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NEW SERIES FOR POWERS OF r
AND RELATED CONGRUENCES

ZHI-WEI SUN

ABSTRACT. Via symbolic computation we deduce 97 new type series for powers
of 7 related to Ramanujan-type series. Here are three typical examples:

i P(k)(CH) (CF) (S5 _ 18 x 557403%v/10005
= (k+ 1)(2k — 1)(6k — 1)(—640320)3k 5m
with
P(k) =637379600041024803108k2 + 657229991696087780968k
+ 19850391655004126179,
o~  (Bk+1)16F  72-8
N ’
=1 (2k +1)2K3 (3F) 2
and

o0 n 2

Z % (:) Tk(1725)Tnfk(1725) = 27751_7

n=0 k=0
where the generalized central trinomial coefficient Tk (b, c) denotes the coeffi-
cient of ¥ in the expansion of (22 + bx + ¢)*. We also formulate a general
characterization of rational Ramanujan-type series for 1/7 via congruences,
and pose 117 new conjectural series for powers of 7 via looking for correspond-
ing congruences. For example, we conjecture that

o0

39480k + 7321 6795v/5
> %Tk(m,nn(n, —11)2 = 6795v5
£~ (~29700) ™

Eighteen of the new series in this paper involve some imaginary quadratic fields
with class number 8.

1. INTRODUCTION AND OUR MAIN RESULTS

The classical rational Ramanujan-type series for 71 (cf. [1, 2, 8, 27] and a nice
introduction by S. Cooper [10, Chapter 14]) have the form

S ey - 2V (¥
k=0

where b, c,m are integers with bm # 0, d is a positive squarefree number, A is a
nonzero rational number, and a(k) is one of the products

2k\° 2K\ (3k\ [2k\? 4K\ [2Kk\ (3K (6k
k) \k k) \ k 2k)7 \ k k)\3k/)"
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In 1997 Van Hamme [47] conjectured that such a series (x) has a p-adic analogue
of the form

p—1
> " Cak) = p (m) (mod p°),
k=0 " p

where p is any odd prime with p { dm and A € Z,, e; € {£1} and ¢4 = —1 if
d > 1. (As usual, Z, denotes the ring of all p-adic integers, and (;) stands for
the Legendre symbol.) W. Zudilin [53] followed Van Hamme’s idea to provide more
concrete examples. Sun [33] realized that many Ramanujan-type congruences are
related to Bernoulli numbers or Euler numbers. In 2016 the author [44] thought

that all classical Ramanujan-type congruences have their extensions like
n—1 k 3 n—1 k 3
feo (21K +8) (Zk) — P p—o(21k + 8)(2k)
3
() (5))

where p is an odd prime, and n € ZT = {1,2,3,...}. See Sun [45, Conjectures

21-24] for more such examples and further refinements involving Bernoulli or Euler
numbers.

During the period 2002-2010, some new Ramanujan-type series of the form (x)

with a(k) not a product of three nontrivial parts were found (cf. [3, 4, 9, 29]). For
example, H. H. Chan, S. H. Chan and Z. Liu [3] proved that

€ Zp,

- 1

n=0 647 \/gﬂ.

where D,, denotes the Domb number »_}'_, (2)2(2:) (2(:__,5)); Zudilin [53] conjec-
tured its p-adic analogue:

p—1

S5k+1
Z &%Dk =p (g) (mod p®) for any prime p > 3.

The author [45, Conjecture 77] conjectured further that
1 (R sk 41 P\ 5k +1
D= (5)p . Dk> €z
for each odd prime p and positive integer n.
Let b,c € Z. For each n € N={0,1,2,...}, we denote the coefficient of ™ in the

expansion of (2 + bz + ¢)" by T,(b,c), and call it a generalized central trinomial
coefficient. In view of the multinomial theorm, we have

s n 2N ok g gk n\ (n—Fk\ ,_ ok i
Tn(b,c):Z o ) \ & b C:Z 5 i b c”.

k=0 k=0

Note also that
TO(ba C) = 17 Tl(b7 C) = b7

and

(n+1)Thi1(b, ¢) = (2n+ 16T, (b, c) — n(b* — 4¢)T,—1 (b, c)
for all n € Z*. Clearly, T;,(2,1) = (27:‘) for all n € N. Those T), := T,(1,1) with
n € N are the usual central trinomial coefficients, and they play important roles in
enumerative combinatorics. We view T}, (b, ¢) as a natural generalization of central
binomial and central trinomial coefficients.
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For n € N the Legendre polynomial of degree n is defined by

"\ (n+k\ (z—1)\"
P, =
=2 () ()
k=0
It is well-known that if b,c € Z and b — 4c # 0 then

T (b, ) = (VB2 — )" P, <\/b2b_74¢

Via the Laplace-Heine asymptotic formula for Legendre polynomials, for any posi-
tive real numbers b and ¢ we have

(b + 2\/E)n+1/2
RN

(cf. [40]). For any real numbers b and ¢ < 0, S. Wagner [48] confirmed the author’s

conjecture that
lim /|7, (b, c)| = V% —
n—oo

In 2011, the author posed over 60 conjectural series for 1/7 of the following new
types with a, b, ¢, d, m integers and mbcd(b? — 4c) nonzero (cf. Sun [34, 40]).
Type T. 5370 SHE (%) Ty (b, c).
Type II. ) 7, “Edk (Zkk) () Tr (b, ¢).
Type III. ) 7, @ik (2k> ()T (0, 0).
Type TV. 332 SE8 (%) Toi (b, ).
Type V. 302 o 5 (5) () Ton (b, 0)-
Type VI. Zk 0 “;;‘,fka(b c)?,
Type VIL. >5,7, ajn(ék( ) k(b ¢)?,

In general, the corresponding p-adic congruences of these seven-type series involve
linear combinations of two Legendre symbols. The author’s conjectural series of
types I-V and VII were studied in [6, 49, 54]. The author’s three conjectural series of
type VI and two series of type VII remain open. For example, the author conjectured
that

) for all n € N.

T, (b, c) ~ as n — 400

i 3990k + 1147

432
T.(62,95%)% = —=(94v/2 + 195v/14
L £(62,95%)° = S==(9 V2 +195V/14)

k=0
as well as its p-adic analogue

p—1
3990k + 1147 03 _ P —2 —14 )
— oo 1k(62,957)" = — (4230 | — 17563 { — d
2 e OO = g )7 b)) tredv?)

where p is any prime greater than 3.
In 1905, J. W. L. Glaisher [15] proved that

i ak-1CH" 8

_1)4 k- 2
k=0(2k 1)4256 T

This actually follows from the following finite identity observed by the author [38]:

2 1)(2k) (2n)4
,; 2k — 1)%256F —(8n® +dn + )256 for all n € N.
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Motivated by Glaisher’s identity and Ramanujan-type series for 1/m, we obtain the

following theorem.
Theorem 1.1. We have the following identities:

2k 3
kAk-1() 1
(2k — 1)2(—64)F

k-1 2
< (2k —1)3(—64)F 7
o) 12]{72 )(2k)3 9

(2k — 1)2256F T

Mg I8

OM
I

Zk(kal)(k) 1

< (2k — 1)%256F 27’

28k2 — 4k —1)(%)°  3v2
(2k — 1)2(—p12)* T

(30k2 + 3k — 2)(%)°  27v2
(2k — 1)3(—512)F st

M T

=
Il

0

S (2882 -4k -1 3
£ (2k —1)24096* R

i (4282 -3k - 1)(3)" 27
(2k — 1)%4096F 87

=0

k
S B -3k D) () 10
= (2k — 1)(3k — 1)(—192)* NEY

(64K2 — 11k — 7) (2% (3) 125V3

)

i ) (%)

2 (k+1)(2k — 1)(3k — 1)(—192)* 97
¥

i(14k2+k—1 5)% (34

V3
(2k — 1)(3k — 1)216F E
V3

k=0
>0 (90K + Tk + 1) (%F) (3,5) 9
(k+1)(2k — 1)(3k — 1)216F ~ 271 °

< (3482 — 3k — DM (F) 2v3
Z (2k — 1)(3k — 1)(— 12)§k T

0

k=0

s (17k +5) (% )( ")
(k+1)(2k — 1)(3k — 1)(—12)3k T

> (111k% — 7k — 4(2)() 45
Z (2k —1)(3k — 1)1458% —  4x’

k:O

=0

(1.6)

(1.7)

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)
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<, (1524K2 + 899k + 263) (3)° (%) 3375
(k+1)(2k — 1)(3k — 1)1458% 47’

Z (522K — 55k — 13) (%) (%) 5415

k=0

= (2k—1)(3k —1)(-8640)F —  5m 7
i (1836k2 + 2725k + 541) (3F) (3’?) 2187\F
= (k+1)(2k — 1)(3k — 1)(—8640)F 57
i (520k2 — 45k — 16) (3%)* (¥ ") 55V3
_ 3k - )
~  (2k-1)(Bk-1)15 27
Z (T7571k? + 68545k + 16366) (%) (3’f) 59895f
— (k+1)(2k - 1)(3k — 1)15% 27
Z (574k2 — 73k — 11) (3% (%) B 20\/3
(2k —1)(3k — 1)(—48)%* T’
(81182 + 9443k + 1241) (2)* (%) 22503
= (k+1)(2k —1)(3k — 1)(—48)** oo
Z (978k2 — 131k — 17) (%) (3% _990V7
£ (2k — 1)(3k — 1)(—326592)F 497
i (592212k2 + 671387k% + 77219) (%) (%f) | 4492125V7
— (k+1)(2k — 1)(3k — 1)(~326592)F 497
Z (116234k2 — 17695k — 1461) (%) (%) sis0Y3
—~ (2k — 1)(3k — 1)(—300)3k B T’
> (223664832k2 + 242140765k + 18468097) (2F)~ (3
* - V() G) :334973256,
(k4 1)(2k — 1)(3k — 1)(—300)3k ™

k=0

i (12262 + 3k — 5)(3)° (%) 21

= (2k - 1)(4k — 1)648%F o

(19032 + 114k +41)(39) () 343
(k+1)(2k — 1)(4k — 1)648% 27’

k=0
(108 — 2k - V() (a1) _ 1
;;) (2k — 1)(4k — 1)(—1024)F — 7’
SO T V[ W N
2 v D)@k~ D0k~ (- 10207 5
o~ (70K — ok = 5)(3) () _ (V3
(2k — 1)(4k — 1)482%F -8,

k=0

t

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)

(1.29)

(1.30)

(1.31)
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< (208k2 + 66k + 23) (%) () 128

- 1.32
 (k+1)(2k — 1)(4k —1)48%F /37’ (1.32)
67221<:2 — 411k — 152) (2F) 7 (4
S (2k - 1)(4k - 1)(—632)F T
> (281591k — 757041k — 231992 ak
Z ) ) (o) = —274625ﬁ, (1.34)
~ (k +1)(2k — 1)(4k — 1)(—632)k ™
i": (560k2 —42k — 1) ()" (3) _ V2 (1.35)
= (2k—1)(4k - 1)12% N T’ '
S W) meE
= (k+1)(2k — 1)(4k — 1)12% - 51 ] ’
0 2k\ 2 4k
Z (248k° — 18k —5)(5) (o) _ 28 (1.37)
— (2k = 1)(4k — 1)(=3 x 212)F NEY
(6802 + 1482k + 337) () (44 _ 5488v3 (1.38)
= (k+1)(2k — 1)(4k — 1)(=3 x 212)k or '
| (1144K2 — 102k — 19) (%) (49) _ 60 130
;0 (2k — 1)(4k — 1)(=21034)k  — 1~ (1.39)
. (3224k2 + 4026k + 637) (3) (3) 2000 (1.40)
— k+1 )(2k — 1)(4k — 1)(=210349)k — 7 7 '
i (T408k2 — 754k — 103) (%) (2) 56073 (1.41)
(2k — 1)(4k — 1)284k - 3r '
k=0
X (3641424Kk% 4 4114526k + 493937) (2F)~ (2%
+ + )4Sc ) (21) :896000§, (1.42)
~ (k+1)(2k — 1)(4k — 1)28 T
i (4744K> — 534k 55) ()7 () 1932v5 (1.43)
— (2k—1)(4k —1)(-213%5)F  25m '
>, (18446264k> + 20356230k + 1901071 o
Z + + - 2( £) (ah) - 66772496£, (1.44)
~ (k +1)(2k — 1)(4k — 1)(—214345)k 257
Z (4135122 — 50826k — 3877) (%F)" (4) 12180 (1.45)
P (2k — 1)(4k — 1)(—210214)k T '
. (1424799848k? + 1533506502k + 108685699) (% ) (55) 341446000 |46
1;) (k+1)(2k — 1)(4k — 1)(—210214)k N T (1.46)
. (T1312k2 — 7746k — 887) (%) (4%
(2k — 1)(4k — 1)15842k ™

k=0
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kio (5067851&]4:42_J{)?S:OEi?;ééjk+_5I?f55§i2)l€(2>) (50) _ s 488000ﬂ s
go 7329808k22k _9615;?2;1«_—1 )5??5671) () 6n _ 190190 g )
i (2140459883152k2 + 2259867244398k + 119407598201) (2,5’)2 (48
k=0 (k+1)(2k — 1)(4k — 1)396% w50
=44 % 18203§,
S i -5 s
Somcomenn®
> ‘2?2‘;2:3& DO W
et ool R L
ZH e
>0 (189K — 11k — 8) () (1) (5) :7243\/57 s
— (k+1)(2k — 1)(6k — 1)(—15)%* T
i 655:3&2 - 7)55 1(3035 D Hf , (1.57)
,i T ok L DIGIL) T
R
ki 2022f21+ 22;3_61;4(— 179)5)2(“) (;”,g;( D 48?:/67 L
kzo (255%(22; i311)ké6k; 2_9) ()2'523 ) _ *Ggf, (1.61)
e e R
L

k=0
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>, (3471628k2 + 3900088k + 418289) (3°) (°F) (5;)  32388554+/30

(7

~ (k+1)(2k — 1)(6k — 1)(—3 x 1603)* B 1350
2k\ (3k\ (6k
Z (35604k2 — 2936k — 233) () ( k) () g9 V15
~ (2k — 1)(6k — 1)(—960)3k T
2k\ (3k\ (6k
i (13983084k° + 15093304k + 1109737) (5) () (3) _ 450084615
~ (k +1)(2k — 1)(6k — 1)(—960)3k 5m
2k\ (3k\ (6k
Z (157752k% — 11243k — 1304) () (3) () _  513v/255
P (2k — 1)(6k — 1)2553% or
Z (28240947k? 4 31448587k + 3267736) (77) (3) (5¢)  45001899v/255
P (k +1)(2k — 1)(6k — 1)2553F B 707 ’
i (2187684k2 — 200056k — 11293) (%F) (3F) (22) ~ 103 3\/%
(2k — 1)(6k — 1)(—5280)3k T

k=0
. 101740699836k + 107483900696k + 5743181813) (%) (°F) (51)
(k + 1)(2k — 1)(6k — 1)(—5280)3*

_ 4966100118v/330
N 57 ’
> (16444841148k% — 1709536232k — 53241371) (°F) (3F) (55)
(2k — 1)(6k — 1)(—640320)3k

k=0

k=0
= —1672209 \/12%,
and
i P(k) (2N CF) (59 18 x 557403%\/10005
2= (I + 1)(2k — 1)(6k — 1)(—640320)% 5 ’
where

P(k) :=637379600041024803108%> + 657229991696087780968k
+19850391655004126179.

Recall that the Catalan numbers are given by

(2n> 2n 2n
Cp = —2— = — N).
" n+1 <n> (n+1) (neN)
For k € N it is easy to see that
G _ [ if k=0
2k — 1 2C,_1 if k> 0.
Thus, for any a,b,c,m € Z with |m| > 64, we have

oo 3 oo
3 (ak® +0k +) ()" _ +3 (ak? + bk + ¢)(2C)—1)*
(2k — 1)3mk mk

k=0 k=1
ZOO k+1)2+b(k+1
:7C+§ alk+1)° +bk+1)+c

mk

k=0

cs.

(1.64)

(1.65)

(1.66)

(1.67)

(1.68)

(1.69)

(1.70)

(1.71)

(1.72)
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For example, (1.2) has the equivalent form

—~4k+3 5 16 ,
;ﬂ(_m)kcrs —. (1.2)

For any odd prime p, the congruence (1.4) of V.J.W. Guo and J.-C. Liu [19] has
the equivalent form

PHD/2 g 1y (2k)3 1 4
> <2(k—1>3)<(—ka)4>k‘p(p>+pw“_2)(m°dp)

k=0
(where Ey, E1, ... are the Euler numbers), and we note that this is also equivalent
to the congruence

(p—1)/2
4k + 3 -1
Z i —— =8 ( () —p*(Ep_3 — 2)) (mod p*).
= (-64)* P
Recently, C. Wang [50] proved that for any prime p > 3 we have
(p+1)/2 2k 3
Bk —1) ( k) 3(—1 4
-— R = 2 — | (Ep_3—3 d
and . 5
- 2k
”Z (3k—1)(%)
—1)216%
£ (2k — 1)°16
(Actually, Wang stated his results only in the language of hypergeometric series.)

