w
k(Qk) 48.

k=1 k

We explain how we found the series and develop related congruences involving
Bernoulli or Euler numbers; for example, it is shown that

G)

2k

Ju

p—
2

Z H,(C)E— p—3 (mod p)

k=1

for any prime p > 3, where Eg, F1, Fa,... are Euler numbers. Motivated by

the Amdeberhan-Zeilberger identity > 70 ;(21k — 8)/(k3 (2kk)3) = 72 /6, we also

establish the congruence

(p—1)/2
21k — 8
2 W) (-1)PT/24E, 5 (mod p)
k=1 k

for each prime p > 3.
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1. INTRODUCTION

Series with summations related to m have a long history. Leibniz and Euler
got the famous identities

= (-D)F ow =1 72

=~ and — T
ZQk—i—l g ZkQ 6
k=0 k=1

respectively. Though there exist many series for 7 and 72 (see, e.g., [Ma]),
there are very few interesting series for 7. The most well-known series for 73

is the following one:
3

— (-DF =
; k117 32 (1.1)

In 1985 Zucker [Z, (2.23)] showed that

“~ (2k +1)316" 216 '

Recall that harmonic numbers are those rational numbers

1
Hy,:= ) - (n=0,1,2,...),

0<k<n

and harmonic numbers of the second order are defined by

1
HY = > = (=012..)
0<k<n

Now we give our first result which appears to be new and curious.

Theorem 1.1. We have the following identity:

00 (2)
Qk}é’;—l = 1—3. (1.3)
o k(G 8

Remark 1.1. The author noted that Mathematica 7 could not evaluate the
series in (1.3).

By Stirling’s formula

n! ~ V2mn <E) (n — +00)
e
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(2:) ~ \;% (k = +00).

Note also that H2 — ¢(2) = 7%/6 as n — +oo. Therefore
2HZ,  (@vT
k
BG) 2R
So the series in (1.3) converges much faster than the series in (1.1) (but slower

than the series in (1.2)). Using Mathematica 7 we found that for n > 500 we
have

and thus

(k — +00).

Sn, < 1
73 /48 10150
where s, :=> 1_, QkH,E:Q_)l/(k(ik))
The reader may wonder how the author discovered (1.3) which gives a series

for 3 of a new type. Now we present some explanations.
Let p be an odd prime. In [Su3] and [Su4] the author proved the congruences

p—1 (Qk)

Z QL]C = (-1)PV/2 _p2E, 5 (mod p®) (1.4)
k=0
and
p—1 p—1 (Zk)
> B = (—1)P=1/29p=1 (;mod p?) (1.5)
ko) (=2)F
k=0
respectively, where Ey, F1, Fs, ... are Euler numbers given by Ey = 1 and the
recursion .
3 (Z)En_k —0 (n=1,2,3,...).
k=0
20k

For £k =0,...,p—1, clearly we have

(L= ()

2 2
— p 2 _ 1% 2 (2) 3
=1-pHi+ 75 Z Z,—j_l—pHH?(Hk—Hk ) (mod p*).
0<i<j<k
So, in view of (1.4) and (1.5), it is natural to investigate
p—1 <2k> p—1 (Qk:) p—1 (Qk:)
Z LH,E:Z) mod p, Z ~ELH2 mod p, Z ~kZ H,. mod p*.

2k 2k 2k
k=0 k=0 k=0

This led the author to obtain the following result.
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Theorem 1.2. Let p > 3 be a prime. Then
p—1 (2k

> QLR)H,S) = —E,_3 (mod p). (1.6)
k=0

Remark 1.2. Let p be an odd prime. We are also able to show that

p—1 2k 2
-1\ ¢5(2)°  Ep_3
(%)H£E<?> p2 - 172 (mod p), (1.7)
k=0
p—1 2k
-1\ Hp-1))2
Gy, = (1) Fe2 iy o 1), (18)
k=0

where ( 1_7) denotes the Legendre symbol, and ¢,(2) stands for the Fermat quo-
tient (2P~ — 1)/p. Recall that in 1938 Lehmer [L] proved the congruence

