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SUPERCONGRUENCES INVOLVING DUAL SEQUENCES
ZHI-WEI SUN

ABSTRACT. In this paper we study some sophisticated supercongruences in-
volving dual sequences. For n =0,1,2,... define

=3 (1) (1)

#0020 )

For any odd prime p and p-adic integer z, we determine Zz;é(il)kdk(m)Q

and

and Zz;é(Qk + 1)dy,(2)? modulo p?; for example, we establish the new p-adic

congruence
p—1

Y (=DFdy(2)? = (=1 (mod p?),
k=0
where (), denotes the least nonnegative integer r with z = r (mod p). For
any prime p > 3 and p-adic integer x, we determine Zz;é s1(x)? modulo p?
(or p if z € {0,...,p — 1}), and show that
p—1
Z(Zk: +1)sg(x)? = 0 (mod p?).
k=0
We also pose several related conjectures.

1. INTRODUCTION

For a sequence of numbers ay, a1, as, . . ., its dual sequence af, aj, a3, ... is given

by

a = zn: (Z) (—1)ay (n=0,1,2,...). (1.1)

k=0

It is well-known that (a})* = a, for all n = 0,1,2,.... One may consult [15] for
some combinatorial identities involving dual sequences. The author [21, Theorem
2.2] showed that if p is an odd prime, ag, a1, ..., a,—1 are p-adic integers and m
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is an integer with p t m(m — 4) then

— (Dap _ (mlm =4\
k(M) (mod p),
(4 —m) ( )Z mh g

k=0 p

where () denotes the Legendre symbol.

Let p be any odd prime. There are various interesting p-adic congruences
related to finite fields, see, e.g., [1, 3, 7, 22, 24]. The author and R. Tauraso [23,
(1.9)] showed that

(%) = (2) moar

where (—) is the Legendre symbol. In [17] the author determined > 2_ (2:) /mk
modulo p? for any integer m # 0 (mod p), and moreover he proved that

p—1 (k -
k = (—) —p*E, 3 (mod p?),

k=0

where Fy, E1, F», ... are the Euler numbers given by

Ey=1 and Z(Z) =0 forneZ"={1,2,3,...}.
k

20k

If a, = (2:) = (_1/2)( 4™ for n € N=4{0,1,2,...}, then we have a} = (—1)"T,
for all n € N by [4, (3.86)], where the central trinomial coefficient 7), is the
constant term of (1 + z + 2~1)™. In [20] the author showed that

p—1 _1
ZT,? = (—) (mod p).
k=0 p
For any n € N we have the useful Chu-Vandermonde identity (cf. [4, (3.1)])

>0 -0

Thus, if ax = (—1)*(}) for all k € N, then for any n € N we have

0 ()
)0 ()

and hence a,a;, = (i) (71;”). In particular, for the sequence a, = (—1)"(
(®*")/4" (n =0,1,2,...) we have a} = a, for all n € N.

o
3l
o > 8

71/2) _

n
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In 2003 Rodriguez-Villegas [11] made conjectures on i;é ("”) (_1_"”) modulo

. K\ k&
p* with
c 1 1 1 1
x —_— —_— —_— —_—
27 3 47 6

for any prime p > 3, and they were later proved by E. Mortenson [8, 9]. In [17]
the author proved that

S L () e 0o

for any prime p > 3. During their study of special values of spectral zeta functions,
K. Kimoto and M. Wakayama [5] defined

Jam) =3 (Z) (-1)k<_}€/2)2 forn—0,1,2,...,

k=0
(cf. [5, (3.4)]) and conjectured that

:iéfgw = (=) tmod ) (1.4

p

for any odd prime p. This conjecture was later confirmed by L. Long, R. Osburn
and H. Swisher [6].
Motivated by the above work, we give the following definition.

Definition 1.1. For any n € N, we define the polynomials

pin =5 () o sie =5 ()() (7 0

k=0 k=0
and set

do(z) = Do(,2) and sp(x) = Sa(z, —1) = Zn: (Z) (i) (x ' k) (1.6)

k=0
Let n € N. In view of the Chu-Vandermonde identity (1.2), we have

Dy (z,1) = kzno (n ﬁ k) (z) _ (n -Tt :13) — (1) (—1n— a:)
Thus

ng(x, )Dp(—=1—x,1) = pzi (i) (_1k_ 5’7) = (—1)@» (mod p?)

k=0

for any prime p > 3 and p-adic integer = (cf. [13]), where (x), denotes the least
r € N with x = r (mod p). Note that those d,(m) with m,n € N are called
Delannoy numbers in combinatorics. As discovered by Delannoy, the number
d,(m) is just the number of lattice paths from (0,0) to (m,n) in which only east
(1,0), north (0,1), and northeast (1,1) steps are allowed (cf. R. P. Stanley [12,
p. 185)).
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Our main goal of this paper is to investigate supercongruences involving the
polynomials d,(z) and s,(x). Clearly s,(z) = s,(—1 —x) for all n = 0,1,2, .. ..
We mention that

dy(z) = (=1)"d, (-1 —xz) forallneN, (1.7)

which will be explained in Remark 2.1.
We first present a general theorem on congruences involving D, (z,y) and
Sn(z,y) modulo primes.

