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ABSTRACT. Let p be an odd prime. In this paper we investigate quadratic
residues modulo p and related permutations, congruences and identities. If
a1 <...<a(p_1)/2 are all the quadratic residues modulo p among 1,... ,p—1,
then the list {12},,... ,{((p—1)/2)2}, (with {k}, the least nonnegative residue
of k modulo p) is a permutation of ai,... ,a(p—1)/2, and we show that the
sign of this permutation is 1 or (—1)("(=P)+1)/2 3ccording as p = 3 (mod 8) or
p =7 (mod 8), where h(—p) is the class number of the imaginary quadratic field
Q(v/=p). To achieve this, we evaluate the product []; ;< (,—1)/2(cot 752 /p—
cot mk?/p) via Dirichlet’s class number formula and Galois theory. We also
obtain some new congruences and identities in product forms; for example, we
determine the exact value of

aj? + bjk + ck?
H cCoOsm————

1<j<k<p—1 p

for any a,b,c € Z with ac(a + b+ c) Z0 (mod p).

1. INTRODUCTION

Let n be any positive integer. A permutation o on the set {1,... ,n} is said
to be odd or even according as

Inv(o) := {(3,j) : 1<i<j<nando(i)>o())}

is odd or even. The sign of the permutation ¢ is given by sign(o) = (—1)™v(®),

For integers a and b # 0 with ged(b,n) = 1, we use {a/b},, to denote the unique
integer r € {0,... ,n — 1} with a/b =r (mod n) (i.e., a = br (mod n)).
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Let p be an odd prime and let a € Z with p { a. Then 7,(k) = {ak}, with
1 <k < p-—1isapermutation on {1,... ,p— 1}. Zolotarev’s lemma (cf. [DH]
and [Z]) asserts that sign(m,) coincides with the Legendre symbol (7).

Frobenius (cf. [BC]) extended Zolotarev’s lemma as follows: If a € Z is
relatively prime to a positive odd integer n, then the sign of the permutation
mq(k) = {ak}, (0 <k <n—1)on{0,...,n—1} equals the Jacobi symbol (£).

Let n > 1 be an odd integer and let a be any integer relatively prime to n. For
eachk=1,...,(n—1)/2let 7}(k) be the unique r € {1,...,(n—1)/2} with ak
congruent to 7 or —r modulo n. For the permutation 7} on {1,...,(n—1)/2},
Pan [P06] showed that its sign is given by

sign() = (g)(n+1)/2 |

@ n

Let m > 1 be an odd integer, and let a; < ... < ay(,) be all the numbers
among 1,...,m — 1 relatively prime to m. For each k € {1,... ,m — 1} with
ged(k,m) = 1, let 0,,(k) = k be the inverse of k modulo m, that is, k €
{1,... ,m—1}and kk =1 (mod m). Fork=1,...,(m—1)/2 with gcd(k, m) =
1, let 7,,(k) be the unique integer k* € {1,...,(m — 1)/2} such that kk* is
congruent to 1 or —1 modulo m. Clearly, o, is a permutation of ay, ... ,ay(m),
and T, is the permutation of a1,...,a,(m)/2.- Our first theorem determines
sign(o,,) and sign(7,).

eorem 1.1. Suppose that m = []._, p%, where p1,...,p, are distinct o
Th 1.1. § that L1 p%, wh distinct odd
primes and aq, ... ,a, are positive integers. Then we have

sign(oy,) =—1 <= r=1andp1 =1 (mod4). (1.1)

Also, sign(7,,) = —1 if and only if r =1 & (p1 = 1 or 4a; + 3 (mod 8)), or
(r=2& p1+p2=0 (mod 4)). In particular, when m is an odd prime we have

-1 2

sign (o) = — (H) and sign(ry,) = — (-) . (1.2)

m

Let p be an odd prime. By Wilson’s theorem,
2 (p—1)/2

(—1)—1/2 (1%1!) = J] ko-k=@-1)!=-1 (modp). (13)
k=1

Write p = 2n + 1 and let aq, ... ,a, be the list of all the n quadratic residues
among 1,... ,p — 1 in the ascending order. It is well known that the list

{1} {nh
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is a permutation of aq,... ,a,. Clearly, the sign of this permutation is just the
sign of the product

Sp = H ({jQ}p - {iz}p)- (1.4)

1<i<j<(p—1)/2

(An empty product like S5 is regarded to have the value 1.) It is easy to
determine this product modulo p. In fact,

—n! (mod if p=1 (mod 4),
[T G2-i={ et ey )
I<idi<n 1 (mod p) if p=3 (mod 4),
because
n p—1
1<i<j<n 1<i<j<n k=1 k=1
ST Rk T K02 g — L2
k=1 k=1
=(—1)2r=0F/2l ()"~ (mod p)
and (n!)? = (=1)""! (mod p) by (1.3). Note that if p =3 (mod 4) then
I[I @+ =08 (mod p) (1.6)
1<i<j<(p—1)/2
(cf. Problem N.2 of [Sz, pp. 364-365]).
Inspired by (1.5) and (1.6), we obtain the following general result.
Theorem 1.2. Let p be an odd prime.
(i) If p=1 (mod 4), then
[T @+»=E)e/8 (mod p). (1.7)
1<i<j<(p—1)/2
pti®+5?

(ii) Let a,b,c € Z with ac(a + b+ c) £ 0 (mod p), and set A = b* — 4ac.
Then

(Aetbte)y (mod p) ifp| A,
H (ai® + bij + cj?) = { ac’(’wbﬂm . (1.8)
1<i<j<p—1 —(T) (mod P) prJfA-

ptai®+bij+cj?
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If a+c=0, then

(p=1)/2
[T (a®+0bij+ci?)

1,7=1
plai2+bij+cj2 (1.9)

:{ £251 (mod p) i (3) = ~Lor (p| A & (%) = 1),
- b

(iii) Let a,b,c € Z with pfac andp|a+ b+ c. Then

b o [ (N2 (mod p) ifpta—c,
H (@i + bij +cj ):{ (_1)(p+1)/2(%) (mod p)

1<i<j<p—-1
ptai +bij+cj?

ifp‘a_cv

(1.10)
where Np(z) == {1 < k< (p—1)/2: {kz}, > k}| for any p-adic integer x.
(iv) Let a,b,c € Z with p | ac. Then

[T  (a®+0bij+c?)

1<i<y<p—1

ptai®+bij+cj>
f—(g) (mod p) ifpla, ptbandp]|ec,
—(£) (mod p) ifpla, ptbcandp|b+ec,
1 Np(_c/b)(%) (mod p) ifp|a and ptbe(b+c), (L.11)

1)®+HD/2(2) (mod p)  ifpla, p|bandpte,

(=1)

(=1) o)

(—1)(p+1)/2(%) (mod p) ifpta, p|bandp|ec,
(—1)(1’4’1)/2(%) (mod p)  ifptab, pla+bandp]ec,
(=1)

1 Np(_a/b)(%) (mod p) if ptabla+b) andp|ec.

\

To determine the sign of S, for an arbitrary prime p = 3 (mod 4), we need to
establish the following theorem via Dirichlet’s class number formula and Galois
theory.