These two congruences extend a conjecture of Guo and M. J. Schlosser [21].
We are also able to prove some other variants of Ramanujan-type series such as

i (56K + 118k + 61)(%)” 192

=p —2p> (mod p?).

(k + 1)24096F oo

k=0
and 5
i (420k2 + 992k + 551) (%F) 1728

S (k+1)2(2k — 140965

Now we state our second theorem.

Theorem 1.2. We have the identities

= 28k? + 31k 2 _
Z 8k +3 +83:7r 8 1.73)
= 2k +1)2k3 (%) 2
> 49 2 2
Z k +39k+8 _ 9?88 (1.74)
(2 + 1)3k3 (%)’ 2
> 2 k
Z (8k” + 5k + 1) (= ? =4-6G, (1.75)
= (2k+ 1)2k3 (%)
= (30k2 k+7
Z (30K~ + 33k + 7)( 38) = 54G — 52, (1.76)
= (2k+1)3k3(3F)
= k4 1)16* 2

— (2k + 1)2k3(%)°
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0 (4k +1)(—64)F
Z“H I 6)3:4—86', (1.78)
i1 (2k 4+ 1)2k2 (%)
2 (4k +1)(—64)"
> (4 + 1)( )3 = 16G — 16, (1.79)
i1 (2k 4+ 1)3K3(2)
(2k% — 11k — 3)8% 48 — 52
Z 3)8 _48—5nm 7 (1.80)
=2k + 1)k + DK (2 () 2
i (178k> — 103k — 39)8* 112572 — 11096 (1.81)
=5 (k= 1)(2k + 1)(3k + DK (25 (39) 36 ’ .
> 1
Z (5 + (20" =6— 9K, (1.82)
= (2k + 1)(3k+ D)E2(2F) (%)
= (45k2 + 5k — 2)(—27)k 1 37 — 48K
> T T (1.83)
=z (k= 1)(2k + )3k + DE3 (7))
= 2 _ 21k — 8)81*
> (98K i 82 7 = 216 —207°, (1.84)
k=1 (2k + 1)(4k + DE3 ()" (50)
> (1967k% — 183k — 104)81* 2000072 — 190269
Z T 0 , (1.85)
=z (k= 1)(2k + 1)(4k + DE3 ()" (50)
. (46K2 —1)(—144)F 22
=@+ 1)k + DE R (30) ?
f: (343k2 + 18k — 16)(—144)*  9375K — 7048 (1.87)
=5 (k= 1)(2k + 1)(4k + 1)k (2 (24 0

where

For k= j+ 1€ Z%, it is easy to see that

(- 1)k<2:> —2(2j + 1)) <2j>

Thus, for any a,b,c,m € Z with 0 < |m| < 64, we have

o0

= (aj? +bj + c)m? _ 8 (a(k —1)2 +b(k — 1)+ c)m”
2t 1y Gy m 2w

For example, (1.77) has the following equivalent form

~ (2k — 1)(3k — 2)16* o -
2 (k= 1)%k3 (%) i -

In contrast with the Domb numbers, we introduce a new kind of numbers

n

2
n
S, ;:Z(k> TwTh-r (n=0,1,2,...).

k=0
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The values of S,, (n =0,...,10) are
1, 2, 10, 68, 586, 5252, 49204, 475400, 4723786, 47937812, 494786260

respectively. We may extend the numbers S,, (n € N) further. For b,c € Z, we
define

n

2
Sp(b,c) == kz_‘a (Z) Ti(b,¢)Tp_i(b,c) (n=0,1,2,...).
Note that S, (1,1) = S,, and S,(2,1) = D,, for all n € N.

Now we state our third theorem.

Theorem 1.3. We have

Tk +3 15
— 261, -6) = ——, 1.88
2 g Sl =6 = 7o (1.88)
= 12k +5 67
k=0
>, 84k + 29 244/15
> T Sk(1,-20) = (1.90)
k 9 b
— 80 T
o0
3k+1 25
S 6(1,25 1.91
kZ:O (—100)F (1,25) = 3 (1.91)
. 228k + 67 807
k=0
>, 399k + 101 2535
1.1 = 1.
2604k + 563 8501/39
1,— = 1.94
kzo 2600 Si(1, ~650) 3r (1.94)
o0
39468k + 7817 4410v/31
> 60T6)F Sk(1,1519) = ———, (1.95)
k=0
> 41667k + 7879 40425+/6
w(1,—2450) = ———Y— 1.
74613k + 10711 5 1615175
Z—(_5302)k Sk(1,265%) = ——. (1.97)

k=0
Remark 1.1. The author found the 10 series in Theorem 1.3 in Nov. 2019.

We shall prove Theorems 1.1-1.3 in the next section. In Sections 3-10, we propose
117 new conjectural series for powers of 7 involving generalized central trinomial
coefficients. In particular, we will present in Section 3 four conjectural series for
1/7 of the following new type:

Type VIII. > 2, “;‘,fka(b, )T (by, )2,
where a, b, by, ¢, ¢, d, m are integers with mbb,.cc.d(b? —4c) (b2 —4c, ) (b?c. —b2c) # 0.
Unlike Ramanujan-type series given by others, all our series for 1/7 of types I-

VIII have the general term involving a product of three generalized central trinomial
coefficients.
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Motivated by the author’s effective way to find new series for 1/7 (cf. Sun [35])
and congruences and series in [45, Section 3], we formulate the following general
characterization of rational Ramanujan-type series for 1/7 via congruences.

Conjecture 1.1 (Criterion for Rational Ramanujan-type Series for 1/7). Suppose
that the series E;O:O bﬁfkcak converges, where (ag)r>0 is an integer sequence and
b, c,m are integers with bem # 0. Suppose also that there are no a,x € Z with a, =

a(®) S, (Qkk)Q(Q(::kk))x”_k for allm € N. Let r € {1,2,3} and let dy,...,d, €
Z* with \/d;/d; irrational for all distinct i,j € {1,...,7r}. Then

oo T
bk + 1 Aivd;
S = Lz Aiv/ds (1.98)
m T
k=0
for some nonzero rational numbers \1, ..., A if and only if there are positive integers

d; (r < j < 3) and rational numbers cy,c2,c3 with [[_; ¢; # 0, such that for any
prime p > 3 with pf m[[._, d; and ¢1,c2, ¢35 € Z;, we have

pi bl;j;cak Ep(ici (Ti) + Y ¢ (‘Zj) ) (mod p?), (1.99)

k=0 i=1 r<j<3
where g; € {1}, &; = —1 if d; is not an integer square, and ca = c3 =0 if r =1
and 1 = 1.

For a Ramanujan-type series of the form (1.98), we call r its rank. We believe
that there are some Ramanujan-type series of rank three but we have not yet found
such a series.

Conjecture 1.2. Let (an)n>0 be an integer sequence with no a,x € Z such that
2

a, = a(2:) >ro (Zkk) (Q(TZL:kk))ac“_k for all n € N, and let b,c,m,dy,ds,d3 € Z

with bem # 0. Assume that lim,_, 4 o ¥/]a,| =r < |m|, and 73 ;- bkte g, is an

mk
algebraic number. Suppose that c1,ca,c3 € Q with ¢1 + co 4+ c3 = agpe, and

St s (2) o (2) 0 (8)) s o

k=0 p

for all primes p > 3 with p { didodsm and c1,c2,¢c3 € Zp. Then, for any prime
p >3 withptm, ci1,c2,c3 € Zy and (%) = (%2) = (%3) =6 € {£1}, we have

1 (P bkt ikt
(pn)2 ( Z Tk —pdz " ak) €Z, forallneZ".
k=0 k=0

Joint with the author’s PhD student Chen Wang, we pose the following conjec-
ture.

Conjecture 1.3 (Chen Wang and Z.-W. Sun). Let (ax)r>0 be an integer sequence
with ag = 1. Let b,c,m,dy,ds,ds € Z with bm # 0, and let c1,ca,c3 be rational
numbers. If szozo bﬁfkcak is an algebraic number, and the congruence (1.100)
holds for all primes p > 3 with p t didadsm and c1,ca,cs € Z,,, then we must have
c1+co+c3=c.

Remark 1.2. The author [39, Conjecture 1.1(i)] conjectured that

p—1 _
Z(Sk‘ +5)T¢ = 3p (p?,) (mod p?)

k=0
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for any prime p > 3, which was confirmed by Y.-P. Mu and Z.-W. Sun [26]. This is
not a counterexample to Conjecture 1.3 since Y- (8% 4+ 5)T7 diverges.

All the new series and related congruences in Sections 3-9 support Conjectures
1.1-1.3. We discover the conjectural series for 1/7 in Sections 3-9 based on the au-
thor’s previous Philosophy about Series for 1/m stated in [35], the PSLQ algo-
rithm to discover integer relations (cf. [13]), and the following Duality Principle
based on the author’s experience and intuition.

Conjecture 1.4 (Duality Principle). Let (ax)r>0 be an integer sequence such that

d
ay = () D¥a, 1y (mod p) (1.101)
p
for any prime p 1 6dD and k € {0,...,p — 1}, where d and D are fixzed nonzero
integers. If ag,aq,... are not all zero and m is a nonzero integer such that
i bk—i—ca AV 4 XV da + Asy/ds
k kT
m ™

k=0
for some b,dy,ds,dz € Zt, ¢ € Z and X1, X2, 3 € Q, then m divides D, and

> % = <z) > % (mod p?) (1.102)

k=0 k=0
for any prime p > 3 with ptdD.

Remark 1.3. (i) For any prime p > 3 with p 4 dDm, the congruence (1.102) holds
modulo p by (1.101) and Fermat’s little theorem. We call Zi;é ar/(2)* the dual
of the sum S-P"1 ay/m*.

(ii) For any b, c € Z and odd prime p t b* — 4c, it is known (see, e.g., [39, Lemma
2.2]) that

m

b2 —4
Ti(b,c) = ( C) (b? — 4¢)*T, 1 _x(b, ) (mod p) (1.103)
p
forall k=0,1,...,p— 1.
For a series Zkoio a with ag,aq, ... real numbers, if limg_ 4o agy1/ap = r €

(—1,1) then we say that the series converge at a geometric rate with ratio r. Except
for (7.1), all other conjectural series in Sections 3-9 converge at geometric rates and
thus one can easily check them numerically via a computer.

In Section 10, we pose two curious conjectural series for 7 involving the central
trinomial coefficients.

2. PROOFS OF THEOREMS 1.1-1.3

Lemma 2.1. Let m # 0 and n > 0 be integers. Then

" (64— m)k® — 32k — 16k +8)(2)  8(2n+1) 20\
];) (2k — 1)2mk = mm <n> ’ 21)
" (64— m)k® — 96k2 + 48k —8)(%)° 8 f2m)
1;) (2k — 1)3mk : _m"(n> ’ (22)
" (108 — m)k? — 54k2 — 12k +6) (%) (%) 6(3n + 1) (20\? (3n
(2k — 1)(3k — 1)mk = mm <n> (n)7 (23)

k=0
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2": (108 — m)k® — (54 + m)k? — 12k + 6) (%) (3%

2 (k+1)(2k —1)(3k — L)ym* 2.4)

_ 6Gnt1) (20)*(3n
- (n+1)m"(n> <n)
n ((256 o m)k?) o 128k2 — 16k 4 8) (Qkk)2(4k)

2k
2 2k — 1)(4k — 1)m* 25)

_8(n+1) (2n>2 <4n>
mm n 2n ’
z": ((256 — m)k® — (128 + m)k? — 16k + 8) (2%) (49)

2 (k + 1)(2k — 1)(4k — 1)mF 26)

_ 84n+1) (20 (4n
= ot () Go)
S (0728 — ) — s s 20) () () )

3k
2 (2k — 1)(6k — 1)m* )

_ 24(6nn+ 1) <2n) <3n) <§n>
z”: ((1728 — m)k® — (864 + m)k? — 48k + 24) (%) (°F) (5F)

s (k + 1)(2k — 1)(6k — 1)mF )s

RO D O (),

Remark 2.1. The eight identities in Lemma 2.1 can be easily proved by induction
on n. In light of Stirling’s formula, n! ~ v/27n(n/e)™ as n — +o0o0, we have

2n 4n 2n\ (3n\ V327" (2.9)
n vt \n n 2nm '
2 4 4n 432™
n ny 6 ’ 3n\ [6n N 3 . (2.10)
n ) \2n NoX n n 2nm
Proof of Theorem 1.1. Just apply Lemma 2.1 and the 36 known rational Ramanujan-
type series listed in [16]. Let us illustrate the proofs by showing (1.1), (1.2), (1.71)

and (1.72) in details.
By (2.1) with m = —64, we have

(165 — 4k? — 2k + 1)’ ong1 o)’
Z = lim = 0.
(2k — 1)2(—64)% n—+oo (—64)" \ n

k=0
Note that
16k% — 4k* — 2k + 1 = (4k + 1)(2k — 1)? + 2k(4k — 1)

and recall Bauer’s series

oo 2k3
Z4k+1 G )k:z'
port 64)F
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So, we get
>, k(4k — 1)(%)3 1 — (Qk)s 1
kZO (— 2k = 1)%( —k64)k 2 kzo(4k +1) (- k64)k- T

This proves (1.1). By (2.2) with m = —64, we have
"4k - 1)@k -2k + 1) ()’

kZ:O (2k — 1)3(—64)k B (—%4)n
and hence
< (2k(2k — 1)k — 1) +4k - 1) ()7
kzzo (2k — 1)3(—64)F = dim N

Combining this with (1.1) we immediately get (1.2).
In view of (2.7) with m = —640320%, we have

z": (10939058860032072k% — 36k> — 2k + 1) (%F) (3F) (SF)
£ (2k — 1)(6k — 1)(—640320)3F

_ 6n+1 2n\ [(3n\ [6n
~ (—640320)3" \ n )\ n J\3n)’
and hence

0o 2k\ (3k\ (6K
3 (10939058860032072k* — 36k2 — 2k + 1) (3F) (37) (5%
(2k — 1)(6k — 1)(—640320)3*

) =0.
k=0
In 1987, D. V. Chudnovsky and G. V. Chudnovsky [8] got the formula

i545140134k+13591409 2k (3k\ [(6k\ 3 x 53360
— (—640320)3F kE)\k)\3k) 2710005

which enabled them to hold the world record for the calculation of 7w during 1989—
1994. Note that

10939058860032072k3 — 36k% — 2k + 1
=1672209(2k — 1)(6k — 1)(545140134k + 13591409)
+ 426880(16444841148k2 — 1709536232k — 53241371)

and hence

00 2k\ (3k\ (6K
> (16444841148k? — 1709536232k — 53241371) (37) () (51)
— (2k — 1)(6k — 1)(—640320)3%

k=0
2
_ 1672209 « 3 x 53360 _ —1672209\/10005.
426880 2m+/10005 ™

This proves (1.71).
By (2.8) with m = —6403203, we have

E": (10939058860032072k> + 10939058860031964%2 — 2k + 1) (°F) (3F) (&F)
(k + 1)(2k — 1)(6k — 1)(—640320)3F

e 1)6(7124(1)320)371 (21? ) (3: ) @Z)

k=0




16 ZHI-WEI SUN

and hence
i (10939058860032072k% + 10939058860031964k2 — 2k + 1) (%) (3%) (55) 0
— (k + 1)(2k — 1)(6k — 1)(—640320)3* '
Note that

2802461 (10939058860032072k> + 10939058860031964%> — 2k + 1)
=1864188626454(k + 1)(16444841148%> — 1709536232k — 53241371) + 5P (k).

