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SOME VARIANTS OF LAGRANGE’S FOUR SQUARES
THEOREM

YU-CHEN SUN AND ZHI-WEI SUN

ABSTRACT. Lagrange’s four squares theorem is a classical theorem in
number theory. Recently, Z.-W. Sun found that it can be further refined
in various ways. In this paper we study some conjectures of Sun and
obtain various refinements of Lagrange’s theorem. We show that any
nonnegative integer can be written as z2 + y? + 2% + w? (z,y,2,w € Z)
with z +y+z+w (or x +y+ 2z + 2w, or  + 2y + 3z +w) a square (or a
cube). Also, every n = 0,1,2,... can be represented by 22 +y?+ 22 +w?
(z,y,2z,w € Z) with z+y+ 3z (or z+ 2y + 3z) a square (or a cube), and
each n = 0,1,2,... can be written as 22 + 32 + 22 + w? (z,y, z,w € Z)
with (10w + 5x)% 4 (12y + 362)2 (or 22y? + 9y?2% +92222) a square. We
also provide an advance on the 1-3-5 conjecture of Sun. Our main results
are proved by a new approach involving Euler’s four-square identity.

1. INTRODUCTION

In 1770 Lagrange showed that any n € N = {0,1,2,...} can be written as
the sum of four squares. This celebrated result is now known as Lagrange’s
four squares theorem. The classical proof of this theorem (cf. [5, pp.5-7]
or [4]) depends heavily on Euler’s four-square identity. It is known that (cf.
[3]) only the following numbers have a unique representation as the sum of

four unordered squares:
1, 3,5 7, 11, 15, 23, 2**™'m (k€ Nand m = 1,3, 7).

In 1834, Jacobi (cf. [1, p.59] or [7, p.83]) considered the fourth power of
the theta function

@)= > ¢ (ld<1)

n=—oo

and this led him to show that

ry(n) =8 Z d forallneZ" ={1,2,3,...},
dn & 4fd
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where
ra(n) = {(w,z,y,2) € Z" : w* +2* +y* +2* =n}|.

Recently, Sun [6] found that Lagrange’s four squares theorem can be
refined in various surprising ways. He [6] called a polynomial P(z,y, z, w)
with integer coefficients suitable if any n € N can be written as 2% + % +
2% +w? with z,y, z,w € N such that P(x,y, z,w) a square. He proved that

z, 2z, v —vy, 20— 2y, 2y° +y?2? + 222, 2%yt + Ayt + 42202
are all suitable, and conjectured that there are only finitely many linear suit-
able polynomials ax + by + ¢z + dw with a, b, ¢, d integers and ged(a, b, ¢, d)
squarefree (cf. the comments following [6, Definition 1.1}, and [6, Conjec-
tures 4.1, 4.3-4.4 and 4.12]). Using the theory of ternary quadratic forms,
he [6] showed that any n € N can be written as 2 + y* + 2% + w? with
z,y,z,w € Z such that z +y + z (or z + y + 22) is a square (or a cube).

Our first theorem was originally conjectured by Sun [6, Conjecture 4.1
and Remark 4.10].

Theorem 1.1. (i) The polynomial x* + 8yz is suitable, i.e., anyn € N can
be written as x? + y> + 2% + w? (z,y, z,w € N) with 2* + 8yz a square.

(ii) The polynomial x + 2y is suitable. Moreover, any n € Z* can be
written as 2% + y* + 2% + w? (z,y,z,w € N) with x + 2y a positive square.
Remark 1.1. In contrast with Theorem 1.1(ii), Sun [6, Theorem 1.1(iii)]
proved that any n € N can be written as 22 + y* + 2% + w? (z,y,2,w € Z)

with x 4+ 2y a square (or a cube). Sun [6, Conjecture 4.1] also conjectured
that 2z — y is suitable, but we are unable to show this.

Our following results deal with integer variables.

Theorem 1.2. (i) If P(z,y,z) is one of the polynomials x — y, = — 2y,
r+y—z and x+y—2z, then anyn € N can be written as x>+ 3> + 22 + w?
with x,y, z,w € Z and P(x,y, z)(x + 2y + 2z) = 0.

(i) Let d € {1,2,3} and m € {2,3}. Then any n € N can be written as
2% +y? + 22 +w? with x,y, z,w € Z such that x + 2y + 2z = dt™ for some
teZ.

Remark 1.2. Sun [6, Remark 1.4, parts (iii) and (iv) of Conjecture 4.3]
conjectured that the polynomials

(z —y)(x +2y = 22), (z—2y)(x + 2y — 22),
(x4+y—2)(x+2y—22), 20 —y—2z, 20 +y— 2z
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are all suitable.

Theorem 1.3. (i) For each m = 2,3, any n € N can be written as x? +

y? + 22 + w? with x,y, z,w € Z such that x + y + z +w is an mth power.
(ii) Let m,n € Z" withn = 28 (mod 32). If n can be written as x®+y* +

22+ w? with x,y, z,w € Z such that v + 1y + z +w is an m-th power, then

we must have m < 3.

Remark 1.3. Sun [6, Conjecture 4.4(v)] conjectured that any positive integer
can be written as w? + 22 +y? + 2% with w+ 2 4+ y — 2z a square, where w € Z
and z,y,z € N with |w| <z >y < z < x4y, and that any n € N can be
written as w? + 22 + y? + 2? with w + 2 + y — z a nonnegative cube, where

w, x,y, z are integers with |z| <y > 2z > 0.

Ezxample 1.1. We illustrate Theorem 1.3(i) with m = 2 by an example:
60 =1*+3*+ 5>+ (=5)* with 1+3+5+(—5) = 2%

We establish the following general theorem via a new approach involving

Euler’s four-square identity.