Theorem 1.3. Let p > 3 be a prime and let { = e*™"/P. Let a be any integer
not divisible by p.
(i) If p=1 (mod 4), then

—-1)/2
w2/ (2)h(p)

[T a-¢*)=vpe : (1.12)

k=1



QUADRATIC RESIDUES AND RELATED PERMUTATIONS AND IDENTITIES 5

where €, and h(p) are the fundamental unit and the class number of the real
quadratic field Q(/p) respectively. If p =3 (mod 4), then

s 2 (h(-p)+1)/2 [ @
_rak®y _ (__1\(hR(=p)+1)/2 [ = i )
I a-¢*)=(1) (p)@ (1.13)

k=1

(ii) If p=1 (mod 4), then

I %)= (=)= D/1pe=3)/2 L RP) (1.14)
1<j<k<(p—1)/2

When p = 3 (mod 4), we have
I« =)
1< <k<(p—1)/2

B { (—p) P78 if p=3 (mod 8),

(_1)(p—|—1)/8—|—(h(—10)—1)/2(%)p(p—?))/sz' if p="T (mod 8),

(1.15)

where h(—p) is the class number of the imaginary quadratic field Q(/—p).

Remark 1.1. For any prime p = 3 (mod 4), it is known that 2 { h(—p); moreover,
L. J. Mordell [M61] proved that 251! = (—1)((=P)+1)/2 (mod p) if p > 3. In
the case a = 1, Theorem 1.3(i) appeared in [Ch]. Our proof of (1.15) utilizes
the congruence (1.5).

Since
sinwf = %e_”@(l —e?™%) and  2coswh x sin7h = sin 276,

we can easily deduce the following corollary from Theorem 1.3(i).

Corollary 1.1. Let p > 3 be a prime and let a € Z with p{a. Then

p-1/2 o
202 T sinm—
k=1 p

—(2)h(p) (1.16)

fp=1 (mod 4)

_(_1)(@+DL(pH+1)/4] €p if p ,
(=1) VP X (—1)(h(-P)+1)/2(a)
p

if p=3 (mod 4),
and

~1)/2 —(2)(%
(p—1)/ ak‘2 { (—l)a(p_l)/4gl(71 (p))(p)h(p) ipr 1 (mod 4),

(—1)(etD)(p+1)/4 if p=3 (mod 4).
(1.17)
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For any odd prime p, we define

o= [{am: s I ma gy g}

and

-1
t(p) ::H(j,k:): 1<j<k:<p2 and {k:2—j2}p>g} . (1.19)

For example, s(11) = #(11) = 4 since ({12}11,...,{5%}11) = (1,4,9,5,3),
{(]7 k) o1 g] <k<5 & {j2}11 > {kQ}ll} = {(275)7 (374)7 (37 5)7 (47 5)}7

and

11

lom: 1<s<rss e -mn> 2=, @) 6.9, 09

From Theorem 1.3 we deduce the following result.

Theorem 1.4. Let p be an odd prime.

(i) We have
' . o 1 if p=3 (mod 8),
sign(S,) = (—1)*® = (—1)'P) = { (=1)(r=P)+D/2 if =7 (mod 8).
(1.20)

(ii) Let a € Z with pta. Then
2 2

k2 — 42 k
H CSCﬂ'a(—]) = H <cot Wﬂ — cot Fa—)

1<j<h<(p-1),/2 b 1<j<h<(p-1)/2 b P
(201 /p) P78 if p=3 (mod 8),
- (_1)(h(—P)+1)/2(%>(2p—1/p)(p—3)/8 if p=7 (mod 8).

(1.21)
In the case p =1 (mod 4), we have

2 2
(1)@= DE-1/4 H CSCWG(/C —J°)
1<j<h<(p-1)/2 b

_(a _ :2 kQ
LI 11 (comﬂ—com“—) (1.22)
1<j<k<(p—1)/2 b P

S (2p—1p—1)(p—3)/88;(%)h(10)/2'

Remark 1.2. The values of s(p) for the first 2500 odd primes p are available
from [S18, A319311]. That 2 | s(p) for any prime p = 3 (mod 8) might have a
combinatorial proof.

With the help of Theorem 1.4, we also get the following result.
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Theorem 1.5. Let p be an odd prime and let ¢ = €*™/P. Let a € Z with p fa.
Then

2 -2
(L R0 ] cosr WE” = %)

1<j<h<(p—1)/2 p

1 if p=3 (mod 4),

= I @+ = { (DhE)(2)-1)/2 .,
1<i<k<(p—1)/2 +ep if p=1 (mod 4).
(1.23)

For a real number z let {z} denote its fractional part z — |z]. If p is an odd

prime and 1 < j < k < (p—1)/2, then
k? 2
o)<
p p

~ 1[5} 12))-

Thus Theorem 1.5 with a = 2 yields the following corollary.

k2—j2

p

Ccos 27 <0 <= cos2r

B~ w

Corollary 1.2. For any prime p =3 (mod 4), we have

'{(j,k): 1<j<k< Pt and g < H’g}—{%}‘ <ZH —0 (mod 2).
(1.24)

Motivated by the congruences (1.5)-(1.6) and Theorems 1.2-1.5, we establish
the following theorem.

Theorem 1.6. Let p be an odd prime.
(i) Let a € Z with pta. Then

_a(j2+k?)
H smmT————
1<j<h<(p—1)/2 P

phi*+k?
(£)h(p)(1+(2))/2 o
p N\ @—(5)-9)/8 » ifp=1 (mod4),
- <2p—1> X (_1)(7373)/8 if p=3 (mod 8),
(_1)(p+1)/8+(h(—p)+1)/2(%) if p="7 (mod 8).
(1.25)
Also,
2 2 1, p—1 p—1| p—
11 cos 72K _ (—1)*"= Lot L) (1.26)
p

1<j<k<(p—1)/2
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and

aj? ak?
H cotm— +cot m—
D D

1< <k<(p—1)/2

phs+k?
a 2y_
gép)h(p)(p"‘(p) 4)/2 pr =1 (IIlOd 4)’
— (2P~ 1p~ )P (5)=D/8 o (—1)=3)/8 if p=3 (mod 8),
<_1)(p+1)/8+(h(—p)+1)/2(%) if p="T7 (mod 8).
(1.27)
(ii) Let a,b,c € Z with ac(a +b+c) #0 (mod p). Set A = b* — dac and
m= > (aj®+bjk+ck?). (1.28)
1<j<k<p—1
plaj24bjk+ck2
Then
o é .2 . 2
(_1)m (2p—1p—1)(p 3 (p))/Q H Sinﬂ'aj +b‘7k+6k

p

1<j<k<p—1
ptaj2+bjk—+ck?2

p— _ AN2\/a c a+tb+tc
(_1)(b+(%))7152(p)((1 PP )G if p=1 (mod 4),

= (—1yerbrr (alathid) ifA|p—3&p|A,
p=3 L h(=p)+1  ge(atbtc .
(_1)a—|—(b—1) PO (%) if4|p—3 & ptA.
(1.29)

We also have

2 ; 2
2= 0e=1=(30/2 T cosn™ + bjk + ck
p

1<j<k<p—1
2y _ A\N2yra c atbtc
_{ (_1)b(p_1)/4€;z(p)((p) D((1=p+p(5)°)(5)+(5)+(552)) iFp=1 (mod 4),

(_1)a+b(p—3)/4+(%)(p+1)/4 ifp=3 (mod 4).
(1.30)
Remark 1.3. Under the notation in Theorem 1.6, as 4a(aj? + bjk + ck?) =
(2aj + bk)? — Ak? we have m = 0 in the case (%) = —1. It seems sophisticated

to determine the parity of m in the case (%) > 0.

Let p be any odd prime and let @ € Z with pfa. For 1 < j <k < (p—1)/2,
clearly

{aj?}p +{ak?}y > p <= {aj*}, > {—ak?},
aj> —ak?
< cotm— < cotm
p b
aj? ak?
<— cotm— + cotm— < 0.
p b
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Thus (1.27) yields the following consequence.
Corollary 1.3. Let p be an odd prime and let a € Z with p{a. For

-1
N := H(j, E)y: 1<j<k< pT . {aj?*}, + {ak®}, >p}’, (1.31)
we have
1 if p=1 (mod 4),
(—DN ={ (=138 if p=3 (mod 8), (1.32)
(_1)(P+1)/8+(h(—P)+1)/2(%) if p="T (mod 8).