Hp_1)2 = —2¢,(2) + p¢p(2)® (mod p?). (1.9)

In view of certain correspondence between series for the zeta function or
powers of m and congruences involving Bernoulli or Euler numbers revealed
in the authors’ papers [Su2] and [Su3], the congruence (1.6) suggests that we

should consider the series > /-, (2:) H ]iz)/ 2%, Since this series diverges, we
should seek for certain transformation. Let p be an odd prime. By [Su2,
Lemma 2.1] and [T],

1(2(p—k)) 2 p—1

= mod fork=1,...,——.
p\ p—k k:(%)( P) 2

Thus, if p > 3 then

p—1 (Qk) (p—1)/2 k(%) (p—1)/2 H® 9
(2) — (2) — 14
S =y =5 (B wt)
k=0 k=1 k=1 p—k
- > (5l )
= - k
pischey NP R)ZPTE(50)
pug, o
=—p — =—p ———— (mod p)
p/z<zk<p k() ;; k(%)

since 2P = 2 (mod p) and

2 2 2 2
_H;()—)k = H;S—)l - H;(;—)k = Hli—)l (mod p).
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Therefore the congruence in (1.6) is equivalent to
p—1 5k r7(2)
28H, ™
pz # = E,_3 (mod p). (1.6")
k=1 k( k )
Motivated by (1.6") the author found (1.3).
Now we state our third theorem which is close to Theorem 1.2.
Theorem 1.3. Let p be an odd prime. If p > 3, then
p—1 (2k:)
> 4%1{ =2 — 2p+ 4p?q,(2) (mod p?). (1.10)
k=1

We also have

> 4%}1,9 = —4g,(2) (mod p) (1.11)
k=0
and o1
p—1)/2 2k
2) _ Bp-3
Z %H,g ) = pT (mod p), (1.12)
k=1
where By, B1, Bs, ... are Bernoulli numbers.
In 1997 T. Amdeberhan and D. Zeilberger [AZ] obtained that
> 21k — 8 L=
Z 52K\ 3 :C(2):F'
k=1 k (k)

We are able to establish the following result related to the Amdeberhan-Zeilberger
series.

Theorem 1.4. Let p > 3 be a prime. Then

(p—1)/2 9\ 3
> (21k+38) ( k) =8p+ (—1)P"V/232p3F, 5 (mod p*) (1.13)
k=0
and hence 1)
p—1)/2
21k — 8
kg(%)g = (-1)P*V/24F, 5 (mod p). (1.14)
k=1 k
Remark 1.3. In [Su3] the author showed that
p—1 3
> (21k +8) L) =80 +16p" By s (mod p?) (1.15)
k=0

for any odd prime p. However, (1.13) is much more sophisticated than this
congruence involving B,,_3.

The next section is devoted to the proof of Theorem 1.1. We are going
to show Theorems 1.2-1.3 and Theorem 1.4 in Sections 3 and 4 respectively.
Section 5 contains some conjectures of the author for further research.
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2. PrROOF OF THEOREM 1.1

Set

= 2k

= kG
Then

i PHHS N 2H) 2P T (k 4 1)
S = = _ kR
2k+2 2k+1
— k+1)0) = kDY) = TRE+2)

Recall the well-known fact that

1
I'(a)T'(b
B(a,b) := /0 271 —2)de = % for any a,b > 0.
So we have
00 H(Z)
S:ZQ’“H,EQ)/ dx—z / (1— (22 —1)*)kdx
k=0 0
H(Q) (2)
:Z 2k+1 / dt Z 2k /
k=0 -1

Observe that if 0 <t <1 then

where the dilogarithm Lis(x) is given by
: — "
Lis(z) := Z — (|lz] < 1).

n2
n=1

Therefore

S LI D oo /1—-¢2
5:/O 1—|—t2L12( 5 )dt:/oLl2( 5 )(arctant)'dt.
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Note that
> gnt log(1 — x)
Li’ = = —
ip(z) 7; " T
and hence
d 1—t? log(1 — (1 —1t2)/2) 2t 1+t
dt 12( 2 ) a—mp (D=1 gle—