Theorem 1.1. Let p be a prime and let x and y be p-adic integers with y %

0 (mod p).
(i) We have
ZDk(aj,y)Dk(—l —z,y) = (=1)@7 (mod p). (1.8)

If y # 1 (mod p), then

> (-0 i) (52 ) = ()P Gaod . (19)

k=0
(ii) Provided p # 2, we have

p-1 » _ J(5H) (mod p) if x = —1/2 (mod p),
kZ:O Sp(z,y)” = {O (mod p) otherwise. (110

Theorem 1.2. Let p be any odd prime and let x be a p-adic integer. Then

Z(—l)kdk(m)Q = de(a:)dk(—l —z) = (=)™ (mod p?), (1.11)
di(z)? =Y (=DFd(2)dp(—1 — )
k=0 k=0 (1.12)
_J(5) (mod p?) if v = —1/2 (mod p),
| (D)@ (p+ 22 — 2(z),)/(2x + 1) (mod p?) otherwise,
and

p—1 —x (mod p?) if t =0 (mod p),
Z(Qk +1)dp(z)* = 241 (mod p*) ifz = —1 (mod p), (1.13)
k=0 0 (mod p?) otherwise.

Remark 1.1. (a) For any odd prime p and p-adic integer =, we observe that

p—1

> (=1)F(2k + 1)dy(2)* = (1) (22 + 1)(p + 2(z — (2),)) (mod p?), (1.14)
k=0



SUPERCONGRUENCES INVOLVING DUAL SEQUENCES 5

and that
D (=1)F(2k + 1)dy(2)* = (=1)"(22 + 1)p (mod p*) if z € {0,...,p—1}.

(b) We note that

a <_1) _ zn: (n) (2kk)k _ (3™ /4m %f n = 2m for some m € N,
2 “—~\k (—2) 0 if n is odd.

For any prime p > 3, we actually have

p—1 1\ 2 (r—1)/2 (2m)2 1
e () -8 G () o

n=0

by [17, (1.7)].
Corollary 1.1. Let p be an odd prime. Then

pi(—l)’“dk (—}j - (‘?2) (mod p?), idk (_}Jz _ (;) (mod 7).

k=0 k=0
If p > 3, then
p—1 1\ 2 D p—l 1\ 2
Yk (L) — (P 2 R 2
(1) dk( 3) = (2) (mod p?), de( 3) — p (mod 1),
k=0 k=0
p—1 2 p—1 2
1 —1 1
Z(—l)kdk (——) = (—) (mod p?), dy (——) =p (§> (mod p?).
k=0 6 p k=0 6 p

To obtain supercongruences involving s, (x), we need some new combinatorial
identities.

Theorem 1.3. Let m,n € N. Then we have the identity

m+n - k(T Y Z
(=i _(=) ()G L) ()
B - k(T (m—-1l-y\(n-—r—-2-1
=21 W)
Consequently, if x +y = —1, then

i(—l)k(?;jrrj) (i) (z) = (=1)" zn:(—l)"“(if(z ~ Z) (1.16)

k=0 k=0
for any d € N, and we have the symmetric identity

L) (-5 G o

k=0 k=0
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Remark 1.2. . The author first noted (1.17) with z = 0 in 2011 during his seeking
for new series for 1/7 (see the Remark after Conjecture 4 of [16]).

Corollary 1.2. Let m be a positive integer and let n,z € {0,...,m — 1}. Then

SO - B QOO o

for any d € N, in particular

on(z) = (-1)9@%1 (i) (_1k_ x) (” Z k") (1.19)

k=0

3

i

Remark 1.3. For any k,n € N, we clearly have

n+1\(z\ [ z+k\ n+1(n\[lz+k\/(2k (it 1) n\ (x+k o
k1)) \)\ k) T k)2 J\k) T AT
where Cj, denotes the k-th Catalan number (%) /(k + 1) = (%) — (lffl)

With the help of Corollary 1.2 and some other lemmas, we are able to establish
the following theorem.

Theorem 1.4. Let p > 3 be a prime and let x be a p-adic integer. If v #
—1/2 (mod p), then

P42 —(x
sp(x)? = (1)@ 2(x m 1< J») (mod p?). (1.20)
k=0
Also,
-1
S 2 (=1)p 3 _
sk(z)” = ST (mod p°)  for x=0,1,...,p—1. (1.21)
— x4+
Moreover,
p—1
Z(Qk + 1)s(z)? = 0 (mod p?). (1.22)
k=0

We will prove Theorems 1.1 and 1.2 in the next section, and show Theorem
1.3 and Corollary 1.2 in Section 3. On the basis of some lemmas presented in
Section 4, we are able to prove Theorem 1.4 in Section 5. In Section 6 we pose
several related conjectures for further research.

2. PROOFS OF THEOREMS 1.1 AND 1.2

Lemma 2.1. For any n € N we have the identity

Dy(z,y) = Zn: (Z) ($ Jkr k) v -y (2.1)

k=0
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Proof. This is a known result due to Ljunggren (cf. [4, (3.18)]). Nevertheless we
give here a simple proof. As mentioned after (1.2), for k = 0,...,n we have

(1) ()5 O (v (),

Therefore

SO EOL0)

.

with the help of the binomial theorem. This concludes the proof. O
Remark 2.1. (2.1) with y = 2 yields the equality in (1.7).

