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QUADRATIC RESIDUES AND QUARTIC RESIDUES
MODULO PRIMES

ZHI-WEI SUN

ABSTRACT. In this paper we study some products related to quadratic residues
and quartic residues modulo primes. Let p be an odd prime and let A be any
integer. We determine completely the product

fp(A) = | B G
1<i,j<(p—1)/2
pti2— Aij—j2

modulo p; for example, if p =1 (mod 4) then
) = —(A2 4 4)P=D/1 (mod p) if (A2H4) = 1,
T (=A% =)D/t (mod p)if (A1) = —1,

where (;) denotes the Legendre symbol. We also determine

(p—1)/2 (p—1)/2
11 (2i® + 5ij + 25%) and 11 (2i% — 515 + 25%)
ij=1 i,j=1
pt2i24+5i5+2;52 pt2i2 —5ij+252
modulo p.

1. INTRODUCTION

Forn € Z* = {1,2,3,...} and o = a/b with a,b € Z, b # 0 and ged(b,n) = 1,
we let {z},, denote the unique integer r € {0,...,n — 1} with r = z (mod n) (i.e.,
a = br (mod n)). The well-known Gauss Lemma (see, e.g., [6, p.52]) states that
for any odd prime p and integer  # 0 (mod p) we have

<x> — (—1)Ha<k<p/2 {kady>p/2} (1.1)
p

where (5) is the Legendre symbol. This was extended to Jacobi symbols by M.

Jenkins [7] in 1867, who showed (by an elementary method) that for any positive
odd integer n and integer x with ged(z,n) = 1 we have

x

Z) = (-1 {1<k<n/2: {kx},>n/2}| 1.2

(5)=v : (1:2)

where () is the Jacobi symbol. In the textbook [9, Chapters 11-12], H. Rademacher
supplied a proof of Jenkins’ result by using subtle properties of quadratic Gauss
sums.

Now we present our first new theorem.

Theorem 1.1. Let n be a positive odd integer, and let x € Z with ged(x(1—x),n) =
1. Then

/2 (ke 2z(1 —x
(1) H1sk<n/2: {raba>k}] _ ((n)> , (1.3)
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Also,
(71)\{1<k<n/2: {kz}n>n/2 & {k(1—z)},>n/2}| _ <2) ’ (14)
n
(—1)[{1<k<n/2: (kahu<n/2 & (K1-2)}u<n/2}] _ (2“"(‘2 1)) . (L)
and
(—1)Hish<n/2: {ka}n>n/2>{k(1—2)}n} = (n) ) (1.6)
Let p be an odd prime, and let a,b,c € Z and
Splabye) = [ (ai®+bij + cj?). (1.7)
1<i<j<p—1
ptai24bij+cj?

Using Theorem 1.1, together with [15, Theorem 1.2], we completely determine
Sp(a,b,c) mod p in terms of Legendre symbols.

Theorem 1.2. Let p be an odd prime, and let a,b,c € Z and A = b®> — 4dac. When
pfacla+b+c), we have

(He2) (mod p)  ifp | A,
S (a’ b’ C) = acpa C - (1.8)
’ {—H*;;“A) (mod p) if ptA.
In the case p | ac(a + b+ ¢), we have

0 (mod p) ifpla, plbandp]|ec,
—(5%) (mod p)  ifpfa, p|bandp]ec,
—(2) (mod p) ifpla, ptbandp|ec,
—(5f) (mod p) ifpla, p|bandptec,
—(5 d ‘ , ptbcandp|b+e,

Sylarbyey={ () tmodp) gl pibeandp b e (L9)
*(5) (mod p) ifptab, pla+bandp|ec,
—(5*) (mod p) ifptac, pla—candpla+b+e,
(=¢) (mod p) ifptacla—c) andp|a+b+ec,
(_a(;+b)) (mod p) ifptabla+b) andp|c,
(_C(;Jrc)) (mod p) ifp|a and ptbc(b+ c),

We will prove Theorem 1.1 and those parts of Theorem 1.2 not covered by [15,
Theorem 1.2] in Section 2.
Let p be an odd prime. For a, b, c € Z we introduce

(p-1)/2
Ty(a,b,c) == H (ai® + bij + cj?). (1.10)
p’raﬂifb:i;ﬂj?
Our following theorem determines T),(1, —(a+b), —1) modulo p for all a,b € Z with
ab = —1 (mod p).
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Theorem 1.3. Let p be any odd prime, and let a,b € Z with ab = —1 (mod p).
Set
(p—1)/2

{a,b}, = II  G—aii—1by), (1.11)

ij=1
iZaj,bj (mod p)

which is congruent to T, (1, —(a + b), —1) modulo p.

(i) We have
_{(22t) (mod p) ifp=1(mod 4) & pf (a—b),
et = {(““;“) = (£221) (mod p) ifp=3 (mod 4) (12

(ii) If a = b (mod p) and p =1 (mod 8), then
-1
{a,b}, = (_1)<p+7)/8pT! (mod p).

Ifp=5(mod 8) and a=b= (—1)*((p—1)/2)! (mod p) with k € {0,1}, then
{a,b}, = (—1)kT@=5/8 (mod p).

Our proof of Theorem 1.3 will be given in Section 3.