Theorem 1.4. Let a,b,c,d € Z with a,b, ¢, d not all zero, and let X € {1,2}
and m € {2,3}. Then any n € N can be written as x* + y* + 2* + w? with
r,y,2,w € Z/(a® +b? + ? +d?) such that ax +by+ cz +dw = A\r™ for some
r € N.

With the help of Theorem 1.4, we obtain the following results.

Theorem 1.5. (i) Let A € {1,2} and m € {2,3}. Then any n € N can be
written as 2> +y? + 22 +w? (v,y,2,w € Z) with x + 2y + 3z —w € {\r"™ :
r € N}.

(i) Any n € N can be written as w? + z* + y* + 2% with w, z,y,z € Z for
which w(x + 2y + 3z —w) = 0 and hence w(x + 2y + 3z) is a square.

(iii) For any n € N, there are w,x,y, 2 € Z with w?+x* +y*+ 2% = n for
which (2w + x)(2w + x —y — 32) = 0 and hence (10w + 5z)? + (12y + 362)?

1S a square.

Remark 1.4. In contrast with Theorem 1.5(i), Sun [6, Conjectures 4.4(iv)
and 4.12(i)] conjectured that x + 2y + 3z — w and = — 2y + 3z — w are both
suitable. Concerning parts (ii) and (iii) of Theorem 1.5, Sun [6, Conjectures
4.5 and 4.8(i)] also conjectured that both w(z + 2y + 32) and (10w + 5z)* +
(12y + 362)? are suitable.
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Theorem 1.6. (i) Anyn € N can be written as w?>+z*+y*+2% (w, 1,9,z €
Z) with w(x +y+32) =0 (or (xr —y)(z +y+32) = 0). Consequently, each
n € N can be written as w?+ x> +y*+2% (w, x,y, 2 € Z) with (x+1y)?+ (42)?
a square.

(ii) Let A € {1,2} and m € {2,3}. Then any n € N can be written as
4+ y?+ 22+ w? (v,y,2,w €Z) withx +y+ 32z € {\r™: r e N}.

Remark 1.5. Sun [6, Conjecture 4.3(iv), Remark 1.4 and Conjecture 4.8(ii)]
conjectured that x —y + 3z and (z — y)(x + y — 32) are suitable, and that
any positive integer can be written as z2 + 4% + 2% + w? with x,y, z,w € N,
y > z, and (z + y)? + (42)? a square. We are also able to show Theorem
1.6(iii) with z,z € N.

Corollary 1.1. Let P(x,y,z) be one of the polynomials
22?4+ 922 + 92222 2% 4 12yz, 927 — 4yz, (z+ 3y)=.

Then any n € Z* can be written as w? + 2* + y* + 2% (w € Z \ {0} and
x,y,z € L) with P(x,y,z) a square.

Remark 1.6. Sun [6, Remark 1.4 and Conjecture 4.10(i)] conjectured that
the polynomials 22y?+9y%2% 492222, 22 +kyz (k = 12,24,32,48,84, 120, 252)
and 922 — 4yz are all suitable. He also conjectured that any n € Z* can be
written as w? + 2% +y*+ 2% with w, z,y € N and z € Z* such that (z +3y)z
is a square (cf. [6, Conjecture 4.2(i)]).

Theorem 1.7. (i) Eachn € N can be written as x*+y*+2*+w? (z,y,z,w €
Z) with w(x +y + 2z + 2w) = 0.

(ii) Let A € {1,2} and m € {2,3}. Then any n € N can be written as
> +yi+ 22 +w? (n,y, 2, w € Z) with x+y+ 2+ 2w = A\r'™ for some r € N.

(iii) Any n € N can be written as x* + y* + 2% + w? (z,y, z,w € Z) with
w(z + 2y + 3z) = 0.

(iv) For each A = 1,2,4 and m € {2,3}, any n € N can be written as
2+ y? + 22+ w? (r,y,2,w €Z) withx +2y + 32z € {\r™: r € N}.

Remark 1.7. Sun [6, Conjectures 4.4(iv) and 1.2(ii)] conjectured that both
r+y—z+2w and x —y — z+ 2w are suitable; in addition to Theorem 1.7(ii),
we are also able to show that any n € N can be written as 2 +y? + 2% + w?
with z,y,w € N and z € Z such that z + y + z 4+ 2w is a square. Theorem
1.7(iv) provides an advance on Sun’s conjecture that both = + 2y — 3z and
x — 2y + 3z are suitable (cf. [6, parts (iii) and (iv) of Conjecture 4.3]).
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Corollary 1.2. Anyn € ZT can be written as z* +y> + 22 +w? (z,y,2 € Z
and w € Z\{0}) with x? 4+ 24yz a square. Also, eachn € Z* can be written
as 2+ y*+ 22+ w? (x,y,2 € Z and w € Z\{0}) with 4z*y*+9y*2* + 362722

a square.

Theorem 1.8. Let A € {1,2}, m € {2,3} and n € N.

(i) We can write n as x® + y* + 2% + w? with x,y,52,5w € Z such that
r+3y+5z¢€{\™: reN}

(i) We can write n as x* + y* + 22 + w? with x,y,2,w € Z/7 such that
r+3y+5z¢€{A": reN}

Remark 1.8. Theorem 1.8 provides a remarkable progress on the 1-3-5 con-
jecture of Sun (cf. [6, Conjecture 4.3(i)]) which asserts that = + 3y + 5z is
suitable. Sun [6, Remark 4.3] also conjectured any n € N can be written as
22+ y? + 22 +w? (z,y, z,w € Z) with x + 3y + 52 a cube.

We are going to show Theorems 1.1-1.3, 1.4-1.6 and 1.7-1.8 in Sections 2,
3 and 4 respectively.

Throughout this paper, for a nonzero integer m and a prime power p®
with p prime and a € N, by p®||m we mean p® | m but p®* t m.