Therefore, with the help of (1.71) we get

f: Pk) () (%) i)
(k +1)(2k — 1)(6k — 1)(—640320)3%

k=0
1864188626454 1 1
_  ISOUISSO20IL o 1672200) Y20 18 x 5574038 Y00
) ™ om
This proves (1.72).
The identities (1.3)—(1.70) can be proved similarly. O

Lemma 2.2. Let m and n > 0 be integers. Then

n k —64 3 9 2 1 n+1
Zm((m 64)k3 — 32k +36k+8): m s —m, (2.11)
~ (2h + 1)2k3 (%) (2n+12(3))
n k _ 3 2 _ n+1
3 m*((m — 64)k 96k2k 3481: 8§ ~m . —m, (2.12)
k=1 (2k +1)3k3 (%) (@ +1)°()
n & B 3 2 n+1
mF((m — 108)k* — 54k% 4+ 12k +6) _ m —m, (2.13)

2n+1)Bn+1)(>")* (")

n

(2k + 1)(3k + DK () (%)

El
Il
—

Z m*((m — 108)k® — (54 +m)k? + 12k + 6)
Ge (k= D)@K+ DR+ DECY ()

o . (2.14)
Tl D@En () 1
=~ m"((m — 256)k® — 128k + 16k + 8)
o (2k+ 1)k + %ifﬁf@i) (2.15)
S )G
> mF((m — 256)k% — (128 + m)k? +216l<: +8)
1St (B=1)(2k+ 1)k + DK (%) (51) (2.16)

mn+1 m2

n@n+ 1)+ 1) (3" () 360°

n 2n

Remark 2.2. This can be easily proved by induction on n.
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Proof of Theorem 1.2. We just apply Lemma 2.2 and use the known identities:
2

21k —8 w2 X (4k —1)(—64)"
=—, 7 = 116G,
; B k; B

i (3k — 1)(—8)F oa i (3k —1)16F 72

=l SICO ooeEy 2
>, (15k — 4)(=27)+1 > —1)(—144 4
Z( 5k‘ 2;3(2 3:) K (5k L )k —;K,
= KRG = k(G )(zk)

k k 2 k
Z (11k 3)64 o Z (10k—3)8* 7 Z (35k 28)81 2
k=1 k2(2kk) (k) k=1 kg (k) 2 k=1 kg(zk’-c) (32)
Here, the first identity was found and proved by D. Zeilberger [52] in 1993. The
second, third and fourth identities were obtained by J. Guillera [17] in 2008. The
fifth identity on K was conjectured by Sun [33] and later confirmed by K. Hessami
Pilehrood and T. Hessami Pilehrood [22] in 2012. The last four identities were also
conjectured by Sun [33], and they were later proved in the paper [18, Theorem 3]
by Guillera and M. Rogers.
Let us illustrate our proofs by proving (1.77)-(1.79) and (1.82)-(1.83) in details.
In view of (2.11) with m = 16, we have

z”: 16%(—48k® — 32k + 16k +8) 16n+!
P (2 +1)2k3 (%) (2n +1)2(>7)°

for all n € Z*, and hence

— 16

> 16F(6k3 + 4k% — 2k — 1) —2x 16™
Z ok 3 = hHl —2”3 + 2 = 2
] (2k+ 1)2k3(k) n—4o00 (2n+1)2(n)
Notice that
2(6k% + 4k? — 2k — 1) = (2k + 1)*(3k — 1) — (3k + 1).

So we have
> 1)16* > —1)16* 2
=S (3k+)62k3:2x2_z%:4_%
=1 (2k +1)2k3 (%) = k(%)

and hence (1.77) holds.
By (2.11) with m = —64, we have

z”: (—64)%(—128k3 — 32k% + 16k +8)  (—64)"*!

3 = 5 +64
k=1 (2k +1)2k3 (%)) (2n+1)2(7)
for all n € Z*, and hence
> (—64)%(16k3 4+ 4k2 — 2k — 1 8(—64)"
3 606K + ) _ g4 1m —SCH" g

i (2K + 1)2k3 (%)’ e 2n 4 12 (%)
Since 16k3 + 4k? — 2k — 1 = (4k — 1)(2k + 1)? — 2k(4k + 1) and

-~ (4k —1)(=64)" 160
) |
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we see that
o

k

panst (2k +1)2k2 (2’“)
and hence (1.78) holds. In light of (2.12) with m = —64, we have

i (—64)%(—128k3 — 96k? — 48k —8)  (—64)" 1!

3 - 3 64
P (2k + 1)3K3 (%F) (2n +1)3(%")
for all n € Z™, and hence
o~ (—64)*(16K% + 12k + 6k + 1) _ P 8(—64)"
= (2K + 1)3k3 (%) notee (9p 4 13 (31)°

Since 16k3 + 12k% + 6k + 1 = 2k(2k + 1)(4k + 1) + (4k + 1), with the aid of (1.78)

we obtain
oo

@+ D60 o e — 160 16
; (2% + 1)2k3 (%) | | |

This proves (1.79).
By (2.13) with m = —27, we have

i (45k3 + 18Kk% — 4k — 2)(—27)F
k=1 (2k+1)(3k + 1)k3 (Qk) ()

= 9.

As
2(45k% + 18k* — 4k — 2) = (15k — 4)(2k 4+ 1)(3k + 1) — 3k(5k + 1)

and
oo

(15k —4)(-2)%

i A GON (Y
we see that (1.82) follows. By (2.14) with m = —27, we have

)

32 k(45K + 9k2 — 4k—2) _ (=212
- e Y
1)( 2k+1)(3k+1)’f( ) ()
and hence
i 7)F(45K3 + 9k2 — -2 2
o 2k+1)(3k+1)/€3(2k) () 16
As

45K% 4+ 9k% — 4k — 2 = 9(k — 1)k(5k 4 1) + (45K 4 5k — 2),
with the aid of (1.82) we get

= 27)%(45k% + 5k — 2)

kZZQ )(2k + 1) (3k + 1)k3 (3) (%)

27 6(—27 27

=16 (6 9K — (122 )> 16(48K 37)

and hence (1.83) follows.
Other identities in Theorem 1.2 can be proved similarly. O
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For integers n > k > 0, we define

B E @GO e

For n € N we set

n—1 n—
ty 1= Z (k1>(—1)k4 K Smtkoke- (2.18)

0<k<n

Lemma 2.3. For any n € N, we have

kz::O (Z) (—1)*4" sk = fa (2.19)
and
2n+ Dtp1 +8ntp = 2n+ 1) froyp1 —4(n+ 1) fr, (2.20)

where f, denotes the Franel number Y ;_, (Z)S

Proof. For n,i,k € N with i < k, we set

o QYR L)

By the telescoping method for double summation [7], for

n? + 21n + 16 , (n+2)?

Fln,i k) = F(n,i, k) + EEE F(n+1,i,k) — 8+ 1)

F(n+2,i,k)

with 0 < ¢ < k, we find that
F(n,i k) = (G1(n,i+ 1,k) — G1(n,i,k)) + (G2(n,i, k + 1) — Ga(n,i, k)),

where
G (noi k) e i2(—k +i—1)(=1)FTUn=*n12(n + k)p(n, i, k)
1 R = g =k 2)(n + k2 — 2010 — ke 201k — i + D))
and
Go(ni k) 2(k — i) (=1)F4"=Fn12(n 4+ k)lq(n, 4, k)
2R = Sk Dl k=2 D0k + 2 + 2k —

with (=1)!, (=2)!,... regarded as +oo, and p(n,i, k) and gq(n,i, k) given by
—10n* + (i — 10k — 68)n® + (—24i* + (32k + 31)i + 2k — 67k — 172)n>
+ (363 4 (—68k — 124)i% + (39k? + 149k + 104)i + 2> — 8k* — 145k — 192)n
+60:° + (—114k — 140)i% + (66k* + 160k + 92)i + 3k* — 19k — 102k — 80
and
10(i — k)n* + (—20i + (46k + 47)i — 6k? — 47k)n>
+(72i% + (—60k — 38)i? + (22k? + 145k 4 90)i + 4k — 11k* — 90k)n?
+(72k + 156)i®n + (—72k* — 60k — 10)i*n + (18%> + 4k* 4 165k + 85)in
(22k* — 5k — 85k)n + (120k + 60)i® + (—120k* + 68k — 4)i*
+(30k® — 56k + 86k + 32)i + 26k> — 6k* — 32k
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respectively. Therefore

n+2 k

> Fln,i k)
k=0 =0
n+2 n+2

=Y (Gi(n,k+1,k) — G1(n,0,k)) + > (Ga(n,i,n + 3) — Ga(n,i,i))
k=0 1=0
n+2 n+2

=> (0-0)+> (0-0)=0,
k=0 1=0

and hence

um) =S (3) 0o

satisfies the recurrence relation
8(n + 1)%u(n) + (Tn? + 21n + 16)u(n + 1) — (n + 2)%u(n + 2) = 0.

As pointed out by J. Franel [14], the Franel numbers satisfy the same recurrence.
Note also that u(0) = fo = 1 and u(l) = f; = 2. So we always have u(n) = f,.
This proves (2.19).

The identity (2.20) can be proved similarly. In fact, if we use v(n) denote the
left-hand side or the right-hand side of (2.20), then we have the recurrence

8(n + 1)(n + 2)(18n® 4 117n? + 249n + 172)v(n)
+ (126n° + 1197n* + 4452n° + 8131n? + 7350n + 2656)v(n + 1)
=(n + 3)(18n® + 63n? + 69n + 22)v(n + 2).

In view of the above, we have completed the proof of Lemma 2.3. O

Lemma 2.4. For any ¢ € Z and n € N, we have

[n/2]
n—=k\[2(n—k)\ 1 .o
4 = 4" . 2.21
Sn(4,¢) E:( B )(n_k )c Sn.k (2.21)
k=0
Proof. For each k =0,...,n, we have
Lk/2] . [(n—k)/2] .
kN (20N o o n—=~k\ [(2j o
T.(4 T (4 _ 4k 24 1 4n k—2j
s = 2 <2z)<z> > < 2 >(J) :
1=0 7=0
[n/2] . .
Z Z k —k\ /2 2
- Cr4n72r ( '> <n ] )( :L)< "7>.
= e 24 27 ? J
itj=r

Ifi,j € Nand i+ j = r <n/2, then
() () () -GG 2 (o) ()
)G - (66
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with the aid of the Chu-Vandermonde identity. Therefore

[n/2]
2n — 2k
k4n 2k
S E C n k Sn,k

k=0

_L”Z/%J gz (20— 2K (=R
n—k Eo)omE

k=0
This proves (2.21). O

Lemma 2.5. Fork € N andl € Z", we have

Sparr < (2k +1)4F1 <k ;_ l). (2.22)

Proof. Let n =k + 1. Then

()= 2 (G)G) = ()0

it+j=k it+j=k
n\ [n - 2n
< 4149 = ( )(k + 1)4*
= (0 2 -
s+t=2k iti=k
and
(2n> -1 2
() =0 23 + 1
2(j+ k)
< — 7
<(2k+1) H %
0<j<l
kE+1—-1
=(2 1 .
(2k + )< 11 )
Hence
Spark < (k+1)4%(2k + 1)L bl < (2k 4 1)4%1 kot .
’ k+1 l l
This proves (2.22). O

To prove Theorem 1.3, we need an auxiliary theorem.

Theorem 2.6. Let a and b be real numbers. For any integer m with |m| > 94, we

have
[e’s} e} 2n
> (an+D) S"(i;n_m) = mi o > (2a(m+4)n —8a+b(m +16)) (zl)nf”. (2.23)
n=0 n=0

Proof. Let N € N. In view of (2.21),
i ZN: ng g2k 2n—2k\ (n—k 5
n—k ko)

n=0 nO
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1=0 k=0
(21 N-l
+ ~L <k>( DA s
N/2<I<N k=0
and similarly
N N 21y N-I
nSp (4, —m) (l) ! kgl—k
Z mn :Zil k (71) 4 (k+l)5l+k,k
n=0 1=0 k=0
N ;021\ N-I
l l [—1 _
EDE () (D)
1=0 k=0
[N/2] 521y 1
l(l) ! -1 kgl—k
() () e
1=0 k=0
)

I 201\ N—1 I 1-1
g SR-{ (1) )
N/2<I<N k=0

where we consider (_””1) as 0.

If [ is an integer in the interval (N/2, N], then by Lemma 2.5 we have

N
> (k) (=) 4" sy

k=0

L/ e k+1
l—k -k k
SE (k)4 Sz+k,k§§ (k>4 (2k+1)4l< } )
k=0 k=
l
1 (1+
< l
ey (1)(

k=0

> O

) =121+ 1)4'P(3),

where P;(x) is the Legendre polynomial of degree I. Thus

‘ Z @§<2>(_1)k4lksl+k,k

N/2<I<N k=0

< ), M+ <i§>lﬂ(3)s S i@+ 1)) (ij)l

N/2<I<N I>N/2

‘ Z @N_l ((,i) + <,i:11>) (1) 4" s

and
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< Y 2@+ (if)lpl(za)

N/2<I<N
<2 > PRI+ 1)R(3) (12) :
I>N/2
Recall that
(3 + 2¢/2)1+1/2
2V2VIm

As |m| > 94, we have |m| > 16(3 + 2v/2) ~ 93.255 and hence

ZF (21 + (;f)

P(3) =T;(3,2) ~ as | — +oo.

converges. Thus

and

> Li; SUS SR (2.24)
n=0 n=0

and

2n
L (f o+ ). (2.25)

0
In view of (2.25) and (2.20),

[e'e] 2n
=Zmn,1(fn+t +162 >fn+t)

n=1 n=0

_ i (n + 1)(2::12)(fn+1 + tn+1) + 16”( )(fn +1 )

mn

=0
=2 Z (ﬂ:n) (2n + 1)(frs1 +tag1) +8n(fn +t0))
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o0

Z

[e%s} (n+1)(2n+2

:22 n+l)f”+1 SZ ”_1 )f

2(2n 4+ 1) fpt1 +4(n — 1) fn)

n=0 n=0
8 —— =2 4)n — .
2 Z (m+ 4)n
Combining this with (2.24), we immediately obtain the desired (2.23). O

Proof of Theorem 1.3. Let a,b,m € Z with |m| > 6. Since

n/2b N /o
n—2k k _
<2k) ( i )4 (16m)” = T,,(4,16m)

m =
k=0

for any n € N, we have 4"S,,(1,m) = S,(4,16m) for all n € N. Thus, in light of

Theorem 2.6,

4T, (1,

o0

;:O(aner)‘?"( e m)
:m T;(Qa(él — 16m)n — 8a + (16 — 16m)b)%
7% §(Q(4m —1)n+a+ 2b(m — 1))%-

Therefore

k=0 . 9
> o n =5 2 ()
iw d 2726§2§k1< )fk,
,i msk(l,zs)) -7 Z 529_11(;))1: (2:) i
S 2o s, 529059;13( i
L0 18 LD (2,
2260;1&—&563 (1, —650) 5121(1%12(%:1(%)%
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i 39468k + 7817

2
S(1,1519) _1352585k+58( k) s

 (—60T6)F (—24304)% \ k
o~ 41667k + 7879 297 = 561k + 53
T 5(1, —2450 =L
2) 9800k (1, ) =% kZ:O 39200% ( )f ks
74613k + 10711 o 23 SN 207621k + 14903 (2k
e L §,(1,265
Z (—5302)* (1,265 =55 Z (—10602)* (k:) F

k=0
It is known (cf. [5, 4]) that

= 5k +1 /2K 3V2 X 9k +2 (2% 247
2 96" (k)fk T Z(—112)k(k>fk:7r’

k=0 k=0

= 6k+1[/2k 815 = 99k + 17 0
z:: 320 <k:>fk 97 ];)(—400) ( >f’“

i90k+13 2K\ _16V7 Z855k+109 ; ﬁ
896k \k )'F T T x (—2704)F B

k=0 k=0
i102k+11 2k ; ~ 501/39 i585k+58 2k P 9831
10400 \ k)77 om 7 = (—24304)F \ &k )7 T 3r
Z 561k + 53 f 1225v/6 i 207621k + 14903 (2k P 140450
£ 39200 T 18 (—1060%)F  \ k)7~ 3x
So we get the identities (1.88)-(1.97) finally. O

3. NEW SERIES INVOLVING T}, (b,¢) FOR 1/ RELATED TO TYPES I-VIII
Now we pose a conjecture related to the series (I1)-(I4) of Sun [34, 40].
Conjecture 3.1. We have the following identities:

50k +1 (2K [ 2k 8
—_ Tr(1,16) = — n’
%(—256)’f(k:><k:+1) k(1,16) = 52 )
i (100k% — 4k — 7) (¥ M)’ T(1, 16) 24 NG

~ (2k — 1)2(—256)k T
— 30k + 23 (2k\ [ 2k 20 ,
Z —1024)F ( )(k+1)T’“(34’1) T3 (129
i (36k% — 12k + 1) (¥ ) T (34, 1) 6 1o
— (2k —1)2(—1024)F T (12%)

> 110k + 103 (2K [ 2k 304

- 4 1 /
,; 4096+ (k)<k+ )T’“(lg == (13

S 13"
(2k — 1)24096F T (13%)

<, (20k2 + 28k — 1) (1) T (194,1) 6
0

NgLie

238k + 263 [ 2k 2k 1123
ZOoh T AP0 T.(62,1) = 14/
4096F (k)(kJrl) b(62,1) = == ()

=~
I

0
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i(44k2+4k 5) (%) Ti (62, 1) _ 43

I4/I
(2k — 1)24096F T (147)

=
Il

0

=6k 41 2k 2
kz:% G <k> Tk(8,f2)7;\/8+6\f2, (15)

e (%)( ok )Tk(&_Q): 6V/8 +6v2 162 1)
£ 2565 \ k) \k+1 3m
i (4k% + 2k — 1) () To(8,-2) _3V2 (15")

_ 2 k
P (2k — 1)2256 A

Remark 3.1. For each k € N, we have

(14 Ao = M)k + Ao)Cr = (k + Ao) (%f) —(k+\) (,ffl)

since (%) = (k + 1)Cy, and (k+1) = kCj. Thus, for example, [40, (I1)] and (11"

together imply that
o 26k +5 (2k 16
—_— CiTr(1,16
g(%ﬁ)k( ) KL 16) = =

and (I5) and (I5") imply that

i 2§5gk1 <2k> CxTi(8,~2) = % (\/SJTW— 4\4@) .