Thus, using integration by parts we obtain

S 1— ¢ . ! 2t 14 2
5 :Liz( 5 )arctant t:o_/o (arctant)l_t2 log —; dt

1 2
1 1 1+1¢
:/ (arctant) — log + dt
o 1+t 1—¢ 2

:/1 arctant log 1 4 2 g — /_1 arctant log 1+¢2 dt
0 0

1+¢ 2 1+t 2
1 2
arctant 1+t
= | dt.
/_1 11t 272

Finally, inputting the Mathematica command
Integrate[ArcTan[t]Log[(1+t"2)/2]/(1+t),{t,-1,1}]
we then obtain from Mathematica 7 that
/_11 arlcia?t tog g =T

2 96
Thus S = 73/48 as desired. We are done.

3. PROOFS OF THEOREMS 1.2 AND 1.3

We first state some basic facts which will be used very often. For any prime
p > 3 we have

(p_zl)/z 1 = ASE =0 (mod p)
B2 2lak2 P
k=1 k=1

since Z?;%@j)” = S7 k2 (mod p). If p is an odd prime, then

((p _krl)/Q) _ (—2/2> _ ((_ng (mod p) forall k=0,...,p—1. (3.1)

For any n = 0,1,2,... we have the identity

S (D)= (7)) (32)

k=0
which can be found in [G, (1.5)].
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Lemma 3.1. For any positive integer n, we have the identities

k=1
and
“L /) (—1)F1
(k> %Hk = H?. (3.4)
k=1

Proof. (3.3) and (3.4) follow from [G, (1.45)] and an identity of V. Hernandez
[He] respectively. Below we give a simple proof of (3.4). In view of the binomial
inversion formula (cf. (5.48) of [GKP, pp.192-193]), (3.4) holds for all n =

1,2,3,... if and only if for any positive integer n we have
- n 2 Hn
> (k)(—l)kﬂé )= - (3.4)
k=1

In fact, in view of (3.2) and (3.3), we get

and hence (3.4’) holds. O

Lemma 3.2. Let p = 2n + 1 be an odd prime and let m be an integer with
m # 0,4 (mod p). Then

n 2k n 2k
Z (L)H,?) =— <m(m — 4)) (i) H (mod p). (3.5)
f—

In particular,

(p=1)/2 r2k (p=1)/2 r2k
-1 H
E —(2kk) ngz) = (—) E <’;€)2k K (mod p). (3.6)

k=1

Proof. Clearly it suffices to prove (3.5).
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In view of (3.4), we have

B0 S ()

=1 k=1 =1
Sy () ()
S ()2 () ()

So, with the help of (3.1), we obtain

n (2k

n 2 ]H
k) () _ ;
~—~LH~ =- mod p).
> = - (M= )A_lj (mod p)

k=1

This proves (3.5). We are done. [J

Lemma 3.3. Let n be any positive integer. Then

= (n\ (=2)% K~ Hy—H,y,
3 (1) 2 gy e e i
k:kl

k=1 —
2t

Proof. Let S,, denote the left-hand side of (3.7). Observe that

B e [ S A
/ / 5 () N
e

1 n
=— 2/ / — 2xy)* (1 — 29)" Fdxdy.
0
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Clearly,
1 k
1 —2zy)
| — 2y)t—ldg = {
/0 (1= 2ey) “oky |, k(1—2y—1)
Therefore

k. .
1 B . (1 _ Qy)n—k:-H
=y 12y gy =

k=1" j=1 1<<k<n
< en k(n —k+j) po 1 jzln—l—j—i
"1
:—QZ;(H,L H,_;)
=1
2ti

This completes the proof of (3.7). O
Lemma 3.4. Let p > 3 be a prime. Then

((pp—_l)l/Q) = (—1)P=D/24P=1 (mod p?).

Remark 3.1. (3.8) is a famous congruence of Morley [Mo].