For any A € Z, we define the Lucas sequences {u,(A4)},>0 and {v,(A)}n>o by

up(A) =0, u1(A4) =1, and up41(A) = Aup(A) + up—1(A) for n =1,2,3,...,
and

vo(A) =2, v1(A) = A, and v,11(A) = Av,(A) + v,—1(A) for n =1,2,3,....
It is well known that

un(A4) = a; : gn and v,(4) =a" + 4"

foralln e N={0,1,2,...}, where

A4 VAT A- VAT
a:f and ﬂ:f

Thus

for all n € N. (1.13)

(A + VAT 4)"  0n(A) £ un (A)VAT A
2 B 2

Now we state our fourth theorem which determines T,(1, —A, —1) for any odd
prime p and integer A.

Theorem 1.4. Let p be an odd prime and let A € Z.
(i) Suppose that p | (A2 +4). Then p = 1 (mod 4), A/2 = (-1)*((p —

1)/2)! (mod p) for some k € {0,1}, and

(=1)®FD/3((p—1)/2)! (mod p) if p=1 (mod 8),

(—1)k+(@=5)/8 (mod p) if p=>5 (mod 8). (1.14)

T,(1,—A, —1) = {

(ii) When (ﬁ) =1, we have

P
—(A2 + 4)P=D/4 (;mod p) if p=1 (mod 4),
—(A2 4+ 4)P+D/ 4y, 1) 9(A)/2 (mod p) if p=3 (mod 4).

(1.15)

T,(1,-A,-1)
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(iii) When (A +4) = —1, we have

(=42 —)>=D/4 (mod p) if p=1 (mod 4),
T,(1,-A,-1) = {(A2 _ 4)(p+1)/4u(p+1)/2<A)/2 (mod p) if p=3 (mod 4).
(1.16)

We will prove Theorem 1.4 in Section 4.
Let p be a prime with p =1 (mod 4) Then (211)2 = —1 (mod p) by Wilson’s
theorem. We may write p = 2% + y? with 2,y € Z, * = 1 (mod 4) and y =
21!35 (mod p). Recall that an integer a not divisible by p is a quartic residue
modulo p (i.e., 2* = a (mod p) for some z € Z) if and only if a»~1/* =1 (mod p).
Dirichlet proved that 2 is a quartic residue modulo p if and only if 8 | y (see, e.g.,
[6, p. 64, Exer. 28]). On the other hand, we have

(k> = 1}‘ =0 (mod 2) <= y=(-1)»"Y/* —1 (mod 8)

{1<n<
p

~ S

as discovered by K. Burde [2] and re-proved by K. S. Williams [16]. In view of
Williams and J. D. Currie [17, (1.4)], we have

olp=1/4 = (_pylI<k<E: (H=—1}1 1 (mod p) if p=1 (mod 8),
221l (mod p) if p=5 (mod 8).

By Dirichlet’s class number formula (see, e.g., L.E. Dickson [4, p. 101]),

7”;1_4’{1<k< <I;>:—1H=h(—4p)7

where h(d) with d = 0,1 (mod 4) not a square denotes the class number of the
quadratic field with discriminant d. In 1905, Lerch (see, e.g., [5]) proved that

h(-3p)=2 > (k)

1<k<p/3 p

S

By [17, Lemma 14],

(—3)=D/4 = (=1)"3/% (mod p) if p=1 (mod 12),
B (*1)(h(73p)72)/4p2;1! (mod p) if p=5 (mod 12).

Thus, if p =1 (mod 12) then
(73)(]971)/4 = (—1)? D DI RIAI(C ) B R =L (71)\{1§k<?: (B)=-1}] (mod p);
similarly, if p =5 (mod 12) then
p. (Ey— -1
(=3)P=D/4 = (_q)lisk<t: (=131 D . ! (mod p).

From Theorem 1.4, we deduce the following result which will be proved in Section
5.

Theorem 1.5. Let p be an odd prime.
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(i) We have
—5(P=1/4 (mod p) if p=1,9 (mod 20),
) (=5)®=1/4 (mod p) if p= 13,17 (mod 20),
Tp,(L=1,-1)= 9, {1020 I (1.17)
(-1) (mod p) ifp=3,7 (mod 20),
(=)LE=9/10) (mod p)  if p = 11,19 (mod 20).
(ii) We have
—2(=1/4 (mod p)  ifp=1 (mod 8),
(p—1)/4 =
T,(1,-2,-1) = 2 (mod p) if p="5 (mod 8), (1.18)
(—=1)=3)/8 (mod p) zfp = 3 (mod 8),
(_1)(p—7)/8 (mod p) p =7 (mod 8).

Now we state our sixth theorem.

Theorem 1.6. Let p > 3 be a prime and let 6 € {£1}. If p=1 (mod 4), then

T,(2,50,2) = (~1)LPHD/12] (104 p). (1.19)
When p = 3 (mod 4), we have
6\ 62° ((p—3)/2\ %
T,(2,59,2) = () ( ) mod p). 1.20
e = (2) 5 (025),)  medn (1.20)
Note that there is no simple closed form for (Eg :ggﬁ) modulo a prime p

3 (mod 4). For a prime p = 1 (mod 4) with p = 224+y? (,y € Zand x = 1 (mod 4)),
Gauss showed the congruence (Eg :Bﬁ) = 2z (mod p), and S. Chowla, B. Dwork
and R. J. Evans [3] used Gauss and Jacobi sums to prove further that

(Ei: Bﬁ) = % (293 - %) (mod p?),

which was first conjectured by F. Beukers. (See also [1, Chapter 9] for further
related results.)