For the conjectural identities in Conjecture 3.1, we have conjectures for the cor-
responding p-adic congruences. For example, in contrast with (I2"), we conjecture
that for any prime p > 3 we have the congruences

LB ()= (1 ()0 (3) ) o

and

’gjm <2:) CrTi(34,1) = g (2 -3 (;) +4 (;)) (mod p?).

Concerning (I5) and (I5”), we conjecture that

2k ’ n—1—k +
2Ln/2J+1 kz (6k+1) ( ) T (8, —2)256 cZ
n =0

and

ezt

1 ’il (1 — 2k — 4K2) (%) *T0(8, -2)
[y et (2k — 1)2256"

for each n = 2,3, ..., and that for any prime p = 1 (mod 4) with p = 22 +4y? (z,y €
Z) we have

2125’1 (8, -2) {(—1)y/2(4a;2 —2p) (mod p?) ifp=1 (mod 8),

T ongk ay—1)/2 2 Y -
= 256 (—1)@v=1/28zy (mod p?)  if p=5 (mod 8),
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and )
p— 2
(42 + 2k — 1) (%) T8, ~2) _ )
k;) (2k — 1)2256F =0 (mod 7).
By [40, Theorem 5.1], we have
p—1 (Qk) Tk(g 2)
- 2

k=0
for any prime p = 3 (mod 4). The identities (I5), (I5’) and (I5”) were formulated
by the author on Dec. 9, 2019.

Next we pose a conjecture related to the series (II1)-(II7) and (II10)-(1112) of
Sun [34, 40].

Conjecture 3.2. We have the following identities:

kio e (,ffl) (3:) 7,08.0) = BV ()

ki % (k2f1> (3:) T3,(10,1) = 27158\7{3, (112")

ki:o B () () massn - DSV, (113)

S () (E)momn =222

ki:o 84275731/; ; :3442107 (k2f1> (3:) T4(102,1) = %@ (116)

:0 95998223111; ;3 k960422503 (szl) (3:) T,(198,1) = 53352%71;\/37 (117")

ki:o % ( ;f 1) (3:) Ty (26,729) = 16(289\/;: 645v/3) : (1110

i~ 252]{_1( 2k )<3k) Ty(40, 1458) — 25(1212v/3 — 859\/6)7 (1112
£ (=13500)F \k + 1) \ k Ey

> Cer (V) (Dnoso =228

> T (o) (H)nos -9 =152

> % <2:) (3:> T (18, =3) = ¥, (1114)

k=0
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oo

12k + 2 2 4
Z3 k + 263 k 3k To(18,-3) = - 5\/5.
— (-1944)% \k+ 1)\ k o

(1114')

Remark 3.2. We also have conjectures on related congruences. For example,

concerning (I114), for any prime p > 3 we conjecture that
1

E

i (1) ()09 =5 (3(5) +1) (oo

and that
pz_:l (215) (Skk)Tk(l& —3)
_ k

P (—1944)
422 — 2p (mod p?) if (_?1) =&)=B)=1&p=a*+21y
2p — 222 (mod p?) if (%) =E)=-1, & =1&2p= 22 + 2192,

= 1222 — 2p (mod p?) if (%) =&)=-1, () =1&p=32"+Ty%

2p—62® (mod p*) if (SH) =1, (§) = (§) = —1 & 2p = 32> + 7¢?,
0 (mod p?) if (1) = —1,

where = and y are integers. The identities (IT113), (I113"), (II14) and (I1I14’) were

found by the author on Dec. 11, 2019.

The following conjecture is related to the series (I1I1)-(II110) and (I1I12) of Sun

[34, 40].
Conjecture 3.3. We have the following identities:

oo

217k+18< 2k )<4k>Tk(5271) RS

2k
66 k+1)\2k 127
4k +3 [ 2k 4k V6
T,(110,1) = —~—
,;)(—962)’“ <k+1> (%) W01 =~
8k +9/( 2k 4k 154+/21
- - T5.(98,1) =
kZ:O 1122k <k+1> (21:) k08, 1) = o
> 3568k + 4027 [ 2k 4k 869+/66
ooor T Al T3, (257, 256) =
kzzo 2642 (k+1) <2k> £(257,256) = =5
S 144k +1 [ 2k \ [4k 7(1745\/42 — 778+/210
> AL Ty (7,4096) = ( )
(—1682)k \k + 1) \ 2k 1207

k=0
00

Z 3496k + 3709 ( 2k ) <4k> Ti(322.1) = 181\57

3362 kE+1)\2k
>, 286k + 22 2k 4k 1113+v/21
2786 tk 9< )( >Tk(1442,1)3 0,
336 k+1)\2k 207
o0
8426k + 8633 [ 2k 4k 703+/114
5SSO 21 ) (1) s ) - T
912 k+1)\2k 207
>, 1608k + 79 [/ 2k 4k 67849+/399
§ 1005k + T (12098,1) = ————
9122k k+1)\2k 1057

k=0

)

(I1117)

(IT12')

(I113%)

(I114')

(I115')

(I116')

(I117")

(I118")

(I119’)
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V134
)Tk(10402, 1) = 9396473, (IITL0')
7I

i 134328722k + 134635283 ( 2k ) <4k

2k
P 10416 kE+1)\2k

and

>, 39600310408k + 39624469807 [ 2k \ [4k
T:,(39202, 1
392162 (k: + 1) (Qk) k( )

=
Il
<]

(11112')
1334161817

T
The following conjecture is related to the series (IV1)-(IV21) of Sun [34, 40].

Conjecture 3.4. We have the following identities:
. (356k2 + 288k + 7) (% ) TQk(7 1) 304

_ v/
oo 2
Z (172k2 + 141k — 1) (°F) T (62, 1) __8 (1IV2)
24 (ke D)2k — 1)(—4802)F 3’
2k 2
i (782K + 771k +19) () Tor(322,1) _ 90 (IV3)
. (k + 1)(2k — 1)(—57602)* m’
i (34k? + 45k + 5 (Zkk)QTmc 10,1) 20v2 Iv4')
& DD T 3w
i (106k2 + 193k + 27) (2*) "1, (38, 1) _1ove Ivs')
= (k -+ 1)(2k — 1)240%F I
i (214166k + 221463k + 7227) (%) "7, (198,1) _ 92406 (V)
2 (k + 1)(2k — 1)392002F 7T
i (112K + 126k + 9) (%) T (18,1)  6v/15 (V)
2T (k1) (2k — 1)320%F R
i (926 + 995k + 55) (%) "To(30,1)  60v7 (IV8)
2 (k + 1)(2k — 1)8962F I
Z (1136K2 + 2062k + 503) () T (110,1)  90V/7 (IV9)
2 (k+ 1)(2k — 1)24% o
i (5488k2 - 8414I<; +901) (% ) Tok(322,1)  294V7 (IV10')
2 )<2k _ 1) 484k T ’
Z (1701<:2 +193k +11) (3) Tor(198,1)  6v/14 (IV11)
= (k + 1)(2k — 1)2800% o
i (1043862 + 108613k+4097) (%) Tor(102,1) _ 2040v/39 (IV12)
2 +1)(2k — 1)10400% T
i (780K + 8217k + 259) (3F) T2, (1298,1) _ 144v/%6 (IV13))

— (k + 1)(2k — 1)468002F 7r
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i (61522 + 45391k + 9989) (% ) Tpi(1298,1) _ 663v3 (V14
— (k+1)(2k — 1)56162F T
>, (147178k2 + 2018049k + 471431 T, (4898, 1 1
Z( i i )(22 il )~ 3ra0¥0L, (vis)
— (k + 1)(2k — 1)20400 T
> (1979224k2 + 5771627k + 991993 Tor (5778, 1 1
3 ( i i )(%) 2k )~ 73520 g
— (k +1)(2k — 1)28880 T
> (233656k2 + 239993k + 5827) (2F) Tk (5778, 1 1
Z( il * )(’f)% 21 ( ) _ —4080—@, (IV17')
— (k +1)(2k — 1)439280 T
i (5890798 + 32372979k + 6727511) (%] ) To(54758,1) 600704\/9?)
P (k +1)(2k — 1)2433602* B 97’
(IV18')
>, (148Kk2 + 272k + 43) (%) T (10, —2
+ 272k + 43) () 2’;< ) _ _pgV0 (IV19)
— (k + 1)(2k — 1)4608 T
3332k2 + 17056k + 3599 To (238, —
o i +3599) () Tox (238, -14) _ _ Y2, (IV20')
P (k +1)(2k — 1)1161216F T
> (11511872k2 + 10794676k + 72929) (¥ ) T2, (9918, -19) 390354ﬁ
—~ (k + 1)(2k — 1)(—16629048064)* B T
(1var’)

For the five open conjectural series (VI1), (VI2), (VI3), (VII2) and (VII7) of Sun
[34, 40], we make the following conjecture on related supercongruences.

Conjecture 3.5. Let p be an odd prime and let n € ZT. If (%) =1, then

pn—1

66k + 17 - - L 66k + 17
k=0 k=0

divided by (pn)? is a p-adic integer. If p # 5, then

pn—1 n—1
126k + 31 s -5 126k + 31 o3
E — 1% (22,217)° — — E —11(22,21

divided by (pn)? is a p-adic integer. If (Iz)) =1 but p # 3, then

pn—1 ne1
3990k + 1147 -2 3990k + 1147

Z WT’C(627952)3 -bp () Z WTIC(62,952)3

k=0 k=0

divided by (pn)? is a p-adic integer. If p = 41 (mod 8) but p # 7, then

pn—1 n—1
24k +5 (2k s\ ik 45 2k ,
A M 4,002 — p () ST ZEE2 (M) g
kZ::O RER <k> (4,9) p(3); os7 \ i ) Te(49)
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divided by (pn)? is a p-adic integer. If (_76) =1 but p # 7,31, then

)Tk(73, 576)*

”il 92800512k + 435257 2k
: 4342F k

i 2800512k + 435257 (2k

2
i . )Tk(737 576)

k=
divided by (pn)? is a p-adic integer.
Now we pose four conjectural series for 1/7 of type VIII.

Conjecture 3.6. We have

> 40k + 1 V1
S S (T, -1y = 22X (Vi)
(—50)k 97
k=0
>, 1435k + 113 1452v/5
e T (7,1)T%(10,10)2 = 1112
> soqor k(7 1)Ti(10,10) — (VIII2)
k=0
o~ 840k + 197 , 18915
(8, 1) Tk (5, —5)% = , VIII3
kg (—2130)F k(8, 1) T ( ) o ( )
o0
39480k + 7321 6795f
e T (14, 1) (11, —11 VII4
kZ:O (—29700)F k(14,1)T(1 )? = ( )

Remark 3.3. The author found the identity (VIII1) on Nov. 3, 2019. The identities
(VIII2), (VIII3) and (VIII4) were formulated on Nov. 4, 2019.

Below we present some conjectures on congruences related to Conjecture 3.6.

Conjecture 3.7. (i) For each n € Z", we have

n—1

1

- > (40K 4 13)(=1)F50™ R T (4, 1) T (1, - 1) € Z*, (3.1)
k=0

and this number is odd if and only if n is a power of two (i.e., n € {2%: a € N}).
(ii) Let p # 2,5 be a prime. Then

1

Z_O 40k + 13 (4 )T, 1) = <12 +5 (2) +22 (f’)) (mod p?). (3.2)

If(2) = (%’) =1, then

WS

1 (PR 40k+13 , 40k +13 )
(X P na -y - Y PP na e 17 ez,
k=0 k=0

(3.3)
for alln € Z+.
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(iii) Let p # 2,5 be a prime. Then

P Ty (4, 1)Th(1, —1)2
Z (_50)k

k=0
422 —2p (mod p?) if p=1,9 (mod 20) & p = 2% + 5y? (z,y € Z), (3.4)
=14 222 —2p (mod p?) if p=3,7 (mod 20) & 2p = 2% + 5y? (x,y € Z),
0 (mod p?) if (775) =—1.
Remark 3.4. The imaginary quadratic field Q(v/—5) has class number two.

Conjecture 3.8. (i) For any n € Z™, we have
n—1
1
- > (40K 4 27)(—6)" " ML (4, )T (1, -1)% € Z, (3.5)
k=0
and the number is odd if and only if n is a power of two.
(ii) Let p > 3 be a prime. Then
1

3 Wn@,l)m,l) =3 <55< p5> +198 <2> - 10> (mod p?).
0

>
Il

(3.6)
If(%) = (775) =1, then
1 /P 40k 4 27 40k+27
e ( kZ:O o) Te(4,1)T5(1 kz (4, 1) Ty (1, —1) ) €z,
(3.7)

for alln € Z+.
(iii) Let p > 5 be a prime. Then

(g) ”f Ty (4, 1()Tg)(k1, —1)2
k=0
422 —2p (mod p?) if p=1,9 (mod 20) & p = 2% + 5y? (z,y € Z), (3.8)
=¢2p— 222 (mod p?) if p=3,7 (mod 20) & 2p = 22 + 5y? (x,y € Z),
0 (mod p?) if (_75) =—1.
Remark 3.5. This conjecture can be viewed as the dual of Conjecture 3.7. Note
that the series Y 27 (At(ikg)r?Tk(él, 1)T5 (1, —1)? diverges.

Conjecture 3.9. (i) For each n € Z", we have

n—1
1
T > " (1435k + 113)3240"~ ' T3,(7,1)T3,(10,10) € Z7. (3.9)
k=0

(ii) Let p > 3 be a prime. Then

”i 1435k 4 113
3240F

k=0
=P (2420 (5> + 105 <5> - 1508) (mod p?).
9 D p

T:.(7,1)T}(10,10)?
(3.10)
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If p=1,9 (mod 20), then

pn—1 n—1
1435k + 113 ) 1435k + 113 )
—————— T (7,1)T%(10,10)" — —— T (7,1)T% (10,10 3.11
kZ:O 3240 k( ) ) k( ) ) kZ:O 3240k k( ) ) k( ) ) ( )

divided by (pn)? is a p-adic integer for each n € Z*.
(iii) Let p > 5 be a prime. Then
b 1Tk 7,1)T5 (10, 10)2
3240k

422 —2p (mod p?)  if p=1,4 (mod 15) & p = 2% + 1592 (v,y € Z),
=1{ 1222 — 2p (mod p?) if p=2,8 (mod 15) & p = 322 + 5y? (v,y € Z),
0 (mod p?) if (*715) =—1.
(3.12)
Remark 3.6. The imaginary quadratic field Q(v/—15) has class number two.

Conjecture 3.10. (i) For each n € Z*, we have

3 n—1
WZ 1435k + 1322)50" 1% T3, (7,1) T3 (10,10)2 € Z*. (3.13)

k=0

(ii) Let p > 5 be a prime. Then

o1
1435k 1322,
B — Ty (7,1)T3(10,10)?

=0 (3.14)

Eg’ (3432 (2) + 968 (_pl) — 434) (mod p?).

If p=1,9 (mod 20), then

pn—1 n—1
1435k + 1322 , 1435k + 1322 ,
——T%(7,1)T%(10,10)* — ——T13(7,1)T%(10, 10
;} 50k k( ’ ) k( ’ ) p ’CE:;J 50k k( ) ) k( ’ )

(3.15)
divided by (pn)? is a p-adic integer for each n € 7.
(iii) Let p > 5 be a prime. Then

”ka (7,1)T(10, 10)2
50F

422 — 2p (mod p?)  ifp=1,4 (mod 15) & p = 2% + 15y? (z,y € Z),
=1 2p — 1222 (mod p?) if p=2,8 (mod 15) & p = 322 + 592 (v,y € Z),

0 (mod p?) if (_715) =-1
(3.16)

Remark 3.7. This conjecture can be viewed as the dual of Conjecture 3.9. Note
that the series
o~ 1435k + 1322

SoF Ty (7,1)T3 (10, 10)?

k=0
diverges.
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Conjecture 3.11. (i) For each n € Z*, we have

n—1
1
- > (840K + 197)(—1)¥2430" ' K T,(8,1) T, (5, —5)% € Z7. (3.17)
T
k=0

(ii) Let p > 3 be a prime. Then

1

p
840k + 197 ) 15 5 2
ST o (8. )T (5. —5)2 = p (140 [ —2 15 ) Lo
£ (—2430)* (8, 1) Tk (5, —5) p( 0<p)+5(p)+5) (mod p?)
(3.18)
If(%) = (%) =1, then
Pl n—1
840k + 197 ) 840k + 197 .
T T (8, ) TL(5, —5)% — 840k +197 1, o v e |
kZ:O (—2430)% k(8, 1)1k (5, —5) ka:O (—2430) (8, )Tk (5, —5)%  (3.19)

divided by (pn)? is an p-adic integer for any n € Z+.
(iil) Let p > 7 be a prime. Then

R T0(8,1)Th(5, —5)?