We are going to show Theorems 1.1-1.2, Theorem 1.3, Theorems 1.4-1.5 and
Theorem 1.6 in Sections 2-5 respectively. In Section 6 we pose some conjectures
for further research.

2. PrRoors OoF THEOREMS 1.1-1.2

Lemma 2.1. Suppose that m = [[._, p%s, where p1,... ,p. are distinct odd
primes and aq, ... ,a, are positive integers. Then

m
1<k< —
{ren<s

: ged(k,m) =1 and k < %}‘ =0,1 (mod 2), (2.1)

where k is inverse of k modulo m (i.e., 1 <k <m —1 and kk =1 (mod m)),
and 6,1 is 1 or 0 according as r =1 or not. Also, the number

M::H(i,j): 1<i<j<%andijz:l:1 (modm)}‘ (2.2)

is odd if and only ifr =1 & (p1 =1 orda1+3 (mod 8)), or (r=2& p1+p2 =0
(mod 4)).

Proof. By Prop. 4.2.3 of [IR, p. 46], for each ¢ € {£1} and 1 < s < r, we have

—1: 2%2=¢ (mod p§*)}
r<ps—1: 22 =¢ (mod p,)}|
_{2 ife=1orps;=1 (mod 4),

0 otherwise.
Thus, by applying the Chinese Remainder Theorem we see that
Ho<z<m—1: 22=1 (mod m)}| =2" (2.3)

and
o<z <m—1: 22=+1 (mod m)}| =20+, (2.4)
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where § is 1 or 0 according as whether p; =1 (mod 4) for all s=1,... ,r.
Set n = (m —1)/2 and

S ={(k,k): ged(k,m)=1& 1< k,k<n}.
Clearly, (k,k) € S if and only if (k,k) € S. Note that
k=ke{l,...,n} <= 1<k<n&k*=1 (mod m).
Therefore

S| = Hl <z < % : 22 =1 (mod m)}’ =2"1=4,; (mod 2)
in view of (2.3). This proves (2.1).

In light of (2.4), we have

2M =|{(i,j) : 1<i,5 <n&ij ==l (modm)}|
—{1<z<n: 22 ==%1 (mod m)}|
=[{(i, Tm (1)) : 1< i< n & ged(i,m) =1} — 2001
_p(m) (1+8)r—1 _ (1+0)r—1
=y 2 Hp —1)—2 :

which implies that M is odd if and only 1f r=1& (p1 =1 or4a; +3 (mod 8)),
or (r=2& p1+p2 =0 (mod 4)). This concludes the proof. [

Proof of Theorem 1.1. Set n = (m — 1)/2. Clearly m —k = m — k for all

1 <k<m-—1with ged(k,m) =1. If 1 <i < j <m—1 with ged(i,m) =

ged(j,m) =1, then m — j < m — i and
(G—Dm—i-m—j)=(—-i)(m—i-(m~j)=(—i)°>0.

If1<i<j<m-—1,ged(i,m) = ged(j,m) =1and (m —j,m—1i) = (i,]),

then1<i<n,j=m—iand j —i=m — 2i. Thus

sign(am) _ (_1)|{1§1§n. ged(i,m)=1 & i>n}| _ (_1)<,o(m)/2—§r,1 _ (_1)57«,1(191—1—1)/2

by applying (2.1). This proves (1.1).
Now we turn to show (1.2). For i,j € {1 < k <n: ged(k,m) = 1} with

1< g,if ¢* < j* then

G =N G = @)) =G =) —1) >0;
if 7% < ¢* then

(" =)@ = (7)) =" =) —5) > 0;
if § = ¢* and j = j* then j* —i* > 0; if (j*,4*) = (4, 5) then j* —i* =i —j < 0.
In view of this, we see that

Sign(Tm) _ (_1)|{1<i<n: ged(i,m)=1 & i<i"}| _ (_1)M,

where M is given by (2.2). So the second assertion in Theorem 1.1 holds by
Lemma 2.1.

The proof of Theorem 1.1 is now complete. [
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Lemma 2.2. Let p be an odd prime, and let a,b,c € Z with a or b not divisible

by p. Then
Rl faz? +ba+c _(%) if p1b® — dac,
) = 2.
I R L A

Remark 2.1. (2.5) in the case p | a is trivial. When p { a, (2.5) is a known result
(see, e.g., [BEW, p.58]).

Lemma 2.3. Let p be any odd prime, and define
r(n) = H(],k) 1<j<k<
form=0,... p—1. Then

and §% + k? =n (mod p)}‘

[ (-1)/4 ifp=1 (mod4),
r(0) = { 0 if p=3 (mod 4). (26)
Ifne{l,... ,p—1}, then
V’ + 1J +2<5) . (2.7)

Proof. If p = 3 (mod 4), then (- 1) = —1 and hence r(0) = 0. When p = 1

(mod 4), we have ¢> = —1 (mod p) for some g € Z, and hence r(0) = (p—1)/4
since

i+ k*=0 (modp) <= j==+¢k (modp) <= k=7Fqj (mod p).
Below we let n € {1,... ,p —1}. Observe that
2n
1+ (7)
2

p

—1
2r(n) + =2r(n) + Hl <kE< ——: B2 +k*=n (mod p)H

and j? 4+ k* =n (mod p)}‘

ecr s () (7))
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with the help of Lemma 2.2. This yields (2.7). O

Lemma 2.4. Let p be an odd prime and let a,b,c € Z with ac(a+b+¢c) Z0
(mod p). Write A = b*> — 4ac. For eachmn =0,1...,p— 1, we have

H(j,k): 1<j<k<p—1andaj?*+bjk+ck?=n (mod p)}|
:{ 5(0=3—(2) = ()1 =p+p(2))(&) + (&) + (“22E9))) ifn#0,
P+ (5)) ifn=0.

(2.8)
Proof. Let L denote the left-hand side of (2.8). Then

L= {(j,k:): 1<j<k<p_ and aj? + bjk + ck* =n (modp)}‘
+{p—ip—h: 1<k<i— k<j<p-1,
and a(p —7)* +b(p — j)(p — k) + c(p — k)* = n (mod p)}‘
-1
%ﬂx@:1<k<97a0<y p—1, j#0,k,
and (2aj + bk) k% = 4an (mod p)}‘
and hence
(r-1)/2 )
dan + Ak
B ()
> (™

k=1

-1
- '{1 <k < pT: (bk)? — Ak?* = 4an (modp)}‘

_ '{1 <k<P Ll (Qa+bk)? — AR = dan (modp)}‘.

In the case n = 0, this yields

—1 A
L= 1 :
2 < +(p)>
When 1 < n < p—1, by the above we have

L—§f1+ ( (éiiﬂﬁ)>_1+%%)_1+«E%;M)

P 2

S EE) - (5)
SRR (()(25)
A () () (5
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with the help of the identity

Zl (Aw +4anx> o (é)

p

from Lemma 2.2. This proves (2.8). O

Lemma 2.5. Let p be an odd prime, and let a,b,c € Z with a + ¢ = 0 and
abc # 0 (mod p). Set A =b? — dac. Then

L if(5)=-1,
(—1)L0a): 1S5 <(p=1)/2 & plai®+bij+ei®}] — (%) if(%) =0, (2.9)
(Z1) i (3)=1.

