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ABSTRACT. Let m be a positive integer, and define

Cm(s) = Z ( ©

27r1/m)w(n) o0 27Tz/m)Q(n)

and ¢ (s) = Z S —

for R(s) > 1, where w(n) denotes the number of distinct prime factors of n, and
Q(n) represents the total number of prime factors of n (counted with multiplic-
ity). In this paper we study these two zeta functions and related arithmetical
functions. We show that

> ©

n—
n is squarefree

eQﬂ'i/m)w(n)
=0 ifm>4,
n

which is similar to the known identity > >° | u(n)/n = 0 equivalent to the Prime
Number Theorem. For m > 4, we prove that

Gm(1) —Z( ‘

27m/m)w(n) 27rz/m)Q(n)

=0 and (1) := Z( c =0

We also raise a hypothesis on the parities of £2(n) —n which implies the Riemann
Hypothesis.

1. INTRODUCTION

The Riemann zeta function ((s), defined by

= Z 1 for R(s) > 1
nS
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plays a very important role in number theory. As Euler observed,

) =11 <1 - is>_1 for R(s) > 1.

» p

(In such a product we always let p run over all primes.) It is well-known that
((s) for R(s) > 1 can be continued analytically to a complex function which is
holomorphic everywhere except for a simple pole at s = 1 with residue 1. The
famous Riemann Hypothesis asserts that if 0 < R(s) < 1 and ((s) = 0 then
R(s) = 1/2. The Prime Number Theorem w(z) ~ z/logx (as x — +00) is
actually equivalent to ((1 + it) # 0 for any nonzero real number ¢. (See, e.g.,
R. Crandall and C. Pomerance [CP, pp. 33-37].)
The Mobius fucntion u defined on Z*T = {1,2,3,...} is given by

1 if =1,
pu(n) =< (—=1)F if nis a product of k distinct primes,
0 if p? | n for some prime p.

It is well known that

- 4(n)
C(s)nz_:l = 1 for R(s) > 1.
Also, either of 3777 u(n)/n = 0 and 3 . p(n) = o(x) is equivalent to the
Prime Number Theorem. (Cf. T. M. Apostol [Ap, §3.9 and §4.1].)

The reader may consult [Ap] and [IR, pp. 18-21] for the basic knowledge of
arithmetical functions and the theory of Dirichlet’s convolution and Dirichlet
series.

If n € Z* is squarefree, then p(n) = (=1)?( depends on Q(n) modulo
2, where (n) denotes the number of all prime factors of n (counted with
multiplicity). For the Liouville function A(n) = (—1)%( it is known that

Z AMd) = 1 if n is a square,
i 1 0 otherwise.

(See, e.g., [Ap, p.38].) J. van de Lune and R. E. Dressler [LD] showed that

S (=1)*0) /i = 0, where w(n) denotes the number of distinct prime factors

of n.
Now we give natural extensions of the functions p(n), A(n) and ((s).

Definition 1.1. Let m be any positive integer. For n € Z* we set

(—e2m/myw(n) if p is squarefree,
o) = { (L

0 otherwise,
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Up(n) = (=e2™/™)@(M) and v* (n) = (—e?m/m)2n), (1.2)
For R(s) > 1 we define

Cm(5) = g V”;L(Sn) =11 (1 - ‘;%_/7:) (1.3)

and

G =3 B (1 ) L4

As v, is completely multiplicative, the second identity in (1.4) is easy and
in fact known. Since v, is multiplicative, if R(s) > 1 then

m ﬂimoo 1
ST =TI (o )
=1

n=1 p k=0 p

oo

and hence the second equality in (1.3) does hold.

As p1 = p, we call u,, the generalized Mobius function of order m. Note
that (a(s) = (3(s) = ((s). Also, vi(n) = (=1)%( is the Liouville function
A(n), and

f) = N M) C(2s) AN e
Hs)=> e —H(1+ps) for R(s) > 1

n=1 p

(Cf. [Ap, pp.229-230].) If we replace —e?™/™ in the definition of ¢* (s) by
e?™/™ the resulting function was shown to have an infinitely many valued
analytic continuation into the half plane R(s) > 1/2 by T. Kubota and M.
Yoshida [KY]. (See also [A] and [CD].) It seems that the zeta function (,,(s)
introduced here has not been studied before.