~ (—2430)k
4% = 2p (mod p?) if (51) = () = (B) = (B) = 1, p==a? + 10542,
22% —2p (mod p*)  if (51 =(5) =1, (§) = (§) = -1, 2p = 2? + 1057,
122* —2p (mod p®) if (51) = (§) = (§) = (§) = —1, p = 32> + 35¢7,
622 —2p (mod p*) if (1) = (§) = -1, (§) = () =1, 2p =32® +35y°,

=2 =202 (mod p?) if (S1) = (2) =1, (B) = (&) = -1, p= 52" + 21,

2p — 1022 (mod p?) if () =(5) =1, (2) = (2) = -1, 2p = 5a® +21y?,
2827 —2p (mod p?) if (5H) = (8) =1, (§) = (§) =1, p="Ta* +15¢°,
12® —2p (mod p?) if (1) =(§) =1, (§) =(§) =1, 2p =72 + 15,
0 (mod p?) if (/52) = —1,

(3.20)
where x and y are integers.

Remark 3.8. Note that the imaginary quadratic field Q(1/—105) has class number
8.

Conjecture 3.12. (i) For each n € Zt, we have
1 n—1
=) (39480 + 7321)(—1)*29700" ' F T} (14, )Ty (11, —11)* € Z¥,  (3.21)
" =0
and this number is odd if and only if n is a power of two.
(ii) Let p > 5 be a prime. Then

|
—

. 39480k + 7321
— (—29700)"

=p <5738 (;) +170 <z) + 1513> (mod p?).

Ty.(14,1)T (11, —11)?

=

(3.22)
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If(%) = (_?5) =1, then

pn—1

39480k + 7321 )
e T T.(14,1) T (11, —11
kz_;) (_29700)k k( ) ) k( ) )
= 39480k 7321 (3:29)
+ 2
e T (14, )T (11, —11
divided by (pn)? is a p-adic integer for each n € Z*.
(iii) Let p > 5 be a prime with p # 11. Then
”i T3o(14, 1)T3 (11, —11)2
_ k
P (—29700)
da? —2p (mod p*)  if (1) =(§) = (§) = (f]) = 1, p = 27 + 165¢°,
227 —2p (mod p?)  if (51) = (§) = (§) = (1) = —1, 2p = 2” + 165y,
122° — 2p (mod p®) i (51) = (§) = —1, (§) = (§) =1, p = 32> +55¢,
6% —2p (mod p*)  if (1) = () =1, (§) = (ff) = —1, 2p = 32> + 55y,
=q2p—202* (mod p?) if (1) = (fp) =1, (§) = (§) = —1, p= 52> +33y>,
2p —102% (mod p?) i (5) = (1) = -1, (§) = (§) =1, 2p = bz + 33¢°,
442® —2p (mod p?) i () = (§) = -1, (§) = (F) =1, p= 112> +15¢°,
222% —2p (mod p?) if (1) = (§) =1, (§) = (ff) = -1, 2p = 112> + 15y,
0 (mod p?) if (=) = -1,

(3.24)
where x and y are integers.

Remark 3.9. Note that the imaginary quadratic field Q(1/—165) has class number
8.

4. CONGRUENCES RELATED TO THEOREM 1.3
Conjectures 4.1-4.14 below provide congruences related to (1.88)—(1.97).

Conjecture 4.1. (i) For any n € Z™, we have

n—1

1
— § (Tk + 3)Sk(1,—6)24" "1k c 7+, (4.1)
k=0

(ii) Let p > 3 be a prime. Then

pi 7];+ S —6) = (5 (j) + (2)) (mod p?). (4.2)

=0

[N RS

If p=1 (mod 3), then

1 /P 7k 43 o\ "7k 43
(pn)2 ( Z 24k Sk(lv _6) -p () Z Wsku, —6)) € Zy (4.3)
k=0

for alln € Z+.
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(iii) For any prime p > 3, we have

”Z Sy (1, —6)
Co24F
k=0
_ )5 22 —2p) (mod p?) ifp=1,3 (mod 8) & p = 22 + 2y? (v,y € Z),
~ 10 (mod p?) if p=5,7 (mod 8).
(4.4)
Conjecture 4.2. (i) For any n € Z™, we have
n—1
- Z (12k + 5)Sk(1,7)(—1)*28" "1k ¢ 7+, (4.5)
™ =0
and this number is odd if and only if n is a power of two.
(ii) Let p # 7 be an odd prime. Then
p—1
12k + 5 __p )
ZWSMLU =05p (?> (mod p?), (4.6)

k=0

and moreover
1 /R 12k +5 19k 4 5
(pn)2 < ;O (_28+)k Sk(1,7) — ( )Z Jr) Sk (1, 7)) Zy (4.7)

for alln € Z+.
(iii) For any prime p # 2,7, we have

”i Si(1,7)
= (2
dz® —2p (mod p?)  if (SH)=(§)=(§) =1 & p=2a®+21y
20% = 2p (mod p?)  if (S1) = (B) =1, (B) =1 & 2p=a?+21y?, (48)
=42p—122% (mod p?) if (51) =(5) =1, (§) =1 & p=32> + 7",
2p—62® (mod p?)  if (5H) =1, (§) =(5) =—-1& 2p=32" + Ty’
0 (mod p?) if (54) =1,

where x and y are integers.

Conjecture 4.3. (i) For any n € Z™, we have

n—1

—Z 84k +29)S (1, —20)80" 1 F ¢ 7+, (4.9)

and this number is odd zf and only if n is a power of two.
(ii) Let p be an odd prime with p # 5. Then

pz_:l %Sku, —20)=p <2 <2> +27 <;5>) (mod p?). (4.10)

k=0
If p=1 (mod 3), then

1 /P 84k 429 P\ 2 84k + 29
T ( > —sgr—Sk(1,-20) — p (5) > —gor—Sk(l, —20)) €7, (4.11)
k=0 k=0
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for alln € Z+.
(iii) For any prime p # 2,5, we have

”i Sk(1, —20)
80

k=0
42? —2p (mod p?) if (2) = (§) = (§) =1 & p=2" +30y°,
82 — 2p (mod p?) zf(%) =1, (§) =(5) =—-1 & p=2z* + 152, (4.12)
=q2p—122% (mod p*) if (§) =1, (3)=(§) = -1 & p =32 + 10°,
202 — 2p (mod p?) if () =1, (1%) = (&) =—1 & p =52+ 612,
0 (mod p?) if (53%) = -1,

where x and y are integers.

Conjecture 4.4. (i) For any n € Z", we have
n—1
1 .
=) (3K +1)(=1)*100" " F S8, (1, 25) € ZT. (4.13)
" =0
(ii) Let p # 5 be an odd prime. Then

R VI | “1\ & 3k 41
— ——55(1,25) — — ——5S%(1,25 Z. 4.14
<pn>2(,§ S22 (5 ),; ) LD
for alln € Z+.

(iii) For any prime p > 3 with p # 11, we have

”i Sk(1,25)

_ k
£~ (=100)

122~ 2p (mod p?) i (21) = (B) = (&) = 1 & p = 2% + 3342,
2% —2p (mod p?)  if (51) =1, (§) = (ff) = —1 & 2p = 2” +33y°,
=4 2p—122% (mod p?) if (&) =1, (%) = (&) =—1 & p =32 + 11y,
2p — 62 (mod p?) i (§) =1, (%) = (&) =—-1& 2p =3a2% + 1132,
2 =33y _
0 (mod p) if (5°) = -1,
(4.15)
where x and y are integers.
Conjecture 4.5. (i) For any n € Z™, we have
n—1
1
- > (228K + 67)Sk(1, —56)224" 1 7F € 7+, (4.16)
k=0

and this number is odd if and only if n is a power of two.
(ii) Let p be an odd prime with p # 7. Then

p—1
228k + 67 _ =7 14 2
;MSk(l,—56)_p(65< 5 ) +2<p>) (mod p?). (4.17)

If p=1,3 (mod 8), then

1 /P2 208k 4+ 67 P\ 2 298k + 67
1,-56) —p (2 ST O g, (1, — 7, (4.1
(pn)? ( kzzo goqi k(1 =50) p(?) ; pogr k(L 56)) €Zp (418)
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for alln € Z+.
(iii) For any prime p # 2,7, we have

”i Sk(1,-56)
294k
k=0

422 — 2p (mod p?)  if & p = x% + 4242,

(=B =} =1
822 —2p (mod p?)  if (8) =1, (32) = (§) = -1 & p= 27 2192, (419)
=< 2p — 1222 (mod p?) zf(%?) =1, (§) =(5) = -1 & p=3z* + 14y,
2p —242% (mod p?) if (§) =1, (32) = (5) = —1 & p= 62" + 7",
2 =42y _
0 (mod p?) if (5°)=-1,
where © and y are integers.
Conjecture 4.6. (i) For any n € Z", we have
1 n—1
- > (399k + 101)(~1)*676" 1 7* Sk (1,169) € ZT. (4.20)
k=0
(ii) Let p # 13 be an odd prime. Then
pn—1 n—1
399k + 101 -1 399k 4 101
————5%(1,169) — — ——5k(1,169 4.21
2 oo k1169 p( P ),;_0 SR

divided by (pn)? is a p-adic integer for any n € Z+.
(iii) For any prime p > 3 with p # 19, we have

pi Sk(1,169)

_ k
— (—676)
42% = 2p (mod p?) if (31) = (B) = (§) =1 & p= 2% + 5Ty,
22 —2p (mod p*)  if (5H) =1, (§) = (f5) = —1 & 2p = 2? + 577,
=< 2p—122% (mod p?) if (§) =1, (_?1) = (&) =—1 & p=32% + 19y,
2p —62% (mod p?)  if ({5) =1, (5}) = (§) = =1 & 2p = 32% + 19y,
0 (mod p?) (=) = -1,
(4.22)
where x and y are integers.
Conjecture 4.7. (i) For any n € Z", we have
n—1
1
- > " (2604k + 563) Sk (1, —650)2600" ' F € Z*, (4.23)
k=0

and this number is odd if and only if n € {2*: a € N}.
(ii) Let p be an odd prime with p # 5,13. Then

p—1
2604k + 563 -39 26 )
e Y 5, (1,—650) = 1{—=)+2(= . (424
> seoor k(1. —650) p<56 ( ; )+ (p)) (mod p?).  (4.24)

n

! 92604k + 563

saaor k(1. —650)  (4.25)

n—1
2604k + 563 26
———5,.(1,—650) — —
> Sk 5) p(p>

=~
Il

0
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divided by (pn)? is a p-adic integer for any n € Z+.
(iii) For any odd prime p # 5,13, we have

”z“l Si(1, —650)
2600

k=0
122~ 2p (mod 1) if (2) = (B) = (§5) = 1 & p— o + 7842,
822 —2p (mod p?) if (2) =1, (§) = ({5) = —1 & p=22” + 39", (4.26)
=q2p—122% (mod p?) if (f5) =1, () = (§) = —1 & p = 32> + 267,
2p — 2422 (mod p?) if(%) =1, (%) = (1%) =—1& p =622 + 1392,
0 (mod p?) if (218) = -1,

where x and y are integers.

Conjecture 4.8. (i) For any n € Z™, we have
n—1
1
- D (39468k + 7817)(—1)*6076" ' S, (1,1519) € Z*, (4.27)
k=0
and this number is odd if and only if n € {2*: a € N}.
(ii) Let p # 7,31 be an odd prime. Then

pn—1 n—1
39468k + 7817 —31 39468k + 7817
—— 5k (1,1519) — — ————S;(1,1519) (4.28
> e o119~ () 3 P s 1519) (42

divided by (pn)? is a p-adic integer for any n € Z+.
(iii) For any prime p > 3 with p # 7,31, we have

”i Sk(1,1519)

_ k
£~ (—6076)

da? —2p (mod p*)  if (1) = (§) = (§) =1 & p =27 +93y°,
222 —2p (mod p?)  if (§7) =1, (5}) = (§) = -1 & 2p = 2® + 93y,
=4 2p—122% (mod p?) if (§) =1, (%) = (&) =-1& p=3az*+ 31y
2p— 622 (mod p?)  if (51) =1, (8) = (&) = —1 & 2p = 322 + 312,
0 (mod p?) if (222) = —1,
(4.29)
where © and y are integers.
Conjecture 4.9. (i) For any n € Z", we have
n—1
1
- Z(41667k + 7879)9800" 1 7* S, (1, —2450) € ZT. (4.30)
k=0

(i) Let p # 5,7 be an odd prime. Then

p—1
41667k 4 7879 D —6 2 9
E ————S5k(1,—2450) = = ( 15741 [ — 17| - dp”). (4.31
=  9800F Sl =250 = ( o ( p ) " 7<p>> (mod 77). {4:31)

If p=1 (mod 3), then

pn—1 n
41667k + 7879 2
———— S:(1,—-2450) — -
> Sk —2450) (p)

L 41667k + 7879

ogogr— Sk(1,-2450) (4.32)

b
Il

0
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divided by (pn)? is a p-adic integer for any n € Z+.
(iii) For any prime p > T with p # 17, we have

p—l

(1, —2450)
kZ:O 9800%
4z® = 2p (mod p?)  if (3) = (§) = (F) =1 & p=2a? +102¢?,
822 —2p (mod p?) if (&) =1, (2)=(8) = -1 & p=22+51y%, (433)
=4 2p—122% (mod p?) if (§) =1, (12;) = (&) =-1 & p=3z*+ 343>,
2p —24a® (mod p?) if (2) =1, (§) = ({5) = —1 & p = 62> + 179>,
0 (mod p?) if (2) =—1,
where x and y are integers.
Conjecture 4.10. (i) For any n € Z*, we have
=
- > (T4613k + 10711)(—1)*530°" 1R 5, (1, 265%) € Z . (4.34)

(ii) Let p # 5,53 be an odd prime. Then

pn—1

2

divided by (pn)? is a p-adic integer for any n € Z*.
(iii) For any prime p > 5 with p # 59, we have

74613k + 10711

2 (—5302)*

Sk(1,265%) —p (j) ¥

k=0

74613k + 10711

—5302)k Si(1,265%) (4.35)

”i Si(1,2652)
(—5302)F

k=0

s~ 2p (mod 1) if (51) = (B) = (£) = 1 & p= a2 + 1777,
222 — 2p (mod p?) zf(’?l) =1, (§) =(&)=—-1&2p=2>+17TTy>,

= 2p—122% (mod p?) if (&) = 1, (55) = (§) = -1 & p = 32> + 5997,
2p — 622 (mod p?) if (§) = (_?1) = (&) = —1 & 2p = 3% + 592,
0 (mod p?) if (=1) = —1,

(4.36)

where x and y are integers.

Conjecture 4.11. For any odd prime p,

p—1 S,
,;) (—4)

422 — 2p (mod p?)
4y (mod p?)
0 (mod p?)

Also, for any prime p =

hS]

if12|p—1&p=a2*+y? (2,y€Z & 31 ),
if12|p-5&p=a®>+y? (v,y€Z & 3| x—y),
if p=3 (mod 4).

(4.37)

1 (mod 4) we have
—1

(8k + 5) (4.38)

(—4)F
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Conjecture 4.12. (i) For any n € Z*, we have
1 n—1
= @k +3)4" RS (1,-1) € Z,
k=0
and this number is odd if and only if n is a power of two.
(ii) For any odd prime p and positive integer n, we have

1 R 4k 3 4k+3
2( > — Sk, =1 —p Z Sk(1, —1)) Zy.
k=0

(pn) poars

(iii) Let p be an odd prime. Then

R Sp(1, 1)
D
k=0

422 — 2p (mod p?) if p=1,9 (mod 20) & p = 22 + 5y? (z,y € Z),

=< 222 — 2p (mod p?) if p=3,7 (mod 20) & 2p = 2% + 5y? (v,y € Z),

2 P N
0 (mod p?) if (57)=-1L
Conjecture 4.13. (i) For any n € Z*, we have
1 n—1
- > (33K 4 25)S)(1,-6)(—6)" ' F € Z,
k=0

and this number is odd if and only if n is a power of two.
(ii) Let p > 3 be a prime. Then

pi 3??72)3551@(17 —6)=p <35 - 10 (i)) (mod p?).

k=0
If p==£1 (mod 12), then

1 ””‘133k+25 - 33k+25
(3 -0 - HPaa,0) ez,

)\ = k=

for alln € Z+.
(iii) For any prime p > 3, we have

= S, —6 (ZH)(da® = 2p) (mod p?) if p= 12”4 3y> (x,y € Z),
2 Cor = o

P
P (mod p?) if p=2 (mod 3).