Though we have made some numerical tests via a computer, we are unable to
find general patterns for T, (a,b, c) modulo p, where p is an arbitrary odd prime
and a, b, c are arbitrary integers.

Let p be an odd prime. It is known (cf. [15, (1.6) and (1.7)]) that

H (i + 2) (—1)LP=5/8] (mod p) if p=1 (mod 4),
1 =
AL T E A ()Wt (mod p) i p =3 (mod 4).
phi24g2
From this we immediately get
H (i2+j2>_ 1 if p=1 (mod 4),
rcicienp NP (—DLPHD/ELif p =3 (mod 4).
ptiZ 442

As the product H1<i<j<(p71)/2(i2 — j2) modulo p was determined via [15, (1.5)],
we also know the value of the product

(i2_j2>: (i_j) <i+j>
) II p o p p
1<i<j<(p—1)/2

1<i<i<(p—1)/2
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Motivated by this, we obtain the following result.
Theorem 1.7. Let p > 3 be a prime and let 6 € {£1}. Then

_1)|{o<k<§: (E)=6}| if p=1 (mod 4),

s
11 (J + ’) ={ (~1)r-3)/8 ifp=3 (mod 8), (1.21)
1<i<i<p-n/2 ~ P (—1)E+D/S+HBERHD/2 i) = 7 (mod 8).

We will prove Theorems 1.6 and 1.7 in Section 6, and pose ten conjectures in
Section 7.

2. PROOFS OF THEOREMS 1.1 AND 1.2

Proof of Theorem 1.1. For each k =1,...,(n — 1)/2, we have

2] - B2 ) e

Thus
(n—1)/2
n n—1 kx k(z—1)
< _ _ i I I S
{ren<gs wmnl =" 5 (5] [%57)
and hence

(—1)lSk<n/2: (ha}>k)] <—1>
n

(1) ke + 502 k(e =1) /)
(—1)EEL P @a= D= P k=50 (= D)}a)

=(—1)®* = D/8( )T e+ G A k=1

As {kz}, =1+ n— {kz}, (mod 2) for all k =1,...,(n —1)/2, we have

(n—1)/2 (n—1)/2 (n—1)/2
Z {kz}, = Z {katn + Z (14 (n—{kz}n))
=1 (kalnin/2 (ke asny2

(n—1)/2 (n—1)/2

Zl—l—;r

k=1
{kx}n>n/2

[{1<k<2: (haya> T+ "

(1) e (%) (2) _ (25)

with the help of (1.2). Similarly,

e (2) () - (221)

8_ ! (mod 2).

and hence
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In view of the above, we obtain

(—1)a<k<n/2: (keduk)] <_2> (1) S e ) S (k1)

n

-() (5 (5 - ().
This proves (1.3).

When 1 < k < n/2 and {kz}, < n/2, we clearly have

(kxtn >k <= {k(1—2)ln > g

Thus

—
N
o
A

: {katn > kH H <h<g:
{k;z:}n< k(1 —2)) H

: {k(l —x)}n > %H

: (k) > & k(1 —2)}n > g}

and hence by (1.2) and (1.3) we get

—
N
ol
N

I
—_ = ——
—
VA
N
A

/\ M\ﬁw\ﬁw\i

I
r—'b«
R‘

(71)\{1<k¢<n/2: {kz}n>n/2 & {k(1—x)},>n/2}|

T 1—2x 2
:(_1)\{1gk<n/2: {ka}n>k}] (7) ( ) _ () .
n n n

This proves (1.4).
In view of (1.2) and (1.4), we also have

(_1 H{1<k<n/2: {kz},>n/2>{k(1—z)},}|

)
:(_1)|{1<k<n/2: {kz}n>n/2}|—||[{1<k<n/2: {kax}n,>n/2 & {k(1—z)},>n/2}|

- (2)=C5)
This proves (1.6).

By (1.4) and (1.6), we have

(2) (_1)\{1<k<n/2; {kz}n<n/2 & {k(1—z)}n<n/2}|

n
:(_1)\{1<k<n/21 ({kz}n—n/2){k(1=2)}n—n/2)>0}]

:(71)(n71)/27|{1§k<n/2: {kx}n>n/2>{k(1—x)}, or {k(1—z)}n>n/2>{kz},}|

(@) (),

So (1.5) also holds.
The proof of Theorem 1.1 is now complete. U
For any odd prime p and rational p-adic integer z, we define

Ny(@) = {1 <k <p/2: {kz}, > k}|. (2.1)
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Proof of Theorem 1.2. By parts (ii)-(iv) of Sun [15, Theorem 1.2], the desired
result holds except for the cases

ILptacla—c)and p|a+b+ec,
II. pt ab(a + b) and p | ¢,
IIL. p | @ and p t be(b + ¢).

In case I, by [15, Theorem 1.2(iii)] we have

Sy(a,0) = (=150 (2= (uod ),
As (1) Melare) — (2a(cp— a)>

by Theorem 1.1, we obtain

Sp(a:bre) = <2a(cp_ a)) (26(ap_ C)> B (-;C) (mod ).

In case II, by [15, Theorem 1.2(iv)] we have

Sp(a,b,c) = (=1)Ne(=/®) (i) (mod p).