Proof. Define

1
N:H(i,j): 1<z‘,j<]’7&p|az‘2+bz‘j+cj2}'.

Case 1. (&) = —1.
P
In this case,

4a(ai® + bij + cj?) = (2ai +bj)*> — Aj2 £ 0 (mod p)

foralli,j=1,...,p—1. Thus N =0 and (—-1)" = 1.
Case 2. (%) = 0.
In this case, p divides A = b? + 4a?, hence (_71) =land p=1 (mod 4). As

g == (%') (mod ),

for some k£ = 0,1 we have x := (—1)'”%1! = —b/(2a) (mod p). Thus

N=H<z‘,j): 1<ij< P wizje (modp)}'

2
-1
2

N

. _p—1 . D
<—: —

() =)

and hence

T
—_
N—
=
=
3
=
~
[\
VRS
TR
~_
I
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by using Gauss’ Lemma (cf. [IR, p.52]) and [S19, Lemma 2.3].

Case 3. (A) 1.

In this case 62 = A for some § € Z with p { A. Let x1 and x5 be integers with
x1 = (=b+9)/(2a) (mod p) and x5 = (—b —0)/(2a) (mod p). Then zy £ x5
(mod p), 1 + 22 = —b/a (mod p) and 123 = ¢/a = —1 (mod p). Thus

N:HI <i4,j < ——: i=jzs (mod p) for somes:l,Q}'

2
2 p—1 p—1 P
:Z(T—ngng: {jxs}p>§}D.

Applying Gauss’ Lemma we obtain that

e li)-(5)-()

In view of the above, we have completed the proof of Lemma 2.5. [

Lemma 2.6. For any odd prime p, we have

H (j —1) (2> Z%l! (mod p). (2.10)

1<i<j<p—1 p

Proof. Clearly (pzl) = (—1)¥ (mod p) forallk =0,... ,p—1. Also, (p—1)! =
—1 (mod p) by Wilson’s theorem. Thus

I G-9 Hy—w—m

1<i<j<p— 1 j=2 k=1

1, D p—1 -
p2 11 (Zzpl)) Epz I | B

0<k<(p—1)/2 \ k 0<k<(p—1)/2

Eu_(_l)(p—ii)(p—@/i% _ b~ 1!(_1)(192—9)/8
2

E__<3)§2§1.(modpy

p

This proves (2.10). O

Lemma 2.7. Let p be an odd prime, and let a,b € 7 with a Z 0,1 (mod p).

Then .
{ze{0,1...,p—1}: Mx+ﬂp>xH:£E—. (2.11)
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Proof. For x € {0,... ,p — 1}, obviously
{az+b+1},>2 <= p—1>{ax+b}, > z.
As a # 0,1 (mod p), we have

Hz €{0,...,p—1}: {az+b}, =2} =1=|{x € {0,... ,p—1}: {ax+b}, =p—1}|.
Thus
H{z €{0,...,p—1}: {ax+b+1}, >z} = |{z €{0,... ,p—1} : {az+b}, > z}|.

In view of the above, it suffices to prove (2.11) forb=0. Forz =1,... ,p—1,
clearly {ax}, # z (since a # 1 (mod p)), and also

{az}y, >2 <= p—{ar}, <p—2 <= {alp—2)}, <p—=.
So (2.11) holds for b = 0. This concludes the proof. [
Proof of Theorem 1.2. (i) Let r(n) be as in Lemma 2.3. Then

p—1 p—1
H (i + %) = H nm(™ = ((p — 1)) Le+1/8] H n—(1+H(3))/2
1<i<ji<(p—1)/2 n=1 n=1
pjf1'2+j2 (p
(p—1)/2
=(—1)l+D)/8 H (k2)~(+()/2
k=1

2
Ei—lﬂ@+nmj(GJ)@+U”)O+“JV2(Hmdp)

with the help of (1.3). This yields (1.7) if p =1 (mod 4). It also proves (1.6)
in the case p =3 (mod 4).
(ii) If p | A, then by Lemma 2.4 and (1.3) we have

I (@®+0bij+¢)
1<i<j<p—1
ptai®4bij+cj?

ﬁn’gg"’+1;‘“<;)+;<<;>+<“z?+c>>;(1+(;;))<<1p)(g>+<;>+<“+£+"*>>
n=1
(p=1)/2
(—1) 5 R GG+ I1 (£2)~ (=P G+ (G)+(=559)
k=1
(1)) ((_1)<p+1>/2>(1‘p>(5>+(5)+(a+3+c)

(o)1 (W) _ (W) (mod p)
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since 4ac = b* (mod p). Similarly, when p f A, by Lemma 2.4 and (1.3) we
have
I (@ +bij+¢)

1<i<j<p—1
ptai®+bij+cj?

p—1
[ "7 G+ - (N3 () +(=52)
n=1

(p—1)/2
P34 L((2)4 (&) (atbtey_(2)Y) P 2\ —((&)4(L)4(atbtey)
(—1) 2 2\\p p p P | | (k' ) p P p

k=1

a c a+b+c
E(_l)”%3+%((%)+(g)+(%)_(%)) <<_1)(p+1)/2>(p)+(p)+(p ) (mod p)

and hence
H (ai® + bij + cj?) E(_l)%((%)ﬂﬁ))(_1)%((%’#0)—(%))

- (a_c) ((a+b+c)A> (mod p).

p p

1<i<j<p-1
ptai®+bij+cj?

This proves (1.8).
Now assume that a + ¢ = 0. We deduce (1.9) from (1.8). Observe that

I (@ +bij+¢?)

1i<ysp—1

ptai®+bij+cj®
(p—1)/2

= JI (@+vip-i)+cp-»)*x ] (ai®+bij+ci?)
ij=1 1<i<j<(p—1)/2

plai2 —bij+cj> ptai®+bij+cj?

< I (alo=*+bp—i)p—3)+clp— )%

1<5<i<(p—1)/2

ptai®+bij+cj?
(p—1)/2 (p—1)/2 (p—1)/2
= JI (@®-bij+ci)x ][] (ad®+bij+ cj2)/ I (ai®+bi® + ci®)
inj=1 ij=1 i=1
ptai® —bij+cj? ptai®4bij+cj?

(p—1)/2 (p—1)/2
—1)m
( ) (a+b+0) H (012—}-6@]—}—@]2) % H (CL'L2+b/L]+C.72)

((p - 1)/2>'2 p i,j=1 i,7=1

ptei+-bij+aj? ptai®+bij+cj?

m a c (p—1)/2
((p (__11))/2)!)2 < +£ h ) H (ai® + bij + cj*)* (mod p),

i,j=1
ptai®+bij+cj?
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where

—1
mZ'{(i,j): 1<i,j<p2 and p)(aig—bij—kcf}’

(p—1)/2 2 a i
ai2 i C'2 2 _ ( _1\m p;l (p) (mOdp) lfplA,
H (08" +bijtes”)" = (=1) ( 2 ) x{ —(=2) (mod p) ifptA.

—1
:'{(z’,j): 1<z‘,jgp2 and pfci® + bij + aj®

2

Combining this with (1.8) and noting ac = —a*, we see that

i,j=1 p
ptai® +bij+cj?
(2.12)
By Lemma 2.5,
. AN
1 if (;) = —]_,
(-0 = L2y (5) =0,
(5 i (9) =1
If p divides A = b% + 4a?, then (1) = 1, (=1)™ = (2), (%) = -1 = (551)?

(mod p) and

(B-(2522)()-()

with the help of [S19, Lemma 2.3]. Thus, in view of (2.12) and (1.3), we have

(1.9) if p | A. When (%) = —1, we have

() ()

and hence (1.9) holds in view of (2.12). If (%) =1, then

-0 () =0 () == (5) = =pme e

and hence (1.9) follows from (2.12).
(iii) If @ = ¢ (mod p), then b = —a — ¢ = —2a (mod p) and hence

[T (a®+0ij+ci?)