Proof of Theorem 1.1. (i) If y # 1 (mod p), then by Lemma 2.1 we have

Di(—1—z,y) = (1 — y)kDy ( Y ) for all k € N, (2.2)

CE,
I—y

and hence

Z(l — )" Dy.(x, y) Dy (m, y g 1) = ZDk(x,y)Dk(—l —z,9).

k=0 k=0

So, it suffices to show (1.8
Let r = (z),. For i,j =

()00 )

Ifi4+j>p—1, then (Z)(p_;_r) =0sincei>rorj>p—1—r. Ifi+j=p—1,
then (Z) (p—;—r) =Qunlessi=rand j=p—1—7r. Ifi+j <p-—1, then (]:) (I;)
is a polynomial in k of degree smaller than p — 1 with p-adic integer coefficients,
and hence

).
0,...,p— 1, we clearly have

1

(0=

p

k=
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since ZZ;E k* = 0 (mod p) for all s = 0,1,...,p — 2. Therefore, in view of
Fermat’s little theorem and Wilson’s theorem, we have

;Dk(x,y)Dk( 1—x,y)
=S DD~ 1 -1y > (k) ()yz @ (p_; _ r>yj

:k:O lp—1—r)  (p—1D!\ r

This proves the desired (1.8).
(ii) Below we assume that p # 2. Clearly,

) (‘1; V=00 )= () e
for allj =0,1,2,.... Thus
> s :zoz;(’:)(f)(*;%z;<’;><§)<‘1;x>yf'
X (30 () Z0)0)

Note that p | (¥) for all 7 € {(p+1)/2,...,p—1}, and that SP7 Lk =0 (mod p)
forall s=0,...,p—2. So,ifi,j €{0,...,p—1} and

()E)Z ) 20w

then we must have i = j = (p — 1)/2. Therefore,

Zi)s’“(x’ o =( ) o () T ()

_ (=1 (@t (p—1)/2\?

() ()

_ {(—7) (mod p) if (z), = (p— 1)/2, i.e., z = —1/2 (mod p),
~ 10 (mod p) otherwise.
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This proves (1.10).
By the above, we have completed the proof of Theorem 1.1. U

Remark 2.2. Let p be odd prime, and let m € Z with p t m. Applying (1.8) with
r=—1/2and y = —4/m, we get

pi (; (Z) %?)2 = (_71) (mod p). (2.3)

n=0
By (1.10) with © = —1/2 and y = 16/m, we have

Pl (2k)2 2 1
k —
n=0 k=0

If p > 3, then by (1.10) with z = —1/3,—1/4, —1/6 we obtain

S (3 () ) 5 ()
3 (; <Z> %)2 =0 (mod p).

Lemma 2.2. Let n € Z*. Then, for anyi,7 =0,...,n — 1 we have

O)-Sa00) e
Sen(3)(7)

:(_Dj(n;l) <_n_ 1)” <¢+2;+2 ! (i+j+i1)_(ij+J+2>> |

J
Proof. For m € Z" and h € N, we clearly have the known identity

ll (;z) ) ll ((2111) ) (h—lH» B (hnjl).
SOC-EEN) ()

w—*l( it )—<n+1>~--<n+j><n—1>--~<n—z’>_ (")

n i+j+1 (i + j)! B (i;ﬂ') ’

(2.5)

[e=]

n=»

n

b
Il

and

3
3

Il
o
Il
o

Thus

As
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SO ()

which is equivalent to (2.6).
Similarly, we also have

S o)) - S (20) ()
(B ) eea(())
() o) 112)

(2@n++j++2 +j+1)_(2j+1)) (“;J> (@Z;Lil)
( (2j+2)(z‘+j+1)—(2j+1)(i+j+2))

i+j+2

we have

1
it +21+]+)+

e ()

:(i+?12*_@+j+aiih¢+m)n«4y(n;1)(_ﬁfl)'

This proves (2.7). O

Lemma 2.3. (i) For any positive integer n, we have

S u-n(0)() = () 29

i+j=n
(ii) For any odd prime p and i,j € N with i + j = p — 2, we have
. (p—1\[-p—1 o
(2—])( . )( ; )Eg—@—Zp(modpQ). (2.9)
Proof. (i) In view of the Chu-Vandermonde identity (1.2),

S0 = ()0 -Z ()00

i+j=n
i+j=n itj=n

S I SO WA

This proves (2.8).
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(i) Observe that
(i =) (p; 1) (—pj_ 1)
- () ()

=(i—(p—2— i))% <p; 1) (_pj_ 1)

_2 _ o . _ 2 .
p—1—1 J p—1—1
=—p—2i—2=j—i—2p (mod p?).
So we have the desired (2.9). d

Proof of Theorem 1.2. Let r = (z),. For each k =0,1,...,p— 1, by Lemma 2.1
we have

0L OO0 -£0 o

Sa-ag () o

oS () =)

with the help of Lemma 2.2.
For i,j € {0,...,p — 1}, we claim that

p_ (p=1\(-p-1\_ (=1)"p 2
SR S = d . 2.10
i+j+1< i )( J ) EEEE Rl (210
When i + 57 # p — 1, this holds trivially since (pgl) = (—1)* (mod p) for all
s=0,1,...,p—1. If i+ 5 =p—1, then

()00 )= () e
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With the help of (2.10), from the above we deduce that

S () = ifif(l_x)(>%%%%@mdﬁ)(zn)

k=0 i=
As =1 —xz=p—1—r (mod p), we have
p 1 p—1
1—2x\/[r ) tp
=p¥; — 2y (mod p?), 2.12
> FO( )() 2t =iy, @1
where _
500
i=0 j=0 j)iti+l
and 1 1 (—2)i+i
—1-r 11—z r\ (—2)"™
w2 ()OO0
i+j=p—1 ! J J
Observe that
U —1-—r
SY (7)) [
i=0 j=0 J
1p 1—r r 1
1
/ ( r> )¢ (r) —2u) du —/ (1 —2u)Pdu
iz 0
1 — 2u) (—=1)? r 1
=2p .o T2 -2 p