Our first theorem is a basic result.

Theorem 1.1. Let m be any positive integer.
(i) The function u},(n) = pm(n)A(n) is the inverse of v, (n) with respect to
the Dirichlet convolution, and hence

i ;‘” =1 for R(s) > 1. (1.5)

For R(s) > 1 we also have

1 + 627m/m)Q(n)

(53 — ¢(s). (1.6)

n=1
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(ii) If m > 4, then

I1 (1 + e%i/m) ~0. (1.7)

On the other hand,

e27r1l/3
”(l—i- )zO and lim
xr—r o0

p p p<T

Remark 1.1. If R(s) > 1, then both (¥, (s) and (,,(s) are nonzero by (1.5) and
(1.6).

Our second theorem is a general result.

Theorem 1.2. Let z be a complex number with R(z) < 1. For x > 2 we have

Zw(n)
>~ = F(2)(log )" + c(2) + O((logz) ") (1.9)
and
zw(n)
> T =G(x)loga)" +cu(2) + O((logx) ), (1.10)

n<x
n is squarefree

where ¢(z) and c.(z) are constants only depending on z, and

7o () (3)
S UCHICHE

If |z| < 2, then for x > 2 we have

ZQ(n)
> =H(2)(logz)" +C(2) + O((log )" ), (L.11)

n<T

where C(z) is a constant only depending on z, and

wo-rmis (05) (5)

Theorem 1.2 obviously has the following consequence.



ON A PAIR OF ZETA FUNCTIONS 5

Corollary 1.1. For any complex number z with R(z) < 0, we have

>

o) o0 Lw(n)

and Z = ¢ (2). (1.12)

n

- n=l1
n is squarefree

If |z| <2 and R(z) <0, then

> Q(n)
Z (1.13)
n=1
Theorem 1.3. We have
3 Ho(n) _ = 0. (1.14)
n=1 n =

Moreover, for any positive integer m # 2 we have

(og)" 30 ) —geemimypo () @z

n<e

where G(z) is defined as in Theorem 1.2.

Remark 1.2. 1t is known that

) _ 57 ML Soesev0 ()

n<x n<x

WV

2),

where ¢ = 1.04389... (see, e.g., [BS, Lemma 14]). (1.15) with m = 4 implies

that
3 pa(n)

n<x

= |G(—1)|.

lim
XT—r o0

After reading the first version of this paper, D. Broadhurst simplified |G(—i)|
15(sinh ) /73.

Theorem 1.4. Let

Vin(z) = Z Ym(n) and V) (x)= Z Vin ()

n

form € Z% and x > 2. Then

: . 1
Vala) =F(-*/)loga) 0 ey 40 ()
log x

) . 1
Vo — _ 2mi/3 1 (1—3iv/3)/2 C o)
3 (ilf) H( € )( ng) +Cs + \/@ )
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and
Vi(z) =F(—i)(logz) " +c4 + O (logx)
(1.17)
Via) =H(-i)(loga) " + Ca+0 ().
where c3,C3,cy,Cy are suitable constants. Also, for m = 5,6,... we have
Vin(x) = o(1) and V! (x) = o(1), i.e.,
:ZV () =0 and (. ( Zym (1.18)
n=1 n=1
Moreover, for m =1,5,6,... we have
e2mi/m — _ 2mi/m 1 1
Vi (z)(log x) F(—e )+ O (logx) (1.19)
and
* e2mi/m . 27i/m 1
1 =H(— . 1.2
Vi(a)loga) ™" = w=e2rim) 0 (o) (1.20)

Remark 1.3. It seems that c3 and C3 are nonzero but ¢4 = 0 (and probably
also Cy = 0). Broadhurst simplified |H(—i)| as y/(sinh 7)7/15.

Theorem 1.1 is not difficult. Our proofs of Theorems 1.2-1.4 depend heavily
on some results of A. Selberg [S] (see also H. Delange [D] and Theorem 7.18 of
MV, p.231]) and the partial summation method via Abel’s identity (see, [Ap,

p.77]).
Motivated by Theorem 1.4 we pose the following conjecture for further re-
search.

