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FURTHER RESULTS ON HILBERT’S TENTH PROBLEM

ZHI-WEI SUN

ABSTRACT. Hilbert’s Tenth Problem (HTP) asks for an algorithm to
test whether an arbitrary polynomial Diophantine equation with integer
coefficients has solutions over the ring Z of integers. This was finally
solved by Matiyasevich negatively in 1970. In this paper we obtain some
further results on HTP over Z. We prove that there is no algorithm
to determine for any P(z1,...,29) € Z[z1,..., 2z9] whether the equation
P(z1,...,29) = 0 has integral solutions with zg > 0. Consequently, there
is no algorithm to test whether an arbitrary polynomial Diophantine
equation P(z1,...,211) = 0 (with integer coefficients) in 11 unknowns
has integral solutions, which provides the best record on the original
HTP over Z. We also prove that there is no algorithm to test for any

P(z1,...,217) € Z[z1,. .., 217] whether P(2{,...,2%;) = 0 has integral
solutions, and that there is a polynomial Q(z1,...,220) € Z[z1,.. ., 220)
such that

{Q(zf,...,zgo): 21,...,220 € Z} N{0,1,2,...}

coincides with the set of all primes.

1. INTRODUCTION

In 1900, at the Paris conference of International Congress of Mathemati-
cians, D. Hilbert presented 23 famous mathematical problems. He formu-
lated his tenth problem as follows:

Given a Diophantine equation with any number of unknown quantities and
with rational integral numerical coefficients: To devise a process according
to which it can be determined in a finite number of operations whether the
equation is solvable in rational integers.

In modern language, Hilbert’s Tenth Problem (HTP) asks for an effective
algorithm to test whether an arbitrary polynomial equation

P(Zl,...,Zn):O

(with integer coefficients) has solutions over the ring Z of integers. However,
at that time the exact meaning of algorithm was not known.

The theory of computability was born in the 1930s. A problem or a set
is decidable, if and only if its characteristic function is Turing computable
(or recursive). An r.e. (recursively enumerable) set is the empty set () or
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the range of a recursive function, and it is also the domain of a partial
recursive function. It is well known that there are nonrecursive r.e. subsets
of N={0,1,2,...}.

A relation R(ay,...,ay) with a1,...,a,, € N is said to be Diophantine if

there is a polynomial P(t1,...,tmn,21,...,Zy,) with integer coefficients such
that
R(ay,...,ap) <= Jr1 >0...3x, > 0[P(ay,...,am,1,...,2y) = 0].

(Throughout this paper, variables always range over Z.) A set A C N is
Diophantine if and only if the predicate a € A is Diophantine. It is easy to
see that any Diophantine set is an r.e. set.

In 1961 Davis et al. [5] successfully showed that any r.e. set A has an
exponential Diophantine representation of the following type:

a€ A <~ 3Jx; >0...3z, > 0[P(a,z1,...,2,,2%,...,2°") = 0],

where P is a polynomial with integer coefficients. Recall that the Fibonacci
sequence (F),)n>0 defined by

Fo=0, Fi=1, and F41 =F,+ Fr1 (n:1,2,3,...)

increases exponentially. In 1970 Yu. Matiyasevich [15] took the last step to
show that the relation y = Fy, (with z,y € N) is Diophantine. It follows
that the exponential relation a = b¢ (with a,b,c € N, b > 1 and ¢ > 0) is

Diophantine, i.e. there exists a polynomial P(a,b,c,x1,...,z,) with integer
coefficients such that
a="b <= 3Jx; >0...3x, > 0[P(a,b,c,z1,...,2,) =0].

This surprising result, together with the important work of Davis et al. [5],
leads to the following important result.

Matiyasevich’s Theorem (See [15]). Any r.e. set A C N is Diophantine.

This famous result is also known as the MDPR theorem named after
Matiyasevich, Davis, Putnam and Robinson.

As some r.e. sets are not recursive (cf. [2, pp.140-141]), Matiyasevich’s
theorem implies that HTP over N is undecidable.

Lagrange’s four-square theorem in number theory states that any n € N
can be written as the sum of four squares. Thus P(z1,...,z,) = 0 has
solutions over N if and only if

P4+ +yi+2 ol ol 4yl +22)=0

has solutions over Z. Now that HTP over N is undecidable, so is HTP over Z
(the original HTP). Thus HTP was finally solved negatively by Matiyasevich
in 1970.

It should be mentioned that a whole proof of the unsolvability of HTP
is very long and full of ingenious techniques, see Davis [3] for a popular
introduction, and Davis, Matiyasevich and Robinson [4] for an excellent
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survey. A machine proof given by Jones and Matiyasevich [13] involves clever
arithmetization of register machines (see also Chapter 5 of [18, pp. 71-102]).

For convenience, for a set S C Z and a fixed positive integer n, we let 3"
over S denote the set

{3z, € S...3x, € S[P(x1,...,2n) =0]: P(x1,...,2) € Z[z1,...,20]}.
Any nonrecursive r.e. set A has the following Diophantine representation:
a€ A<~ Jx; >0...3z, > 0[P(a,x1,...,2,) = 0],

where P is a polynomial with integer coefficients. Thus 3” over N is unde-
cidable for some particular number v. To find the least v with 3 over N
undecidable, is a very hard problem. In the summer of 1970 Matiyasevich
announced that v < 200, soon J. Robinson pointed out that v < 35. Then
Matiyasevich and Robinson cooperated in this direction, in 1973 they [19]
obtained that v < 13, actually they showed that any diophantine equation
over N can be reduced to one in 13 unknowns. In 1975, Matiyasevich [16]
announced further that v < 9; a complete proof of this was given by Jones
[12].

The 9 Unknowns Theorem (See [12]). 3% over N is undecidable, i.e.,
there is mo algorithm to test whether

E|£L'1 > 03.2139 > O[P(.’L‘l,...,l'g) :0],
where P(x1,...,x9) is an arbitrary polynomial in Z[z1, ..., xg).

As pointed out by Matiyasevich and Robinson [19], if ag, a1, ..., a, and
z are integers with apz # 0 and > ;a;z" " = 0, then

n n n
2" < laoz™| <) lail - [2["7F <) il - [2[*" and hence |2] < ) agl.
i=1 i=1 i=1
Thus 3 over N and 3 over Z are decidable. It is not known whether 32 over N
or 3% over Z is decidable, though A. Baker [1] showed that if F[z,y] € Z[x, ]
is irreducible, homogeneous and of degree at least three then for any m €
Z there is an effective algorithm to find integral solutions of the equation
F(z,y) = m. Baker [1], Matiyasevich and Robinson [19] believed that 3°
over N is undecidable.

As the original HTP is about integral solutions of polynomial Diophantine
equations, it is natural to ask for the smallest 4 € ZT = {1,2,3,...} such
that 3* over Z is undecidable. In view of Lagrange’s four-square theorem,
if 3" over N is undecidable, then so is 3% over Z. This can be made better.
By the Gauss-Legendre theorem on sums of three squares (cf. [20, pp. 17-
23]), the number 4m + 1 with m € N can be written as the sum of two even
squares and an odd square. It follows that for any integer m we have

m>0 < JaIyIzm =22+ 9>+ 22+ 2]. (1.1)

Therefore the undecidability of 3* over N implies the undecidability of 33"
over Z, thus Tung [30] obtained the undecidability of 32" over Z from the
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9 unknowns theorem. Tung [30] asked whether 27 here can be replaced
by a smaller number. In 1992 Sun [27] showed for any n € Z* that if 3"
over N is undecidable then so is 32”2 over Z, and thus he obtained the
undecidability of 3%° over Z from the 9 unknowns theorem. The author
announced in [26, 27] that 3'' over Z is undecidable, however the whole
sophisticated proof appeared in his PhD thesis [25] has not been published
before.