In view of the Chu-Vandermonde identity (1.2), we have

(% 0 (7)0)

i+j=p—1

= (G- (5)

As z —r =0 (mod p) and

(p—1)/2
Z Z < ) =0 (mod p),
we see that
Sl —ﬁ [ :1+§m—r =1 (mod p?)
b= 1 B s=1 $ Bl s=1 s a v
Therefore ¥y = 0 (mod p?). Combining these with (2.11) and (2.12), we find that
p—1
> (=1)fdy(z)di(r) = (-1)" (mod p?). (2.13)

k=0
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In particular,
p—1
> (=1)fdi(r)* = (=1)" (mod p?). (2.14)
k=0

As (di(z) — di(r))*> =0 (mod p?) for all k =0,...,p—1, by (1.7), (2.13) and
(2.14) we finally obtain

p—1

_Z Qdk ( ) —dk(T)2)

:2(—1) — (=1)" = (=1)" (mod p?).

This proves (1.11).
Similar to (2.11), we have

S ain =SS () () SLE ot ey

As x =7 (mod p),

N
Il
=)

<.

z\ (1) (=2)"p ,
J\G)iv i1 d p?), 2.16
i=0 ;=0 <Z> (]) 1+ 7+ 1 po1 T 02 (mo p ) ( )
where
p—1 p—1 )
_ r\ [\ (—2)"*
01_;;(1) <J>i+j+1
s ([ 1 . 1
=0 j=0 v J 0 0
(1 —2v)xrtt 1 - _q X o
C202r+1) |,p —2@r+1) —22r+1)  2r+1
and

- E 0 D0
= ()0-2.00)
()1
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Write x = r+ pt with ¢ a p-adic integer. If 2r = p—1 (i.e., x = —1/2 (mod p)),

then
(7)) i)

s=1

If 2r <p—1, then

x+r 2r pt + 2r
<p—1) (p—l)_<p—1)
(pt +2r) - (pt+ Dpt(pt —1)--- (pt = (p = 1 = 2r))
(p—Dlpt —(p—1-2r))
pt @r)lp—-1-2r)! pt pt

T2 41 (p—1)! 2r+1)(")  2r+1

(mod p?).

If2r >p—1, then 2r —p € {0,...,p— 1} and

r+r 2r pt + 2r 2r
G- =000
C(pE+D)+2r—p)-opt+1)---(pt+1) = (2p—2r — 1))
(p—DUp(t+1) —(2p —2r — 1))
(p+2r—p)---(p+plp—1)---(p—(2p —2r — 1))

(p—Dip—(2p—2r—-1))

_opt+1) 2r—p)'2p—2r—-1)! D (2r —p)l(2p — 2r — 1)!
2+l (p—1)! r+1 (p—1)!
pt 1 pt
=51 (i_jp) =51 (mod p?).
Therefore
_ J 0 (mod p?) ifr=(p—1)/2,
’= {pt/(Qr +1) (mod p?) otherwise.

Combining (2.15), (2.16) and our results on ¢; and o5 modulo p?, we obtain

S A = JEDP/@r 1) = (1) (mod p7) ifr = (p—1)/2,
kz_o Alr)dilr) = {(_1)rp(t +1)/(2r +1) (mod p?) otherwise.
I ticul (2.17)
n particular,

”z‘:dk(r)Q _ {E—w (mod p?) if 7= (p—1)/2, 218)

—1)"p/(2r +1) (mod p?) otherwise.
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As (dy(z) — di(r))* = 0 (mod p?), from (2.17) and (2.18) we get

S (e 223 du(a)d(r) — 3 i)

{( 1) (mod p?) itr=(p—1)/2,
(—1)(p
th( )

1

)" (p+2pt)/(2r +1) (mod p?) otherwise.

.7) we obtain the desired (1.12).
. If 2 =0 (mod p), then

Combining this wi
Now we deduce (

() =% I 5 = 1 (mod )

O<z<]

forall j =0,...,p—1 and hence di(x) =1 (mod p) for all k =0,...,p—1, thus

bS]
A

3
A

(2k + Ddp(2)* =Y (2k + 1)(1 + 2(dp(x) — 1) + (dp(z) — 1)?)

: p1(2k+1)(2dk( )~ 1) zzpi (2k + 1)(dy(z) — 1) + p*
= :(z(k +1)—1) ; (l;) (j 9
=5 S (oo ((11) - ()
S O (ea(11) - (1)
e & S (e (1) - (1) omard
and hence o
pz_l(Qk + 1)dy(z)?
=9 (5,,__22 (2(p 1) (p; 1) - p) - ;p__ll (2p — 1)) = —z (mod p?).
When 2 = —1 (mod p), we have 2’ := —1 — 2 = 0 (mod p) and hence
(2 D) = S (2 + V(Do) =~ — 5+ 1 (amod )
k=0 k=0

with the help of (1.7).
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Below we assume x # 0,—1 (mod p) (ie., 0 <r = (x), < p—1). Similar to
(2.11) and (2.15), with the help of (2.7) we have

S i E8 ()% )

k=0 [ J=

\]

—_

Il
o
o

0T = () i

for any i,7 € {0,...,p — 1}. Using the symmetry of i and j in (1) (;)(—Q)Hj, we
deduce that
p—1

2;CN3+1ﬂ%deMT)E(—J)W2p1u@y+2p2wp2)(modp%, (2.19)
where
wn:ZE;<j)CD(p;1><ﬂy_vp(i+?l2+(ra¢:55+j+m)'

Ifi+j=p—1, then

)00 )= G) o

By Lemma 2.3,

5 G-n(3) () ~temn(5Y) - e n ()

i+j=p—1
r—x( 2r \ _ |Jz—r (modp?) if2r=p-1,
— 2r \p—1/ |0 (mod p?) otherwise.