Conjecture 1.1. Both Vi(x) = anm(—l)“(”)/n and Vi*(x) = ani(—l)g(”)/n
are O(xf~2) for any e > 0. Also, |Zn<m(—2)ﬂ(")| <z for all x > 3078.

Remark 1.4. Tt seems that Vi (z) might be O(y/(logz)/x) or even O(1/\/x).
The asymptotic behavior of 29(") was investigated by E. Grosswald [G].

In 1958 C. B. Haselgrove [H] disproved Pélya’s conjecture that 3 . A(n) <
0 for all x > 2; he also showed that Turdn’s conjecture ), . A(n)/n > 0 for
x > 1, is also false. It is known that the least integer z > 1 with > . A(n) >0

is 906150257 < 10° (cf. [L] and [BFM]). Along this line we propose the following
new hypothesis.
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Hypothesis 1.1. (i) For any x > 5, we have
S(x) =Y (-1 >0, (1.21)
n<a
1.€.,
Hn<z: Qn)=n (mod 2)} > {n<z: Qn)#n (mod 2)}.
Moreover,

S(x) > x for all z > 325, and S(z) < 2.3v/x for allz > 1

(ii) For any x > 1 we have

- . 1.22
- <0 ( )

Moreover,

T(x)vz < —1 forallz >2, and T(z)vVz > —2.3 for all z > 3.

Remark 1.5. We have verified parts (i) and (ii) of the hypothesis for x up to
10! and 2 x 109 respectively. Below are values of S(z) for some particular x

S(10%) = 14, S(10%) = 54, S(10*) = 186, S(10°) = 464, S(10°%) = 1302,
S(107) = 5426, S(10%) = 19100, S(10°) = 62824, S(10'°)
S(2-10") = 252292, S(3-10'Y) = 292154, S(4-10') = 263326,
S(5-10') = 360470, S(6-10'%) = 363152, S(7-10'%) = 406260,
S(8-10'"Y) = 559558, S(9-10'Y) = 491100, S(10*) = 457588.

= 172250,

Ezample 1.1. For z; = 17593752 and x5 = 123579784, we have S(z1) = 9574
and S(z2) = 11630. Via a computer we find that

max 2@ 81 ) ogos
1<z<101t \/Z /T,
and g g
min 2@ _ S@2) 4 oieis
324<2<1011 /T /T

We are unable to prove or disprove Hypothesis 1.1, but we can show the
following relatively easy result.
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Theorem 1.5. (i) We have

o n—Q(n)
S(z) =o(z) and Z ( 1)n =0. (1.23)

(i) If S(x) > 0 for all x = 5, or T'(z) < 0 for all x > 1, then the Riemann
Hypothesis holds.

Note that

Sz)>0 < |{n<a: 2|n—Q(n)}|>g.

In view of Hypothesis 1.1, it is natural to ask whether
Hn<x: m|n—Qn)} > L for sufficiently large x.
m
For m = 3,4, ... ,18,20 we have the following conjecture based on our compu-
tation.

Conjecture 1.2. We have

{n<a:dln—Qm)| <7 foranya > s(4)
and for m = 3,5,6,---,18,20 we have

Hn<x:m|n—Qn)} > % for all x > s(m),

where

s(3) = 62, s(4) = 1793193, s(5) = 187, s(6) = 14, s(7) = 6044, s(8) = 73,

s(9) = 65, s(10) =61, s(11) = 4040389, s(12) = 14, s(13) = 6943303,

s(14) = 4174, s(15) =77, s(16) =99, s(17) = 50147927, s(18) = 73, s(20) = 61.

Remark 1.7. The case m = 19 seems much more sophisticated. Perhaps the
sign of [{n <z :19|(n — Q(n))}| — z/19 changes infinitely often.

As there is an extended Riemann Hypothesis for algebraic number fields, we
propose the following extension of Hypothesis 1.1 based on our computation.