Lemma 3.5. Let p > 3 be a prime. Then
(p—1)/2

> Tzqu(z) —<?> 5 (mod p)
k=1
2k
and b1/

p—1)/2

Hk 5 2 _]- Ep—3

— = —q,(2 — d p).
S = e () o)
2|k

Proof. Set n = (p —1)/2. Clearly it suffices to show that

and

y=0

(3.10)

(3.11)

(3.12)
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Let 6 € {0,1}. For r =0,... ,p — 1 we obviously have

(—1)’”<p; 1) - I (1 - g) — 1 - pH, (mod p?).

0<s<r

Thus

k=1 k=1
and hence
— (=1)°F - sk (1, P IS (5+1)k (P 2
H. = —1 -+ = - -1 d )
p; Pl ;( )51tz +p;( ) ) (mod p%)

(3.13)
Putting § = 0 in (3.13) and recalling (3.2) and the congruence Y ;_, 1/k? =
0 (mod p), we get

"\ H, G|
P —kEHn-l-( ") (mod p?).
k p
k=1
With the helps of (1.9) and (3.8), we have
— Hy, (1+pgp(2))* —1

= 2p p(2)* (mod p?)

= 90 (2 2)?2
pk; - 4p(2) + pgp(2)* + )

which yields (3.11). Taking § = 1in (3.13) and using the congruence Y ;_, 1/k* =
0 (mod p), we obtain

pzn: <_]§1>ka EZ—(_D; 1 +pZ—(_1)k+ Lo, 22

2
k=1 k=1 -k 2p
p Lp/4] 1
=Hipaj +5 2 53~ Hat ap(2) (mod p7)
j=1
Let’s recall (1.9) and note that
/4] ;)
== 4 (?) E,_s (mod p) (3.14)
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and

3 -1
HLP/4J = _BQP(Q) + §pr(2)2 — <?> pEp_g (mod pg)

by Lehmer [L, (20)] and [S2, Corollary 3.3] respectively. Therefore,

"L (—1)F 3 , [—1
Py He=—30,(2) + 5pap(2)” - — ) PEp-s
k=1

o (‘?1) By + (20,(2) — pgy(2)) + ap(2)

-1
~2ap(2 + (1) pEp-a (mod )

and hence (3.12) holds. We are done. [
Lemma 3.6. Let p be an odd prime. Then

p—1
— = —q,(2 . 1
E= 20,2 (mod p) (3.15)
k=1
4|k—2
If p > 3, then we also have
p—1
— = —q,(2 . 1
E= 20,2 (mod p) (3.16)
k=1
4k

Proof. As Hyp—j, = Hp—1—3 g ;< 1/(p—j) = Hp—1 (mod p) fork =1,... ,p—1,

we have

p—1 p—1
Hy _ Hp_k
b 7 =p Iy
k=1 k=1 p
4|k—2 4|k—p+2

k=1 k=1
4|k+p 4|k+p
T 1fp-1) &1
- E(k—l)_ZE(mOdPQ)
k=1 k=1
4|k+p 4|k+p
Note that
p—1 2\9(p—-1)/2 _ p—1 _ (2\9(p—1)/2
1 1 2 1 2 2
— k\k—-1 P [
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by [Sul, Corollary 3.1] and that

p—1 Hk 2p—1 _ (%)2(1"1)/2 2p71 -1 P

— = — = q,(2)?
L % 4p + 8%9( )

2 ~1)/2 2
(]_9)2(13 )2 — 1 + ]—)q (2)2
2p 8

-1 _1\* p 3
= (P ) Bl = e ®? (nod

and hence (3.15) follows. When p > 3 we can prove (3.16) in a similar way. O
Proof of Theorem 1.2. Set n = (p —1)/2. In view of (3.1) and (3.6), it suffices

R () e

k=1

For each k =1,... ,n, evidently

k—1 1 k—1 1 H
H,—H, = = _9 : — 9 ( Hy — =E ) (mod p).
k jz:(:)n—j 29511 ( 2k ) ( p)

Thus, in light of (3.7), (3.15) and (3.9), we have

n

3 (1) Fmes () e L P

k=1 k=1 k=1
2tk 4|] 2 2tk
=—q,(2)" — z¢,(2)"+ | — ) Ep—3 (mod p
502 = 50,2+ (- ) By (mod p)
as desired. This concludes the proof. [J
Lemma 3.7. Let p > 3 be a prime. Then
— H
k_ = p—3 (mOd p) (3.17)
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and

(p—1)/2 1
&= —2B,_3 (mod p). (3.18)
k=1

Remark 3.2. (3.17) appeared as [ST, (5.4)], and (3.18) follows from [S1, Corol-
lary 5.2(b)].