HTP over the field Q of rational numbers remains open, but Robinson [23]
showed that the first-order theory of rational numbers is undecidable (see
D. Flath and S. Wagon [9] for an excellent introduction and J. Koenigsmann
[14] for recent progress). There are also lots of research works on extended
HTP over various rings and fields (see, e.g., J. Denef [6, 7], Denef and L.
Lipshitz [8], and A. Shlapentokh [24]).

For the extended HTP over a ring R containing Z, the usual strategy to
obtain its undecidability is as follows: Prove that Z is Diophantine over R
and then use the result that HTP over Z is undecidable. Thus, to find a
small positive integer k with 3% over R undecidable, depends heavily on the
undecidability of 3* over Z (not N) with p as small as possible. In this sense,
to find a small number p with 3# over Z undecidable is quite important and
very useful.

In this paper we focus on HTP over Z. Now we state our first theorem
which implies the undecidability of 3! over Z.

Theorem 1.1. Let A C N be any r.e. set.
(i) There is a polynomial P4 (20,21, -..,29) with integer coefficients such
that for any a € N we have

Jz1...328329 = 0[Pa(a, z1,...,29) =0 = a € A, (1.2)

and
a € A=VZ>03z > Z...329 > Z[Pa(a, z1,...,29) =0]. (1.3)
(ii) There is a polynomial Q4 (20, 21, - - -, 210) with integer coefficients such

that for any a € N we have
a € A < 3z1...3293210 # 0[Qa(a, z1, ..., 210) =0]. (1.4)

Since there are nonrecursive r.e. sets, with the aid of (1.1) and Tung’s
observation (see [30]) that

m e Z\{0} < JaxIym =2z +1)By+1)], (1.5)
we immediately get the following consequence.

Corollary 1.2. (i) (The 11 Unknowns Theorem) 3! over Z is undecidable.
Moreover, there is no algorithm to determine whether the equation

P(21,...,28,28 + 239 + 2% + 211) = 0 (1.6)



FURTHER RESULTS ON HILBERT’S TENTH PROBLEM 5

has solutions over Z for an arbitrary polynomial P(z1,...,z9) € Z[z1, .. ., 29].
Also, there is no algorithm to determine whether the equation
Q(z1,.-.,29, (2210 +1)(32z11+ 1)) =0 (1.7)
has integral solutions for an arbitrary polynomial Q(z1, ..., 210) € Z[z1,. .., 210
(ii) There is no algorithm to test whether
VZ>05|2’122...32’9ZZ[P(Zl,...,Zg):O], (18)
where P(z1,...,29) is an arbitrary polynomial in Zz1, . . ., 29].

Remark 1.3. Corollary 1.2(i) provides the best record on the original HTP
over Z. In the author’s opinion, this can hardly be improved in a near future.

In number theory, a subset S of N is called an asymptotic additive base
of order h if all sufficiently large integers can be written as a1 + ... + ap
with ag,...,ap, € S. From Theorem 1.1(i) we see that if S C N is an
asymptotic additive base of order h then 3" over S is undecidable. Thus,
39G(k) over {m* : m € N} is undecidable for every k = 2,3,4, ..., where
G (k) associated with Waring’s problem denotes the least positive integer s
such that any sufficiently large integer can be written as z§ + ... + 2% with
Z1,...,2s € N. It is known that G(2) = 4, G(3) < 7 and G(4) = 16 (cf.
32)).

Corollary 1.4. (i) V93 over Z is undecidable, i.e., there is no algorithm
to test whether

Vz1...V2odz3y3z[P(21,. .., 29, 2,y,2) = 0], (1.9)

where P is an arbitrary polynomial of 12 variables with integer coefficients.
(i) VY32 over Z is undecidable, i.e., there is no algorithm to test whether

Vz1 ... Vz10323y[Q(z1, - - -, 210, 2, y) = 0], (1.10)
where Q) is an arbitrary polynomial of 12 variables with integer coefficients.

Remark 1.5. In 1981 Jones [11] obtained the decidability of V3 over N as
well as some other undecidable results over N. In 1987 Tung [31] proved for
each n € Z* that V"3 over Z is co-NP-complete. Tung [31] also showed that
V2732 over Z is undecidable, and asked whether 27 here can be replaced by
a smaller number.

Our next theorem is related to polygonal numbers. Recall that triangular
numbers have the form T, = z(x + 1)/2 with x € Z, generalized pentagonal
numbers are those integers ps(z) = z(3z —1)/2 with « € Z, and generalized
octagonal numbers are those pg(r) = z(3z — 2) with © € Z. Polygonal
numbers of order four coincide with squares of integers.

Theorem 1.6. Let A be any r.e. subset of N. Then there is a polynomial
Py(20, 21, . .., z17) with integer coefficients such that for any a € N we have

a€ A << 3z €0...3z17 € O[P(a, 21,...,217) =0], (1.11)
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where L1 denotes the set of all integer squares. Also, there are polynomials
Ps(z0,21,-..,218), Ps5(20,21,---,218), Ps(z0,21,...,218)
with integer coefficients such that for any a € N we have
a€A < 3z € Tri...3z15 € Tri[Ps(a, 21, ..., 218) = 0]
<= 3Jz; € Pen...3z13 € Pen[Ps(a, 21, ..., 218) = 0] (1.12)
<= Jz; € Octa...3z18 € OctalPs(a, 21, ..., 218) = 0],
where
Tri={T,: v€Z}={x(2z+1): z€Z},
Pen = {ps(z): © € Z} and Octa = {pg(x): = € Z}.
Clearly Theorem 1.6 has the following consequence.

Corollary 1.7. 37 over O, 3'8 over Tri, 3'® over Pen, and 3'® over Octa
are all undecidable.

Motivated by Corollary 1.7, we formulate the following conjecture.

Conjecture 1.8. 3% over O is undecidable, i.e., there is no algorithm to
determine for any P(x,y, ) € Z[z,y, 2] whether the equation P(z%,y?%,2%) =
0 has integral solutions.

Using Theorems 1.1 and 1.6, we deduce the following result.