As
(—1)No(=a/) _ (‘26‘(6’“’)>

p
by Theorem 1.1, we get

Spla,b,c) = (‘““’)) (2) - (‘(”)) (mod p).

b p p
In case III, by [15, Theorem 1.2(iv)] we have

Sy(a,b,c) = (—1)Ne(=e/b) <i) (mod p).

Since (—1)Ne(=¢/b) = (W) by Theorem 1.1, we deduce that

Spla,b,c) = (‘“b“) (2) - (‘“’”) (mod p).

p p p
In view of the above, we have completed the proof of Theorem 1.2. O

3. PROOF OF THEOREM 1.3

Lemma 3.1. Let p be any odd prime. Then

2
(p ; 1!) = (—1)PTY/2 (mod p), (3.1)

and

M @)= {—((p—1>/2>!<modp> Fp=1(modd), oo

1<i<j<(p—1)/2 1 (mod p) if p=3 (mod 4).

Remark 3.2. (3.1) is an easy consequence of Wilson’s theorem. (3.2) is also known,
see [15, (1.5)] and its few-line proof there.
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Lemma 3.3. Let p be a prime with p =1 (mod 4). Then

p—1 p—1 P p—1
1<k —: 1 N — .
O L = o

Proof. Let a = ((p —1)/2)!. Then a®> = —1 (mod p) by (3.1). For any k =
1,...,(p —1)/2, there is a unique integer k* € {1,...,(p — 1)/2} congruent to ak
or —ak modulo p. Note that k* # k since a # £1 (mod p). If {ak}, > p/2 then
{ak*}, = {a(—ak)}, = k < p/2; if {ak}, < p/2 then {ak*}, = {a(ak)}p, =p—k >
p/2. So, exactly one of {ak}, and {ak*}, is greater than p/2. Therefore (3.3)
holds. O

Remark 3.4. In view of Gauss’ Lemma, Lemma 3.3 is stronger than the fact that
(W) = (%) for any prime p =1 (mod 4) (cf. [14, Lemma 2.3]).

Proof of Theorem 1.3. Observe that

(p—1)/2
[I@E-»= I -0
pfiﬁjz 1<i<i<(p—1)/2
GG N | SR
1<i<j<(p—1)/2
and hence
(p—1)/2 2
H (i* - %) = - <p) (mod p) (34)

i,j=1

pti2—;2

with the help of Lemma 3.1.
When a = £1 (mod p), we have b = F1 # a (mod p) and hence

_ {2\ _ —(2=2) (mod p) if p=1 (mod 4),
ta. by = (p) a {—(a +1) (mod p) if p =3 (mod 4).

p

‘ o

RS

So (1.12) holds in the case a = £1 (mod p).
Below we assume that a Z £1 (mod p). As ab = —1 (mod p), we have

(p—1)/2 (p—1)/2
{abl,= [ G-a)x [ G-b)
izaj,ijjixl)od ) sz,z’ijziod ») (3.5)
(p—1)/2 (p-1)/2 . .
= H (1 —aj) x H ey (mod p).
pl(i— 3G+ ai) PG4 G —at)

(i) If p = 3 (mod 4), then (_71) = —1 and hence a # b (mod p). Now we prove
(1.12) under the assumption a # b (mod p). Note that a® #Z 41 (mod p).
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For 1 <i,5 < (p—1)/2, we cannot have i2 —a?j2 = j2 —a?i? = 0 (mod p). Thus

2

(p_l)Z’{(i,j): 1<i,j<;1&p|i+aj}’

{60 12is< 2 eptirani-a)|

— = . —(p—1
4 2 2 ;=D
and hence

o o S a (p+1)/2
QH00): 1€0I<G-1)/2 & p(i+anG=ad}] = (glo-1/2)(p+D/2 = () (mod p).
p

Combining this with (3.5), we obtain

a (p+1)/2
(p) {a.b},

(p—1)/2 (p—1)/2 (p—1)/2
= 11 @ —-ad**) x [ G+a)x ][ (i—aj)
p)((i27a2j,2)=(j2—a2112) iEaJ'Lg:id P) izfaijjj(iriod P)
(p=1)/2 (p—1)/2
X 11 (i — aj) x II (i + aj)
J—aiz—a(iih)=0 (mod p) j+aiza(i—bNZ0 (mod p)
(p—1)/2 (p—1)/2
= 11 <i2—a2j2)/ I @-a
phgiéﬂ p\ji2i?i2
(p—1)/2
« (_1)\{1<j<(p—1)/2: {ai}p>p/2}| H (2aj)
j=1
(p—1)/2

x (—1)HIsISp=1)/2: {bs}p>p/2} H (bj + aj) (mod p)

Jj=1
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Thus, by using (3.4) and Gauss’ Lemma, we see that

a (p+1)/2 (p—1)/2 (p—1)/2
<p> {a.0}, = ] (*- k2)/ II @ -d*?)
i,k=1 i=1

pti2 —k2

X (‘;j’) (2a(a + b))P~H/2 (2’;1!>2
()G (==)

241 2 _ab
(2 (45
p p
This proves (1.12).

(ii) Now we come to prove part (ii) of Theorem 1.3. Assume that ¢ = b (mod p).
Then a? = ab = —1 (mod p) and hence p = 1 (mod 4). As j +ai = +a(i F
aj) (mod p), by (3.5) we have

(r—1)/2 (r—1)/2
{a,b}, =qHE): 1<6,5<(p—1)/2 & plitaj} H (i — aj) x H (i + aj)
bk i
(p—1)/2

=q— = D?/4+[{(.5): 1<i,j<(p—1)/2 & plitaj}| H (i2 — (aj)?)

i,5=1
ptiZ—(aj)?