Lemma 3.8. For any positive integer m and nonnegative integer n we have

" /n\ (—1)F 1
= . (3.19)
kz_;) (k) kE+m m( ;; )
Remark 3.3. (3.19) can be found in [G, (1.43)].
Proof of Theorem 1.3. Observe that
p—1 2k p—1 k
—-1/2 1
D5 ()s
k=1 k=1 =1
p—1 p—1 7j—1
S (E O er-2 ()
j=1 k=0 k=0

S Pn-E o (7)o ()

()R =G

J

3
—_

1

(o Er (7))

:(;?i/f> H,_, — 2(_;/31 1) +2.

Now assume p > 3. Note that

() =) = = = gl o
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since (2p 1) =1 (mod p?) by Wolstenholme’s theorem (see, e.g., [HT]). In view
of Wolstenholme’s congruence H,_1 = 0 (mod p?), by the above we have

—3/2 2p

2 Ez_Q(p— 1) B ES TN

=2—2p(1— pqp(2))2 =2-2p+ 4p2qp(2) (mod p3).

So (1.10) holds.
Below we write p = 2n + 1. Combining (3.1), (3.4") and (1.9), we get
n (Zk) H
2) _ (r=1)/2 _ _
Z %H’g ) = _m = 2H(p_1)/2 = —4qp(2) (mod p)
k=0

This proves (1.11).
In view of (3.4) and (3.19), we have

S0 L)Y

k=1 j=1

EEOEG)

Observe that

k=1 k=1 p
& (H, Hp, “H, &1
= <k2 L2 ):2 ﬁ_Zﬁ(mOdP)
k=1 k=1 k=1
Therefore, with the help of (3.1) we have
G ey _ _ (N He N1
Z 4k H = — :—— Zﬁ_F ﬁ (Il’lOdp)

Now applying Lemma 3.7 we immediately get the desired (1.12).
The proof of Theorem 1.3 is now complete. [J
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4. PROOF OF THEOREM 1.4

Lemma 4.1. For any positive integer n, we have the following identities:

kio (Z) (n ’ k) ) Hy =2(—1)"H,, (4.1)
no (Z) (n+k) DEH® 1>n_1§ (—le)’“‘ (42)

Remark 4.1. (4.1) and (4.2) can be found in [OS] and [Pr].
Lemma 4.2. Let p =2n+1 be an odd prime, and let k € {0,... ,n}. Then

<5k>+/2k =hep i 2j (é?y%l)z

7j=1

U (4.3)
_%; (27 —1)? (mod p*)
and . i i )
(%5)512) A - -p;ﬁ%(izf_l) -
_P;jz; (2ji1)2 (mod p?)
Consequently, 2
(Z)("Z*)(—lﬁzz(zl (mod ). (45)

Proof. Observe that

(") _qp _mrdi p
@WM_HQWJW%YIIO+M—J
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This proves (4.3). Similarly,

p2

COM B e N
(2:)—/4]12_1_[(1_%_1>:1—p;2j_1+55k (mod p?)

J=1

and hence (4.4) holds. Clearly (4.5) follows from (4.3) and (4.4). We are
done. [J

Remark 4.2. The congruence (4.5) was first observed by van Hamme [vH].

Lemma 4.3. For any nonnegative integer n we have
n 2
n 2n
= 4.6
> (1) - () o
k=0

Y (”) G) _ G (4.7)

and

Remark 4.3. As (Z) = (nﬁk) and (2kk)/(—4)k = (_2/2) forallk =0,...,n, both
(4.6) and (4.7) are special cases of the well-known Chu-Vandermonde identity
Sico (DY) = (") (cf. [G, (3.1)] or (5.22) of [GKP, p.169]). O

n

Lemma 4.5. Let n be any positive integer. Then

n—1 3

1 2

ty = o (21k + 8) ( :)
an (') =

n

coincides with

k=0 k

Remark 4.4. In Feb. 2010, the author conjectured that ¢,, is always an integer
and later this was confirmed by Kasper Andersen by getting ¢, = t/, via the
Zeilberger algorithm (cf. [Su3, Lemma 4.1]).