2. PROOFS OF THEOREMS 1.1-1.3
For any a,b,c € ZT = {1,2,3,...}, we define
E(a,b,c) := N\ {az® + by* + c2* : 2,y,2 € Z}.
We need the following well-known theorem.
Gauss-Legendre Theorem ([5, p.23]). We have
E(1,1,1) = {4*(81+7): k,1 € N}. (2.1)
Proof of Theorem 1.1. (i) If n ¢ E(1,1,1), then for some w,z,y € N we
have n = w? + 2% + y* + 02 with 22 + 8y x 0 = 2.
Now suppose that n € F(1,1,1). As F(1,2,3) N E(1,1,1) = 0 by 6,

Lemma 3.2], we can write n as w? + 2v% + 322 with w,v,z € N. Let
x=|v—zland y = v+ z. Then

n=w+@w-2>+@w+2)>+22=w+2°+y* +2*
and
22+ 8yz = |v— 2> +8(v + 2)z = (v + 32)%
This proves Theorem 1.1(i).
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() | - oo

For n =1,2,...,166094 we can verify the desired result via a computer.
Now fix n € N with n > 166094, and assume that any m =0,...,n — 1

can be written as 2% + ¢ + 2% + w? (2,9, 2,w € N) with z + 2y a positive

(ii) Note that

square.

If 16 | n, then by the induction hypothesis there are z,y, z,w € N such
that 22 + y? + 22 + w? = n/16 and x + 2y is a positive square, hence
n = (42)% + (4y)® + (42)? + (4w)? with 4z + 2(4y) = 2%(z + 2y) a positive
square.

Below we suppose that 16 t n. As n > 166094, we have v/5n — Vn > 10
and hence for each » = 0,1 there is a positive integer j, such that

Vn < 524, + 1) < Von.
We claim that 5n — (5(2j, +7))* & E(1,1,1) for some r = 0, 1.

Case 1. 24 n.

If 5n — (10jp)* = 7 (mod 8), then 5n — (10j; + 5)* = 6 (mod 8). So,
5n — (10jy)* or 5n — (105, + 5)* does not belong to E(1,1,1).

Case 2. 4||n.

Write 5n = 4q with ¢ odd. If ¢ = 1 (mod 4), then 5n — (10jp)* =
4 (mod 16) and hence 5n — (1070)* € E(1,1,1). If ¢ = 3 (mod 4), then
5n — (10j; + 5)* = 3 (mod 8) and hence 5n — (105, +5)* & E(1,1,1).

Case 3. 2||n or 8||n.

In this case, 2||5n — (109)* or 8||5n — (10j0)*, and hence 5n — (10j,)* &
B(1,1,1).

By the claim, for some j € {270, 2j1+1} we can write 5n—(55)* = t2+u?+
v? with t,u,v € N. As a square is congruent to one of 0, 1, —1 modulo 5, one
of t,u,v must be divisible by 5. Without loss of generality, we assume that
5|t and v = 2v (mod 5). (Note that 5 | u? +v?* < u? = (20)? (mod 5).)
Set s = (57)%. Then

32+t2+u2+02 5(5)2+5 t 2+u2—|—v2
n = — — —_
5 5 5 5 5

B s+ 2t 2+ 2s — t 2+ u — 2v 2+ 2u+v 2
N 5 5 5 5

with
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As s? > n, we have t? < 5n — s? < 4s% and hence 2s —t > 0. This concludes

our induction proof. O

Lemma 2.1. Suppose that n is the sum of three squares. Then we can write
n=x?+y?>+ 22 +w? (v,y,2,w € Z) with x + 2y + 2z = 0.

Proof. Clearly, n = u® + v? + w? for some integers u,v,w # 2 (mod 3).
(Note that if z = 2 (mod 3) then —z # 2 (mod 3).) Obviously, two of
u, v, w are congruent modulo 3. Without loss of generality, we suppose that
u=wv (mod 3). Set

2u+ v d U+ 2v
= all a— .
4 3 3

Then
n=u'+vi+w?=2u—2)2+02z—y)?+w® = (2y —22)* + (—y)* + 2 + w?
with (2y — 22) + 2(—y) + 2z = 0. This ends the proof. O
Proof of Theorem 1.2. (i) By [6, Lemma 3.2], all the sets

E(1,1,2), BE(1,1,5), B(1,2,3), E(1,2,6)

are subsets of N\ F(1,1,1). If n ¢ E(1,1,2), then we can write n =
2?2 +y? + 22 +w? with 2,9y, 2,w € Zand x —y = 0. If n € E(1,1,5), then
we can write n = 2% + y? + 2% + w? with 2,9, z,w € Z and z — 2y = 0.
When n € E(1,2,6), by [6, Lemma 3.3] we can write n = 2% + y? + 2% + w?
with z,y,z,w € Nand z +y — 2 = 0. If n ¢ E(1,2,3), then again by [6,
Lemma 3.3] we can write n = 2% + 3> + 2% + w? with x,y,z,w € Z and
x4+ y — 2z = 0. Combining these with Lemma 2.1 we immediately finish
the proof of Theorem 1.2(i).

(ii)) For n = 0,1,...,4™ — 1, we can verify the desired result in Theorem
1.2(ii) directly.

Now fix an integer n > 4™ and assume the desired result for smaller
values of n.

Case 1. 4™ | n.

In this case, by the induction hypothesis, there are z,y, z,w € Z with
n/4™ = x? + y? + 22 + w? such that x + 2y + 2z = dt™ for some t € Z.
Hence n = (2™x)2+ (2™y)% 4 (2™2)? + (2™w)? with 2mx +2(2My) +2(2™2) =
2™(x + 2y + 22) = d(2t)™.

Case 2. 4™ {n and n # 4%(81 + 7) for any k,l € N.
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In this case, by the Gauss-Legendre theorem and Lemma 2.1, we can
write n as 2% + y? + 22 + w? (v,y, z,w € Z) with x + 2y + 2z = 0™.