Hypothesis 1.2 (Extended Hypothesis). Let K be any algebraic number
field. Then we have

Sk(x) = Z (—)NA=RA) > 0 for all sufficiently large x,
N(A)Lz
where A runs over all nonzero integral ideals in K whose norm (with respect
to the field extension K/Q) are not greater than x, and Q(A) denotes the total
number of prime ideals in the factorization of A as a product of prime ideals
(counted with multiplicity). In particular, for K = Q(i) we have Sk (x) > 0 for
allx > 9, and for K = Q(v/—2) we have Sk (x) > 0 for all x > 132.

Now we give one more conjecture based on our computation.
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Conjecture 1.3. For an integer d = 0,1 (mod 4) define

Sula) = (-1 (2.

n<a
where (£) denotes the Kronecker symbol. Then
S_4(z) <0, S_7(x) <0, S_g(x) <0
for all x > 1, and

Ss(x) > 0 forxz > 11, S_3(x) > 0 forxz > 406759, S_11(z) > 0 forz > 771862,

and
Saa(x) < 0 for z > 90601, and Sas(x) <0 for xz > 629819.

We will show Theorems 1.1 and 1.2 in the next section, and prove Theorems
1.3-1.5 in Sections 3-5 respectively.

2. PrROOFS OF THEOREMS 1.1 AND 1.2

Proof of Theorem 1.1. (i) Clearly u¥, (1)v,(1) =1-1 = 1. Let N be any integer
greater than one, and let n be the product of all distinct prime factors of V.
Then

. « (N 2miQ(d)/m 2/ mA\Q(n/d)+Q(N/n)
s () =30 (—e2nilm)

d|N dln

:(_1)Q(N/n)627riQ(N)/m Z” (%) —0.

d|n

Therefore 1, is the inverse of v, with respect to the Dirichlet convolution .
Let s = 0 + it be a complex number with R(s) = o > 1. Since

TAGIREAR L[ [ettsn) a1
max , < — | = = —
ns ns na—l—zt no no

for any n € Z*, both >, ¥ (n)/n® and Y~ | v} (n)/n® converge absolutely.
Therefore

i:: f (R Zﬂm i:: Zﬂm*V :1.
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Now we prove (1.6). Since [p°| = p® > p > |1 + €>™/™| for any prime p, we
have

1+e27'ri/m —1 B o (1+62ﬂi/m)k B e (1+62ﬂ1/m)9(n)
H(l—p—s) —HZT—Z e :

P n=0

Note that

So (1.6) does hold.
(ii) Now assume that m > 4. Then 27/m < 7/2 and 0 < cos(27/m) < 1.
For any prime p we have

'1 N 627ri/m‘ _ ‘(1 N cos(27r/m)) N Z_sin(27r/m) ‘ S 14 cos(27r/m)'
p p p
Therefore
27i/m 9 2) 1
H(1+e )‘En(l—i-w)}l—i-cos—WZ—,
> p > p m “ p
P Pz pT

and hence (1.7) holds since } 1/p diverges (cf. [IR, p.21]).
Finally we prove the first identity in (1.8). For any prime p, we have

2

27i/3
€ — 142

cos2m/3 1 1 1 14+p3
—/_|__2:1___|__— D

1+ = .
‘ p p* 14+p7!t

p

Thus

Since > 1/p diverges while > 1/ p? converges, the first equality in (1.8) fol-
lows.
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The second equality in (1.8) is easy. In fact, as x — oo,

p27i/4
()

PLT

2

I

P<T

Z.2
14—
p

has the limit

1T (1+ %) _ILA-1p)™ () _ /6 _ 15

AU TILA-1p) T @) w00 w2

In view of the above, we have completed the proof of Theorem 1.1. [
To prove Theorem 1.2, we need two lemmas.