Now we are ready to prove the following auxiliary result.
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Theorem 4.1. Let p > 3 be a prime. Then

(p—1)/2 2
2k\ > Hy, —1
> (k) ToF =2 <—) Hp—1y/2 (mod p?), (4.8)
k=0 p
(p—1)/2 2 17(2)
2k\ > H
Z ( . ) 1gk =—4F,_3 (mod p), (4.9)
k=1
(p—1)/2 2
2k\° H —1
(k) ﬁ =4 <—) E,_3 (mod p), (4.10)
k=1 p
(p—1)/2 2
2k\ > H. ~1\ 3
(k) 16 = (_) 5 Hw-1)/2 + PEp—s (wod p?).
k=0 p (4.11)

Proof. Set n = (p—1)/2. In view of (4.5), (4.1) implies (4.8), and (4.2) yields

that 2 1r2)
~ (2k\"H, _ no1x- (1" 2
Z(k> o =201 ; 5 (mod p?).

k=0

Since > p_; 1/k* =0 (mod p), we have

~(-DF _ G (=DF+1 1
Z kK2 k2 2

=1 j=1

5 =2(-1)"Ep—3 (mod p)
k=1

=

by applying (3.14) in the last step. Now it is clear that (4.9) holds.
Next we deduce (4.10). With the helps of (3.4) and the Chu-Vandermonde
identity, we get

[
VRS
> 3
N———
VRS
S
> +
N
|
—_
=
R
&

i
o

-

>
Il
A

<
I
-

.

<.
I
-

.

I
(]
7\ /\3\ /N
N—— — N~
T
—
~—
<
L
=
[

<
I
_
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Thus, by applying (4.5) we obtain (4.10) from (4.9).
Since

and hence

k=0 7j=1 k=0
2
1 n 2k )
=-7 (1k62“ H,i ) (mod p)
k=0
Thus (4.9) implies that

Sy

k =FE,_3 (mod p).
k T 1)2 p—3 p
£ 165 = (2] 1)
By [Su3, (7)),
n  (2k\2

)

=(—-1)" +p2Ep_3 (mod p3),

Combining this with (4.12), we see that
i (2k)2( k 1
kL1 - p? —) =(-1)" (mod p*).
k T 1)2
22716 (2 - 1)

By (4.6) and (4.7), we have

(-5) (-2 () -25)
) ( O
e CUR GO VICSLAN GO VICH

19

(4.12)

(4.13)
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Combining this with (4.4) we get

(-5 (=5 T (A(St) )

k=1 j=1

By Morley’s congruence (3.8),

(1= 2) () + 0" = (0 = 2074 1) = (15,2 (rod )

Thus, in light of (4.13) we obtain

(p‘zl)/z (}Zf (é 2]-1_ 1>2 =FEp3+ (%1) ap(2)°  (mod p). (4.14)

k=1

By (4.7), (4.4), (4.12) and (4.14),

Combining this with (3.8) and (4.13) we obtain

n (2k\2 k

Therefore, in view of (4.8) and (1.9), we have

n 2 n 2 k
) () 1 Hy
2 Sy —ZW(;m+7)

=(-1)" (=02 + £p(2)?) + pEp-s + (-1)"H,

3
(_1)H_Hn +pEp73 (mOd p2>'

2

This proves (4.11).
So far we have completed the proof of Theorem 4.1. [J
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Proof of Theorem 1.4. Write p = 2n + 1. Clearly

4(n+1) (2(:jf)) =8p <2:> = 8p(—1)"4*~!  (mod p*)

by Morley’s congruence (3.8), and

er= (1 +pagp(2)
=(1-pg(2) +0°0(2)%)° =1 = 2p,(2) + 3p%¢,(2)? (mod p?).