Case 3. n = 4F(81 + 7) for some k,l € N with k < m.
We first consider the subcase d € {1,2}. We claim that {9n — d? 9n —
d*4m™} ¢ {4"(8q+7) : q,r € N}. In fact, for d = 2 we have
89 +7)+3 if & = 0;
I —22=9x 4Bl +7)—4=1408091+7)+6) ifk=1,
A(8(361 +31) +3) if k =2.
For d = 1, clearly

6 (mod 8) ifk=0
M —12=9x 4@l +7)—1= ’
" X4 {3(mod8) k=1,

and when k£ = 2 < m = 3 we have
I — 4% =9 x 4281 +7) — 4> = 4*(721 + 59) = 4*(8(9 + 7) + 3).

Thus, by the Gauss-Legendre theorem, for some § € {1,2™} there exist
a,b,c € Z such that 9n — (d6)? = a* + b* + . Clearly, we cannot have
3 1 abe since 9n — (dd)* # 0 (mod 3). Without loss of generality, we assume
that ¢ = 3w with w € Z. As a? + b* = —(dd)? = 2 (mod 3), we must have
3 1 ab. We may simply suppose that a = 3u + 2dd and b = 3v — 2d with
u,v € Z. (Note that if x =1 = —2 (mod 3) then —z = 2 (mod 3).) Since

12déu — 12ddv + 8(d)?
=(3u + 2d6)* + (3v — 2d0)* = a* + b*> = —(d6)? (mod 9),

we must have 3 | dj(u — v) and hence u = v (mod 3). Set

2u+ v d u+ 2v
= and z = .
3 3

)
Then
In — (d6)? =a® +b* + ¢ = (3u + 2d6)* + (3v — 2d6)* + Iw?
=(3(2y — 2) + 2d5)* + (3(2z — y) — 2d5)* + Jw?
=92y — 2)* + 92z — y)* + 12d5((2y — 2) — (22 — v))
+ 8(dd)? + 9w?
and hence
n=02y—2)*+ (22 —y)> + 4dé(y — 2) + w* + (dd)*
(2y — 22 4+ d6)* + (—y)? + 22 + w?
with (2y — 2z +dd) +2(—y) + 22 =do € {dt™ : t =1,2}.
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Now we consider the subcase d = 3. For ¢ = 0,...,363, we can verify
via a computer that 4%(8¢ + 7) can be written as 2% + y* + 22 + w? with
x,y, z,w € Z such that x + 2y + 2z = 3t3 for some t € Z; for example,

42(8 x 362 + 7) = 46448 = 8% + (—148)* + 156 + 12°

with 8 +2(—148) + 2 x 156 = 3 x 2%. From now on we assume that k < 2
or | > 364. When k € {0,1}, it is easy to see that n — 3?™ is congruent to
6 or 3 modulo 8. If m = 3 and k = 2, then

n—6"" =481+ 7) — 4% x 3° = 4°(8(1 — 364) + 3).

So, for some 6 € {3™,6™} we have n — 6> & {4'(85 +7) : i,j € N}. By

the Gauss-Legendre theorem, n — 62 = a? + b? + ¢ for some a,b,c € Z.

2 say a? and b?, are congruent modulo 3. Without

Clearly, two of a2, b%, ¢
loss of generality, we may assume that a = b (mod 3). Let u = a — 2 and
v=">0+2). Then u = v (mod 3) since 3| §. Set

2u+v U+ 2v
= an Z = .

3

)
Then
n—0"=u+2)*+@w—-20)+c=02y—2+20)*+ 2z —y — 26> + &
It follows that
n=(2y — 22+ 38)° + (—y)* + 2* + &
with (2y — 22 4+ 39) +2(—y) +22 =35 € {3 x t"™: t = 3,6} as desired.
So far we have completed the proof of Theorem 1.2. 0

Proof of Theorem 1.3. (i) For n =0,1,...,4™ — 1, the desired result can be
verified directly.
Now let n > 4™ be an integer and assume the desired result for smaller

values of n.
Case 1. 4™ | n.
By the induction hypothesis, we can write
n
m =22+ + 22+ w? withz,y,2,w € Z

such that x +y + 2z + w = s™ for some s € Z. Therefore,
n = (272) + (27y) + (272)° + (27w)?
with 2"z 4+ 2"y + 2™z 4+ 2Mw = (2s)™.
Case 2. 2 | n but 4™ { n.



10 Y.-C. SUN AND Z.-W. SUN

If n # 4881 + 7) for all k,l € N with k& < m, then by the Gauss-
Legendre theorem we can write n = u? + v? + w? with u,v,w € Z. Clearly,
u+v+w=n=0 (mod 2). Let

u+v+tw —UuU+v+w uU—v+w U+v—w

t=——— = LY = and z =
2 2 2 2

Thenz4+y=w,y+2=u, x+ z=wv, and v + y + z = t. Therefore,

n=u’+v’+w’=(y+2)?>+(x+2)>+ (v +y)°
=(z+y+2)’+27+y +27= (-t +a>+ P+ 2P
with (—t) +z+y+2=0™.

When n = 4%(81+7) for some k, | € N with k < m, we have k € {1,2} and
hence n — 4™~ =£ 4%(8b+7) for any a,b € N. Thus, by the Gauss-Legendre
theorem there are w,v,w € Z such that n — 4™ ! = (u — 212 4 (v —
2m=12 4 (w — 2m~1)2 Set

u+v+w —U+v+w uU—v+w u+v—w

t:T,x: 5 , Y= 5 and z = 5

n :(u o 2m—1)2 + (U _ 2m—1)2 + (w o 2m—1)2 + 4m—1
:<y - 2m—1)2 + (23 - 2m—1)2 + (23 +y— 2m—1)2 + 4m—1
($+y+z—2m)2+x2+y2+22:(2m—t)2+x2+y2+z2

with (2™ —t) + 2z +y+ 2z = 2™.