(p—1)/2 (p—1)/2

< [ G+aj)x [ (-aj)

ii=1 i,j=1
pli—aj plitaj

(p=1)/2
=) 1803 e-1/2 & plivaill T (2 - k2)

ik=1
ptiZ—k2

(p=1)/2
x (—1)isise=1/2: {aj}p>p/2}| H (2aj). (mod p)

Jj=1

Applying (3.4) and Gauss’ Lemma, from the above we get

1Y/ fed 2 a _ p—1
by =ql{1<i<(e-1)/2: {aj}p>p/2}| _(z 2 (9g) P12 7
fa,b}, =a x (20) .

p p (3.6)
= Py OIS0/ Haik>2/2) (mod p).
Asa? = -1 = ((p—1)/2)")%, we have a = (—1)*((p — 1)/2)! (mod p) for some

k € {0,1}. In view of Lemma 3.3,
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Hence

oH1<i<(p—1)/2: {aj}p>p/2}|

2

B (%1!)2(?_1)/8 = (-1)®=1/% (mod p) if p=1 (mod 8),

T ()RR 2eR)/8 = ()R e=5)/82l) (mod p) if p=5 (mod 8).

Combining this with
1.3(ii).

In view of the above, we have completed the proof of Theorem 1.3. O

(p—1)/4
=/ (q)ko-1)/4 (1’1!>

—~ Z

3.6) we immediately obtain the desired results in Theorem

4. PROOF OF THEOREM 1.4

Proof of Theorem 1.4(i). As A2 = —4 (mod p), we have (_71) = 1 and hence p =
1 (mod 4). Since ((p—1)/2)? = —1 = (A/2)? (mod p), for some k € {0,1} we have
A/2 = (=1)*((p—1)/2)! (mod p). Choose a,b € Z with a =b = A/2 (mod p). Note
that {a,b}, = T,(1,—A,—1) (mod p). Applying Theorem 1.3(ii) we immediately
get the desired (1.14). O

For any odd prime p and integer A with A = A% +4 # 0 (mod p), it is known
(cf. [13, Lemma 2.3]) that

Up—(2)/2(A)V(p-(2))/2(A) = tp_(2)(4) = 0 (mod p).
Lemma 4.1. Let A € Z and let p be an odd prime not dividing A = A? +4. Then
—1
p | U(p_(%))/Q(A) < (p) = —1. (41)
Remark 4.2. This is a known result, see, e.g., [10, Chapter 2, (IV.23)].

Proof of Theorem 1.4(ii). Let A = A2 + 4. As (%) =1, we have d*> = A for

some d € Z with p{d. Choose integers a and b such that

A+d A—d
= T+ (mod p) and b = — (mod p).

Then a+b = A (mod p) and ab = (A% —d?)/4 = —1 (mod p). Thus, for any i,j € Z
we have

a

i? — Aij — j%2 = (i — aj)(i — bj) (mod p).
If p=1 (mod 4), then
a—2b

(A2+4)(p1)/4d(p1)/2(ab)(pl)/2< ) (mod p).

If p =3 (mod 4), then

(21k0) (o) - (2.
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For any positive integer n, clearly

1 A+vA\" A—vA\"
(45 ()
1 [(n—1)/2]

n
An7172kAk
e 2 ()

=0
1 l(n—=1)/2]

n—1 (
2 P 2k+1

S(CONCEPIE

n B n [n/2] n
Un(A)=<A+2\/Z> . (A 2\/Z) _ 271171 S <2k>An—2’m’f

k=0

[n/2] n n
1 n A+d A—d
An—2k 2k _ )
on—1 1;=:0 (2k) d 9 + ) (Inod )

) An—1—2kd2k

and

In the case p = 3 (mod 4), we have p [ v(,_1)/2(A) by Lemma 4.1, and hence

(26(A n d)) _ o2 (A v d) PR b 2(A) + dug-1)/(A)
P - 2 o 2

_ oy et a Up-1)/2(4) ugp—1)/2(A)
:(dZ)P (p )2/ — AP+1)/4 (p )2/ (

mod p).

In view of the above, we obtain (1.15) from Theorem 1.3(i). O

Lemma 4.3. Let p be an odd prime, and let A € Z with A = A% +4 % 0 (mod p).
If p=1 (mod 4), then

U (8 72(A) = FAPTD (mod p). (4.2)
If p=3 (mod 4), then
u(p_(é))/z(A) = iQA(p_g)/4 (mod p) (43)

Remark 4.4. This is a known result, see, e.g., [11, Theorem 4.1].