Lemma 2.1 (Selberg [S]). Let z be a complex number. For x > 2 we have

Z Lw(n) _ F(z)x(logm)z_l +0 (x(loga:)m(z)_2> (2.1)

n<x
and

Z Lw(n) G(Z)l‘(lOg.T)zil +0 (m(logm)m(z)d) ’ (2.2)

n is SZﬁgrefree
where
1 z 1)*
Fo =51 (1+555) (1-7)
(2) I'(2) 1;[ ( p—1 P

and

- (5) (3)

When |z] < 2, for x > 2 we also have

Z AU = H(z)z(logz)* ™ + O (x(log m)m(z)_2> , (2.3)

n<T

where

o= I(5) ()
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Lemma 2.2. Let a(1),a(2),... be a sequence of complex numbers. Suppose
that
Z a(n) = cx(logz)* ' + O(z(log 2)**~2) (2 >2), (2.4)
n<e

where ¢ and z are (absolute) complex numbers with z # 0 and R(z) # 1. Then,
for x,y > 2 we have

Z a(:) - S(logx)z - (Z ai? - S(log y)z>

n<z n<y (2.5)
= O((logz)*~ ") + O((log y)* ).
Thus, if ®(z) < 1 then
Z @ = S(log x)* + ¢, + O((log x)%(‘z)_l) (x > 2), (2.6)

n<x

where ¢, is a suitable constant.

Proof. Let A(t) =3_, <, a(n) for t > 2. By the partial summation formula,

Z a(n) . Z (I(’I”L) _A(:L‘) . A(y) o /:c A(t)(t_l)/dt
— n —n x Y Y
n<x ny
A AW, [ A0,
x Yy Y
Note that
A(t) 2o1 R(z)—2
- = c(logt)*™ + O((logt) ) fort>2
Clearly
/”” (logt)==! .. _ (logt)*|" _ (log)* — (logy)*
y t z t=y z
and

Y (logz)M#H =1 — (logy)R=) 1
R(z) —1

/x (logt)®(=)—2 it (logt)®(=)—1
t R(z) -1

Y t=y

So the desired (2.5) follows from the above.

Now assume that R(z) < 1. For any € > 0 we can find a positive integer
N such that for z,y > N the absolute value of the right-hand side of (2.5) is
smaller than . Therefore, in view of (2.5) and Cauchy’s convergence criterion,
> n<e @(n)/n — c(logx)*/z has a finite limit ¢, as 2 — co. Letting y — oo in
(2.5) we immediately obtain (2.6). This ends the proof. [
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Proof of Theorem 1.2. When z = 0, (1.9)-(1.11) obviously hold with ¢(0) =
c.(0) = C(0) = 0.

Now assume z # 0. As I'(1 + z) = 2I'(2), we see that
= G(z)» and H(z) = H(z),

z

where the functions F', G and H are given in Lemma 2.1. Combining Lemmas
2.1 and 2.2 we immediately get the desired (1.9)-(1.11). O

3. PROOF OF THEOREM 1.3
We first present two lemmas.

Lemma 3.1. Let m € ZT and x > 1. Then we have

> tm(n) | T | = D (1= ermmye, (3.1)

n<e n<x

Proof. We first claim that

S () = (1 — i/ ™y (3.2)

d|n

for any n € ZT. Clearly (3.2) holds for n = 1. If n = p{* - - - pi* with p1,... ,pg
distinct primes and ai,... ,ar € ZT, then

k
St = 5 p(Tln) =32 () ey = iy
d|n IC{1,...,k} el r=0

Observe that

S @) [ 5] =D @) D0 1= 3 pnld) = DD ().

d<z d<z qg<z/d dg<z n<x dn

Combining this with (3.2) we immediately obtain (3.1). O

Lemma 3.2. Letm € Z7, m # 2, and x > 2. Then we have

> ) {Z} = 0@), Y vmm) {T} =o@), Y v {} = o),

n<x n<x n<x

where {a} denotes the fractional part of a real number c.
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Proof. As m # 2, R(e*™/™) = cos 2= # —1. Applying (2.1)-(2.3) we obtain

2mi/

Z fim (x) =2G(—e*™/™)(logz)~¢ "L+ 0 <x(log x)‘cos(?ﬁ/m)_2> = o(x),

n<x
> vin(@) =P (=) logx) =" 4 O ((log )T 2) = ofa)
n<x
Z v (z) =xH(—e*™/™)(log a:)_e%i/m_l +0 (:zz(log x)_cos(2”/m)_2> = o(x).
n<x

(Note that F/(-1) = G(-1) = H(-1) =0.)
Let w be any of the three functions i, vy, and v,. By the above, W (z) =
> n<e w(n) = o(z). We want to show that

Clearly
r(u) := sup —|W<t)|
t>u t

<1 foru>1.