Case 3. 21 n.
As4n—1 = 3 (mod 8), by the Gauss-Legendre theorem there are u, v, w €
Z such that

dn—1=u—17+2v—-12+2w—1)* = (2u' —1)*+ (20— 1)+ (2w —1)?,

where v/ =1 — w.
When u + v + w is even, we set
u+v+w —Uu+v+w U—v-+w uU+v—w
= 7 , Y= and 2 = ——,
2 2 2 2
and deduce that
dn—1=2u—1*+ (20 —1)*+ 2w — 1)*
=2y +2) -1+ 2@ +2) - 1)+ 2@ +y) — 1)

=4 ((z+y+z-1°+2"+y*+2°) - L

t

Therefore

n=1—-ty 4+ +y* +22with(1—t)+z+y+z=1"
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Now assume that « + v + w is odd. Then u' + v + w is even. Set

v u 44w —u' +v+w u—v4w q u+v—w
2 2 » ¥ 2 9
Then we get
dn—1=(2u' = 1)+ (20 — 1)* + 2w — 1)
=2y +2) -1+ 2@ +2) - 1)+ 2@ +y) — 1)
and hence

n=(1-tP?+2>+y*+2° with(1—-t)+a+y+z=1"

This concludes the proof of the first part of Theorem 1.3.

(ii) Write n = 4(8] + 7) with [ € N. Suppose that n can be written as
2% +y? + 22 + w? with z,y, 2, w € Z such that x +y + 2 +w = t™ for some
t € Z. Then

n=(@+y+z—t")>+2’+y>+ 2
=@ +y)’+y+2’+GE+a)—t"(x+y)+ y+2) + (z+2) + 2"

and hence
dn — 2" = (2 +y) — ") + 2y +2) —t™) 4+ (2(z + 1) — t™)?
If m >4 and t = 2s with s € Z, then
dn — 2™ = 4281 4+ 7) — (25)*™ = 4%(8(] — 2™ 7s?™) - 7).
If m >4 and 2 1t, then
dn — ¥ =428l +7) —t*" = —1 =7 (mod 8).

So, in light of the Gauss-Legendre theorem, we must have m < 3.
The proof of Theorem 1.3 is now complete. 0

3. PROOFS OF THEOREMS 1.4-1.6 AND COROLLARY 1.1

Lemma 3.1. Let a,b,c,d be integers not all zero, and let

as—bt—cu—dv

a2+b2+62+d2 9
__ bstat+du—cv
y - a2+b2+62+d2’ (3 1)
y = cs—dt+au+bv ’
- a2+b2+02+d2’

_ ds+ct—bu+tav
T a?+bi4c?+d?
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Then
axr + by + cz + dw = s,
—b —dz=t
ay T + cw Z , (3.2)
az —bw — cx + dy = u,
aw + bz —cy —dxr = v,
and
(@ 4+ +E+d) @+ v+ 22+ w?) =2+ 2 u? ot (3.3)

Proof. 1t is easy to verify (3.2) directly. By (3.2) and Euler’s four-square
identity, we immediately have (3.3). O

Proof of Theorem 1.4. Let n € N. By [6, Theorem 1.1}, we can write
(a®> + 0>+ +d*)n as (Ar™)?2 + 1% +u? +0? with r,t,u,v € N. Set s = \r™,
and define x,y, z,w by (3.1). Then z,y,z,w € Z/(a* + V* + ¢* + d*). By

Lemma 3.1, we have

2 2+Z2+w2_32+t2+u2+02 .
Y A+ P+ +d?

and
ar + by +cz +dw = s = A\r'".
O

Lemma 3.2. Suppose that 3n = s*+t>+u?+v? withn € N and s, t,u,v € Z.

Define
_ s—t—u
3
stt—v
Y= 3
L _ stuto (3.4)
= =3,
w = t—utwv

Then we have

Py 22w =nand v+2y+32z—w=2s+u.

Proof. Taking a =b=c=1 and d = 0 in Lemma 3.1 we obtain that

Pt 2?4 w? s2 + 12 +u? +0? .
Yy _12+12+12+02_

The equality x + 2y + 3z — w = 2s + u follows from (3.4). O

Lemma 3.3. (Sun [6, Theorem 1.2(iii)]) Let A € {1,2} and m € {2,3}.
Then, any n € N can be written as % +y? + 2° + w? with x,y, z,w € Z such
that x + 2y = A\r™ for some r € N.
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Proof of Theorem 1.5. (i) By Lemma 3.3, we can write 3n in the form
52 4+ 12 + u? +v? with s,t,u,v € Z and 25 + u = \r™ for some r € N.
Since t* + v? = 2(s* + u?) = (s — u)* + (s + u)? (mod 3), and a square is
congruent to 0 or 1 modulo 3, without loss of generality we may assume
that ¢ = s — u (mod 3) and v = —s — u (mod 3). Now define z,y, z,w
as in (3.4). It is easy to see that x,y,z,w € Z. In light of Lemma 3.2,
>+ + 22 +w? =nand v+ 2y + 32 — w = 25 +u = M™. This proves
Theorem 1.5(i).

(ii) If n ¢ E(1,1,1), then for some z,y, 2 € Z we have n = 0>+ 2241+ 2>
with 0(z + 2y + 32 — 0) = 0 and 0(z + 2y + 32) = 0°.