1<i<j<p—1

ptai2+bij+cj2
o . N B iy (O . N2
= ] aG-iP=a="2 ] G-
1€i<jsp—1 1€i<jsp—1

() (52 = () s
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with the help of (2.10) and (1.3).
Now assume that a # ¢ (mod p). For 1 <i < j <p—1, clearly

ai® + bij + cj* = (i — j)(ai — ¢j) = ¢(j — 1) (j - gi) (mod p).
c
Note that

p—1
I1 <j _ Ei> = [ (G 1si<isot & g-tgisr (mod )}
C

1<i<j<p—1 r=1
ptai—cj
p—1
= H plISisp=1: {r+2i}p>i}|
r=1

=(p — 1)1P=1/2=1 = (_1)P+1D/2 (0 p)
with the help of Lemma 2.7 and Wilson’s theorem. Also,

o a. .
l@»gpl c(j—i)= H c (cz z)
plai—cj {&i}p>i

(p—1)/2 (p—1)/2

= H (a —c)i x H (a—c)(p—1)
(83> (8D )p>pi
(p—1)/2

= ] (a—oix (—1)HisisEzt: {2i)p<i}]

i=1
_ (“ = C> 1%1!(_1)@—1)/2—1%@/@ (mod p)

and hence

H C( - Z) ngi<j<p—l C(j - Z)
J ()BT (—1) - D/2=Ny(a/o)

1<i<j<p—1
ptai—cj

_c(p—l)(p—Q)/2(%)%!

(%)%!(_1)@—1)/2—%(@/0)

_ (W) (—1)(PHD/2+N5(a/) (1m0d p)

with the help of (2.10). Therefore

[ @?+vij+e>= ] ci-0x [] (j—%i)

1<i<j<p—1 1<i<j<p—1 1<i<j<p—1
ptai24bij4cj? ptai—cj ptai—cj

(M> (=1 (mod p).

p
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This proves part (iii) of Theorem 1.2.

(iv) In the spirit of our proof of Theorem 1.2(iii), we may show Theorem
1.2(iv). To illustrate this, here we handle the case p | @ and p 1 be(b + ¢) in
details. Note that

H (ai® + bij + cj?) = H cj X H <j + gz) (mod p).

1<i<j<p—1 1<i<j<p—1 1<i<j<p—1
ptai24bijtcj2 ptbitcj ptbitcj

(2.13)
Similar to the second paragraph in (iii), we have

[T (5+%5) =002 @odp. (2.14)
1<i<j<p—1 ¢

ptbitcj

Observe that

(p—1)/2 (p—1)/2
I o= I ¢x JI co-9
1<i<j<p—1 j=1 j=1
plbites {-%i}p<i {-¢g-D}tp<pr—i
(p—1)/2
= I o x (-1t =ik
j=1

-1
<£) pT!(—an(*c/b) (mod p)

and hence

—1)/2 N . i
R | i O E (0 ) i
I o= ;

1<i<j<p—1
ptbitcj

(5) (D)o
X —

p—2
5 -

T i
J= <

1

-2
(=)@ =D BN (e (P
2

2
()P 2N (/) (_) (mod p)
p
with the help of (1.3). Combining this with (2.13) and (2.14), we obtain that

I (@ +bij+ci?) = ()N (%) (mod p).

1<i<j<p—1
ptaiZ4bij+cj?

This ends our proof. [
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3. PROOF OF THEOREM 1.3

To prove Theorem 1.3, we need some known results.

Lemma 3.1. Let p be an odd prime, and let ( = e*™"/?,
(i) For any a € Z with p{ a, we have

p—1

[Ta-¢m=p (3.1)

and

St - () enenry, (32)

[Ta-¢m® =g,2m0), (3.3)

ph(—p) ==k <E> , (3.4)
and also

ngkgp;l: <E>:_1HEM (mod 2)  (3.5)

provided p > 3.

Remark 3.1. This lemma is well known. For any a € Z with p { a, we have (3.1)
since

pl pl P —1
—_ an = —_ k = 1 =
nll(l ¢*") kll(l ¢") = lim ——— =p,

and we have (3.2) by Gauss’ evaluation of quadratic Gauss sums (cf. [IR, pp. 70-
75]). Part (ii) and the first assertion in part (iii) are Dirichlet’s class number
formula. The second assertion in part (iii) was pointed out by Mordell [M61].
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Lemma 3.2. Let p be an odd prime and let n € {1,... ,p—1}. Then

-1

H(j,k): 1<j,k:<p ande—kQEn(modp)}'

{p—lJ _{ 1 ifp=1 (mod4) and (2) =1, (3.6)

4

0 otherwise.

Proof. Let L denote the left-hand side of (3.6). Then

persres (-1 (57)-1)

L=

_ P _\p P
ot 2 2 2 2
p—1 1”21(:1: +1<§<x+n> (n>>
4 4x:O p 4 x=0 p p
+1

with the help of Lemma 2.2. This yields (3.6). O

Proof of Theorem 1.3. Let ¢, be the element of the Galois group Gal(Q(¢)/Q)
with ¢, (¢) = ¢*. In view of (3.2),

p—1 p—1
Pa ( (—1)(?—1)/217) — Qpa(ZCxQ) _ ZCMZQ _ (ﬁ) (_1)(p—1)/2p‘
p
x=0 x=0
(3.7)
(i) We first handle the case p =1 (mod 4). Combining (3.1) and (3.3), we
get

p—1 p—1
[T =) =]Ta= ) = pe .
n=1 n=1
(2)=1
Note that
p—1 (p—1)/2 (p—1)/2

1-¢m= J] a-¢ma-¢ ™= [ n-¢P>o.

1 (Z)=1 (Z)=

Il

—_
SRR
SRR

1

—
SRR
—
Il
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Therefore

[T a-¢)= ] a-¢"=ype,"®. (3.8)

This proves (1.12) for a = 1.
Write €, = up + vp/p With u,, v, € Q. In view of (3.7),

(N sl NE) [ i
palep) = up + <p) VP = (Lopy/p { N(ep)e, b if (

p

where N(gp) is the norm of ¢, with respect to the field extension Q(,/p)/Q.
Thus, by using (3.7) and (3.8) we obtain

(r-1)/2 2 (r-1)/2 2
IT 0= TI 0-¢) = (i)
k=1 k=1

—h v ra
_{ \/2_9617 w) if (5) = 1)
_ e T
—VPN(ep) h(p)fp(p) if (5) = -1

This proves (1.12) since N(g,)"®) = —1 (cf. [Co, p. 185 and p. 187]).