Also, r(u) — 0 as u — oo.
Let 0 < e < 1. Then

A@l<| Y wm{ZH+| X wm{}
<crt| 3 W) - win-1){)
= aﬂc<§;|_£d e <{%}_{”il}>‘

it {5} - witeen { =}

Note that

wita) {5} = wtan <

and
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Therefore

A(z) <1+2ex+ Y [Wn)l

ex<n<|x]

T

{%}_{nilH

<1+ 2ex + ar(ex) Z

r o x ( J
ex<n<|z] n n+l
T T T T
<1+ 2ex 4 zr(ex) Z ((—— )-l-( — —{ J))
cxonez] n n+1 LLJ n+1
T T T
<1+2 S
+ 2 + arlen) < 2] +1 [zl hmJD
and hence A .
It follows that A
lim sup [A(@)] < 2e. (3.4)
T—00 Z

As (3.4) holds for any given € € (0,1), we must have A(z) = o(x) as de-
sired. [J

Proof of Theorem 1.3. For z = —e*™/™ we have R(z) = —cos(27/m) < 1 as
m # 2. Combining (3.1) with (2.1), we obtain

Z fm (1) {EJ =F(1+ z2)z(logz)* + O (x(log x)_l_cos(%/m)) .

By Lemma 3.2,
> (@) {1} = ola)
Therefore \
t Z MmT(n) = Z tn (1) (L%J + {%}) = F(1+ 2)z(logz)* + o(x)
and hence
S Bt _ g togr)* +o() (3.5)

n<T

since F'(1 + z) = G(2)/z = G(z). Combining (3.5) with (1.10) and noting that
(logx)*~1 — 0 as z — oo, we get c,(2) = 0. So (1.10) reduces to (1.15).

For m = 5,6,... we clearly have cos(2mr/m) > 0 and hence (1.15) implies
that > | pm(n)/n = 0. This concludes the proof. [
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Remark 3.1. The way we prove (1.14) can be modified to show the equality

i ¥ = 0. (3.6)

Since A = vy, we have > . A(n){z/n} = o(z) by Lemma 3.2. So it suffices to
prove > . A(n)|z/n] = o(z). In fact,

3 A@) EJ “Sa@) Y 1= @)=Y 3 @)

d<z d<z q<z/d dq<z n<x dln

={1<n<x: nisasquare}| = [Vz| = o(x).
4. PROOF OF THEOREM 1.4

Lemma 4.1. Let m € {1,5,6,...}. Then the series

[o@)

3o (n)

n=1
converge. Moreover, we have

lm (n(s) =Cn(l) and  lim ¢ (s) = () (1). (4.1)

s—14 s—14

*

and (. ( i Vin (1

n=1

Proof. Let a(n) = vy, (n) for all n € ZT, or a(n) = v}, (n) for all n € ZT. Set
A() == >, < a(n) for z > 1, and fs(t) =t7° for s > 1 and t > 2. By the
partial summation formula, for x > xg > 2 we have

xT

Y a(n)fs(n) = Ax) fs(x) = Alwo) fi (o) — /A(t)fé(t)dt

To<nLT 0
and hence A A A
TA(t
> oA A A0, 12)
ns xs xH st
To<nLT
In view of (2.1) or (2.3) with z = —e?™"/™  there is a constant ¢ > 0 depending

on m such that

ct
|A(t)] < (log £)e=@n/m 1 for all t > 2. (4.3)

For any s > 1, we have

_ Ao _ c

s o = (lOg xo)cos(27r/m)+1

Lo

@) _ ¢ Alao)
= T = (log x)cos(27r/m)+1 ’
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and

x

T A x 1 — cos(2mw/m)
/ (tl) dt’ </ C—t(log t)—cos(Qﬂ/m)—ldt _ C( 0og t)
wo 15T - —cos(2m/m)

0 t=x9

c 1 1
- COS(?’]T/m) ( (log l‘o)cos(2ﬂ-/m) - (log m)cos(%r/m) )

with the help of (4.3).
Let € > 0. Since cos(27/m) > 0, by the above, there is an integer N(g) > 2
such that if z > z¢ > N(e) then for any s > 1 we have

Z % < A(z) +'A(5L’o)

~ s
T
To<nLT

TA(L) e €
s /wotsﬁdt‘<§+§+ssz(l+s)s.

s 0
Therefore the series > a(n)/n® converges for any s > 1, in particular
S>>, a(n)/n converges!