Now suppose that n € F(1,1,1). By the Gauss-Legendre theorem, n =
4%(81 + 7) for some k,l € N. Since F(1,1,5) = {4%(8j +3) : i,j € N}
by Dickson [2, pp.112-113], we have 3n = 4*(8(3l + 2) + 5) € E(1,1,5).
Hence there are s,t,u,v € Z with u = —2s such that 3n = 5s? + 2 4+ v? =
2+ 12 +u? + 0% Ast? +0? = 52 # 2 (mod 3), we have 3 | tv. Without loss
of generality, we may assume that 3 | ¢t and v = s (mod 3). Let z,y, z,w
be given by (3.4). Clearly, x,y, z,w € Z. In view of Lemma 3.2, we have
2+’ +224+w? =nand x+2y+32—w = 2s+u = 0. Note that
w(z + 2y + 3z) = w?. This concludes our proof of Theorem 1.5(ii).

(iii) If n € F(1,1,5), then for some w,x,y,z € Z we have n = w? +
2? +y? + 2% with * = —2w, thus 2w + z)(2w + 2 —y — 32) = 0 and
(10w + 5x)* + (12y + 362)* = (12y + 362)%.

Now suppose that n € F(1,1,5). By Dickson [2, pp. 112-113], E(1,1,5) =
{4*(81 +3) : k,l € N}. So, n = 4%(8] + 3) for some k,l € N. As 3n =
4%(8(3l+1)+1) € E(1,1,5), there are s,t,u,v € Z with u = —2s such that
3n =552 + 12 +v? = s + 2 + u? + v2. As in the proof of Theorem 1.5(i),
without loss of generality we may assume that 3 | t and v = s (mod 3).
Let z,y, z, w be given by (3.4). As in the proof of Theorem 1.5(ii), we have
vy, 2w €L, 2+t + 224w =nandr+2y+32—w=2s+u=0.
Thus n = y? + 2% + (—2)? + w? with

Cy+2)2y+x—w—3(—2))=0
and
(10y +52)% + (12w +36(—2))* = 5*(2y + )% +12%(w — 32)? = (13(2y +x))%.

This proves Theorem 1.5(iii). O
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Lemma 3.4. Suppose that 11n = s> +t*+u?+v* withn € N and s,t,u,v €
Z. Define

_ s+t—3u
T="11 >
s—t+3v
y = 11 )
5 = 3st+u—v (35)
- 11
w = 3t+utv

Then we have
P+ ruwi=nand v+y+3z=s.

Proof. Takinga =1,b= —1,c= 3 and d = 0 in Lemma 3.1 we obtain that
2 42 22 .2
9 2 9 o ST HuU v
T+ (—y) + 2w e R e "

By (3.5), we immediately see that x +y + 3z = s. O

Lemma 3.5. Let m € {2,3} and n € N.

(i) Suppose that 4™ t n and n > N\*(29)*™, where q is a positive odd
integer. Then, for each A = 1,2, we can write n as (A\r'™)? + x2 + y* + 2°
with r € {0,q,2q} and x,y, z € Z.

(i) Suppose that 4™ t 2n and 2n > N*¢*™, where q is a positive odd
integer. Then 2n can be written as (4r™)* + 2%+ y* + 22 with r € {0,¢} and
Y,z € 2.

Proof. (i) Suppose that n is not the sum of three squares. By the Gauss-
Legendre theorem, n = 4(8] + 7) for some k € {0,...,m — 1} and [ € N,
Note that ¢*™ = 8v + 1 for some v € N. Clearly,

81 +7—MN(8v+1)=3,6 (mod 8) if k=0,

481 +7) = MNBv+1)=3 (mod 8) ifk=\=1,

4¥(81 — 8v + 6) if k=1and \ =2,
4(8(4l —v+3)+3) ifk=X\=2.
IfA\=1, k=2 and m = 3, then

77/_)\2q2m —

n— A\ (2¢)"" = 4281 +7) — 2°(8v + 1) = 4*(8(1 — 4v) + 3).

In view of the above and the Gauss-Legendre theorem, there exists r €
{0, q,2q} such that n — (A\r™)? = 2% + y? + 22 for some z,y,z € Z. This
proves Lemma 3.5(1).

(ii) Suppose that 2n is not the sum of three squares. By the Gauss-
Legendre theorem, 2n = 4*(81 + 7) for some k € {1,...,m — 1} and [ € N,
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Note that ¢*™ = 8v + 1 for some v € N. Clearly,

o — 16¢>™ = {4(8l +7)—16(8v+1) =48l +4v) +3) ifk=1,

A281+7)—16(8v+1) = 42(8(1 —v) +6) if k= 2.

In light of the above and the Gauss-Legendre theorem, there exists r €
{0, ¢} such that 2n — (4r™)? = 22 +y? + 22 for some x,y, 2 € Z. This proves
Lemma 3.5(ii). O

Lemma 3.6. (see, e.g., Dickson [2, pp. 112-113]) We have
E(1,1,2) = {4"(16] + 14) : k,l € N}. (3.6)

Proof of Theorem 1.6. (i) If n € E(1,1,1), then for some x,y, z € Z we have
n = 02422 +1y?+2% with 0(z+y+3z) = 0, and also (z+y)*+(4x0)? = (z+y)?
is a square. If n ¢ F(1,1,2), then for some x,y,z,w € Z with x = y we
have n = 22 + y? + 2% + w? with (z — y)(z +y + 32) = 0,

If n € E(1,1,1), then by the Gauss-Legendre theorem, we have n =
4% (81 +7) for some k,l € N, and hence 11n = 45(8(111+9)+5) ¢ E(1,1,1).
If n € E(1,1,2), then by (3.6) n = 4*(16/+ 14) for some k, [ € N, and hence
11n = 4%(8(221 + 19) + 2) & E(1,1,1) by the Gauss-Legendre theorem.