Now we consider the case p =3 (mod 4). In view of (3.4),

r=1

(p—1)/2 , (p—1)/2 ,
~E) R
— p b

r=1

and hence p | erz_ll)mr(%). Let N =[{l<r<(@-1)/2: (5)=-1}
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Observe that

(p—1)/2 (p—1)/2 ,
II a-¢H= J] a-¢&)
k=1 k=1
(p—1)/2 (p—1)/2
— H (1—¢*) x H (1 — =)
r=1 r=1
(5)=1 (5)=-1
(p—1)/2 (p—1)/2 cir
= (1_C4T)X H 4
r= r=1 CT
(3)=1 (5)=-1
(p—1)/2
=43 0cr<p/2, (Ey=—1 T (=27 r
=(-pN¢ et T e - )
r=1
oty py P2
(R G) TT (r —- ¢)
r=1
(p—1)/2
== ] € -¢)
r=1
and hence
(p—1)/2 , (p—1)/2
DN I a=-¢) =2 I @ -, (3.9)
k=1 r=1
By Prop. 6.4.3 of [IR, p.74],
(p—1)/2
H (C2r—1_g—(2r—1)):\/ﬁi.
r=1
Thus
(p—1)/2 p—1 - p—1
Vvoi [ @ =¢)=1[¢F-¢H=¢=F[[a-¢) =p
r=1 k=1 k=1

with the help of (3.1). Combining this with (3.9) we obtain

(p—1)/2
(0¥ I a-¢")=vwi

k=1
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Therefore, by using (3.7) we get

(p—1)/2 ) a
0 T -6 =i = (2) vii

k=1

This yields (1.13) since N = (h(—p) + 1)/2 (mod 2) by (3.5).
(ii) Observe that

[T 9 —¢y
1<j<k<(p—1)/2
(p—1)/2 il ak? ak> il
=" T € - (¢ - e
1<j<k<(p—1)/2

(p—1)/2 (p—1)/2

: (P 1)/2 H H CakZ gaj

J;ﬁk
(p—1)/2 (p=1)/2 2 (p=1)/2 (p—1)/2 .2 9
—(—)("2"%) [T (¢*)@=972x H H _ cali®=k)y
k=1 j=
Hﬁk
, (P/2
—(— )P D@8/ TRkt TT (1= eGP R,
Jik=1
J#k
Clearly,
(p—1)/2 P21
Z k? = p=0 (mod p). (3.10)

So, with the help of Lemma 3.2, from the above we obtain

[T ¢ —¢¥)? =(-ne-ve- 3/81‘[ _ cam)Lip-1)/4]
1<j<k<(p—1)/2
" { [lo<n<p, (%):1(1 — ¢~ if p=1 (mod 4),
1 if p=3 (mod 4).

Noting (3.1) and Theorem 1.3(i) we get

-2 2
H (Caj . Cak )2
1<<k<(p—1)/2 ( |
3.11
(£)h(p) .
:(_1)(P_1)(P—3)/8p(p—3)/4 y Ep’ Pr 1 (mod 4),
1 if p=3 (mod 4).
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Thus (1.14) holds when p =1 (mod 4).
Below we suppose p = 3 (mod 4) and want to show (1.15). By (3.11) with
a =1, for some € € {£1}, we have

[[ @ - =evpr

1<j<k<(p—1)/2

In view of (3.7), this yields that

[T €9 ¢ =epa(ypi) 2/ =€ <(g) \/m) (p_g)/4. (3.12)

1<j<k<(p—1)/2

As iP=3/4 = (—1)P=1/8; if p = 7 (mod 8), we obtain (1.15) from (3.12)
provided that

o { 1 if p=3 (mod 8), (3.13)

(—1)(h(=P)+D/2 i p =7 (mod 8).
Now it remains to show (3.13). By (3.12), for any r = 1,... ,(p — 1)/2 we
have
H (Cerz _Cr2k2> _ 8(\/2—”.)(1;_3)/4;
1<j<k<(p—1)/2
on the other hand,

[I (¢ -¢™) =" Baacwnn [ a-¢"®),

1<j<k<(p—1)/2 1< <k<(p—1)/2
Combining these and noting (3.10) and (1.13), we find that

_ (p—1)/2
(6(\/1_9i)(P—3)/4> (p=1)/2 — H H (1- C(k:Q—]?)rz)

1<i<k<(p—1)/2 r=1

- I <(_1)<h<—p>+1>/z (’f2 ;JZ) \/ﬁi) |

1<j<k<(p—1)/2

Therefore

8(p—1)/2 _ (_1) h(—§)+1.(P—1)8(P—3) H (k2 —j2) _ (_1)m.%3

1g<k<p-1yy2 N P

with the help of (1.5). This proves the desired (3.13) since ¢ = e(P~1)/2,
The proof of Theorem 1.3 is now complete. [J
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4. PROOFS OF THEOREMS 1.4 AND 1.5

Lemma 4.1. Let p be any odd prime. Then

mod 2 if p=>5 (mod 8),
L <i<h(p1)/2 0 (mod 2p) otherwise.
Proof. Since
(p—1)/2
2 o G+ DY (B +E)
1<j<k<(p—1)/2 k=1
(r—1)/2 (p—1)/2 (p—1)/2
=Y Y P =p-1 Y K
j=1 k=1 k=1
we have
(p—1)/2 2
9 42y _P—3 s p—3 p*—1 _
Z (°+ k) =5~ > W= "5 p=0 (modp)
1< <k<(p—1)/2 k=1
Note that

p—3'p2—1 {(p—l)/4 (mod 2) ifp=1 (mod 4),
0 (mod 2) if p=3 (mod 4).

Therefore (4.1) holds. O
Proof of Theorem 1.4. For 1 < j <k < (p—1)/2, clearly

] 2
{j2}p > {kQ}p <= cot7r‘7— —cotm— <0
p p
and
k2 52 kQ )
{kQ—jQ}p>g <= sin2m J <0 < csc2m J < 0.
p p

So (1.20) follows from (1.21) and we only need to show part (ii) of Theorem
1.4.
As (1.21) holds trivially for p = 3, below we assume p > 3.
For1<j<k<(p—1)/2, clearly

a(k:2 . 32) eiﬂ'a(kZ*jQ)/P _ e*iﬂa(k2fj2)/p
sin = ;
P 29

T _; 2, -2 .2 S 12
—Ze ira(k®+j )/p(627rzaj /p e27rmk /p)
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Combining this with Lemma 4.1, we see that

]{72 42
H sinw—a( J7)
) p
1<j<k<(p—1)/2
e | (4.2)
:(_1)a172i|_pT_1J (3 (627riaj2/p . 627riak2/p).

(p—1)(p—3)/8
)

1<j<k<(p—1)/2
For any real numbers 60,05 & Z, clearly

cosmh;  cosmls sinm(0y — 601)
cotmh; — cot mlhy = — — — = — . .
sin w64 sin w6y sin w64 sin who

Thus
H sinra(k? — j2)/p

cot raj?/p — cot wak?/p

1<i<k<(p—1)/2

) Clj2 ' ak2 (p—1)/2 ( . ak2>|{1<j<(p_1)/2: J#k}
= H SINTMT——SIN7T——— = H SINmT——
1<<k<p-n2 L L b

and hence by (1.16) we have
k?2 _ a2 -2 k2
H sin Wu/ H (cot ﬂ'% — cot 7Ta—>
1<k < (p—1)/2 b 1<i<k<(p—1)/2 b b

= (5 >(p_3)/4x{(‘1><a—1><p—1>/4s;(5)’323’“”) if p=1 (mod 4)

2r=1 1 if p=3 (mod 4).
(4.3)

So it suffices to determine [], .y, 1y/2 sinma(k® — j2)/p.
Case 1. p=3 (mod 4).
In this case, by combining (4.2) and (1.15) we get

2 2
H sinw—a(k i°)
1<k (p—1)/2 P
:< D >(p—3)/8 " 1 1pr 3 (mOd 8)7
op—1 (_1)(h(—p)+1)/2(%) if p=7 (mod 8).

Thus (1.21) is valid with the help of (4.3).
Case 2. p=1 (mod 4).
In this case, combining (4.2) with (1.14) we obtain

, a(k? — 52 p \P=3)/4 (2)n(p)
H sin? 7 ( ) = <2p_1> ep’ (4.4)
I<j<k<(p-1)/2 P
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and hence

k% — 52 a
H csc ﬂu - i(zpflpfl)(p—?))/sgp (p)h(p)/2.