Theorem 1.9. (i) Let A C N be any r.e. set. Then there is a polynomial
P(z1,...,214) with integer coefficients such that

A=Nn{P(z1,...,214) : 21,...,214 € L}. (1.13)
Also, there are polynomials
Qa(z1,...,221), Q3(21,...,2021), Qs(21,...,221), Qs(z1,...,222)
with integer coefficients such that
A=NnN{Q4(z1,...,22
=NN{Qs3(z1,...,22
=NN{Q5(z1,...,22
=NN{Qs(z1,...,22):

(ii) Let P be the set of all primes. There are polynomials P(z1,...,20)
and P(z1,...,z21) with integer coefficients such that

P=NN{P(2,...,2%): z1,...,200 € L} (1.15)

: 21,...,Z216D}

D21y, 291 € Tri
J (1.14)

: 21,...,221 € Pen}

21,...,222 € Octa}.

and
P=Nn {p(21(321 +2),...,221(3221 +2)) DZ21,...,291 € Z}. (1.16)

Remark 1.10. Matiyasevich [17] constructed a polynomial P(xy,...,x10)
with integer coefficients such that

'P:NH{P(xl,...,xlo): ajl,...,l'l()EN}.
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To give detailed proofs of Theorems 1.1 and 1.9, we utilize some basic
ideas in Matiyasevich’s proof of the 9 unknowns theorem (cf. [12]) as well
as the earlier coding idea of Matiyasevich and Robinson [19] on reduction
of unknowns, and we also overcome various new technical difficulties caused
by avoiding natural number variables, and employ some recent results of
the author on polygonal numbers. Our starting point is the use of Lucas
sequences with integer indices.

Let A and B be integers. The usual Lucas sequence u,, = u,(A, B) (n =
0,1,2,...) and its companion v, = v,(4,B) (n =0,1,2,...) are defined as
follows:

ugp =0, ug =1, and up41 = Auy, — Bup—1 (n=1,2,3,...);
and
vo =2, v1 = A, and vp41 = Av, — Bop—1 (n=1,2,3,...).

Note that u,(2,1) = n, uy(1l,—1) = F,, and u,(3,1) = Fy, for all n € N.

Let
A+VA A—+VA
a=—F—and f=——7

be the two roots of the quadratic equation 22 — Az + B = 0 where A =
A? — 4B. Tt is well known that

(= Buy = ™ — B, v, = a" + " and v2 — Au? = 4B" (1.17)

for all n € N (see, e.g., [Ri89, pp.41-42]). If u,, > 0 for all n € N, then
A =wu > 0and A > 0 (otherwise U%H — UplUpyro = B™ > 0 and the
decreasing sequence (up+1/un)n>1 has a limit which should be a real root
of the equation 2 — Az + B = 0). Conversely, if A > 0 and A > 0 then
up, = 0 for all n € N, which can be easily shown. When A > 0, the sequence
(tn)n>0 is strictly increasing if and only if A > 1 (cf. [26, Lemma 4]).

We actually only need Lucas sequences with B = 1. In this case, we
extend the sequences u,, = u,(A4,1) and v, = v,(A,1) to integer indices by
letting

up =0, uy =1, and up_1 + ups1 = Au, for all n € Z, (1.18)
and
vo =2, v1 = A, and v,—1 + V41 = Av, for all n € Z. (1.19)
It is easy to see that
U—n(A, 1) = —up(A, 1) = (—=1)"un(—A4,1) (1.20)

and v_p,(A,1) = v,(A,1) = (=1)"v,(—A,1) for all n € Z. For the relation
C =up(A,1) with A, B,C € Z, the author studied its Diophantine repre-
sentations over Z in the published paper [26]. This laid the initial foundation
for our work in this paper.



8 ZHI-WEI SUN

We provide some lemmas on p-adic expansions in the next section and
then show an auxiliary theorem in Section 3. In Section 4 we work with Lu-
cas sequences and prove two key theorems on Diophantine representations.
In Section 5 we prove Theorem 1.1 and Corollary 1.4. Section 6 is devoted
to our proofs of Theorems 1.6 and 1.9.

Throughout this paper, we adopt the notation

pt={p": neN} forpeZ.

For ¢,d € Z we define [¢,d) :== {m € Z : ¢ < m < d}. For a prime p and
a nonzero integer m, we use ordy(m) to denote the p-adic order of m at p,
i.e., the largest a € N with p® dividing m. All the 26 capital Latin letters
A, B, ..., Y Z will be used in our proofs of Theorems 1.1 and 1.6, and each
of them has a special meaning,.

2. SOME LEMMAS ON p-ADIC EXPANSIONS

Let p > 1 be an integer. Any n € N has a unique p-adic expansion
o0
Zaip’ with a; € [0,p) ={0,1,...,p— 1},
i=0

where a; = 0 for all sufficiently large values of j. Let

op(n) := Z a;
=0

be the sum of all digits in the p-adic (or base p) expansion of n. Since
a; = [n/p'] —pLa/p’HJ, we see that

O (IR ) Tt I I

=0 =1

as first observed by Legendre (cf. [22, p. 22]).
If p is a prime, then

ordy(n!) = g VZ’J for all n € N.
» p
i=1

Combining this well-known result with (2.1), we immediately get the follow-
ing result essentially due to Kummer (cf. [22, pp. 23-24])

Lemma 2.1. Let a,b € N and let p be a prime. Let 1,(a,b) denote the
number of carries occurring in the addition of a and b in base p. Then

(ast) =ord, (* 1) = X RO ZAED

With the aid of Lemma 2.1, we deduce the following lemma.
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Lemma 2.2. Let p be a prime, and let P € p1, N € Pt and S,T € [0, N).

Then Nt
P5= R)

(S, T) =0 <= N?| ( No1p (2.3)
P-1

where R:= (S+T+ 1)N+T +1.
Proof. Write N = p™ with n € N. By Lemma 2.1, we have

N2 (PE}?)
P—1
=T ((N - 1R, ER) > 2n
<~ 0,(N-1)R) + op (JI\Df_iR) —op (PﬁR) >2n(p—1).
Clearly, o,(Pm) = o,(m) for any m € N. Note that
(N-1)R=(S+T)N*+(N-1-S)N+N-1-T.
Thus
op((N—1)R) =0p(S+T)+0p(N—-1—-5)+0,(N-1-T).
As N —1=3 gicnp— 1)p?, we see that
op(N—=1-=8)=n(p—1)—0,(S) and o0,(N—-1-T)=mn(p—1)—op(T).
Therefore
N | ( PPk
=R
= op((N 1)
= op(S+T)+
& 0p(S) +op(T

)= 2n(p—1)
(n(p = 1) = 0p(5)) + (n(p = 1) = 0p(T)) = 2n(p — 1)
) < op(S+T).
By Lemma 2.1,
0p(S) +0p(T) < 0p(S+T) <= 7,(5,T) <0 <= 7,(5,T) =0.
So the desired result follows. O

Remark 2.3. Lemma 2.2 in the case P = p = 2 appeared in [12, Lemma
2.16].

Lemma 2.4. Let p > 1 be an integer and let b,B € p T with b < B. Let
ni,...,ng € Nwithny < ...<ng. Suppose that C € Z* with b < C/B™ <
B. Then

k
C:ZZZ-B"" for some z1,...,2;, € [0,b) <= c€[0,C)ATp(c, M) =0,
i=1
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— Nk .BJ
where M =3 %kqm;B7, and

S B—b ifje{ns: s=1,...,k},
77 )B =1 otherwise.