Now suppose that 11n € E(1,1,1). We can write 11n = s* + t? + u* +
v? with s = 0 and t,u,v € Z. Clearly, a square is congruent to one
of 0,1,—2,3,5 modulo 11, and no sum of three distinct numbers among
0,1,—2,3,5 is divisible by 11. Thus two of 2, u?,v? are congruent modulo
11. Without loss of generality, we may assume that © = v (mod 11). As
t? = —u?—v* = (3u)? (mod 11), without loss of generality we simply assume
that ¢ = 3u (mod 11). Define z,y, z,w as in (3.5). Then z,y, z,w € Z. By
Lemma 3.4, we have 22 + 9%+ 224+ w? = nand 2 +y+32z = s = 0. Therefore
(0 + )+ (42)? = (=32)2 + (42)? = (52)".

(i) For n = 0,1,...,A?22%™ we can verify the desired result via a com-
puter.

Now fix an integer n > A?22?™ and assume that the desired result holds
for smaller values of n.

If 4™ | n, then by the induction hypothesis we can write n/4™ = x* +
y: + 22 +w? (2,9, 2,w € Z) with x + y + 32 = \r™ for some r € N, hence

n = (2"1)*+(2My)* + (2™2)* + (2™w)? with 2"z +2"y+3x 2"z = \(2r)™.

Below we suppose that 4™ { n. Applying Lemma 3.5(i) with ¢ = 11, we
can write 11n as (Ar™)? + ¢? + u* 4+ v? with r € {0,11,22} and t,u,v € Z.
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As s:= M"™ =0 (mod 11), we have t* + u* + v? = 11n — s* = 0 (mod 11).
Clearly, a square is congruent to one of 0,1, —2,3,4,5 modulo 11, and no
sum of three distinct numbers among 0,1, —2, 3,4, 5 is divisible by 11. As
t2+u?+v? = 0 (mod 11), two of £2, u?, v? are congruent modulo 11. Without
loss of generality, we may assume that « = v (mod 11) and ¢ = 3u (mod 11).
Define z,y, z,w € Z by (3.5). It is easy to see that z,y, z, w € Z. By Lemma
34, 22 +y* + 22 +w? =nand 2 +y + 32 = s = Mr™. This ends our proof
of Theorem 1.6(ii).

Combining the above, we have completed the proof of Theorem 1.6. [

Proof of Corollary 1.1. If n ¢ E(1,1,1), then there are w, z,y, z € Z with
w # 0 and z = 0 such that n = w*+2?+y*+22, hence 22y? +9y? 22 +92%2% =
(zy)?, (x +3y)z = 0%, 22+ 12yz = 2% and 922 — 4yz = (3x)? are all squares.
Now suppose that n € F(1,1,1). By Theorem 1.6(i), n can be written as
22+ 19?4+ 2% +w? with w(x+y—3z) = 0. Clearly, w # 0 sincen € E(1,1,1).
Thus = + y = 3z and hence
227+ 99227 + 92227 =2y + (2% + y?)(32)?
=2?y? + (2% + wy +y* — ay)(a® + 2y + y* + 2y)
=(2* + 2y +y°)".
Note that
2+ 12yz = (32 —y)? + 12yz = 3z +y)°
and
92° —day = (z +y)* — 4oy = (z — y)*.
Also, n = w? + (—z)% + 2% + y? with (—z + 32)y = y*. This concludes our
proof. 0

4. PROOFS OF THEOREMS 1.7-1.8 AND COROLLARY 1.2

Lemma 4.1. Suppose that Tn = s> +t>+u?+v? withn € N and s, t,u,v € Z.

Define
_ s—t—u—2v
xTr = —
y = s+t+2u—v
= ===,
_ s—2t+u+v (41)
z = —
w = 25+t—u+v‘

7
Then we have

PP+ 2+ wi=nand r+y—+z2+42w=s.
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Proof. Taking a =b=c=1 and d = 2 in Lemma 3.1 we obtain that
Y42t = S
12412412422
By (4.1), we immediately see that x + y + z + 2w = s. O

Lemma 4.2. Let x,y,z € Z with 22° + y* + 2> = 0 (mod 7). Then y* =
2? (mod 7) or 22 = z? (mod 7).

Proof. 1f 7 | z, then y* = —2? (mod 7) and hence y = 2z = 0 = x (mod 7)
since —1 is a quadratic nonresidue modulo 7. In the case 7 1 z, there
are ¢,d € {0,1,2,4} for which y* = cz? (mod 7), 22 = dz* (mod 7) and
c+d=5 (mod 7), thus {c,d} = {1,4} and hence z? is congruent to y* or
2% modulo 7. This ends the proof. O

Proof of Theorem 1.7. (i) lf n &€ E(1,1,1), then for some z,y, z, w € Z with
w =0 we have n = 22 + y? + 22 + w? and w(z + y + 2 + 2w) = 0.

Now assume that n € E(1,1,1). By (2.1), n = 4%(8(+7) for some k, [ € N.
As Tn =4*(8(7l +6) + 1) € E(1,1,1), we can write Tn = s? + t* + u? + v?
with s = 0 and t,u,v € Z. As t? +u?> +v> = Tn — s> = 0 (mod 7),
we have t? = (20)? = 4v? (mod 7) and v* = (3v)? = 2v* (mod 7), or
u? = (20)? = 4v? (mod 7) and t* = (3v)? = 20? (mod 7). Without any loss
of generality, we simply assume that ¢t = 2v (mod 7) and u = 3v (mod 7).
Define z,y,z,w by (4.1). It is easy to see that z,y,z,w € Z. In view of
Lemma 4.1, 22 + > + 22 +w? =nand 2 +y + 2+ 2w = s = 0. Thus
w(x +y+ z + 2w) = 0 as desired.

(ii) We can easily verify the desired result for all n = 0,...,\?14*™ — 1
via a computer.

Now let n > A\214?™ and assume the desired result for smaller values of
n. If 4™ | n, then by the induction hypothesis we have

4% = 2?4y’ + 22 +w? with 2,9, z,w € Z and v4y+2+2w € {\™ : r € N},

and hence n = (2™z)? 4+ (2™y)? + (2"2)% + (2™w)? with
2Mr 4+ 2"y + 2"z + 2 x 2™Mw € {\(2r)™ : r € N}.