Therefore
z\(r\(p—1\[—p—1\i—J
S 0060
itj=p-1 NN ' 7ot
1 [T\ (T x—r (mod p?) if2r=p-—1,
=—— > (- .]).)= ) .
p+1 i i) \J 0 (mod p?) otherwise.

Lemma 2.3 also implies that

> a-n(7)() =T - ()

i+j=p—2
r—x( 2r 2(r — ) (mod p?) if2r =p—1,
Tor \p—2 0 (mod p?) otherwise.
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In view of this and (2.9), we find that

000 )00
X (0 5 ()05

w5 Z (D 0) = L e

i+j=p—2

Wp—2

Combining (2.19) with the relation w,_1 + w,_5/2 = 0 (mod p?), we get

—_

iS]

(2k + 1)di(z)dy(r) = 0 (mod p?). (2.20)
k=0
In particular,
pz(% +1)di(r)* = 0 (mod p*). (2.21)

Since (di(z) — di(r))* = 0 (mod p?), by (2.20) and (2.21) we finally obtain

p—1 p—1 p—1
Z(Zk + Ddp(2)* =2 (2k + Ddp(z)dp(r) — Y (2k + 1)di(r)* = 0 (mod p?).
k=0 k=0 k=0

The proof of Theorem 1.2 is now complete. O

Proof of Corollary 1.1. Clearly (—1/4), is (p — 1)/4 or (3p — 1)/4 according as
p =1 (mod 4) or not. If p > 3, then (—1/3), is (p—1)/3 or (2p —1)/3 according
as p = 1 (mod 3) or not, and (—1/6), is (p — 1)/6 or (5p — 1)/6 according as
p = 1 (mod 6) or not. Thus, by applying Theorem 1.2 with x = —1/4,—1/3,—1/6
we immediately obtain the desired congruences. This concludes the proof. U

3. PROOFS OF THEOREMS 1.3 AND 1.2

Proof of Theorem 1.3. Observe that

()= (VR 5 )

J
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for all k =0,...,n by the Chu-Vandermonde identity (1.2). So

-1 k+m T Yy <

S (1) () (o2
DB 00)

O(k; n—=k = \J J+m

IEReNS bot vy e

jO(J jtm )= \k—j/\n—k
(:c) (m—l—y) (x—j—l—z)

= J J+m n—j

with the help of the Chu-Vandermonde identity. As

() ()

we obtain (1.15) from the above.
Let d € N. Applying (1.15) with z = n + d we get

N e [

k=0

BOCC)

M=

k

o

3 |

(3.1)

3 |

When m = 0 and = + y = —1, this reduces to (1.16).

As z and y on the left-hand side of (1.16) are symmetric, from (1.16) we know
that P(z) — Q(z) =0 for all z=10,—1,-2,..., where P(z) and Q(z) denote the
left-hand side and the right-hand side of (1.17) respectively. Thus the polynomials
P(z) and Q(z) are identical. This proves (1.17). O

Proof of Corollary 1.2. Let d € N. Observe that
Z": <n+d> (x) <x+k) 1(_1)k<n+d> (x) (-1 —x)
— k+d) \k k — k+d) \k k
—1—2\/n+d x
C1\k
()G )

I I
8] MS

ol
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By Theorem 1.3, we have

D () ) 05
(1Y) (‘1]; f“) (d S d>) (x S(CL-wtey 1))
e (TG

_(_Umm‘l (x) (—1 —x) (n—i— k+d>
2 \k)\ & k+d
Thus (1.18) holds. Putting d = 0 in (1.18) we get (1.19). O

4. SOME LEMMAS

Let p > 3 be a prime and let ag, aq, ... be p-adic integers. In 2013 the author
[18, Theorem 1.4] proved the following congruences:

§ () () g = (12) pz_l (%) () a: (mod p?),

= 2T iz 2
p—1 (4k\ (2k p=l (4ky (2k
it = () & ot ma
p=1 (6k\ (3k p=L (Gky (3k
—1
(3Z§§:)ak = (?) (‘Zié:)az (mod p?)
k=0 k=0

Note that

and

(1)

In 2014 Z.-H. Sun [13, Theorem 2.4] obtained the following extension of the above
result: For any p-adic integer x we have

Zi: @) (—1k— :c) ay = (_1)<x>pZZ_: @) (—1k— x) i (modp?).  (4.1)

Lemma 4.1. Let p be an odd prime and let k € {0,1,...,p—1}. For any p-adic
integer x, we have

(1 GO LT

J=
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Proof. Clearly,

p—

)

where a; = (—1)j(];) for j =0,1,....

AU

with the help of the Chu-Vandermonde identity (1.2). So we may apply (4.1) to

obtain (4.2).