Proof. If ¢ = Zle z;B™ for some z1,...,z, € [0,b), then
k ng—1 .
0<c<) (b-1)B" < (b—1)B™ + > (B—1)B/ =bB™ —1<C.
i=1 j=0
Let ¢ € [0,0). As ¢ < B™T —1 = 3" (B —1)B’, we can write
¢ = > 75, ¢;B) with ¢; € [0,B). If B =1 then ¢ = 0 and 7,(c, M) = 0.
Since b, B € p T, when B > 1 we have
(e, M) =0 <= 7,(¢cj,m;) =0 forall j =0,...,n4
< cp, <bforalli=1,...,k, and¢; =0for j &€ {ns: 1<s<k}

k
—c= ZziB”i for some z1,...,2; € [0,0).
i=1
This concludes the proof. [l

Remark 2.5. Lemma 2.4 and the following Lemma 2.6 utilize some coding
ideas of Matiyasevich and Robinson (cf. [19, Section 6] and [12, Section 3])
who worked in the case p = 2.

Lemma 2.6. Let§ € ZT, zp,...,2, € N and

_ . . 00 i
P(z0,21,...,2,) = g Qig,...iy 20 "+ 2
B0 yeens iy EN
ig+...+iy <o

with a;,,. i, € Z and |ag,,. ;| < L € ZT. Let p > 1 be an integer, and let
B, X € p1 with

B>X>0L(14+2+2+ - +2)°.
Let n; = (6 +1)" fori=0,1,2,.... Setc=1+> 7 ,2zB" and
K= 3 gl i 6 —io— o —iy)lay g, B Seaions

iQs-eeriv EN
it Hin <8

(20+1)ny

+X ) B.
=0

Then B(26+1)ny < K < B(26+1)n'“+1, and

Pz, 2) =0 <= 1,(K,(X — 1)B™+) =0. (2.4)



FURTHER RESULTS ON HILBERT’S TENTH PROBLEM 11

Proof. Write

v ) ony )
C(:B) = <1 + Z zz:);'m) = Z ;!
i=0 i=0
and
. Nl .
D(x):= Y igl-+ iy (0—ig——iy)lay,, i, 3™ "m0l = N " g
B0 yenes iy EN j:0
ig+ iy <6
Clearly, C(B) = ¢’ and
(26+1)n, (26+1)n,
K=CB)DB)+X Y B'= Y B
=0 k=0
with
e, = X + Z Cidj.
0<i<odny
0<jsny 41
itji=k
For ig,...,4, € N with ig + ...+ i, <, the multi-nomial coefficient
1 B 0!
B0y e vy iy, 0 —dg — - —dy ) dgleei (6 —dg — - —1,)!
is a positive integer and hence
iol i 1 (0 —ig— - — i) <O (2.5)
As |d;j| < O!'L for all j =0,...,n,41, we have
ony
ler — X| <OILY ¢ =0LC(1) =8 LA+ 2+ +2) <X
=0
and hence 0 < e < 2X < pX < B. It follows that
(26+1)n, (26+1)ny (26+1)ny
RS+, Z BY <K — Z exB¥ < (B—1) Z B < BRI+ 41
k=0 k=0 k=0
By the multi-nomial theorem,
_ 6‘ 10 iy ny isTs
C($)— Z ZO'ZV'((s—Zo——ZV)'zOZVx s=0 .
B0 yenes iy €N
ig+-Fiy <o

Recall that ny = (6 + 1)°. The coefficient of z™+! in the expansion of
C(x)D(z) coincides with

( » —
Z Oz - 2 agg,.. i, = 0P (20, ..., 20),

B()seens iy EN
ig+-+iv <o

and hence
—X <O0'P(20,...,20) = €p,,, — X <X.
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As K = Y240 ¢, BE with 0 < e), < B,and 0 < X —1 < X < B, we
have
Tp(K, (X = 1)B™*) =0 <= 7(epn,,,, X —1)=0
since BepT. As X e ptande,,,, €[1,2X), we see that
Tp(ny1, X —1) =0 <= e,,,, =X < P(2,...,2,)=0.
Therefore (2.4) does hold. O

3. AN AUXILIARY THEOREM

In this section, we employ lemmas in Section 2 to establish the following
auxiliary result which is indispensable for our later proofs of Theorems 1.1
and 1.6.

Theorem 3.1. Let A C N be a Diophantine set, and let p be a prime. Then,
for each a € N, we have

aeA:>VZ>03f>Zﬂge[b,C)(beDAbepTAY\(@f)) (3.1)
and
Elf;éOHQE[0,2C)(b€D/\b€pT/\Y|(p;()):aEA, (3.2)

where
b:=1+(p*>—1)(ap+1)f, (3.3)
C = p™Pb°2 for some a1, € Z1 only depending on A, and X andY are
suitable polynomials in Zla, f, g] such that if a € N, f € Z\ {0}, b € O and
0 < g<2C then
p+1|X, X>3b and Y > max{b,p'?}. (3.4)

Proof. As the set A is Diophantine, there is a polynomial P(zo, z1,...,2y)
with integer coefficients such that for any a € N we have

ac€ A < 3z >20...3z, > 0[P(a,21,...,2) =0].
Thus

a€A << 3z >0...32,41 = 0[P(a,21,...,2,41) = 0],

where B
P(zo,21,--y204+1) = P(20,21,- - -, z,,)2 + (zp41 — 1)2
with P(a,0,...,0) = P(a,0,...,0)24+(0—1)? > 0. Without loss of generality,

we simply assume that P(a,0,...,0) > 0 for all a € N. Write
P(z,...,2) = Z i, 200 . 2

iQseeriv EN
Qg+ Fiv<S

with a;, . i, € Z, where § € Z*. For
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we obviously have
L > ap,....0 = P(O,...,O) > 0.

Let a € N. As p is relatively prime to (p? —1)(ap+1), by Euler’s theorem
we have

pP((P*=Dap+1) = 1 (mod (p? — 1)(ap + 1)),

where ¢ is Euler’s totient function. Let Z € ZT. Ifa € A, then P(a, 21, ..., 2,)
= 0 for some z1,...,2z, € N, hence we may take a sufficiently large integer
n > 0 such that

by = p2re((P*=DiaptD)) 5 max{z,..., 2,1+ (p? — D(ap +1)Z},

and this by is a square and it can be written as 1 + (p* — 1)(ap + 1) fo with
fo€Z and fy > Z.

Now fix a € N, and suppose that f € Z\{0} and b = 1+(p*>—1)(ap+1)f €
O. Clearly, f > 0 and hence b > ap + 1 > a. Note that 0 < c¢:= (v +1)b <
(v +2)b — a. Take a positive integer o with

Bi=p* > (v +2)°pL.

Then
B:= B0’ > (v+2)°8'pLt > (a+c+1)°0!pL > p+ (a+ ¢)°dpL
and 5
5> (a+¢)8!L > 0'L(1+a+v(b—1))°. (3.5)

Define
DB):= Y il i (0—ig— - — i) lay,. o BT T30 i (0417

iQyeees iy EN

ig+-Fiy <6

In view of (2.5), we have

)1/+1

‘D(B) — §lag,. oBOF

S+ LS is(6+1)°
< D o\ aiy,...., BT s=o%s(O+1)
Qe iv EN
0<ig+-+ip<é
(6+1)v+1-1 (6+1)v+1-1

<ic Y B<B-1) Y B <BOHT
r=0 r=0

and hence
D(B) > (6lag,.o — 1)BUTD" >0 (3.6)
since ao,...0 = P(0,...,0) > 0.
Define
(6+1)~
M = Z m;B, (3.7)

J=0



14 ZHI-WEI SUN

where
- )B-b if j=(0+1) forsomei=1,...,v,
= B —1 otherwise.
Then
(6+1)~
0KM < (B-1) Y B < Ny:=BOHH
=0

Let Ny = p2BEI+DE+)"+1 Thep
0< (B _p)6(5+1)"+1 < g+ TI+1 < N
and hence
0<T =M+ (B—p)BO" Ny < Ng— 1+ (Ny —1)Ng < N,
where
N := NoN; = p232(5+1)“+1+2 = p20((B+1)" T +1) — (mod p? — 1). (3.8)
(Note that b= 1 (mod p? — 1) by (3.3).)