Proof of Theorem 1.4(iii). Let

A= A2 44, a:%andgzﬂ.
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As 22— Ax—1 = (z—a)(x — B3), both a and 3 are algebraic integers. Observe that

(r—1)/2
IT @ -ai-5%
ij=1
(p—1)/2 (r—1)/2 (r—1)/2
= ] G-ap)i-8)= ] G-ai)x [[ (-8
h,j=1 i,j=1 ij=1
(p—1)/2 (p—1)/2 o +i . (p—1)/2
= II G-apx I = =a @2 [T (*-a%?)
1,j=1 i,j=1 i,j=1
(r-1)/2 o
—a~ @02 T (=5 (az_ 22>
o1 7
1,]=
oy (P—1 221 (p—1)/2 (p—1)/2 N
e ) I (-7
j=1 i=1
and hence
(e 1)/ ,=1)/2
H (i2 — Aij — j2) = ple=1/2 H (02 — K2)®PD/2 (mod p)
7,7=1 k=1

(in the ring of all algebraic integers) since for any j,k =1,...,(p — 1)/2 there is a
unique ¢ € {1,...,(p —1)/2} congruent to jk or —jk modulo p. Note that

(p—1)/2
H (z —k?) = 2z®"D/2 _1 (mod p).
=1
Thus
(p—1)/2 ,
H (i — Aij — j2) =P=D/27((o2)P=1)/2 _1)(p=1)/2
ij=1

—B(r=1/2) (qpr=1 _ 1)@*1)/2

= ((ay =172 = go=02) " (noa ),

Case 1. p=1 (mod 4).
In this case,

(p—1)/2 2 g o aP—1)/2 _5@—1)/2
N G

ij=1
:u(p_l)/z(A)(p—l)/ZA(p—l)M (mod p).
As (%) = —1, by Lemma 4.3 we have u(,_1)/5(A) = ZA®~D/% (mod p) and hence

(p—1)/2
) (o — §)P-D/2

p—1

p—1, _
Up—1y2(A) P2 = AT = (—1)® /4 (mod p).

Therefore
(p—1)/2

[T % 4ij - 3% = (=)D (mod p).

4,j=1
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Case 2. p =3 (mod 4).
In this case,
(p=1)/2
H (% — Aij — 12) = — (a@—l)/z 4 g-1/2

4,j=1

)(pfl)/2

= — Vp-1)/2(A)P"D/? (mod p).
It is easy to see that 2v,_1(A) = Au,(A) — Av,(A) for all n =1,2,3,.... Hence

20(p—1)/2(4) = At(pi1)/2(A) = AV(p41)/2(4) = Atpi1)/2(A4) (mod p)
since v(p41)/2(A) = v(,_(2y)/2(4) =0 (mod p) by Lemma 4.1. Thus

o2 ) A (r-1)/2
II - 4ij-j*)=- <2U(p+1)/2(A)>

ij=1

(p—3)/2
_upr1)/2(A) (Upi1y/2(A)
= 5 5 (mod p).

As (%) = —1, by Lemma 4.3 we have u,;1)/2(A) = £2A®~3/4 (mod p), and
hence

(p—1)/2
T @ - i — ) =2ome@ yepees tomel) g
ii=1 2 2
A
E“(p+1)2/2( )(_A)(”+1)/4 (mod p).
In view of the above, we have completed the proof of Theorem 1.4(iii). |

5. PROOF OF THEOREM 1.5

Proof Theorem 1.5. Note that {u,(1)},>0 is just the Fibonacci sequence {F}, },>0.
By [12, Corollary 2(iii)], if p = 3 (mod 4) and () =1, then

Up-1)/2(1) = Fly—1y/2 = —2(=1)Lr=D/10050=3/% (mod p)
and hence

_5<p+1>/4“<p%>/2(1) — (1) LS00 5 (/A =3)/4 — (_1)Lo=5)/10) (1o p).
Similarly, if p = 3 (mod 4) and (g) = —1, then
U(p1)/2(1) = Flpiry/2 = 2(=)IE1U507 (mod p)
and hence
5(p+1)/4u(73%)/2(1) = (_1)L(p*5)/10J5(p+1)/4+(p*3)/4 = (_1)L(p+5)/10J (mod p).

Therefore Theorem 1.4 with A = 1 yields (1.17).
When p =1 (mod 4), we obviously have

Q-1/4 _ o(p—1)/2+(p-1)/4 _ <2) 2G=1/1 _ (_)7-D/ (1mod p).
P



16 Z.-W. SUN
If p=7 (mod 8), then
Upoya(2) = (~1) P20/ (mod p)

by [11, (1.7)], and hence

78@“)/4%%)/2(2) _ 9/ L) D/S9-T/4 = (_1)-D/ (1mod p).

Similarly, if p = 3 (mod 8), then
Upr1y/2(2) = (=1)PF/5279/% (mod p)

by [11, (1.7)], and hence

(_8)(“1)/4%%)/2(2) — 9GP/ )P /S9p-T)/4 = (_1)P=3)/8 (mod p).

So Theorem 1.4 with A = 2 yields (1.18). This ends the proof. (]

6. PROOFS OF THEOREMS 1.6 AND 1.7

Forn=1,2,3,..., we adopt the notation

[(n—1)/2]
nll = H (n —2k).

k=0

Lemma 6.1. Let p > 3 be a prime. Then

p—1 (p—1)/2 2\ p—3 (p—1)/2
! 11 (2i+j)z<> 5! II 2i—j)==+1(modp). (6.1)
kel b
Proof. Set
p—1 (p—1)/2 p—3 (r—1)/2
Ay == I[ @i+j) and B, := 5! IT @i—J.
pii s
Then
AB (p—1)/2 (p—1)/2 (p—1)/2 1 Pt
Wz H (20 + j) x H (2i4+p—j)= H (2 (2i—|-j)>
p : i j=1 ij=1 i=1 ¢ Jj=0
pt2i+j pt2i+p—j pt2i+j
(p—1)/2 =2
(p—1)! (5°)
= — = mod p
11 5=y (med?)
and hence