G

Note that

S (7)0-05

)

g

Lemma 4.2. Let n be any positive integer. Then

S B ()
22 OC0OC)CC ==
and
s 0 (C7)()
SOOI e
o R M.
i+j+2 (i+j+1)GE+5+2)
Proof. Observe that

n—1

k(@)

X

(

S5 (0CTIZ00C)
L8000
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Combining this with (2.6), we obtain

1

2% () 7))

J

LX) mer ()

w»
I
=)

3 =
—= O

3 ~
- o
I <
- O

X0 )m==00)0)

This proves (4.3).
Similar to the above, we have

y e 2 0) (7))
<-1>Z’(‘”§) 00T )50

Combining this with (2.7) we obtain the desired (4.4). d
As usual, we set

1 1
H, = Z z and H7(12) = Z — forn=0,1,2,....

k2
0<k<n 0<k<n

<

3 =
= O
—

n—

Il
=

=0 j

A classical result of Wolstenholme [25] states that

H, ; =0 (mod p*) and H? =0 (mod p)

p—1 —

for any prime p > 3.

Lemma 4.3. Let p > 3 be a prime and leti,5 € {0,...,p—1}. Then

P p—1\/—-p—1
i1\ g j

— ’L+ . . .
— (z'+1j)+1J (p—p*(H; — H;)) (mod p®) ifi+j#p—1,
|1 —i—pQHZ@) =1- sz]@) (mod p*) ifi+j=p—1.

(4.5)

Proof. Note that

() () - IL0-2) < IL(+)

0<s<i 0<t<y

=(1-pH;)(1 +pH;) =1 —p(H; — H;) (mod p?).
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So (4.5) holds in the case i +j # p— 1. When ¢ + j = p — 1, we have
)0
1+ +1 1 7
_(p=1\[—p—-1) _ p—r —p—rT\ _ p?
()0 = ) = I C-5)
0<r<yj 0<r<y

2 2 1 2 P
=1 =1 (- Y s ) = e (noa 1)

0<r<i

This concludes the proof. U
Lemma 4.4. For any n € N we have the identity

SO0 -2 oo

i+j=n

Proof. Let u, denote the left-hand side or the right-hand side of (4.6). It is easy
to see that ugp = 1 and uy = 2z(x + 1). Applying the Zeilberger algorithm (cf.
[10, pp. 101-119]) we find that

(n+1)(n—2x) (n+22+2)u, +(2n+3) (n*+3n+2—22> = 22)ty 11+ (n+2) Uy y0 = 0
forall m =0,1,2,.... Thus (4.6) holds by induction on n. O

Lemma 4.5. Let p be an odd prime. Then we have

LS (OO0 )

-5 G) (_1k_ x) 21{:]:— 7 (mod p7).

Proof. Cleatly (})(7'7%) = () (x;gk)(—l)’“ for all & € N. By [19, Theorem 3.2],
for some f(z,z2) € Zp z] (with Z, the ring of p-adic integers) we have

<: :< )(erk) ) : z) <x—1|€—k) (2:) (2(z + 1)) + P f(z, 2). (48)

Obviously, the degree of f(x,z) in z is at most 2(p — 1). Note that the coefficient

of 277! in
() (e
S OG-

’U

a\v

coincides with
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> (O

i+j=p—1

which is equal to

by Lemma 4.4. So the coefficient of 27~! in the polynomial f(z,z2) is zero. For
k=0,...,2p—2with k # p—1, clearly fi)l 2*dz = (—1)%/(k+1) € Z,,. Therefore,
(4.8) implies that

b £E 0TI L e
EOCHE o

belongs to p*Z,[z]. Observe that

o EROC0
0L Lo

/1 Zafl(l . Z)bildz — F<a>r<b)

It is well-known that

I'(a+b)
for any a > 0 and b > 0, where I'(+) is the well-known I'-function. Thus
! U(k+1)I(k+ 1 k! 1
/ Zk(l—z)kdzz (k+ ) <k+ ): Kk _ -
0 I'(2k +2) k+1! ©2k+1)(%)

forall K =0,...,p— 1, and hence A,(x) equals

SO0 )= 500w

J

So the desired (4.7) follows. O

,_-

p—

I
=)

7

5. PROOF OF THEOREMS 1.4

Let us first prove an auxiliary theorem.

Theorem 5.1. Let p > 3 be a prime. Then we have

-1

o2 0) ) =B Ot omart
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Proof. Note that
(p—1)/2
@ 1 1 1 _loe _
H(p—l)/2 = 5 Z (ﬁ + (p— l{j)Q) = éprl =0 (mOd p)
k=1
In view of this and Lemma 4.3, we have

X (0=

i+j=p—1

) ()(“Z)(f)(‘”“)

1+j=p—1

> L) )

i+j=p—1

Z; ( ) (x : l) (j) (aj j) (H? + H®) =0 (mod p?).

i+j=p—1

By Lemma 4.3, we also have

L2 OO0 == 000

it+j#p—1
o\ (x+4\ [z [z+7\ (=1)
I ]G G L e
4,5€{0,..., p—1} ‘7 ‘7 '7
i+j#p—1

- 2 OO )ERT wan

i+i#p—1
Therefore
U z\ [fx+1\[x\[x+] P p—1 —p—1
2 (OO0 )m=0000)
:pipi (x) (x +¢) (m) (x +j) (—1)i*7p
= ? 1 J J 1+7+1
S SO0 )
o= ] 1 J J 1+ +1
1

— [\ [-1—2\ p
= dp?
H(k:)( k )2k+1<m0 P

with the help of Lemma 4.5. Combining this with (4.3), we obtain (5.1).