Define
C := bBOF" = p(porp?) 6+, (3.9)
Let g € [0,eBOHD”) and set
(204+1)(5+1)
Ji=p(l+aB+g)’DB)+ > BT
i=0

As ¢ = (v +1)b < B we have g < Ny. Note also that aB + (g + 1) <
(a+ ¢)BOD” With the aid of (2.5) and (3.5), we have

(6+1)v+1 (26+1)(6+1)¥

0<J <pla+e)’BO ol Y~ B+ Y B
1=0 =0
L BT B(B(2é+1)(5+1)"+1 —1)
<(B — p)BE+D)

(B-p)B B—1 B_1

_(B Bli);r B pesineinr < 9BRAHDEH T ¢
and hence 0 < 5 := g+ JNy < NgN1 = N. Define
N —

1
R and Y := N2
p—1

In view of (3.8), we have p+ 1| X. Clearly, R> N +1> B =6’ >b > 0,
X >2=1b > 3b, and

R=(S+T+1)N+T+1, X :=

Y >N = p2(6b5)2(6+1)u+1+2 > max{b,p4p}
since § > pP. Thus (3.4) holds.
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Below we assume further that b € p . Then B,N € p 1. Note that
2C < eBOHD” since 2b < (v 4+ 1)b = ¢. When g € [0,2C), in view of the last
two paragraphs we have

(S, T) =0 <= 7,(g, M) =0 A7,(J,(B—p)BOTD") =0

since Ny is a power of p, and also

(S.T) =0 — Y| (p;f)

by Lemma 2.2.
In view of Lemma 2.6 and (3.5), for z1,...,2, € [0,b) we have

P(CL, 21y - "7Zl/) =0 <= Tp <Jl, <B _ 1) B(5+1)“+1> —0
p

— TP (pJ/a (B _p)8(6+1)y+1) - Oa

where
y N B (25+1)(F+1)”
J = (1 +aB+ > 7B > D(B) + > Bl
i=1 i=0

If P(a,2z1,...,2,) = 0 with 2y,...,2, € [0,b), then max{z1,...,2z,} > 0
since P(a,0,...,0) > 0, and hence

v

b<B<Zz B+ <Z B+

=1
(d+1)r—1
<Gb-1BOTY 1 (B-1) Y B <bBOTY =,
j=0

Let G € {C,2C}. As b < 2b < B, by the above and Lemma 2.4 we have

€0,G)AY | (@f)

e ge[0,G) Ary(g, M) =0 ATy(J, (B—p)BOTD") =0

<= Jz; €[0,b)...32, €[0,b) <g = ZZZ-B(HW A1p(pJ’, (B — p)BETDTy = 0)
i=1

<= 321 €[0,b)...2, €[0,b) (g = ZziB(‘SH)i ANP(a,z1,...,20) = O).
i=1

In view of the above, we have completed the proof of Theorem 3.1. I
Remark 3.2. In the proof of Theorem 3.1, we use B and L instead of B and

L in Lemmas 2.4 and 2.6. This is because we will use B and L in later
sections for other purposes.
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4. WORKING WITH LUCAS SEQUENCES

Lemma 4.1. (i) If0< 60 <1, then (1 —0)" > 1—n#b for alln € N.
(i) If0 < 0 < 1/2, then 1/(1 — ) < 1+ 20.
(iii) For any integers A > 2 and n > 0, we have

un(A,1) < upt1(A,1) and (A—1)" <wupy1(A4,1) <A™ (4.1)

Remark 4.2. Lemma 4.1 is easy. The first part is well known and it can be
easily proved by induction. Part (ii) can be verified directly. Part (iii) can
be found in [26, Lemmas 4 and 8].

For any integer A > 2, it is known that the solutions of the Pell equation
y* = (A*=1)a® =1 (z,y €N)

are given by = = u,(24,1) and y = v,(2A4,1)/2 with n € N. In this sense,
Lemma 4.1(iii) with A even also appeared in earlier work (see, e.g., [19,
Section 2]).

Lemma 4.3. Let A, X € Z. Then
(A2 —4)X? +4c0 < X =un(A,1) for somem € Z. (4.2)
Proof. In view of (1.20), we have
{um(=A4,1): meZ} ={um(A,1): meZ} ={Fu,(A,1): ne N}
Without any loss of generality, we may simply assume that A > 0.
If A > 2, then by [26, Lemma 9] we have
XeENA(A? —4H)X? +4c0 < X =uy,(A,1) for some n € N,
which implies (4.2).
For each n € N, we can easily see that
1 ifn=1 (mod4),
un(0,1)=4¢0 if n=0 (mod 2),
—1 ifn=-1 (mod 4),
and
1  ifn=1,2 (mod 6),
up(1,1) =40  if n=0 (mod 3),
-1 ifn=-1,-2 (mod 6).
Therefore, for A € {0,1} we have
(A2 —4)X?+4c0 < X c{0,+1} <= X € {un(A,1): mcZ}.
The proof of Lemma 4.3 is now completed. [l

Lemma 4.4 (See [26, Theorem 1]). Let A, B,C € Z with A > 1 and B > 0.
Then

C=up(A,1) & C>BAIx>03y>0DFIcO),  (43)
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where
D=(A?—4)C?+4, E=CDxz, F =4(A%2—4)E*+1,
G=1+CDF —2(A+2)(A—-2)2E? H=C+BF+ (2y—1)CF, (4.4)
I=(G*-1)H*+1.
Moreover, if C = up(A,1) with B > 0, then for any Z € Z* there are
integers x = Z and y = Z such that DFI is a square.

Remark 4.5. Lemma 4.3 (with A not necessarily even) is an extension of
Matiyasevich and Robinson’s work in [19, Section 3]. The innovation is that
we may require arbitrary large solutions when C' = up(A,1) with A > 1
and B > 1.

Lemma 4.6 (Sece [26, Theorem 2|). Let A, B,C € Z with 1 < |B| < |A|/2—
1. Then

C=up(A,1) < (A—-2|C—B)ANJx#03Jy(DFI € 0O), (4.5)
where we adopt the notation in (4.4).

Remark 4.7. This lemma involving integer variables laid the first stone for
our proofs of Theorems 1.1 and 1.6.