Now suppose that 4™ f n. By Lemma 3.5 we can write 7n as (Ar™)? 42+
u? +v? with r € {0,7,14} and ¢,u,v € Z. Note that s = \r™ =0 (mod 7).
As in the proof of Theorem 1.7(i), without any loss of generality we may
assume that ¢ = 2v (mod 7) and v = 3v (mod 7). Define x,y, z,w by
(4.1). Then z,y,2,w € Z. By Lemma 4.1, 2* + y* + 2% + w? = n and
THy+z+2w=s= A"
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(iii) If n € E(1,1,1), then for some x,y,z,w € Z with w = 0 we have
n=x?+y*+ 22 + w? and w(z + 2y + 3z) = 0.

Now assume that n € F(1,1,1). By (2.1), n = 4%(8] + 7) for some
kil € N. As Tn = 45@(71 +6) + 1) ¢ FE(1,1,2) by (3.6), we can write
Tn = s>+ 124+ u?+0? with s,t,u,v € Z with s =t. Asu? 40> = Tn—2s% =
5s? (mod 7), without loss of generality we may assume that u = 2s (mod 7)
and v = —s (mod 7). Clearly, those x,y, z, w defined by (4.1) are integers,
and 22 +y? + 22 +w? = n by Lemma 4.1. Note that w+22+32 = s—t = 0.
Hence n = w? + 22 + 2% + y* with y(w + 2z + 3z) = 0.

(iv) For n = 0,1,...,2%14*"~! — 1 we can verify the desired result via a
computer.

Now fix an integer n > A?14?™~! and assume that the desired result holds
for smaller values of n.

If 4™ | n, then by the induction hypothesis we can write n/4™ = 2% +
y? + 22 +w? (z,y,2,w € Z) with x + 2y + 3z = \r™ for some r € N, hence

n = (2M2)%4+(2™y) 2+ (272) 2+ (2™ w)? with 2™ r+2(2™y)+3(2™2) = A(2r)™.

Below we suppose that 4™ { n. Applying Lemma 3.5 with ¢ = 7, we can
write 14n = (Ar™)? + a® + b + ¢ with r,a,b,c¢ € N. Clearly, two of a,b, ¢
have the same parity. Without any loss of generality, we may assume that
b= c (mod 2) and a = ™ (mod 2). Set

a—+ A" a— A" b+c b—c
§ = , t= , U= , V= .
2 2 2 2
Then s —t = Ar™ =0 (mod 7). Note that
/\m2 2 b? 2
7n = Q) T T Y S

2 2
As 2t2 + u? +v? = 0 (mod 7), by Lemma 4.2, one of u? and v? is congruent
to t* modulo 7, and another is congruent to (2¢)?> modulo 7. Without any
loss of generality, we may assume that v = —t (mod 7) and u = 2¢ (mod 7).
Now we define z,y, z,w by (4.1). It is easy to see that z,y,z,w € Z. By
Lemma 4.1, 2° + 9% + 22 + w? = n. Note that w 4+ 22 + 32z = s —t = \r™.
In view of the above, we have completed the proof of Theorem 1.7. [

Proof of Corollary 1.2. If n ¢ E(1,1,1), then there are w, z,y, z € Z with
w # 0 and z = 0 such that w? + 22 +y* + 22 = n, hence 2% + 24yz = x? and
422y + 9y?2? + 362222 = (2zy)? are both squares.

Now assume that n € F(1,1,1). By Theorem 1.7(iii), n can be written as
2+ y?+ 22 +w? (x,y, 2, w € Z) with w(z+2y+32) = 0. Sincen € F(1,1,1),
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we have w # 0 and x + 2y + 3z = 0. Thus 2% + y* + (—2)? + w? = n with
2+ 24y(—2z) = (2y + 32)* — 24yz = (2y — 32)°.
Also, n = y% + 2% + 2% + w? with

4o 2?4+ 9227 + 362%y% =42y? + (2% + 4y%)(32)?
=(2zy)* + (2 + 4y?) (2* + 4wy + 49°)
=(2% + 2zy + 49°)%

The proof of Corollary 1.2 is now complete. U

Proof of Theorem 1.8. (i) By Theorem 1.7(ii), there are s,t,u,v € Z such
that 5n = s> + 2 + u? +v? and s+t +u + 2v = A\r™ for some r € N. Note
that a square is congruent to one of 0,1, —1 modulo 5. As s* + ¢ + u? +
v? = 0 (mod 5), one of s% % u? is congruent to —v? modulo 5. Without
loss of generality, we assume that u?> = —v? = (2v)? (mod 5) and hence
u + 2v or u — 2v is divisible by 5. Since (25)*> = —s? = * (mod 5), if
2s # t (mod 5) then ¢ = —2s (mod 5) and hence 2t = —4s = s (mod 5).
Without any loss of generality, we simply assume that 2s = ¢ (mod 5) and
hence 2t = —s (mod 5). Define

2s —t s+ 2t u+ 2v 2u—v
T = LY = , 2= , W= .
5 5 5 5

Then x,y, 5z, 5w are all integers and

(25 —1)* 4 (s +2t)? N (u+20v)? 4+ (2u — v)?

25 25
s+ 12+ u? 402
5
Note that
(25 —t) + 3(s + 2t) "
r+3y+52 = +u+2v=s5+t+u+2v=>"

5

(ii) By Lemma 3.3, we can write 7Tn as s* + t*> + u® + v? (s,t,u,v € Z)
with 2s + ¢ = A\r™ for some r € Z. Define z,y,z,w as in (4.1). Then
Tx, Ty, 7z, Tw € Z and 2 + y? + 22 + w? = n by Lemma 4.1. Note that

r+3y+5bw=2s+1t=Ar".

The proof of Theorem 1.8 is now complete. 0
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