Thus, in view of Lemma 4.5, (1.13) is reduced to
(=

i(n—i—k’) _4p E, s+ (-1)"
o\ k 4 (4.16)
E4p2Ep_3 +(—1)"(1 —2pgqy(2) + 3p2qp(2)2) (mod pg).

For each kK =0,... ,n, by (4.3) we have

()

So we can obtain (4.16) by using (4.12)—(4.15).
Now we deduce (1.14). Combining (1.13) and (1.15) we get

p—1 2%\ 3
> (21k+38) ( k) = (—1)PtD/232p3E, 5 (mod p?),
k=(pr1)/2
ie.,
(p=1)/2 (=K1
S @Up— k) +8) = = (-1)PTV/232E, 5 (mod p).
k=1 p
By [Su3, Lemma 2.1], for each k = 1,... ,(p — 1)/2 we have
2(p—k
( (Zf’_k)) -2

= mod p).
v e
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Therefore

p—1 3
-2
> (—21k + 8) (W) (-1)P*Y/232E, 5 (mod p),
i (i)
which gives (1.14).

The proof of Theorem 1.4 is now complete. [l

5. SOME RELATED CONJECTURES

We first pose the following conjecture similar to (1.6).

Conjecture 5.1. For any prime p > 3 we have

LHHEP 2oH 76

k k _ p—1 2 3

AR i e e L e Y d

2= T gt s (mod 1),
= (e 3 H 479

k k _ p—1 2 3
ZWZ—E' 0 +T80po75(mOdp):
k=1
= (e 8 H 268

k k _ p—1 2 3

KR =9 2 T 1215P Pres (mod p).
k=1

Remark 5.1. It is known that
H, 4 B, 3

p? 3

(mod p) for any prime p > 3

(see, e.g., [S1]).
The following conjecture is close to Theorem 1.3.

Conjecture 5.2. Let p > 3 be a prime. Then

p—1 (2k) 7
> A Hr =gpBys (mod p?),

4k
k=1
p—1 5
A"Hp_1 2
Z =-B,_3 (mod p)
2k p—3 )
= 2003
(r—1)/2 4
A"Hop—y 7T
]CQ 222 - _2 p—3 (Il'lOd p)a
= kG
p—1 (2k
H,_
@H,?) =— 3 Mo poBp,g, (mod p?).
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Also,
p—1 (Qk) 3
k _
Z L24k H :§Bp—3 (mod p),
k=1
p—1 (2k) 5
k _
> 12k 12k =5 Bp—3 (mod p),
k=1
and X
p— (Zk: H2 i
k) _ (p—1)/2 p—1 3 )
£ p2ak = 9 1 . (mod p’) provided p > 5.

Remark 5.2. The author ever conjectured that

(p—1)/2 (Qkk)

-1
Z WH% = -2 (?) E,_3 (mod p)

k=1

for any prime p > 3; this has been confirmed by his former student Hui-Qin
Cao. Using Mathematica 7 the author found that

4k Hy 4 > 4kH, 21
—rez), S it 2y
o) 2 e 2

o (2k 3 o 2k 2_310g24
ZMHIEZ):iq?’)’ Zl{(:k) :W .

24k 6

Motivated by Theorem 4.1, we pose the following conjecture.

Conjecture 5.3. Let p > 3 be a prime. Then

p—1
2
Z (lgk Hék) =B,_3 (mod p),
-1
(p—1)/2 (Qk) 5
16+ Hgk =— 5 p—3 (HlOd p)a
k=1
p—1
H,_ 7
Z ) H(Z) =—-12—= + —p2Bp 5 (mod ps),
k16 p? 10
k=1
Sl 7
2
i16r Lh 2 p*By—s (mod p7).

k=(p+1)/2
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Also,

and

[AZ]

ZHI-WEI SUN

(p—3)/2 (2k)2

2
Z WHIE ) = —7Bp,3 (HlOd p)

k=0
p—1 (2k>2 31
Z k) g3 = _o2p (mod p?).
k k V% 5 p
b= (o7 1)/2 (2k+1)16 2
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