Conjecture 4.14. (i) For any n € Z*, we have

n—1

> (18K + 13)S,(2,9)8" .
k=0

n

(ii) Let p be an odd prime. Then

pZ_Il %Sk@ﬁ) =p (1 +12 (g)) (mod p?).
k=0

41

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)
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If p=1 (mod 3), then

1 (RS 18k +13 =18k 413
k=0 k=0
for alln € Z+.
iii) For any prime p > 3, we have
(i) . 3 b
1 _
I’Z Si(1,-2) _ (2) Zl Sik(2,9)
8k A3 8k
k=0 k=0
422 — 2p (mod p?) if p=1,7 (mod 24) & p = 2% + 63> (4.49)
=< 822 — 2p (mod p?) if p=>5,11 (mod 24) & p = 22?2 + 332,

0 (mod p?) if (58) = -1,
where x and y are integers.
Conjecture 4.15. Let p be an odd prime with p # 5. Then

2 5(31) 422 — 2p (mod p?) if p=1,9 (mod 20) & p = 2% + 5y?,
Z k k7 =< 222 —2p (mod p?) if p=3,7 (mod 20) & 2p = 2% + 5y?,

0 (mod p?) if p=11,13,17,19 (mod 20),
(4.50)
where x and y are integers. If (_75) =1, then
p—1
40k + 29
k=0

Remark 4.1. We also have some similar conjectures involving

p— 1 p—1 p—l
=0 k=0 k=0
Zl Sk(10,—2) %2 85,(14,9) %2 S,(19,9)
’ 72k 36%

k=0 k=0

=
Il

0

modulo p?, where p is a prime greater than 3.
Motivated by Theorem 2.6, we pose the following general conjecture.

Conjecture 4.16. For any odd prime p and integer m £ 0 (mod p), we have

p—1 p—1 2k
Sk4 —m) EZ f’f mod p?). (4.51)
k=0 =0
and
m 168 kS om) S (e (%) moa ). (452)
D > " P p%). (4.

Remark 4.2. We have checked this conjecture via Mathematica. In view of the
proof of Theorem 2.6, both (4.51) and (4.52) hold modulo p.
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5. SERIES FOR 1/7 INVOLVING Ty, (b, ¢) AND Z, = S3_o (2) (3) (32 )

n—k
Ty = Zn: <Z> <2:) <2:L_:)> (n=0,1,2,...)

k=0

The numbers

were first introduced by D. Zagier in his paper [51] the preprint of which was released
in 2002. Thus we name such numbers as Zagier numbers. As pointed out by the
author [41, Remark 4.3], for any n € N the number 2" Z,, coincides with the so-called
CLF (Catalan-Larcombe-French) number

[n/2] 2 n o (2k\2 2(n—k) 2
. on n 2k n—2k __ (k:) ( n—k )
o § () () 5 GO
k=1 k=0 k

Let p be an odd prime. For any £ =0,...,p — 1, we have
Pr = (_pl) 128k73p,1,k (mod p)
by F. Jarvis and H.A. Verrill [24, Corollary 2.2], and hence
= — = (_pl> 64k(2p_1_kZp_1_k) = <_pl> 32kZp_1_k (mod p).

Combining this with Remark 1.3(ii), we see that

zi:l ZiTu(bc) _ <4c - b2> pi:l (?M>k Zy—1xTp—1-1(b, )

p) = m

= O

(e -\ ZTr(b, )
:< P )k_0(32(b2—4c)/m)’“

for any b, c,m € Z with p{ (b*> — 4¢)m.
J. Wan and Zudilin [49] obtained the following irrational series for 1/7 involving
the Legendre polynomials and the Zagier numbers:

>, 246\ [4—6 S
];)(15k+4_2\/6)zkpk< 573 ) ( 10\/?;) =;(7+3\/6)-

Via our congruence approach (including Conjecture 1.4), we find 24 rational series
for 1/ involving T, (b,c) and the Zagier numbers. Theorem 1 of [49] might be
helpful to solve some of them.

(]

(mod p)

Conjecture 5.1. We have the following identities for 1/.

> 5k +1 8(2 + V/5)
TwZ), = —— > 1
Z 30k k4k 3 ) (5 )
k=1
= 21k +5 67
S T (1,16) 7, = — 5.2
k=0
> 3k+1 3

k=0
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o2y Ty (14,1) Z),
k=0
> 15k + 1
T:(22,1) ),
k 9
£~ 480
o)
Tk + 2
> Tr(26,1) 2y,
k b
£~ (—672)
> 21k +2

30k — 7
> T T(62,1) 2

k
£~ 640
. 195k + 34
T T.(98,1)Z
2 (—9600)* £(98,1) 2%
k=0
> 195k + 22
> —1agor (106, 1)Z;
k=0
> 42k 4+ 1
Z REAT 1 (142,1)Z),
—1440)k
k=0
2k —1
> 1785k+254
Z —37632)* Te(194, 1) Z;
k=0
> 210k + 23
= TUT7.(202,1)Z,
10300 % (202,1)Zy
o0
210k — 1
T T.(254,1)Z
Z 4608k k( ’ ) k
k=0
= 21k —5
- - 1
Z Z600% T (502,1) Zy,

i 7410k + 1849

36993)" Ty (1154,1) Zy,

k=0
i 1326k + 101
57760k

o0

78k — 131

— " T.(2498.1)Z

Z 20800k k( ’ ) k
k=0

i 62985k + 11363

Cs0ira)F Ty, (5474,1) Z;

k=0

Ty, (1442,1)Z;, =

672

15v/34

288

2014
Vam
2600

)
™

7659v/10

™

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)
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>, 358530k + 33883 176280
T,.(6082,1)Z), = 5.22
£ 486720% +(6082,1)2; = ——, (5-22)

> 510k — 1523 33320
e U T(9602,1)2), = , 5.23
,; 7ga00r Lk )2 P (5.23)

>\ 570k — 457 15904/13

 TIT(10402,1) 7, = — 2, 24
> 03600k [k(10402,1)Z T (5.24)

Below we present some conjectures on congruences related to (5.1), (5.2), (5.4)
and (5.9).
Conjecture 5.2. (i) For any n € Z", we have

n—1

> 5k + 1) T Z,32" 'k (5.25)
k=0

(ii) Let p be an odd prime with p # 5. Then

pi %Tﬂk = g (5 (j) -2 (j)) (mod p?). (5.26)

n

k=0
If p = £1 (mod 5), then
1 (R k41 1\ S5k 41
(pn)? ( Z 32k TwZi —p (p) Z 32,€Tkzk) € Zyp (5.27)
k=0 k=0

for alln € Z+.
(iii) For any prime p > 5, we have

-1
Sbe
k

)i 32

422 — 2p (mod p?)  if p=1,4 (mod 15) & p = 2% + 1592 (v,y € Z),
=< 1222 — 2p (mod p?) if p=2,8 (mod 15) & p = 322 + 592 (x,y € Z),

0 (mod p?) if (_715) =1
(5.28)
Conjecture 5.3. (i) For any n € Z*, we have
n—1
1
- > (—1)F(21k + 5)Ti(1,16) Z,252" " F € T (5.29)
k=0
(ii) Let p > 3 be a prime with p # 7. Then
p—1
2k +5 P -7 -1 )
—— T (1,16) 2y == (16| — ) — [ — d . 5.30
St o) () s o

If(%) =1, then

n—1

1 /R 21k 45 -1
w2 G920 () 3

k=0 k=0
for alln € Z+.

21k + 5
(—252)F

Tk(1,16)2k) €z, (5.31)
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(iii) For any prime p > 3 with p # 7, we have

p—1

iTk (1,16)Zx
pad ( 52)"

p (mod p?) ifp=1,2,4 (mod 7) & p =22 + Ty? (z,y € Z),
(mod p2) if p=3,5,6 (mod 7).

Conjecture 5.4. (i) For any n € Z*, we have

n—1
Z kT (14,1) 22,1927 1k,
k=0

(ii) Let p > 3 be a prime. Then

If p=1,3 (mod 8), then

! prf i T(14,1)Z, = § k Tw(14,1) ) € Z
2\ £ qggk FU AR TR 1928 KU P

(pn)

for alln € Z+.
(iii) For any prime p > 3, we have

(3) "”i T1(14,1) Zs

i D )k

)iz 192

_ 422 — 2p (mod p?) ifp=1,3 (mod 8) & p = 22 + 2y? (x,y € Z),
~ 10 (mod p?) if p=>5,7 (mod 8).

Conjecture 5.5. (i) For anyn € Z", we have

Z 30k — 7)T3,(62,1) Z,640" ' 7%,
k=

(ii) Let p be an odd prime with p # 5. Then

S0 s (2 (2) -0 (1))

If (F15) =1, then

p

1R 30k — 7 —1\ =30k — 7
(pn)2 ( Z 640% Tk(627 1)Zk —Pp (p) Z WT’C(627 1)Zk> c Zp
k=0 k=0

for alln € Z+.

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)
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(iii) For any prime p > 5, we have

-1 ”i T1,(62,1) 2,
640F

p k=0

dz% —2p (mod p?)  if (}) = (§) = (§) =1 & p= 2" +30y°,

822 —2p (mod p?) if (2) =1, (B) = () =1 & p=2a% + 1552, (5:40)
=q2p—122% (mod p*) if (§) =1, (3)=(§) = —1 & p= 32 + 10°,

202 — 2p (mod p?) if () =1, (1%) = (%) =—1 & p =52+ 61>,

0 (mod p?) if (520) = -1,

where x and y are integers.

6. SERIES FOR 1/7 INVOLVING Tj(b,¢) AND THE FRANEL NUMBERS

Sun [36, 37] obtained some supercongruences involving the Franel numbers f,, =
Sreo (2)3 (n € N). M. Rogers and A. Straub [30] confirmed the 520-series for 1/7
involving Franel polynomials conjectured by Sun [34].

Let p be an odd prime. By [24, Lemma 2.6], we have f; = (=8) f,_1_x (mod p)
for each k = 0,...,p — 1. Combining this with Remark 1.3(ii), we see that

p—1 2 p=l , oo k
4k (b 4)2(8<bm4>) Foor-kTp1-x(b,)
k=0

p k=0
_ (P —4e\K~  AiTu(bo) -
-(*5 >§<8<4c—b2>/m>k( v

for any b,c,m € Z with p1{ (b* — 4¢c)m.
Wan and Zudilin [49] deduced the following irrational series for 1/7 involving the
Legendre polynomials and the Franel numbers:

S 1+v3) (2-v3) 27+11v3
ZSBMJ_%th<'ﬁ ><%@> ==

Via our congruence approach (including Conjecture 1.4), we find 12 rational series
for 1/7 involving T,,(b,c¢) and the Franel numbers; Theorem 1 of [49] might be
helpful to solve some of them.

Conjecture 6.1. We have

,i L= 22 (6.1)
Sk s, = 22, (62)
k=0
> T (1) = %/5 (6.3)

3 R 2 a7, 1) = 4gff, (6.4)

k=0



48 ZHI-WEI SUN

165k + 46
7(,2352);@ £ T (194,
k=0

42k + 5
Z Tre16r 1+ k(482

990k + 31
ST e
Z T1o00r /#T(898,

585k + 172
Z I35k [T (1454,
k=0

90k + 11
Z To156sr 1+ Tk(2114,

i 94185k + 17014

_ k
£ (~105984)

i 5355k + 1381

_ k
£ (—61952)

>, 210k + 23
“ITE004F JiT1 (16898,
=0

£ (2302,

FiT (4354,

- 112\/5’
37
374+/2

1) = ;
157

D= 680\ﬁ’
s
11

) = HOVT,
v
92/15

1) = ,
i

1)_8520\/ﬁ

=

1):968\@
s

b= 2912+/231
2971

We now present a conjecture on congruence related to (6.3).

Conjecture 6.2. (i) For any n € Z", we have

n—1

1 .
- > (105K + 17)480" ' 7F £, T3, (8,1) € ZT.

k=0
(ii) Let p > 5 be a prime. Then

k=0
If(%’) =1, then
1 (= 105k + 17
W( Z Wfka(& 1) -
k=0

for alln € Z+.
(iii) For any prime p > 5, we have

FiTH(8,1)
()
422 — 2p (mod p?)

=1 2p — 1222 (mod p?)
0 (mod p?)

n—1

k=0

if () = -1,

105k + 17
Z et ol

p—1
105k + 17 —5
> o k(8.1 = g <161 (p) - 8) (mod p?).

1R0F fka(&l)) S Zp

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)

if p=1,4 (mod 15) & p = 2% + 159? (v,y € Z),
if p=2,8 (mod 15) & p = 322 + 5y? (v,y € Z),

(6.16)

Remark 6.1. This conjecture was formulated by the author on Oct. 25, 2019.



NEW SERIES FOR POWERS OF m AND RELATED CONGRUENCES 49

Conjecture 6.3. For any n € Z™, we have
1 n—1
™ (=1)""1=*(105k 4 88) frTk(8,1) € Z*. (6.17)
" =0
(ii) Let p be an odd prime. Then

p—1

P <23 <pg> +10 (f)) (mod p?). (6.18)
k=0

w| oo

> (-1)*(105k + 88) fi Tk (8,1) =

If(%) =1, then

pn—1 n—1

3" (~1)¥(105k + 88) fuTi(8,1) — p (g) 3 (~1)*(105k + 88) i Tk(8, 1) (6.19)
k=0 k=0

divided by (pn)? is a p-adic integer for any n € Z*.
(iii) Let p > 5 be a prime. Then

p—1

Z(*l)kfka(& 1)

k=0
422 —2p (mod p?)  if p=1,4 (mod 15) & p = 2% + 1592 (v,y € Z),
=1 2p — 1222 (mod p?) if p=2,8 (mod 15) & p = 322 + 592 (v,y € Z),

2 pr =15y _
0 (mod p?) if (5°)=-1
(6.20)
Remark 6.2. This conjecture is the dual of Conjecture 6.2.
The following conjecture is related to the identity (6.8).
Conjecture 6.4. (i) For anyn € Z", we have
1 n—1
o (—1)%(585k + 172)13552" 1= £, T}, (1454, 1) € ZT. (6.21)
n
k=0

(ii) Let p > 2 be a prime with p # 7,11. Then

1
585k + 172 p —7 273 )
0P T I Te(1454,1) = £ (1580 ( =L ) + 312 ( 22 d p?).
( e /Tk(1454, 1) 11( <p>+ (p>)(m0p)

p

£ (=13552)
(6.22)
If(_T?’g) =1, then
pn—1 n—1
585k + 172 P\ = 585k 4 172
o Te(1454,1) — p (B) S 2225 T (1454, 1 6.23
; (—13552)r R Tk(1454 1) p(7)]§ (—1ss5g)r R T(1454 1) (6:23)

divided by (pn)? is a p-adic integer for any n € Z+.
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(iil) Let p > 3 be a prime with p # 7,11,13. Then

Z £.T1(1454, 1)
—13552)F

da? —2p (mod p?) i (1) = (§) = (§) = (§) =1, p=2 +273y?,
227 —2p (mod p?)  if (5H) =(5) =1, (§) = (f5) = -1, 2p = 2” + 273",
2p —122% (mod p?) if (1) =(8) = -1, (§) = (fz) =1, p =327 + 91y?,
2p—62? (mod p?)  if (51) =(§) = (§) = (f3) = —1, 2p = 32 + 91y,
={282% = 2p (mod p?) if (31) = (§5) = -1, (§) = (§) =1, p = Ta? + 392,
14a? = 2p (mod p®) if (1) =(§) = -1, (§) = ({5) = 1, 2p = Ta? + 39y,
522% —2p (mod p?) if (5H) =(§) =1, () = (f5) = -1, p= 132" + 213°,
262° —2p (mod p?) if (1) =(F5) =1 (§) =(}) = -1, 2p = 1327 + 21y,
0 (mod p?) if (F22) = -1,

(6.24)
where x and y are integers.

Remark 6.3. Note that the imaginary quadratic field Q(v/—273) has class number
8.

The following conjecture is related to the identity (6.10).