4
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Proof of Theorem 1.4. (i) By (1.19) and (5.1), if z € {0,...,p — 1} then
p— p

S S 0) (7))
B et

—

forall k=0,...,p— 1, and hence

:z;;Sk(l")Q =(—1)@» pz_isk(1'> § (j) (—1j_ x> (k j])

J=0

— (z\ [(-1—=z D 9
d
£ <l<;)< k )2k+1 (mod p7)

with the help of (5.1). If x # —1/2 (mod p), then

- [1)( )( 1_3;) P _p+ 2= (oh) o ) (5.2)

— 2k+1 20 +1

-
= o

E(_1)<x>p

by [14, Theorem 2.1], and hence (1.20) and (1.21) hold. Note that (1.21) in the
case x = (p — 1)/2 was proved in [6].
(ii) In view of (4.2) and (4.4), we have reduced (1.22) to the congruence

PR e\ fx i\ (2 [z + ] —1\/-p—-1
ZZOFO(')( SO0
i—j (5.3)
l+]+2 Z+j+1)(i—|—j+2))
=0 (mod p).

Clearly, (*;") (”’]71) = (=1)" (mod p) for any 7,7 =0,1,...,p — 1. Thus

> OO e

,j€{0,...,p—1}
i+j#p—1,p—2

= = Q00T ) e o

1336{0 ..... p—1}
i+j#p—1,p—2
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by the symmetry of ¢ and j in the last sum. If ¢ + j = p — 1, then

)0 ) L)

So we also have

2000000 e
= 2 00T )y oo

by the symmetry of ¢ and j in the last sum. If i + j = p — 2, then by (2.9) we
have

p—1\(—-p—1 i—J J—1—2p J—
. . — —— =2p+ ~—— (mod
p( i )( J )(2+J+1)(2+J+2) p—1 p— l(m P

Thus

2, OO e
200007 e ;i")
= 5 ()CT)E)CT7) trea

Note also that

S5 S (O )t
- = ()0 0mwﬁ»

=,MowwxwwWw

Combining these we obtain (5.3). Thus (1.22) follows.
The proof of Theorem 1.4 is now complete. Il

Il
3
<
gM
l\.')
VR
<. K
N——
7N
K
~ 4+
~.
N———
-
N—
7~ N N

6. SOME FURTHER CONJECTURES

In this section we pose some further conjectures motivated by our results in
Section 1.



SUPERCONGRUENCES INVOLVING DUAL SEQUENCES 27

Recall that a polynomial P(x) with real number coefficients is called integer-
valued if P(x) € Z for all x € Z.
Conjecture 6.1. (i) For any n € Z*, the polynomial

n—1

> 2k + 1)dy(x)?

k=0

x(z+1)

18 1nteger-valued.
(ii) For any e € {£1} and l,m,n € Z*, the polynomial

n—1

> 2k 4+ 1) ()™

k=0

S|

18 1nteger-valued.

Conjecture 6.2. Let p > 3 be a prime. Then

Also,

(
8x% — 2p (mod p?) if p=>5,11 (mod 24) & p = 22% + 3y? (v,y € Z),
0 (mod p?) if (59) = -
When p > 5 and (_76) =1, we have

2(816 + 3)(4%)% (—%) =0 (mod p?).

k=0

{49&2 —2p (mod p?) ifp=1,7 (mod 24) & p = 2> + 6y* (z,y € Z),

Remark 6.1. Let p > 3 be a prime. It is known (cf. [2, p.36]) that p = 2% + 6y
for some z,y € Z if p = 1,7 (mod 24), and p = 2% + 3y? for some z,y € Z if
p=>5,11 (mod 24).

Conjecture 6.3. Let p > 3 be a prime. Then

= () (5) ()
{Ei 42? — 2p) (mod p?) ifp=1,7 (mod 24) & p = 2> + 6y* (z,y € Z),
0

—H)(2p — 8z%) (mod p?) if p=>5,11 (mod 24) & p = 222 + 3y?* (z,y € Z),
(mod p?) if (_?6) = —1.
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When (_76) =1, we also have
-1

pZ(64k +23) (_2/2) dy, (—%) dy, (—é) =4dp (%) (mod p?).

k=0

Conjecture 6.4. Let p > 3 be a prime. Then

P (—1/3 1

> ()% ()

k=0
_ J 2 —p/(22) (mod p?) ifp=2"+3y* (v,y € Z) with3 |z — 1,
~ |0 (mod p?) if p=2 (mod 3),

and
p

— -1/3 1 P P

4k +1 di (== z—<3(— ~1 d p?).
k:0<+)(k)k(3) 5 (0 (5) 1) mods?
Moreover, for any integer n > 1 we have

33n74 n—1

- Z(4k+1)(_2/3>dk (—%) e Z.

k=0

Conjecture 6.5. Let p > 3 be a prime. Then

L (-2/3 2\ | p (mod p?) if p=1 (mod 3),
Z ( k )dk (_5) B {_l((p—l—l)/Q) (mod p) if p=2 (mod 3).

3\(p+1)/6

_[(32)22 (mod p) if p=2+3y* (x,y € Z) with 3|z —1,
|0 (mod p) if p=2 (mod 3).