Lemma 4.8. Let A, B,U,V € Z with B > 0. Then
(UV)Blup(4,1) = le UV (mod U? — AUV +V?).  (4.6)
r=0
Proof. As ui(A,1) = 1 and u2(A,1) = A, it is easy to verify (4.6) for
7 Eet)\?v. we let B > 2 and assume that (4.6) holds with B replaced by any
smaller positive integer. Then

(UVYB T up(A, 1) =AUV (UV)B2up_1(A,1) — UPVA(UV)PBup_9(A1)

B—2 B-3
=AUV Z UinZ(B—2—i) o U2v2 Z U2jv2(B—3—j)
i=0 j=
B2 B-3
— (U2 +V?) Z 2y 2AB-2-i) _ [72i+212(B-2—))
i=0 =0
B-1
= UrVHE) (mod U? — AUV +V?).
r=0
This concludes the induction proof of (4.6). O

Remark 4.9. Lemma 4.8 with U = 1 and 2 | A was first pointed out by
Robinson (see also [12, Lemma 2.22]) who used it to give a Diophantine
representation of the exponential relation with natural number unknowns.
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Lemma 4.10 (See [26, Lemma 14]). Let B,V and W be integers with B >
0 and |V| > 1. Then W = VB if there are A,C € Z for which |A| >
max{V48 W4}, C = up(A,1) and

(VZ-1)WC=V(W?-1) (mod AV —V? —1). (4.7)
Remark 4.11. A, V and W Lemma 4.10 are not necessarily positive, they
might be negative. In his 1992 PhD thesis [25], the author also proved that
for B,V,W € Z with B > 0 and |V| > 1, the equality W = V¥ holds

if and only if there are integers A and C for which |A| > max{V?28 W?2},
C = U23+1(A, 1) and

(V-1)WC=VW? -1 (mod (A*> = 2)V —V? - 1).
The next theorem is motivated by [12, Lemma 2.25] on Diophantine rep-
resentations involving powers of two and central binomial coefficients. We

deal with Diophantine representations involving powers of any prime p and
more general binomial coefficients by only using large variables.

Theorem 4.12. Let p be a prime, and letb € pt and g € Z*. Let P,Q, X
and Y be integers with P > @ > 0 and X,Y > b. Suppose that Y | (S§)
Then there are integers h, k,l,w,x,y > b for which

DFI e, (U*V?P-—O)K +4e0, pA—p*>—1|(p*—1)WC —p(W?—-1)

bw =p® and 16¢*(C — KL)? < K2,
where
L:=1Y, U:=PLX, V:=4gwY, W :=bw, K :=QX + 1+ k(UFV —2),
A:=U%V+1), B:=PX+1, C:=B+ (A-2)h,

(4.10)
and D, F, I are given by (4.4).
Proof. Since b € p 1T and
we have w := p®/b € p 1 and
0<b<w<W=bw=pP =pl¥+t (4.11)
Note that
PX
PX PX
b<Y < < oPX
(ex) <% (7)
=0
and

8gpTX < 4gp® = 4gwb < V = dguwY < 4gWY < dgptXT12PX (4.12)

For

V+1PX
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by the binomial theorem we have

QX-1 PX
1 PX 1 PX
— 1—QX— 1
= 2 (V) (on) v 2 (D)
=0 i=QX+1
(4.14)
As
QX-1 QX PX
1 PX 1 1 PX 2 1
0< = )< = < —<—<1
Vv ; ( i )VQX—l_’ VZ,:()( i ) Vv 8g

by (4.12), from (4.14) we see that

{p}<8lgandeJ:< >+V Z( >VZQX1>V (4.15)

i=QX+1

where {p} is the fractional part of p, and |p] is the integral part of p. Since
Y divides both (gﬁ) and V', we have [ := |p|/Y € Z by (4.15). Note that

v
(V+1)PX>p>l=L}p,J>Y=4gw>w>b

and
0<U=PLX = [p|]PX < pPX < PX(V 4+ 1)IX.
Since A = U?(V +1) > V+1 > 2, by Lemma 4.1(iii) we have w,,1(A4,1) >
um(A, 1) for all m € N. Clearly, B=PX +1 > 2X + 1 > 3. Therefore
up(A,1) > u3(A, 1)+ (B-3)=A*~-1+B-3=B+(A-2)(A+2).
Note that
up(A,1) =up(2,1) = B (mod A —2).

Thus, for some integer h > A+ 2 we have C = B+ (A — 2)h = up(A,1).
Clearly, A+2 >V > w > b and hence h > b. Since A > 1 and B > 0, by
Lemma 4.4 there are integers x,y > b such that DFI € [.

As

ugx+1(UFV, 1) = ugx+1(2,1) = QX + 1 (mod UPV — 2),

for some k € Z we have

K=QX +1+k(U"V —2) =ugx1(UV,1) (4.16)
and hence

(U?PV? —4)K? +4 €0
by Lemma 4.3. In view of (4.15), U = PLX > 2L = 2|p| > 2V and hence
UPV —2>2V 2>V >w>b>0. (4.17)

If QX =1, then b =1 since X > b > 0, hence
ULV = ug(UPV, 1) = ugx 11 (UPV,1) = QX +1+k(UPV -2) = 24-k(UTV -2)
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and thus £ = 1 = b due to (4.17). When QX > 1, by Lemma 4.1(iii) and
(4.16)-(4.17), we have

K = ugx1(UPV,1) 2(UPV = 1)@% = (1 4+ (UFPV —2))@X
>1+QX(UPV —2) 4+ (UFV —2)@X
>14+ QX + (UPV -2)2 21+ QX +b(U"V - 2)

and hence k > b.
In light of Lemma 4.8,

(P> = WC =p(p* — 1)p"lup(A,1)
=p(p*” — 1) = p(W? — 1) (mod pA — p* — 1).
In view of (4.15)-(4.17), K > k > b > 0 and
A=UV +1)>U"V >U = PLX = [p|PX > VPX >2QX.
With the aid of Lemma 4.1, we have

PX 1 PX(UQ(V +1) - 1)PX
p <1 Uy 1)) P (1 TV + 1)) = (UPv)exX

C  upx41(4,1)

<= =
K ugx(UPV,1)

UV +1)PX 1\
S oV —1)ex ~F (1 - UPV>

QX \ ! 20X
<pl1- <pl1+ 222
P ( Urv P UPV

PX _C 20X
Poev+y Sk P Pury

Thus

(4.18)

and hence
X _ 2 4 1
uv LV |p| V ~V " &g
since V/(4g) = wY > wb = pP > 22X+1 > 8. Therefore, in view of (4.15),
we have
C C
I <= -
= [z < |z
and hence the inequality in (4.9) holds.
Combining the above, we have completed the proof of Theorem 4.12. [J
The following theorem involving integer variables plays a central role in
our later proofs of Theorems 1.1 and 1.6.

Theorem 4.13. Let p be a prime, and let b € N and g € Z+. Let P,Q, X
and Y be integers with

P>Q>0, X >3bandY > max{b,p*’}. (4.19)
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Suppose that there are integers h, k,l, w, z,y with lx # 0 such that both (4.8)
and the inequality

4(C - KL)*> < K* (4.20)
hold, where we adopt the notations in (4.10) and (4.4). Then
PX
bept and Y‘(QX) (4.21)

Proof. Assume that W = 0. Then pA — p? — 1 divides (p? —1)WC — p(W?2 —
1) = p by (4.8). As p is prime and pA — p? — 1 is relatively prime to p, we
must have pA —p? —1 € {£1}. Thus A =por A= p+ 1= 3. Note that
UV +1)=A>2and X > 1 (since PLX =U # 0and X > b > 0).
Hence |U| = P|L|X >2Y X > 2Y > 2p > A, which leads to a contradiction
since V+1=1 (mod 4).