Conjecture 6.5. (i) For any n € Z*, we have

|
—

n

1
5 (—1)%(94185k 4 17014)105984" 1% £, 73,(2302,1) € Z7. (6.25)
0

b
Il

(ii) Let p > 3 be a prime with p # 23. Then

p’194185k-+17014

FiT(2302, 1)
—105984)%
k=0 (6.26)

—2
532%w+M%% Y)Y (mod p2).
16 p

If (35) = 1, then

P2l 94185k 4+ 17014 Eif 94185k + 17014

(Ciososaye R TR(2302,1) = (Ciososayr /+TR(2302.1)  (627)

k=0

divided by (pn)? is a p-adic integer for any n € Z+.
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(iil) Let p > 3 be a prime with p # 23. Then

”f [T (2302,1)
— (—105984)"

51

2y = (%) =—1, 2p = 2% + 34532,
L) =1, p=32% + 1152,
£)=1,2p= 322 + 1152,
)= (&) =1, p =52+ 697,
)= —1, 2p = 522 + 69y?,

—1, p = 1522 + 2332,

4z? = 2p (mod p?) if (1) = (§) = (§) = (§5) = 1, p=2® + 345,
222 = 2p (mod p*) if (FH) =(F) =1, (§)
1202 — 2p (mod p?) if (1) = (B) = -1, (8) = (
62% — 2p (mod p?) if (5} = (§) = -1, (§) =(
=42p— 202 (mod p*) if (1) =(8) =1, (§
2p —102% (mod p?) if (5H) =(5) =1, (§) = (&
2p — 6022 (mod p?) if (Z) = () = (2) = (L) =
2p — 3022 (mod p?) if (1) = (&) = —1, (§) = (§) =1, 2p = 1522 + 23,
0 (mod p?) if (552) =1,

where x and y are integers.

(6.28)

Remark 6.4. Note that the imaginary quadratic field Q(v/—345) has class number

8.
The following conjecture is related to the identity (6.12).

Conjecture 6.6. (i) For any n € Z", we have

n—1

1
=37 (210k + 23)475904" 17" £, T3, (16898, 1) € Z*.
k=0

(ii) Let p be an odd prime with p # 11,13. Then

le 210k + 23

“Frooqr [wTk(16898, 1)

k=
p 231\ 66 )
=05 (40621 < 5 > 11020 < . >) (mod p?).

If(’TM) =1, then

210k + 23
b

0

66 210k + 23
-p () > e [Tk (16898, 1)
p ) = AT5904

divided by (pn)? is a p-adic integer for any n € Z+.

(6.29)

(6.30)

(6.31)
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(iil) Let p > 3 be a prime with p # 7,11,13. Then

Z 3 £ T(16898, 1)

475904*

dz® —2p (mod p?) if (3) = (§) = (&) = () =1 & p = a? +462°,
8% —2p (mod p?*) if (})= (%) =1, (§) = ({ff) = —1 & p = 22" + 231y,
2p — 1222 (mod p?) zf(%) =(&)=-1, (5) =(&)=1& p=3a?+ 15437,
2p — 242° (mod p?) if (3) = (§) = (§) = (ff) = —1 & p = 627 + 7Ty,

=1 2827 — 2p (mod p?) if (2)=(8) =1, (8) = () = —1 & p = Ta* + 6647,
442% —2p (mod p?) if (2) = (§) =1, (§) = () =1 & p = 11a” + 42y,
5622 — 2p (mod p?) zf(%) = () =1, (g) = (&)= -1 & p=142% 4 33y?,
2p — 842% (mod p?) if (3) = () =-1, (§) = (§) =1 & p= 212" + 2297,
0 (mod p?) if (532) = —1,

(6.32)
where x and y are integers.

Remark 6.5. Note that the imaginary quadratic field Q(v/—462) has class number
8.

The identities (6.5), (6.6), (6.7), (6.9), (6.11) are related to the quadratic fields

(with class number 8) respectively. We also have conjectures on related congruences
similar to Conjectures 6.4, 6.5 and 6.6.

7. SERIES FOR 1/m INVOLVING T, (b,c) AND g, = > p_; (% ) F

=32 (1) (3)

It is known that g, = >, (3) fx for all n € N. See [43, 20, 26] for some congruences
on polynomials related to these numbers.
Let p > 3 be a prime. For any £k =0,...,p — 1, we have

For n € N let

-3
gk = <p> 9%g, 1_x (mod p)

by [24, Lemma 2.7(ii)]. Combining this with Remark 1.3(ii), we see that

—1
pz 9xT%(b, c)

mk
k=0

1

()5 () s

k=0

( 4c—b2>i ngkbc 0 (mod p)

k=0

for any b, c,m € Z with p{ (b*> — 4¢)m
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Wan and Zudilin [49] obtained the following irrational series for 1/7 involving
the Legendre polynomials and the sequence (gy,)n>0:

i(22k+7—3\/§)ngk< 14\/5_15> ( 2\/93_3’) 2ﬂ(9+4\f)
k=0

Using our congruence approach (including Conjecture 1.4), we find 12 rational series
for 1/m involving T, (b, ¢) and g,; Theorem 1 of [49] might be helpful to solve some
of them.

Conjecture 7.1. We have the following identities.

8k +3 9v3
T, 1
;)( aryr O Tk(7. —8) = ==, (7.1)
= 4k +1 33
T(31,-32) = — 2
kZ:O 1089 kgk k(3 -3 ) 1671" (7 )
Tk -1 30v/3
> agr O Tk(62,1) = ==, (7.3)
k=0
20k + 3 633
g “ogor 9Tk (65, 64) = o (7.4)
280/~c+93 20\/5
k=0
= 176k + 15 25v/42
Z Wﬂka(va 1) = o (7.6)
k=0
560k 693v/3
ZWQka(97O 1) = p— (7.7)
. 12880k + 1353 44103
ngTk(215& 1) = ) (7.8)
k=0
=\ 299k + 59 735115
S g Th(2252,1 , 7.9
kzo (—1o1a30yF < Tk )= o (7.9)
385k + 118 241517
kT (4048, 1 7.10
go (_53550)k 9k k( ) 647'[' ) ( )
(oo}
385k — 114 15939/3
e rTi(10582,1) = —— % 7.11
kz:;) 114264k 9k k( ) ) 167 5 ( )
— 16016k -+ 1273 Ty (17498, 1) = 14175V/3 (7.12)
e T '
Now we present a conjecture on congruences related to (7.6).
Conjecture 7.2. (i) For any n € Z™T, we have
n—1
1
— ) (176K + 15)12600" '~ g, T;,(502, 1) € Z7T, (7.13)

3n
k=0
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and this number is odd if and only if n € {2*: a € N}.
(ii) Let p > 7 be a prime. Then

—1
176k + 15 42 21 )
aTn(502, 1) =p (26 —=2) —11 (£ d p?).
2:: Togoor 9¥Tk(502,1) p<6< p> (p)> (mod 27

If p=1,3 (mod 8), then

pn—1 n—1

176k + 15 21 176k + 15
> —ogoor 9k Tk(502,1) — <p> > —ogoor 9+ 1k(502,1)
k=0 k=0

divided by (pn)? is a p-adic integer for any n € Z+.
(iii) Let p > 7 be a prime. Then

(7.14)

(7.15)

Z < gx T (502, 1)
© 126008

da? —2p (mod p?)  if (F2) = (§) = (§) = (§) =1 & p = 2® + 210¢7,
2p—82% (mod p*) i (F2)=(5) =1, (§) = (§) = —1 & p= 22" + 10597,
2p—122% (mod p?) if (S2) =(§) =1, (§) = () = —1 & p = 32> + 7097,
2p — 2027 (mod p?) if (52) = (§) = (§) = (§) = -1 & p = 5a® + 427,

=4 242” = 2p (mod p?) if (52)=(§) =1, (§) = (§) = —1 & p= 62> + 35y,
28z% — 2p (mod p?) if (S2) = (8) = —1, (§) = (8) =1 & p=Ta? + 3097,
4022 — 2p (mod p?) zf(%) =(&)=—1, (§) = (&) =1 & p=102*+ 21y°,
5622 — 2p (mod p?) if (_72) =(5)=-1, (5) = (&) =1 & p=142% + 1597,
0 (mod p?) if (210) = —1,

where x and y are integers.

(7.16)

Remark 7.1. Note that the imaginary quadratic field Q(v/—210) has class number

8.
The following conjecture is related to the identity (7.8).

Conjecture 7.3. (i) For any n € Z", we have
n—1

1
3 2(1288% +1353)105840" 1%, T3, (2158,1) € Z+,
k=0

and this number is odd if and only if n € {2*: a € N}.
(ii) Let p > 7 be a prime. Then

12880k + 1353
105840

3419 <p3> — 713 <Z>) (mod p?).

T T 0 Tk (2158, 1)

N3 :s-M

If (5) = (%), then

pn—1

12880k + 1353

1058408 1058408

k=0

(7.17)

(7.18)

—1 12880k + 1353
91T (2158, 1) ( )Z TS  TH(2158,1) (7.19)
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divided by (pn)? is a p-adic integer for any n € Z+.
(iii) Let p > 11 be a prime. Then

pi g T3(2158, 1)
— 105840k

4% = 2p (wod p?) if (51) = (§) = (B) = (£) =1, p=2® + 330y°,
2p —82% (mod p?) if (1) = (§) = (§) = (f) = —1, p = 20* + 1654,
2p — 120 (mod p*) if (1) = () =1, (§) = (§) = —1, p=3a? + 1102,
2p — 202 (mod p?) if (1) = (§) = -1, (§) = (§) =1, p =52+ 66y7,

= 242% = 2p (mod p?) if (51) = (1) = -1, (§) = (§) =1, p= 62 + 5547,
402% — 2p (mod p?) if (1) = (§) =1, (8) = (&) = —1, p= 102> + 339>,
d4z% —2p (mod p?) if (1) =(§) =1, (§) = (fp) = —1, p= 1127 +30y°,
602% — 2p (mod p?) if (S1) = (8) = -1, (§) = ({p) =1, p= 152" + 22",
0 (mod p?) if (7322) = -1,

(7.20)
where x and y are integers.

Remark 7.2. Note that the imaginary quadratic field Q(1/—330) has class number
8.

Now we pose a conjecture related to the identity (7.10).

Conjecture 7.4. (i) For any n € Z™, we have

n—1
1 :
o (—1)*(385k + 118)53550" 1 =%, T}, (4048, 1) € Z7. (7.21)
n
k=0

(ii) Let p > 7 be a prime with p # 17. Then

p—1
385k + 118
Z mgkﬂc(‘m‘l& 1)
k=0
(7.22)
P

320 (29279 (;”) + 8481 (;)) (mod p?).

1 /2 385k 4+ 118 7\ "= 385k + 118
OO T O T (4048,1) —p [ - OO T O T (4048, 1
(pn)2<l;) (—53550)k ¢ (4048, 1) p(p),;) (—53550)F I* (4048, )>
(7.23)

is a p-adic integer for any n € Z+.
(iii) Let p > 7 be a prime with p # 17. Then
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ne

4 —2p (mod p*)  if (T =(5) =5 =({

2p—22% (mod p?)  if (5H)=(5)=-1, (5)=(f) =1,

1222 —2p (mod p®) if (5 =(§) =(8) =(§) =

2p— 62 (wod p) if (S =(5) =1, () =(F) =1,
=q282% = 2p (mod p?) if (1) =({5) =-1, (§)=(}) =1,

2p —142? (mod p?) if (51) = (B) =1, (§) = (%) = -1,

2p — 6822 (mod p?) if (31) = (&) =1, (§) = (§) = -1,

3402 —2p (mod p?) if (1) = (B) = -1, (§) = (H) =1,

0 (mod p?) if (Z21) = —1,

where x and y are integers.

=()=1,p= x2 + 35742,

2p = 2% + 357y,

—1, p= 3z + 11942,

2p = 322 + 11992,

p = Tx? + 5192,

2p = Tx? + 5132,
p =172 + 2142,
2p = 1722 + 212,

(7.24)

Remark 7.3. Note that the imaginary quadratic field Q(v/—357) has class number

8.
Now we pose a conjecture related to the identity (7.12).

Conjecture 7.5. (i) For any n € Z", we have

n—1

1
=3 (16016k + 1273)510300" ' ~F ¢, 73,(17498, 1) € Z7,

n
k=0

and this number is odd if and only if n € {2*: a € N}.

(ii) Let p > 7 be a prime. Then
= 16016k + 1273

—io300F  OeTH(17498,1)

k=0

E%’ (6527 (;3) — 2708 (f)) (mod p?).

If(_;‘l) =1, then

”"Z‘:l 16016k + 1273
510300%
k=0
"1 16016k + 1273

—P (g) kz:; 510300F

divided by (pn)? is a p-adic integer for each n € Z*.

ngk(17498, 1)

ngk(17498, 1)

(7.25)

(7.26)

(7.27)
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iii) Let p > 11 be a prime. Then
1

= gr T3 (17498, 1)

kz 510300*
dz® —2p (mod p*)  if (2) = (§) = (5) = (ff) =1 & p = 2” + 462y,
2 — 822 (mod p?)  if (2) = (2) =1, (2) = (&) = —1 & p = 22% + 2312,
1222 — 2p (mod p?) zf(%) =(&)=-1, (5) =(&)=1& p=3a?+ 15437,
2 —24a® (mod %) if (2) = (§) = (B) = () = —1 & p = 62 + 77y,

=1 2822 — 2p (mod p?) if(%) =(8)=1, (5) =(&) =—-1& p="T2%466y>,

442% — 2p (mod p?) zf(%) =(5)=-1, (5) = (&) =1 & p=1122 + 42y
2p — 5627 (mod p*) if (2) = (1) =1, (§) = (§) = —1 & p = 14a® + 339>,
8422 — 2p (mod p?) zf(%) =(F)=-1, (§) =(5) =1 & p= 212" +22y°,
0 (mod p?) if (2482) = 1,

(7.28)
where x and y are integers.

Remark 7.4. Note that the imaginary quadratic field Q(v/—462) has class number
8. We believe that 462 is the largest positive squarefree number d for which the
imaginary quadratic field Q(v/—d) can be used to construct a Ramanujan-type series
for 1/m.

The identities (7.5), (7.7), (7.9), (7.11) are related to the imaginary quadratic
fields Q(+/—165), Q(v/—210), Q(v/—345), Q(+/—330) (with class number 8) respec-
tively. We also have conjectures on related congruences similar to Conjectures 7.2,
7.3, 7.4 and 7.5.

To conclude this section, we confirm an open series for 1/m conjectured by the
author (cf. [34, (3.28)] and [35, Conjecture 7.9]) in 2011.

Theorem 7.1. We have

> 16n+5 /2n 189
n(—20) = —, 7.2
n;] 324n (n)g (=20) = o5 (7.29)
where
n 2
o n 2k\ 4

k=0

Proof. The Franel numbers of order 4 are given by f,(L4) = ZZ:O (2)4 (n € N). Note

e 1 < (kZ_o (Z>2>2 - (2:)2 < (14 1)) =167

By [11, (8.1)], for |z| < 1/16 and a,b € Z, we have

SCRSEEQ ()

n=0

7 2. (4a(l — z)(1 4 22)n + 6az(2 — )
=(1 + 2z) ngo ( T n b) Pon

(7.30)
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" < ) (2n - Qk) o
1 1L 9,\2n
(1+2x) P k

z" n—k —1\—2n —1
=(2 n ;
1—|—2:c2"k_0<)( ) e el

putting a = 16, b =5 and x = —1/20 in (7.30) we obtain

. 16n+5/2n 378 3n+1
(4)
D g (n)g”( 20) = 125;)( 20y /"

n=0

Since

M: M:

L (=207 T 2r

by Cooper [9], we finally get
— 16n+5 (2n 378 5 _ 189
2nTo (=2 2 =07
nz::O 182n (n )g (=200 = 155 ¥ 37 = 35#
This concludes the proof of (7.29). O

8. SERIES AND CONGRUENCES INVOLVING T),(b,c) AND 3, = >}, (2)2(";”“)

Recall that the numbers
n 2
n n+k
= =0,1,2,...
S GO R

are a kind of Apéry numbers. Let p be an odd prime. For any £k =0,1,...,p— 1,
we have

Br = (=1)*Byp—1-1 (mod p)
by [24, Lemma 2.7(i)]. Combining this with Remark 1.3(ii), we see that

= BrTr (b, c)
>
k=0

1

=0

LB —de\ Bx BuTk(b,c)
= < ’ ) 2 ((le— ) my m017)

k=0

for any b, c,m € Z with p1 (b*> — 4¢)m.
Wan and Zudilin [49] obtained the following irrational series for 1/7 involving
the Legendre polynomials and the numbers ,,:

i <5\@+17\/5> <5\/§3\/5> 135v/2 + 81V5

> (60k + 16 — 5v/10) 8, P e - NG

k=0
Using our congruence approach (including Conjecture 1.4), we find one rational se-
ries for 1/ involving T, (b, ¢) and the Apéry numbers j,, (see (8.1) below); Theorem
1 of [49] might be helpful to solve it.
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Conjecture 8.1. (i) We have

>, 145k + 9 285
T B8 T(52,1 1

k=0
Also, for any n € ZT we have
1 n—1
=) (145K + 9)900™ R B Tk (52, 1) € ZT. (8.2)

n
k=0

(ii) Let p > 5 be a prime. Then

145k 49 -1
— B T(52,1) = (133 <> — 88) (mod p?). (8.3)
kzzo 900k p

[ShlaS

Ifp=1 (mod 4), then

1 (" 145k +9 2 145k + 9

for alln € Z+.
(iii) Let p > 5 be a prime. Then

Z ﬂka 52,1)
900~
422 — 2p (mod p?)  if p=1,4 (mod 15) & p = 2% + 15¢? (x,y € Z), (8.5)

=< 2p — 1222 (mod p?) if p=2,8 (mod 15) & p = 322 + 5y? (v,y € Z),
0 (mod p?) zf(_715) =—1.