In view of the general properties of Dirichelt’s series (cf. [T, p.291]), we
immediately have

This concludes the proof. [
Lemma 4.2. Let m > 4 be an integer. For R(s) > 1, we have

d 27i/m d _
2 108G (s) +e 7 log((s) = v(s) (4.4)
and p p
el * 2ni/m %
75 log Cm(s) te 7 log ((s) = v"(s), (4.5)

where v(s) is a suitable holomorphic function in the region R(s) > logy(2cos )
and v*(s) is a suitable holomorphic functions in the half plane R(s) > 1/2.

Proof. (i) Equation (4.5) can be proved in a way similar to the proof of [KY,
Theorem 1]. Let z = —e™/™ and

k

v*(s) = Z(logp) Z Z];SZ for R(s) > %

P k=2

If o = R(s) > 1/2, then |p*| = p° > /2 for any prime p, and hence

— 7z — 2" 2 21
Eeen| 3 G | < Xten L s = E

P k=2 p

[e.9]
eI Rk DO
1—1/\/§p p ﬁ_lnzln



18 ZHI-WEI SUN

So v*(s) is a holomorphic function in the region $(s) > 1/2.
When %(s) > 1, in view of Euler’s product [T, (1 — p~*)~! = ((s) and the
formula (1.4), we have

L 10g Gi(s) + 2/ L log ((s)

__Zd_log 1_|_€27m/m —s . Zﬂi/mZilog 1 — —s)

e2m/m(—logp)p s 9 —lo
- _ ﬂz/mz gp

1+ e271*1'/mps

—S8

o _627Ti/m 1
- Ytozn) Y (— ) -
p k=1 p
(s).
P =2
This proves (4.5).
(ii) To prove (4.4), we set z = —e2™/™ and
log p s
_ (2 f log, (2¢0s ).
v(s) = (27— 2) ; =D — 157 or R(s) > logy (2 cos -

Note that

2 2
2 2
\1—,2\:\/(1—1—6081) +<sin—7r> = 2cos = > 2cos — = /2.
m m m 4

If 0 = R(s) > logy(2cos =), then for any prime p we have [p®| = p? > 27 >
2cos & = |1 — 2| and hence p* — 14 2z # 0. For each prime p > 3 and
o =R(s) >logy(2cos Z) > 1, as p” > (27)% > 2 we have

@”—H>p”—1>%ﬂ

also,

1
— 142 Cl—z > (1= —=)p°
p° | >p7 —| | ( \@)p

since p” > (29)2 > |1 — 22 > |1 — z|v/2. As Zp(logp)/p2" converges for any

o > 1/2, we see that
I
oD —1+2)
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converges absolutely in the half plane $(s) > log,(2cos 7-). Therefore v(s) is
indeed a holomorphic function in the region R(s) > logy(2cos 7).

When R(s) > 1, using Euler’s product Hp(l—p_“)’)_1 = ((s) and the formula
(1.3) we get

— log Cm(s) + ezm/m —log((s)

27rz/m ) d
— il | 1— _ 2wi/m -1 1—p*
T (-2 o S

—S8

—z —1)%)p°lo —(—1lo
—Z /(p* —1)*)p gp+zz( gp)p

1+z/(ps—1) . 1—ps

S

:Z(logp)(— 8_1)é.i—1+z) +psz—1>

—Z (22 —z)logp — (s).

)(p®— 14 2))

This proves (4.4).
In view of the above, we have completed the proof of Lemma 4.2. [J

Proof of Theorem 1.4. Let m € {1,3,4,...} and z = —e?>™/™. When m = 3,
(1.9) and (1.11) yield (1.16) with ¢5 = ¢(z) and C3 = C(z). In the case m = 4,
(1.9) and (1.11) give (1.17) with ¢4 = ¢(—i) and Cy = C(—1).