By the above, bw = W # 0. Thus X > 3b > 3 and PX > 2 x 3b > 6.
Clearly, Y > p* > 4 by (4.19),

|A| = U9V +1)| > [U| = PX|L| > PXY > 4PX > 2PX +4  (4.22)

and hence |[A|/2—1> B = PX +1 > 1. Recall that  # 0. Also, DFI € O
by (4.8), and A —2 | C — B by (4.10). Applying Lemma 4.6 we obtain
C =up(A,1). In view of (1.20) and Lemma 4.1(iii),

Cl = up(|Al,1) < [AJPTH = [UC(V + 1|7 < UP|9*(UPv] - 1pP*
(4.23)
since V =4gwY # 0 and [UPV|—122|V| 1> |V|+1> |V +1].
As (U?V? —4)K? +4 € O, by Lemma 4.3 we have K = up(UFV, 1) for
some R € Z. Clearly, (P - Q)X > X > 2,

UPV| > |U| > PXY > 3PX > PX +2QX +4> 2. (4.24)
and
QX +1=K =ug(U"V,1) = up(2,1) = R (mod UTV —2).

Write R = QX + 1+ r(UFV — 2) with » € Z. Suppose that r # 0. By
(4.24),

IR| > |r| x |[UPV = 2| = |QX + 1| > [UPV]| -2 - (QX +1) > PX + QX
and hence
K| = Jur(U"V,1)| = ug UV, 1) = (UPV|-1)FEL > (UPy]-1)FXHex

with the aid of Lemma 4.1(iii). Combining this with (4.23) and noting that
\UPV| > 4|UF| > 2|UP| + 1, we immediately get

Ol (VPN (1
K| \|UPV| -1 2 S 2
This, together with (4.20), yields that

] <

cl |c| 1
L-Z|+|=<-+=-<1,
K‘+\K\<2+
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which contradicts L = 1Y # 0.
By the last paragraph, R = QX + 1 and hence K = uQX+1(UPI/, 1). As

min{|A|, [UFV]} > |U| > 4PX > 4QX (4.25)
and
’C’ __uprx1(l4],1)
K| uox+1(|UPV], 1)’
we have

ol g < | |~ Il < el
Aoew o S |x| " Pigry
in the spirit of the proof of (4.18), where p = (V +1)7X /V@X . From (4.25)
and (4.26) we deduce that

(4.26)

c|_ el
== 4.27
FHES: (a.27)
Note that |V| > 4Y > 4p*F > 4P > 4Q). With the help of Lemma 4.1(i),
V419t (V] —1)@t! 1\¢
| +c‘g 2(‘ | Q) :(|V—l)<1—>
V] V] Vi
Q 1\ _ [V[-1
>(V-D(1-=)>(V|-D(1-=)>1——
vi-v(1-5) = vi-v (1-7) = 5
and hence
X X X
[V +1j9 V-1 4Q X
> (=L ) > > (=) =2¥>2 4.2
o= (M . ‘ (1.28)
Combining (4.20), (4.27) and (4.28) we obtain
Cl 1 _ ol 1 _lpl_1([VI-1\"
il o LI S )
L|>‘K‘ 525 "532 1271 5 (4.29)
and hence
PX ([V]=1\*" Vi—-1\*"
41> 0v+0] = Pxiziqvi-n > S0 () (M)
(4.30)

As|V|—=1>4Y —1 > 2Y, from (4.30) and (4.19) we get

Since
Vi-1
2
by (4.30) we also have |A| > [W|¥*T! > W* since X > 3b > 3. As C =
up(A,1) and

(p?> = 1)WC = p(W? —1) (mod pA — p* — 1)

by (4.8), applying Lemma 4.10 we obtain W = p” and thus bw = p
As b > 0, we must have b,w € p 1.

1
=2guY| - 5 > |gwY| > wb| = [W],

PX+1
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Now,
V = 4gwY > dgwb = 4gW > AW = 4pPX+1 > 8 x 2PX (4.31)

and hence

1= (79 PX 2PX 1
v Z VQX 1—i V S8
Combining this with (4.14) we see that

PX

(o} < 5 and [p] = <QX> S (PX)VZ ox-1

1=QX+1

As Y divides both L and V', we have Y | (g§) provided |p|] = L. If
C 1
— - - 4.32
2-d<1 (1.32)
then

1 1
b= i< llo =i+ jo- T+ ]G -t <5+ +5 <1

with the aid of (4.20). So it suffices to show (4.32).
By (1.20),

(—A) X upxi1(—A,1) = APX (1) Xupxi1(—A, 1) = APXupx,i(A,1).
Thus, in view of Lemma 4.1(iii), we have
APXC = APXupx 1(A 1) = |[AP X upx41(|A],1) > 0 (4.33)
since |A| = |[UQ(V +1)| = V > 2. Similarly,
(UPV)Q¥ K = (UPV) N ugx 1 (UPV, 1) > 0. (4.34)

Now that

APX(UPV)QX = p2PeX (v 4 1) PRy QX 5 g,
we must have CK > 0 by (4.33) and (4.34). In light of (4.26), (4.29) and
(4.31), we finally get

2PX _p 2 _8 _ 1

1
= - <o <<
K p‘ Pl — L] " v S v S 2Px S

This shows the desired (4.32) and thus concludes our proof of Theorem
4.13. ]
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5. PROOFS OF THEOREM 1.1 AND COROLLARY 1.4

During their reduction of unknowns in Diophantine representations, Matiya-
sevich and Robinson [19] introduced for each k € Z* the polynomial

Jk(xl,...,a:k,x) = H (a:+€1\/a:>1+€2\/x>2X+...+€k\/kak*1)

€1,.., e E{£1}
(5.1)
with X =1+ Zle x? They showed that this polynomial has integer coeffi-

cients and that Ay, ..., Ay € Z are all squares if and only if Ji(A1,..., A, z) =
0 for some x € Z.

Lemma 5.1 (See [19]). Let Ay, ..., Ak, R, S and T be integers with S # 0.

Then
A eOAN...NA,€eOANS|TAR>0

5.2
<:>ElnéO[Mk(Al,...,Ak,S,T,R,n):O], ( )
where
Mk(xlu ey TE, W, T, Y, Z)
k
= H <x2+w2z—w2(2y—1)<x2+Xk+Zej@Xj_1>>
81,...,£k6{:t1} 7=1

x2—|—w22
=(w?(1 - 2y))2ka <x1, coxat + XE 4 )> € Zlxy, ..., 2, w,T,Y, 2]

w2(1 — 2y
with X =1+ Z?Zl x?

Remark 5.2. If Ay,..., A € O, and R, S, T are integers with R > 0, S #0
and S | T, then we can easily see that

Mk(Ab ooy A, ST, Ram) =0,

where

T2
@ > X > max{A4i,...,Ax}

m = 2R-1)(T*+ X"+ /A1 X+ /A X1~
. _ k 2

with X =1+ 77, Af.