Remark 8.1. This conjecture was formulated by the author on Oct. 27, 2019.

Conjecture 8.2. (i) For anyn € Z", we have
1=
7 D (D (15k + 8)BkTi(4, 1) € Z, (8.6)
k=0

and this number is odd if and only if n € {2°: a € Z*}.

(ii) Let p be a prime. Then
(27 (2) +5 (g)) (mod p?). (8.7)

If (F2) =1 (ie., p=1,2,4,8 (mod 15)), then

p—1

ST~ 115k + 8)8, T (4, ~1) =

k=0

~ 3

S (DM + 8) T4, 1) —p () S DRIk 9BTL2.2)  (88)
k=0 k=0

divided by (pn)? is a p-adic integer for any n € Z+.
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(iii) For any prime p > 5, we have

p—1

Z "B T (4, —1)

422 —2p (mod p?)  if p=1,4 (mod 15) & p = 2% + 15¢? (v,y € Z), (8.9)
=4 1222 — 2p (mod p?) if p=2,8 (mod 15) & p = 322 + 5y? (z,y € Z),
0 (mod p?) zf(’Tl‘r’) =—1.
Remark 8.2. This conjecture was formulated by the author on Nov. 13, 2019.

Conjecture 8.3. (i) For any n € Z", we have

n—1
3 i
—TaT > 2k 4+ 1)(=2)" B Tk(2,2) € ZT, (8.10)
k=0

and this number is odd if and only if n is a power of two.
(ii) Let p > 3 be a prime. Then

le 2 +k16ka 2,2) = § <1 +2 <_p1>> (mod p?). (8.11)

k=0
If p=1 (mod 4), then

@:L)Q( kZ:O 2(k+)1ﬂka (2,2) Z_: ﬁka (2 2)) Z, (8.12)

for alln € Z+.
iii) For any o rime p, we have
(iii) For any odd prime p, we h

p—1
BiTk(2,2)
Z k(fg)k
k=0 (8.13)
_ J42? —2p (mod p?) ifp=1 (mod 4) & p = 2® + 4y> (z,y € Z),
~ 10 (mod p?) if p=3 (mod 4).

Remark 8.3. This conjecture was formulated by the author on Nov. 13, 2019.

Conjecture 8.4. (i) For any n € Z*, we have

n—1

1 .
ol D)/2] > Bk+2)(=2)" ' F BT (20,2) € ZF, (8.14)
k=0

and this number is odd if and only if n € {2*: a=0,2,3,4,...}.
(ii) Let p be any odd prime. Then

Z 3k +35ka(20 2)=2p <2> (mod p?). (8.15)
k= 0( 2) p
If p= %1 (mod 8), then
pn—1
(p,ll)2( Z ?Ek ‘i‘)gﬁka (20,2) pz 3k+3ﬁka 20 2)) Ly, (8.16)
k=0

for alln € Z+.
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(iii) For any odd prime p, we have

S:l Bka(207 2)

—2)k
(8.17)
422 —2p (mod p?) ifp=1 (mod 4) & p = 2 + 4y?* (v,y € Z),
0 (mod p?) if p=3 (mod 4).
Conjecture 8.5. (i) For any n € Z", we have
3 n—1
=N 5k +3)4" kB T (14, 1) € Z, 8.18
n};(+) BiTi(14,-1) € (8.18)

(ii) Let p > 3 be a prime. Then

Z oh gﬁka(l‘l —-1)=

=0 (4 (f) +35 (;)) (mod p?). (8.19)

If p=1 (mod 4), then
! pf%”ﬁmm “)-p(2 §5k+35T<14 1)) ez, (820
(pn)2 ~ 4k klk ) p P ~ 4]@ kLk ) D .

for alln € Z+.
(iii) Let p # 2,5 be a prime. Then

w3

p—1
BT (14, —1
> e

4z® —2p (mod p?) if (72) = (%) =1&p=2%+10y° (z,y € Z), (8:21)
= 822 — 2p (mod p?) zf(%) (%) =—1& p=22%+5y* (z,y € Z),
0 (mod p?) if (5%) = —1.

Conjecture 8.6. (i) For any n € Z", we have
1
o > (22k + 15)(—4)" R BT (46,1) € ZT, (8.22)

and this number is odd if and only if n is a power of two.
(ii) Let p be an odd prime. Then

-1

Z 22k +kl5 BiTi,(46,1) = (357 297 @3)) (mod p?). (8.23)

If(%) =1, then

1 /P22 99k 415 22k:+15
(pn)2 ( Z WBka (46,1) Z BT (46, 1)) Z, (8.24)
k=0 k=

for alln € Z+.
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(ili) Let p > 3 be a prime. Then

”i B, T} (46,1)

—4)k
_ 2 —2p (mod p?) if () =1& 4p— 22 +11y? (z,y € Z),
|0 (mod p?) if (f) =
Conjecture 8.7. (i) For any n € Z*, we have
1 n—1
=) "(190k + 91)(—60)" ' * B, T}, (82,1) € Z7,
" =0
and this number is odd if and only if n is a power of two.
(ii) Let p > 5 be a prime. Then
R 190k + 91 p 15
B T(82,1) = = (111 + 253 [ —— d p?).
S (139 (2) i
If(%) =1, then
pn—1
190k +091 190k +91
< Z oo ATkE 1) Z N 1)) Zp
k=
for alln € Z+.
(iii) For any prime p > 7, we have
x? —2p (mod p?) if (8) = (%):1&4p=x2+35y2 (x,y € Z),
=< 2p — 522 (mod p?) if E)=E)=-1&4p= 522 + Ty? (z,y € Z),
0 (mod p?) zf(_§5) —1.
9. SERIES AND CONGRUENCES INVOLVING w,, = S F% (—1)k3n=3k (1) (3

AND T,(b, ¢)

The numbers

Wy = anm(—l)ks"% @6) (3:) (2:> (n=0,1,2,...)

k=0

(8.25)

(8.26)

(8.27)

(8.28)

(8.29)

) (%)

were first introduced by Zagier [51] during his study of Apéry-like integer sequences,

who noted the recurrence
(n+ 1D2wpy1 = (In(n+ 1) + 3w, — 270w, (n=1,2,3,...).

Lemma 9.1. Let p > 3 be a prime. Then

-3
wy, = (p) 27w, 1y (mod p) for allk=0,...,p—1.
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Proof. Note that
L(p—1)/3]

wp-1 = kZ:O (—1)kgp-1-3k (pg—kl) <3kk> (2:)
-5 G = (5) omir

with the help of the known congruence Zi;é (Qkk) (%,f)/??’C = (%) (mod p?) conjec-
tured by F. Rodriguez-Villegas [28] and proved by E. Mortenson [25]. Similarly,

L(p=2)/3]
Coan (P 2\ (3K (2K
wa= 3 (00 () ()

k=0
L(p—2)/3]

2n) (3n
=Bn+1)(3n+ 2)7( "2)7(nn )

for all n € N. In particular,

p—1

CHCH  Bp-26Bp-1) 3p -3\ _
];0(9/{ +2) k27kk _ ot pCp 1 (p 4 ) =0 (mod p).

So we have wy = (773)27’“10][,_1_;c (mod p) for k = 0,1. (Note that wy = 1 and
wy = 3)
Now let k € {1,...,p — 2} and assume that

w; = (j) 27jwp,1,j forall j =0,...,k.
Then

(k4 1)?wry1 = (9(k + 1) + 3wy, — 27Tk*wy,_1
=0~ o~ k=) +3) (22 2w, - 200 17 () 27y
= (_;’) 27" x 27(p — k — 1)*w,_j_o (mod p)

and hence

-3
Wiyl = (p) 27k+1wp,1,(k+1) (mod p).

In view of the above, we have proved the desired result by induction. O
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For Lemma 9.1 one may also consult [31, Corollary 3.1]. Let p > 3 be a prime.
In view of Lemma 9.1 and Remark 1.3(ii), we have
-1

k=0
(=302 —de)\ 5~ wpTh(b,c)
=(7 ),§)<27<62—4c>/m>k (mod p)

for any b, c,m € Z with p{ (b*> — 4¢)m.
Wan and Zudilin [49] obtained the following irrational series for 1/7 involving
the Legendre polynomials and the numbers w,,:

>° V21 721 — 27 s 7(7v/21 + 27)
;14“7 )wP(5>< 50 ): r .

Using our congruence approach (including Conjecture 1.4), we find five rational
series for 1/7 involving T}, (b, ¢) and the numbers w,; Theorem 1 of [49] might be
helpful to solve them.

Conjecture 9.1. We have

ki;o %wkﬂ(m, -1) = 30;/57 (9.1)

2 B D ueT(18,1) = 27;/57 9.2)

3 %wkﬂ(u, —2) = 82{3, (9.3)

ki:o kaz’k(m, 1) = 452:37 (9.4)

S S eTi(110,1) = 31?:5 (9.5)
k=0

Below we present our conjectures on congruences related to the identities (9.2)
and (9.5).
Conjecture 9.2. (i) For any n € Z™, we have
n—1
1
=) "(14k +5)108" ' Fw, T3, (18,1) € Z7, (9.6)
" =0
and this number is odd if and only if n € {2*: a € N}.
(ii) Let p > 3 be a prime. Then

kz:% lﬂ‘;;%m(ls =7 (27 <p?’) -7 (i})) (mod p?).  (9.7)
If (£) =1 (i.e., p=1,2,4 (mod 7)), then

1 (P 14k +5 14k + 5
2(2 g WL (18,1) - (3)2 g Wi (18, 1)) Z, (9.8)

<
2



NEW SERIES FOR POWERS OF © AND RELATED CONGRUENCES 65
for alln € Z+.

(iii) For any prime p > 7, we have

(g) ’;Zl wiTy(18,1)

108k

w? —2p (mod p®) if (
522 — 2p (mod p?) zf(
0 (mod p?)

~—

)=1& 4p = 22 + 3592 (z,y € Z), (9.9)
): —1 & 4p =522 + Ty? (x,y € Z),

| oS o

—~
~—

H —~
RS S

wv

Conjecture 9.3. (i) For anyn € Z+, we have

n—1

- > (182K + 37)756" ' Fw, T3, (110, 1) € Z*
k=0

and this number is odd if and only if n € {2%: a € N}.
(ii) Let p > 3 be a prime with p # 7. Then

p—1
3 %wm(no =7 (265 ( p3) — 17 (2;)) (mod p*). (9.11)
k=0
fF =10

1 (ice., p=1,2,4 (mod 7)), then

1 /P2 182k 437 182k + 37
7 SO O Tk (110, 1 O Ok TR(110,1) ) € Z
(pn)Q(,;) 7oer W Tk(110,1) = (3)];) 7ogr W Tik(L10, )> <%

for alln € Z+.

(9.10)

(9.12)
(iii) For any prime p > 3 with p # 7,13, we have

P\ &= wi T3 (110, 1)
(5) 2~ —

756F
22 — 2p (mod p?) if(8)=(H)=1& 4p = 22 + 91y? (z,y € Z),
=4 727 —2p (mod p?) if (B) = (&) =—1 & 4p = T2 + 13y* (z,y € Z),
2 —91
0 (mod p?) if (Z2) = 1.
(9.13)
Now we give one more conjecture in this section

Conjecture 9.4. (i) For any integer n > 1, we have
1 n—1
n—1—k _ +
=) Z (2k +1)54 wi T (10, —2) € Z

(9.14)
(ii) Let p > 3 be a prime. Then
p—1

2k + 1 P\ | Piopt1 p 3 3
;; S e Ti(10,-2) = (3)+2(2 1) 5(3)+3 °)) (mod p*)

If p=1 (mod 4), then

3 “ onTi(10, —2)) Z, (9.16)
k_

1 /2 9k 41 2% +1
(X Swnn - () 22
k=0
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for alln € Z+.
(iii) For any prime p > 3, we have

(g) ”i wi Ty (10, —2)
3) 2T 54k

- (9.17)
:{4$2—2p (mod p?) ifd|p—1& p=a?+4y? (z,y € Z),

0 (mod p?) if p=3 (mod 4).

Remark 9.1. For primes p > 3 with p = 3 (mod 4), in general the congru-
ence (9.16) is not always valid for all n € Z*. This does not violate Conjecture

1.2 since limy_s 4 o0 [wi Tk (10, =2)|/F = /27 x /102 — 4(—2) = 54. If the series

>reo 25;1 wi T (10, —2) converges, its value times w/\f should be a rational num-
ber.

10. SERIES FOR 7 INVOLVING 7T,, AND RELATED CONGRUENCES

Let p be an odd prime and let a,b,c,d,m € Z with m(b? — 4c) Z 0 (mod p).
Then

p—1 2 (p—1)/2 2
a+ dk [2k B a+dh () (2%

k=1 =1
(P 1)/2 2
a+dk 2p
= fE— (— ST ) Ty (b, ¢) (mod p)
k=1 ( p—k )
with the aid of [33, Lemma 2.1]. Thus
S a+dk
T (b, c)
% ( > k\Y,
= "
g PP atrdk T,
= 2ZmkE 2(p—k)\ 2
k=1 ( p—k )
atdp—k) T, (b,0)
=4p? x L
p/2<zk<p (p = k)2mp=* (Qkk)Q
(a — dk)m b? — 4c _
=4 22 k2 (2H) ( p > (b* = 40"~ Ty 1 iy (B )
k=1

() S ()

in view of Remark 1.3(ii).
Let p > 3 be a prime. By the above, the author’s conjectural congruence (cf.
[35, Conjecture 1.3])

§(1O5k +4d)(—1)k (2:) 2Tk =p (20 +24 (g) (2 - 3P—1)) (mod p%)

k=0
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implies that

(105k — 44)T,
Z —kl =11 (E) (mod p).
k2 2k 23k—1 3

Motivated by this, we pose the followmg curious conjecture.
Conjecture 10.1. We have the following identities:

i (105k — 44)Tk 15T 6log3,

= g2 (2k) k-1 V3

—~  (5k—2)Tj—y  21—2v/37—9log3

kZ:2 (b —1)k? (2kk)23k_1 - 12 .

67

(10.1)

(10.2)

Remark 10.1. The two identities were conjectured by the author on Dec. 7, 2019.
One can easily check them numerically via Mathematica as the two series converge

fast.
Now we state our related conjectures on congruences.
Conjecture 10.2. For any prime p > 3, we have

pzw 11 (2)+2 (1335 (2)) (mod )

and

L 5k —2)Th 1

p Z 2N\ 207 9
= (k — l)kQ(k) 3k—1
Conjecture 10.3. (i) We have

né?) ’;)(—1)"_1_’“(% +2) (2:> CiT, €Z™

for allm € Z+, and also

p—1

2k P
— k = — = P _ 3
k;( 1) (5k+2)(k>Oka—2p(l (3)(3 3)) (mod p?)
for each prime p > 3.
(ii) For any prime p =1 (mod 3) and n € Z*, we have

iy (“D*(5k +2) () Tk —p iy (=D (5k +2) () Ci T

(pn)2 (2)?

= (%) 32; 3(C1"T,_, (mod p).

Remark 10.2. See also [45, Conjecture 67] for a similar conjecture.

Let p be an odd prime. We conjecture that

pi 8k+3< > Tk(37_4)5p(1+2(_p1>) (mod p?)

k=0

(10.3)

(10.5)

(10.6)
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and

pZI M (2:> Tx(8,-2)=p (6 (_pl) +8 (;)) (mod p?). (10.7)

=0
Though (10.6) implies the congruence

—1 k—1

(8k —3)Ti-1(3,—4) 16 3

2 - =- d

DI i o) =2 tmoan)
k=1

and (10.7) with p > 3 implies the congruence

) Z (33k — 14) Tk 1(8,-2) E;(;) (mod p)

kz Qk 8k—1

we are unable to find the exact Values of the two converging series

i(8k—3)Tk_1(3,—4) 16\ ond Z (33k — 14) Tk 1(8,-2)
po kz(Zkk)Q 25 k2 (2h) %1gk—1 ’
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