Conjecture 6.6. Let p be an odd prime. If p =3 (mod 4), then
p—1 p—1 2k 2 p—1 2k 2

~1/4 N _ < () 1\ < G 1\ _
k=0 k=0 k=0

If p=5,7 (mod 8), then

pz_l %dk (—i)g — 0 (mod p).

k=0

Conjecture 6.7. Let p > 3 be a prime.
(i) We have the supercongruence

L(Z0F) -S(Z05&)

n=0 k=0 n=0 k=0

) i
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Also,

Also,
p—1 n 2
—1
( (Z) %) =4 <—) -6 <§> + 3 (mod p),
n=0 k=0 p p
p—1 n 2
Der) =(5) ()
—— ] =4(—)+2|-]—5 (mod p),
(X)) =) (
where C), = %H(Qkk) = (2:) — (szl) 18 the k-th Catalan number.

Remark 6.2. By Ljunggren’s identity (2.1) with x = —1/2 and y = —2, for any

n € N we have . .
n 2 n 2
k: Y
— k)] 2 prt k) (—6)
We also observe that
2 Di(2,—2)Dy(—1 — 2, —2)
> oF

(—1)% (mod p)

for any prime p > 3 and p-adic integer x.
Conjecture 6.8. Let p > 3 be a prime. Then
4n k) 2k
n=0 k=0
42% — 2p (mod p?) ifp=1,7 (mod 24) & p = z* + 6y* (z,y € Z),
= 2?2 (mod p?) if p=>5,11 (mod 24) & p = 22% + 3y? (v,y € Z),
2 =6y _

0 (mod ) if (57) =—1.

When (<> 6) =1, we have

§(48n + 25) (jf;) ( y (:) %?)2 =8p (g) (mod p?).

n=0
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Conjecture 6.9. Let p > 3 be a prime. Then
—1 n 2 n 2k

(—=2)" k) 2k
n=0 k=0

4% — 2p (mod p?) if p=1 (mod 3) & p = 2>+ 3y? (z,y € Z),

(]

0 (mod p?) if p=2 (mod 3).
Also,
~1 2
X Co) ==\ (F) _2p -
%(571 + 2)(_2)n 2 (k‘)% =3 (1 + 2 (?>) (mod p2),
— (2:)2 - (n)@ _ )0 (mod p?) ifp=3 (mod 4),
= 64" o \k ¥ 10 (mod p) if p=>5 (mod 12),
and . )
pP— n\ [(2n n 2
L) () L) = g (mod 4?) ifp=5,7 (mod 8).

Remark 6.3. Tt is well known that any prime p = 1 (mod 3) can be written as
x? + 3y? with 2,y € Z (cf. [2, p.T]).

Conjecture 6.10. For any prime p > 3 and p-adic integer x # —1/2, we have
the congruence

2 (_1)(z>pp + 2(1‘ — <x>p) (

d ).
22 + 1 mod p7)

Remark 6.4. This is a further refinement of the congruences (1.20) and (1.21) in
Theorem 1.4.

Let By, B, Bs, ... be the Bernoulli numbers and let B, (z) = Y}, (}) Bez™ ™"
be the Bernoulli polynomial of degree n.

Conjecture 6.11. Let p be an odd prime. Then

e

k=0

(_?1) (1 —17p*B,_3) (mod p*),

k:0(2k + 1)sy (—%) EZ (_?1) p® (mod p?),
S () = () (3) s ot w2
pl(% +1)sy <_i)2 E% (‘f) 2 (mod ).
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When p > 3, we also have
3 Sk (—%)2 =p — % (g) p’Byos (%) (mod p*),
(2% +1)s (—%) =2 (%) 27 (mod )
5 (2) =2 ()
)3 ()

Conjecture 6.12. Let m,n € Z*. For anye € {£1} andl € Z*, the polynomials

n—1

1
> Rk 4 1) sy ()

n
k=0

SOy

are integer-valued. Also, all the polynomials

and

(500
a2t (G005

(S0

are integer-valued.
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Conjecture 6.13. Let p be an odd prime. Then

S (S EE) () o (1(3) i

()0
2(G)e e (o () e
(50 5%)
S (e 2o w(3)) e

Z<n +1) ( kZ (Z) G +( 21’;))(@’232)k)2

31 (—1\ , 314 ~1 .
=2 (= P (31-36( — d ph).
10(p)p+25p< (p>) mod )

Conjecture 6.14. Forn € N define

to() = Sp(w, —2) = ; (Z) (z) (”“" ‘]: ’“) ok,
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(i) For any odd prime p and p-adic integer x, we have

- 2 _ (%) (mod p?) if 2z = —1 (mod p),
kzzgtk(w) B {(_1)@)’)(19 + 22 — 2(x),)/(2x + 1) (mod p*) otherwise.

(ii) For any n € Z* and x € Z, the number

3
,_.

% (8% + 5)t4(x)’

i

1s always an integer congruent to 1 modulo 4.
(iii) Let p be an odd prime. Then

p—1 2
Z (8k + 5)t ( 2> =2p (mod p?),
k=0
p—1 1 2
(32k + 21)ty (_4_1> =8p (mod p?).

k=0
If p > 3, then

p

1
(18k + 7)ty <—§> =0 (mod p?),

k=0

p—1

1\ 2
(72k + 49)ty, (_6> =18p (mod p?).

Remark 6.5. Part (i) of Conjecture 6.14 with z = —1/2,—1/4,—1/3, —1/6 yields
the following congruences for odd primes p:

(5 E) =()

=0

3
Il
o

'23

- n> ok (%
= (n0<) m6>)25(%>p°mﬂp%<p¢3y

1 k
()" _ ﬁ
= mod p
2)k ) (p ( g
k
k) (=27)
Acknowledgment. The author would like to thank the referee for helpful com-

pZ( AWiE
ﬂp) =p (mod p?) (p#3),
(%) G)
ments.
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