1 <j<k<(p1)/2 p

In view of (4.3), we have
]{72 42 2 k,2
H (sinwu> <cot7r£ — cot a_)
1<j<k<(p—1)/2 P P P

a\p— 2 _ -2
:(_1)<a—1><p—1>/4(2p—1p—1)<p—3>/4€2<35>T3h<p> 11 gin? o 2k = J°)
p

1< <k<(p—1)/2
Combining this with (4.4) we immediately get the first equality in (1.22).
The proof of Theorem 1.4 is now complete. [J

Proof of Theorem 1.5. (1.23) is trivial for p = 3. Below we assume p > 3. In
view of (4.2),

11 (zcmM): Il Bl

3 2 _ 452
1<) <k<(p-1)/2 P cichaponye T =)/

:(_1)apT+leT_1j H (Caf +Cak2).

1<j<k<(p—1)/2

So we have the first equality in (1.23). On the other hand, by Theorem 1.4(ii)
we have

H csema(k? — 72)/p 1 if p=3 (mod 4),
. = a 2y
csem(2a) (k2 = 72)/p | 4" PGITD2 e — 1 (mod 4).

1<G<k<(p—1)/2

Therefore (1.23) holds.
The proof of Theorem 1.5 is now complete. [

5. PROOF OF THEOREM 1.6

Lemma 5.1. Let p be an odd prime. Then

1 1 (mod 2) 1 p=5 (mod 8),
DY (j2+k2>z{ ( d2) f}f  (mod §) (5.1)
P jehcip1)/2 0 (mod 2) otherwise.

pli®+k?

Proof. If p = 3 (mod 4), then (_71) = —1 and j2 4+ k? # 0 (mod p) for any
Jok=1,...,(p—1)/2. So (5.1) is trivial in the case p =3 (mod 4).
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Now assume that p = 1 (mod 4). Then ¢?> = —1 (mod p) for some ¢ € Z.
For each j =1,...,(p—1)/2 let j. be the unique integer r € {1,...,(p—1)/2}
with gj congruent to r or —r modulo p. Clearly, {j.: 1 <j < (p—1)/2} =
{1,...,(p—1)/2}. Thus

1 (p—1)/2

-2 2\ -2 2

Z (7% + k%) =3 Z (% + k%)
1<j<k<(p—1)/2 Jk=1
plj*+k> pli*+k>

p—1)/2 (p=1)/2 p? —

(
1
=§;J+J* Zk2

and hence

Z (j2+k2):p22;15p28—15p;1 (mod 2).
1<<k<(p—1)/2
pli?+k?

1
p

Therefore (5.1) holds. O
Proof of Theorem 1.6(i). Let ¢ = e2>™/P. As
Z (72 4+ k*) =0 (mod 2p)
1<j<k<(p—1)/2
pi*+k?
by Lemmas 4.1 and 5.1, we have

2 2 _ ] 5 o
1

1<j<h<(p—1)/2 P 1<j<h<(p—1)/2

Pli* +k? pli%+k?
i {(,k): 1<j<k<(p—1)/2 & plj*+k?}]
-(3) o
2 )
where
p—1
fla) =TT = ¢omy
n=1
with r(n) defined as in Lemma 2.3. Note that
. ) p—1 9 9
(k) 1<G<k<=5= &pti®+k
(5.2)
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with the help of (2.6). So

- N
H sinﬂM — <3) f(a).

(5.3)
1<j<h<(p-1)/2 b .
pli%+k?
By (2.7), (3.1) and Theorem 1.3(i), we have
f(a) pL(P-H)/SJ H _ —(1+(2))/2
(22
pUPH)/ ] if p=3,5 (mod 8),
={ ple+y/s)-1/2, () if p=1 (mod 8),
( )(h( p)— 1)/2( )pl_(p+1)/8J 1/2 lpr 7 (mod 8)
Combining this with (5.3) we immediately get (1.25).
In light of (1.25) and (5.2),
[ ey STROGR R
. .2 2
1<j<k<(p=1)/2 b 1<jersipnyp 25T RS p
ptj®+k? Pty +k?
—o—H{(G,k): 1<i<k<(p—1)/2 & ptj+k}|
_o- 5[5
Note also that
a(j? + k?)
H cos T———~
1<j<k<(p-1)/2 b
pli%+k?
:(_1)21<j<k<<p71>/2 & pli24n2 a(*+E*) /P _ (_1)apTltp%1J
by Lemma 5.1. Therefore (1.26) holds.
Observe that
H (cot 7'{'%.2 + cot 7Ta_k2) — H sinma(j” + k*)/p
- 5 . 5
1< <k<(p—1)/2 p p 1<i<k<(p—1)/2 (Slnﬁaj /p)(smwak /p)
pls®+k* pls®+k*
and
Clj2 ak:2 (P_l)/2 ak:2 (p ( ) 4)/2
H (Sil’lﬂ'—) (SiIl?T—) = H (sinw—) .
1<j<k<(p=1)/2 b b k=1 b
pi*+k?

Combining these with (1.25) and (1.16), we obtain the desired (1.27). This
concludes the proof of Theorem 1.6(i). [



QUADRATIC RESIDUES AND RELATED PERMUTATIONS AND IDENTITIES 31

Lemma 5.2. Let p > 3 be a prime and let a,b,c € Z with p{ a. Then

> (aj®+bjk+ck’)=0 (mod p) (5.4)

1<j<k<sp—1

and also
1 Y on_ p—=1 (p—1)(p—3)
- (aj® +bjk + ck”) =a 5 +5b 3 (mod 2). (5.5)
p

1<i<k<p—1
Proof. Let A = b? — 4ac. In view of (3.10), we have

> (a® + bjk + ck?)

1<j<k<p—1

= > (ag®+bjk + ck?)

1<i<k<(p—1)/2

+ Z Z (alp = §)* +blp — j)(p — k) + c(p — k)?)

1<k<(p—1) /2 k<j<p—1

(p-1)/2 ,p-1
= ( (aj? + bjk + ck?) — ck? — (a+b+c)k:2>
0

k=1 j=
(p—1)/2p-1 1 (p—1)/2 1 p—1
= > ((2aj +bk)? — AR?) = > " r? =0 (mod p).
k=1 j5=0 k=1 r=0

This proves (5.4).
Observe that

> (af® + bjk + ck?)

= > (aj+ck)+b > (2-DERE-1)

1<j<k<p—1 1< <k<(p—1)/2
p—1
—1)/2
= ( 3 aj+ck(k—1))+b((p 2)/)
k=1 N0<j<k
(p-1)(p-3)
- §(k2—k)+bp 8p (mod 2)

and hence

> (af® +bjk+ck®) —b
1<j<k<p-1
Eg(@—DMﬁwﬂ) @—1m):amp—%@—® P=1 hod 2)

(p—1)(p—3)
8

6 2

Il
S
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Therefore (5.5) also holds. [
Proof of Theorem 1.6(ii). By Lemma 2.4,
{(,k): 1<j<k<p-1andptaj®+bjk+ck®}|

-1 — — 5.6
()G e G)
Let ¢ = €>™/P. Then
. aj?® +bjk + ck?
H sin

1<j<k<p—1 p
ptaj2+bjk+ck?
. .2 . 2
_ ,—im(aj*+bjk+ck®)/p
_ H e ( )/ (1 B C—aj2—|—bjk+ck2)
1<j<k<p—1 2i
ptaj24bjk+ck?
R )
= (_ (_1)a(;0—1)/2+b(p—1)(p—3)/8—m
2

« H (1— Caj2+bjk+ck2>

1<j<k<p—1
ptaj2+bjk—+ck?

with the help of Lemma 5.2. In view of Lemma 2.4, (3.1) and Theorem 1.3(i),

we have
H (1 . Caj2—|—bjk—|—ck2)

1<j<k<p—1
ptaj2+bjk+ck?