A,B, = (;) (mod p). (6.2)
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On the other hand,

e 1 (5

i,j=1
pr2(BfL —i)—j
(p—1)/2 (p—1)/2 : (p—1)/2
= 1—j —2i) —J—2i
11 (1—j—2i) 1:[1 - 71/27%) Hl (= —29)
pf2fi]+7j—1 = p’r]jjr2i

_ (_2)(17*1)/2((1)_1)/2)! (p—1)/2 o
:Hlﬁ;ﬁ/f((]?-i-l)/?—%) 1;[ (2 +7)

pi2i+j

x (—1) 2 (-2 (1< -1)/2: 21243} (mpod p),

where k* is 1 or k according as p | k or not. Note that

[T (25 -a) =22
2 2

1<i<p/4
Therefore
(2)Bolo=bi, I
“((p — M — 9
v ) A, - Gz
x (—1)((P=D/2*~[{1<is(p=1)/2: 2i>p/2}]
3)/2)11(—1)((P—1)/2)* = ((p—1)/2—L(p—1)/4])
(o= 3/ L fmod .
(Dl i1y acicp2(2i — (p+1)/2)
and hence
-2
A, = (p> B, (mod p) (6.3)

which gives the first congruence in (6.1).
Combining (6.2) and (6.3), we see that A2 = B> = 1 (mod p). So (6.1) does
hold. This ends the proof. O

Proof of Theorem 1.6. As 2i% + 65ij + 252 = (i + 625)(2i + d5), we have

(p—1)/2 (p—1)/2 (p—1)/2
[T @*+sij+2%) =[]  (+62) x I @i+d))
p+2127+§5£+21 PH+550) 2i463) PHG4550) (2i45)
(p—1)/2 (p—1)/2
= JI G+42)x IT @i+
PH(+65) (2i487) PHG+53)) (2i4+61)
(p—1)/2 (p 1)/2 1
0(i+ 927) _—
H (i +02)° H 5(i+625)%"
i,j=1

pti+62j p\]+52z
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(Note that i + 62§ = j + 62¢ = 0 (mod p) for no ¢,j = 1,...,(p — 1)/2.) Thus,
applying Lemma 6.1 and (3.1) we get

(p—1)/2
H (2i2 + 65i5 + 252)
p+2i2i§:ilg'+2j2
5l 16G<(p-1)/2 & pli+szgy (P12 1
(p—2+0)/2)2 L SE s — 200))2
{82i}p>p/2
§((p-1)/2* = [{1<i<(-1)/2: {325},>p/2} P/ 1
= (-2t S Rt
{62} p>p/2
5r—1?/4 (p—1)/2 lp/4]
= < [T G0 x ] 30
_ 2
((p—2+4)/2)! 1 P
§p—1)2/4 3281p/4] | p /4126

((p—2+09)/2)12 % ((p—1)/2)11+0

§ 2
(01 /4(_1) B 52 52010/ (Wﬂ)”)

(p—2+9)
5 2
(1)) 252000/4) (((p _7“;/ ﬂ;)/g)”) (mod p).

Case 1. p=1 (mod 4).
In this case,

|p/4]1 2 [1/20-nr2 if 6 =1,
(((1)-2+5)/2)”) C2Y2/((p-1)/2)1 i 5= —1.

Thus, with the help of (3.1) we have

2028 |p/4 4]1° ?
(—1)P+0)/23251/4] ((@_@M)

(—1)a+/2 <3>5 <2> L (6) = (=1)LEHD/12] (1104 p),

p p p

and hence (1.19) follows from the above.
Case 2. p =3 (mod 4).
In this case, with the aid of (3.1) we have

5 2
(—1)(P+o)/23261p/4) (((p _U;/ ﬂ;)ﬂ)!!)

_ 26 S—1
— (—1)6-1/230((p-1)/2-) 29/ (p— 1!)
(p—1)/2 x ((p—3)/2) 2

(p—3)/
Q)3 = ()

and hence (1.20) holds.
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In view of the above, we have completed the proof. ([

Proof of Theorem 1.7. Let n = (p — 1)/2. Clearly,

H (] . ’L) _ H k|{1§i<n: itk<n}| _ H k’ﬂ*k
1<i<j<n k=1 k=1
and hence
j—i n\" 1 [k
1. (-GRe
1<i<j<n p p ’;T,j b

Case 1. p=1 (mod 4).
In this case, n is even, and hence by (6.4) and [15, (3.5)] we have

11 (3_’> _ ((”_ 1)”> _ (Lp)lo<k<E (=1}
1<i<j<n N P p
y (3.2) and [14, Lemma 2.3],

I, (59)- () -(2) -

1<i<j<n

Thus we also have

H (j +i> _ (_1)(p_1)/4(_1)\{0<k<§: (By=—1}| _ (_1)\{0<k<§3 (3)=1}
p

1<i<j<n
So (1.21) holds in this case.

Case 2. p =3 (mod 4).

In this case, n is odd and

(%))

1<i<j<n

by (3.2). So it suffices to prove (1.21) for § = —1.
In view of (6.4), we have

) -G)) (7). e
If p = 3 (mod 8), then by [15, (3.6)] we have
((”1)”> _ (—n)le/s) — ()9

p
and hence (1.21) holds for 6 = —1. When p = 7 (mod 8), we have

h(—p)+1)/2
(nl> — (U)((M) — (—1)(h(*P)+1)/2 and <n”> _ (_1)(P+1)/8

p p p
by Mordell [8] and Sun [15, (3.6)] respectively, hence (1.21) with § = —1 follows
from (6.5).