Now we assume that m = 1 or m > 4. Note that R(z) = — cos(27/m) < 0.
By (1.9) and (1.11), we have

Vin(z) = F(2)(log )* + ¢ + O((logz)*~1)
and

V() = H(2)(log z)* + Cpn + O((log 2)* 1),
where ¢, = ¢(z) and C,, = C(z). It follows that

lim V,,,(z) =¢p and  lim V) (x) = C,,.
Tr—r 00 T—r 00
Also, (1.19) and (1.20) hold if ¢,, = C,,, = 0. So it suffices to show V,,,(z) = o(1)
and V,(z) = o(1). This holds for m = 1 since (1) = Y., A(n)/n = 0 by
(3.6) and ¢1(1) =Yo7 (=1)*(™ /n = 0 by [LD].
Below we fix m € {5,6,...}. By Lemma 4.2, we have

d 2wi/m
T log ((m(s)g(s)e / > =uv(s) fors>1,
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where v(s) is a holomorphic function in the half plane $(s) > logy(2cos ).
Choose a number sg > 1. Then

e Ti/m e27ri/7n )
Cn(8)C(8)™ ™ = Gnl50)C(50)< " o0 VO
for all s > 1, and hence
C( ) e27ri/7n
L S0 [hu(t)dt
qul+ Gm(5) = slgﬂ < ((s) ) Gm(s0)e™o =0

since 1 > logy(2cos ), R(e2mi/m) = cos 22 > 0 and lim,_,14 ((s) = oo. Sim-
ilarly, by applying (4.5) in Lemma 4.2 we get limg 14 ¢, (s) = 0. Combining
these with Lemma 4.1 we finally obtain

(m(1) = lim Cn(s) =0 and (g, (1) = lim ¢ (s) =0

s—1+ s—1+

as desired. This concludes the proof of Theorem 1.4. [J
5. PROOF OF THEOREM 1.5

Proof of Theorem 1.5. Let L(z) = anx(—l)g(”). Formula (2.3) with z = —1
yields that L(z) = o(z). Observe that

S(z)+ Lix) = S ((-1)" + (-2 =2 3 (~1)2C™ = 2L(g>.

n<x m<a/2

Therefore .
S(z) = —L(z) — 2L (5) = o(2).

For any complex number s, obviously

(=1~ An) An) A(m)
A =2 =2
Z ns +Z ns ns Z (2m)s
n<z n<z n<x m<xz/2
2|n
and hence 1) ) () ()
1)n—n 1—s A(n A(n
Z ns - 2 Z /n/S o Z ns
n<x n<x/2 n<x
Since }, <, A(n)/n = o(1) by (3.6), we get anm(—l)”_ﬁ(”)/n = o(1) and
hence Y°°7  (—1)"=") /p = 0.

(=
Let R(s) > 1. Note that

8

= )" Q(n) 1— ) 15, C(25)
z% —(1+2 3 142 )CQV

n=
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On the other hand, by the partial summation method, we have

DY IR I

—~ ns s ts—i—l
and hence )
= (—=1)n2(n > S(t
2 E / SQ dt.
— n 1t
Therefore ¢(25) " 5(t)
S
—(142'—* = dt. 5.1
(142 = /1 o (5.1)

Let o. be the least real number such that the integral in (5.1) converges
whenever R(s) > o.. By the above, 0. < 1.

Suppose that S(x) > 0 for all x > 5. In view of (5.1), by applying Landau’s
theorem (cf. [MV, Lemma 15.1] or Ex. 16 of [Ap, p.248]) we obtain

L1427 ((2s)
sil?h_ s . C(s)

and hence o, < 1/2 since ((s) has no real zeroes with s > 1/2. (Note that
(1—27)¢(s) = Y02 (=1)""1/n® # 0 for all s > 0 with s # 1.) So the

right-hand side of (5.1) converges for R(s) > 1/2 and hence so is the left-hand
side of (5.1). Therefore ((s) # 0 for R(s) > 1/2, i.e., the Riemann Hypothesis
holds.

Similarly, if T'(x) < 0 for all x > 1, then we get the Riemann Hypothesis by
applying Landau’s theorem.

So far we have completed the proof of Theorem 1.5. [J
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