:Hz;ll(l _ Cn)(p*3*(%)+(1*p+p(%)%(%H(%H(%))/?

[TP-L(1 — cmy( @ pHrGR G+ (F (N M+ () /2

pP=3=(E)FU=ptp()*)()+(§)+(=55)/2

TIIPO2 (1 — k)R () ()

:p(p—s—(%wz

Ep ifp=1 (mod 4),

h(p)((lprrp(%)2)(%)+(%)+(%))
X
{ (—1) PP =D/2) 0PN GG 6 — 5 (11od 4).

Therefore
(—n™ H Sin7raj2 + bjk + ck”
1<j<k<p-—1 p
ptaj2+bjk+ck?

:(_1)a<p—1>/2+b<p—1>(p—3>/8i%‘1<p—3—(%>>< p )(”‘3‘(?))/2
1
Ep if p=1 (mod 4),

AP (L=p+p($)M) (H)+(H)+(=5E)
X
{ (1) PV HFT O GHEFED) PG if p= 3 (mod 4).
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It is easy to see that this implies (1.29).

Clearly,
2 : 2
H COST(CLJ + bjk + ck _ H (_1)(aj2+bjk+ck2)/p = (=1)™.
1< <k<p—1 p 1<j<k<p—1
plaj2+bjk+ck? plaj2+bjk+ck?
On the other hand, by (5.6) we have
2 : 2
2P 03-3) [ cosndFEECK
1<j<k<p—1 p

ptaj24bjk+ck?
B H sin(2aj? + 2bjk + 2ck?) /p
sinmw(aj? + bjk + ck?)/p

1<j<k<p—1
ptaj24bjk+ck?

Combining these with (1.29) we immediately obtain the desired (1.30).
In view of the above, we have completed the proof of Theorem 1.6(ii). O

6. SOME CONJECTURES

We are unable to determine the parities of s(p) and ¢(p) (defined by (1.18)
and (1.19)) for a general prime p = 1 (mod 4). However, in contrast with
(1.20), we formulate the following conjecture.

Conjecture 6.1. For any prime p =1 (mod 4), we have
k
s(p)+t(p)z‘{1<k<§ : (2—9) :1}‘ (mod 2). (6.1)

For any positive odd number n and integer k, we let R(k,n) denote the
unique r € {0,...,(n — 1)/2} with k& congruent to r or —r modulo n. For
example,

R(1%,11) =1, R(2*%,11) = 4, R(3?,11) =2, R(4*11) =5, R(5%11) = 3.

Motivated by Theorem 1.4 and Corollary 1.3, we pose the following conjec-
ture.

Conjecture 6.2. Let p be an odd prime, and let a € Z with pta. Then

—1 1
'{(i,j):1<i<j<p2 andR(ai2,p)>R(aj2,p)}‘EV%J (mod 2),

(6.2)

and
(=160 1<i<i<(p=1)/2 & R(ai®.p)+R(aj”.p)>p/2}]

P. (ky—_ a (2 . o
_ (—1)/{rsh<t: () 1}\(5)(1 (ED/2 ifp=1 (mod 4), (6.3)
1 if p=3 (mod 4).

Remark 6.1. We have verified (6.2) and (6.3) with @ = 1 for all odd primes
p < 20000.



34 ZHI-WEI SUN

Conjecture 6.3. Let p > 3 be a prime. If p=3 (mod 4), then

(_1)|{(J’J€): 1<G<k<(p—1)/2 & {j(G+1)/2}p>{k(k+1)/2}p}|

(1) Ok ) (=1 (6.4)
Also,
(—1)HER): 1<G<kSP=1)/2 & {GG+1)/2}p+{k(h+1)/ 21 >p}|
(=)D ifp=1 (mod 8),
={ (—1)lisk<i: (E)=—1}| ifp=5 (mod 8). (6.5)

( 1)h( ”)+1+|{1<k<Lp+1J ( )=—1}] z'pr3 (mod 4)-

Conjecture 6.4. Let p be an odd prime. If p=3 (mod 4), then
(—1){GR): ISi<k<(p=1)/2 and {F(+Dp> k(D1 — (_)Le+D/8] - (6.6)

Also,
(-1 )|{(J}k¢): 1<G<k<(p—1)/2 & {j(G+1)}p+{k(k+1)},>p}|
(—1)Lp=1)/8] if p=1 (mod 4),
=q (=1)PERFD/2 Gfp > 3 & p=3 (mod 8),
1 if p="7 (mod 8).

(6.7)

Conjecture 6.5. (i) For any prime p =5 (mod 6), we have
-1 1
ngkng; {k3}p>§}’ pg c{2n: n=0,1,2,...}  (6.8)

and

HG k) : 1<j<k<p—1and {5}, > (F},}] = 1%1 (mod 2).  (6.9)

(ii) For any integer m > 1, we have

p—1 m P
< <—: — ~
Hl\k\ 5 {k }p>2}‘

as p — oo, where p is an odd prime.

(6.10)

>3

Remark 6.2. Let p be a prime with p = 5 (mod 6). The list {13},,...,{(p —
1)3}, is a permutation of 1,... ,p— 1, for, if 1 < j <k < p—1 then

| —k

~7T((2j + k)2 +3k2) Z0 (mod p).

See [S18, A320044] for some data related to (6.8). Note that (6.8) implies (6.9)
since forany 1 < j<k<p—1lwehave l<p—k<p—j<p—1and

({7} = 1) {0 = B)°}p = {(0 = 5)°}p) > 0.

PP—k =G - k)P +ik+ k) =
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Conjecture 6.6. Let p be an odd prime. Then

'{(j,k:) c1<i<k<P L ana gt > {/#}p}'
B VLIJ N { (h(=p)+1)/2 (mod 2) ifp=7 (mods), 1Y
L8 0 (mod 2) otherwise.
Also,

lam: 1<s<re 200 ana (%) > 00, )

(H1<k<h: (%):1}] (mod 2) ifp=1 (mod 8),
_J 0 (mod 2) if p=3 (mod 8), (6.12)
| (»-5)/8 (mod 2) if p="5 (mod 8),

( (h(—p) +1)/2 (mod 2) if p=7 (mod ).

Remark 6.3. See [S18, A309012, A319882, A319894 and A319903] for related
data or similar conjectures.

The following conjecture is motivated by Theorem 1.5.

Conjecture 6.7. Let p be a prime with p = 1 (mod 4), and let { = €27/P,
Let a be an integer not divisible by p. Then

(_1>|{1<k<p/4: (%):_1” H (gaj2 _|_<-ak2)
1<j<k<(p—1)/2
1 ifp=1 (mod 8), (6.13)
a (%)S;(%)h(p) if p=>5 (mod 8).

Remark 6.4. By K. S. Williams and J. D. Currie [WC], for any prime p = 1
(mod 8) we have

9(p—1)/4 — (_1)|{1<k<P/4: ($)=-1}| (mod p).
The author [S19] studied the determinants of the matrices

(=5)] (=5)]
and ,
p 1<6,j<(p—1)/2 p 0<i,j<(p—1)/2

where p is an odd prime. Now we conclude this section with a conjecture
involving determinants.
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Conjecture 6.8. Let n > 1 be an odd integer. Then

det[R(i*5%,n)]1<i j<(n—1)/2 7 O (6.14)
if and only if n is a prime congruent to 3 modulo 4. Also,

2'2]'2
det H_H 40 (6.15)
1< j<(n-1)/2

if and only if n is either 9 or a prime greater than 7 and congruent to 3 modulo
4.
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