Combining the above, we have finished the proof of (1.21). a
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7. SOME RELATED CONJECTURES

Motivated by our results in Section 1, here we pose 10 conjectures for further
research. We have verified all the following conjectures for primes p < 13000.

Conjecture 7.1. Let p > 3 be a prime and let § € {£1}. Then

I (R O () C) (D) -0):

pt2i2465ij+252
(7.1)

Conjecture 7.2. Let p > 3 be a prime. Then

1 (z i+ ) _ {—1 if p=5,7 (mod 24), 72)

1<i<j<(p—1)/2 p 1 otherwise.
ptiZ —ij+j2
Also,
1 <+9+J) _ {—1 Fp=511(mod 20),
1<i<j<(p—1)/2 p 1 otherwise.

ptiZ+ij+52

Conjecture 7.3. Let p > 3 be a prime. Then

H (i2 3ij+j2> _ {_1 if p=7,19 (mod 20), (7.4)

L<ic i1y D 1 otherwise.

pti2 —3ij+;2

Also,

H (i2+3ij+j2> B {1 if p=19,23,27,31 (mod 40), 7.5)

L<ici< )2 p 1 otherwise.

pti2+3ij+52
Recall that for any prime p = 3 (mod 4) the class number hA(—p) of the imaginary
quadratic field Q(y/=p) is odd by [8].
Conjecture 7.4. Let § € {+1}.
(i) For any prime p =1 (mod 12), we have
T,(1,46,1) = —3®=D/* (mod p). (7.6)
(ii) Let p > 3 be a prime. Then

H <i2+54ij+j2>

1<i<jis(p—1)/2 p

pti2+84ij+;2
1 ifp=1 (mod 24), (7.7)
p. (ky—
) (ptosk<i =1 if p=17 (mod 24),
§(—1)0<k<d5: (5)=—1}-1 if p="17 (mod 24),

§(—1)Ho<k<fa: (=—L+== i) — 19 (mod 24).
Conjecture 7.5. Let p > 3 be a prime. Then

1 (41'2 +j2> B {1 ifp=1,7,9,19 (mod 20),

i< <)/ D —1 otherwise.

ptai2+;52
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Conjecture 7.6. Let p > 3 be a prime. Then

P=1/2 o :
(—1)lrskep/3 (H)=-1}) pH (3%+J> _ 1 if p= =1 (mod 12),
P (-2 if p = £5 (mod 12),

ij=1
pi3itj

and

o (_1)\{1<k<:0/3: (2)=—1}+(p—1)/12 ifp=1 (mod 12),
— . (kY=

w2 3 (= 1)l sh<p/3 (5)=-13|-1 ifp=5 (mod 12),
iyl;Il P (_1)\{1<k<:0/6: ()=1}+(p+1)/4 if p="7 (mod 12),
r ~1 if p=11 (mod 12).

Conjecture 7.7. Let p > 3 be a prime. Then

b=D/2 1 if p=1 (mod 4),

I (H) _ L1248 =3 (mod 8),

gz P (—1)/<k<p/4 =D ¢ p =7 (mod 8),

and

(101_1[)/2 (41_1) _ (—=1)®=D/% ifp=1 (mod 4),
D (_1)Lp/8J if p=3 (mod 4).

ij=1
ptai—j

Conjecture 7.8. Let p > 5 be a prime. Then

(p=D/2 ;.
(—1)l{1<k<p/10: (E)=-1} pH <5z+J>

i,j=1 p
pi5it+j
(—1)LP+D/10) G p = 41,43 (mod 20),
= (—1)lp/20] if p=+£7 (mod 20),

(—1)L@+9/20] ¢ p = 19 (mod 20),

(—1)rC=pFn/2 if p=3,7 (mod 20),
(p-1)/2 (—1)t /20 if p=—9 (mod 20),
(5 J) _ L (C1)Hsk<p/10 ()= DH-D-D/2 i — 1 (mod 20),
= NP (—1)l(1Sk<p/10: )=—D+L@H8)/20] 61— 1 _3 (mod 20),
(—1)/{1sk<p/10: (E)=—1}|+1(p—3)/10] ifp=—7,9 (mod 20).

Conjecture 7.9. For any prime p > 3, we have
_1)la<h<p/1z: (£)=-1} if p=1 (mod 24),
(pi_l[)/2 6i+5\ ) (- 1)|{P+5<k<Lp+1j (B)=-1}| if p=>5,—7,—11 (mod 24),
D ) (=) (RN 2 L) /24) if p=—1,—5 (mod 24),
pt6i+j ( 1) lp/24|—1 ifp=17,11 (mod 24),

i,j=1

and

VLI ]
II < lﬂ) ()l ER k<t (=1
p

piGi—j
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Conjecture 7.10. Let p > 3 be a prime. Then

(r-1/2 . . o
(_1)\{1<k<p/4: (£)=-1} pH (8@4-]) _ (=1)@+D/8 if p=—1 (mod 8),

=1 p 1 otherwise,

piBi+
an {1<k<p/4: (£)=1}] ‘

(=1)/2 /o _ (=1)sespis s if p=1 (mod 4),
H () =< (=1)(r=PHD/24(=3)/8 i h = 3 (mod 8),

= p -1 if p="7 (mod 8).
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