Lemma 5.3. For any Ay,..., A, S, T € Z with S # 0, we have

Ay ED/\-"/\A]CGD/\S’T <~ E'Z[Hk(Al,...,Ak7S,T72)20]7

(5.3)
where
Hk(xla s ,xk,x,y,z) = x2k<]k (xla sy Thy 2 — g) € Z[xla s ,xk,l‘,y,Z]-
T
(5.4)

Remark 5.4. This is [26, Lemma 17] motivated by Lemma 5.1. Note that z
in (5.3) is an integer variable.
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Lemma 5.5. Let m € Z. Then
m>0 < 3z #0[Bm—-1z>+1e0). (5.5)

Proof. Clearly, (3 x0—1)12+1 € 0. If m < 0 and x € Z )\ {0}, then
(Bm—1)2?24+1< -4+1<0. If m>0, then 3m —1>0and 3m —1¢0,
hence the Pell equation y? — (3m — 1)2? = 1 has infinitely many integral

solutions and thus (3m — 1)a? + 1 € O for some nonzero integer z. Thus
(5.5) always holds. O

Proof of Theorem 1.1. By Matiyasevich’s theorem, A is a Diophantine set.
Let p be a prime. Then (3.1) and (3.2) hold with b,C and X,Y € Zla, f, g]
as in Theorem 3.1. Set P = p and Q = 1, and adopt the notations in (4.4)
and (4.10).

(i) Suppose that a € A. By (3.1), for any Z € ZT we may take f > Z
withb € Dand b€ p 1, and g € [b,C) with Y dividing (5y) = (). Clearly,
b

0<f<b<g<C<2.

As (3.4) is valid, by Theorem 4.12 there are integers h, k, [, w,z,y > b such
that both (4.8) and (4.9) hold. Thus
SRR KK

2
4(C - KL)* + 303 <4g2+8g S5

and hence
O := f2122*(8C3gK* — ¢*(32(C — KL)*C® + ¢°K?)) > 0. (5.6)
Note that g, h, k,l,w,z,y > b > f > Z. In view of (4.8) and the facts b € O
and O > 0, by Remark 5.2 we have
PA(a7 f7g7 h? k’.7l’w’ x?:y?m) = 0 (5'7)
for some integer m > b > f > Z, where
PA(G/’ f7g7 h’ k;’ l’ w’ zl‘? y’ m)
=M;3(b, DFI,(U?!'V? —4)K? + 4, (5.8)
pA _p2 - 17 (p2 - 1)WC _p(W2 - 1)a Oa m)
Note that P4(zo0,21,...,29) € Z[z0, 21, - - ., 29]. So (1.3) has been proved.
Let a € N, and assume that there are integersm > O and f,g,h, k,l,w,z,y
satisfying (5.7). By Lemma 5.1 we have (4.8), also b € 0 and O > 0. By

(5.6), fglx #0. Asb > 0 and f # 0, we have b > 0 and hence C > 0. It
follows from (5.6) that

K2 g2K2 92K2
— >4(C - KL)? > >0
PRl 5 2 5o
Thus K # 0 and 0 < g < 2C. Now, (3.4), (4.19) and (4.20) all hold. By
Theorem 4.13, we have b € p 1 and (p))(() = (gﬁ) =0 (modY). Hencea € A
by (3.2). This proves (1.2).
In view of the above, we have proved the first part of Theorem 1.1.




26 ZHI-WEI SUN

(ii) By the above, a nonnegative integer a belongs to A, if and only if
there are integers f, g, h, k, [, w, x,y such that b € O, O > 0, and (4.8) holds.
By Lemma 5.5,

O0>0 = 0-120 < 32z#0[(30-4)>+1c0.
In light of Lemma 5.3, we have
bel, (30 —4)22+1 €0, and (4.8) holds
< Im[Quala, f,g,h, k,l,m,w,z,y,z) = 0],
where
Qala, f,g9,h, k,l,m,w,z,y, z)
=Hy(b,(30 —4)22 + 1, DFI, (U?V? —4)K? + 4,
pA—p*—1,(p* = )WC — p(W? = 1),m).

Note that Qa(z0, 21, ..., 210) € Z[20, 21, - - ., 210] and (1.4) holds.
The proof of Theorem 1.1 is now complete. ([l

Proof of Corollary 1.4. Let A C N be a nonrecursive r.e. set. By Theorem
1.1(i), there is a polynomial Pa(zo, 21,...,29) € Z[z0, 21, ..., 29] such that
for any a € N we have

a €A < Fz1...328329 > 0[Py(a,z1,...,29) = 0].
Thus, with the aid of Lemma 5.5,
a ¢ A < —3z1...328329]2z9 = 0 A Py(a,z1,...,29) = 0]
<= Vz1...V2gV29[2z9 < 0V Pyla, z1,...,29) # 0]
<= Vz1...V2gV29[—29 — 1 2 0V Py(a, z1,...,29) # 0]
= V21 ... V2eV2e[F2 #£ 0((3(—29 — 1) — 1)2* + 1 € O)
V 3z # 0(Pa(a, z1,...,29) = )]
= Vz1...VgV2dx # O[1 — (329 + 4)2% € OV Py(a, 21,...,29) = z].
In view of (1.5),
Jz # 0[1 — (329 -1—4)9:2 e OV Pyla,z1,...,29) = ]
= Fz £ 0Fy[(1 — (320 + 4)2% — ¥*)(Pa(a, 21, . .., 29) — x) = 0]
— 3z1322Fy[(1 — (329 + 4) (221 + 1)?(3z0 4+ 1)% — 3?)
X (Pa(a,z1,...,29) — (2¢1 + 1)(3xz2 + 1)) = 0].

Therefore V933 over Z is undecidable.
By Theorem 1.1(ii), there is a polynomial Q 4(zo, . .., 210) € Z[20, - - -, 210]
such that (1.4) holds for any a € N. Hence

agd A << -3z ... 3293Z10[Z10 #0AQu(a,z1,...,29,210) = 0].
<— V7 .. .VZgVZlo[Zlo =0V QA(CI, 21y« -5 29, 210) 7& O]
<= V21 ...V29Vz1032y[210(QAa(a, 21, . . ., 29, 210) — (22 + 1)(3y + 1)) = 0]
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by using (1.5). Thus V%32 over Z is undecidable.
So far we have completed the proof of Corollary 1.4. O

6. PROOFS OF THEOREMS 1.6 AND 1.9

Lemma 6.1. (i) Any integer can be written as 2°(x? — y?) with § € {0,1}
and x,y € Z. Also, each integer can be written as 2°(ps(x) — ps(y)) with
5 €{0,1} and z,y € Z.

(ii) Any positive odd integer can be written as x> +y>+22% with x,y, z € Z.
Also, each positive odd integer can be written as ps(x) + ps(y) + 2ps(z) with
x,Y,2 € 7.

(iii) For any x € Z, we have v =T, — T_, = p5(—x) — ps(x). Also,

{To+Ty+T, : 2,y,2 € Z} = N = {ps(x)+ps5(y)+ps(2) : 2,9,z € Z}. (6.1)

Proof. (i) Clearly, 0 = 02 —02. Write n € Z\ {0} as 2*m with k € N, m € Z
and 2 {m. If k is even, then

2 2
_ (g2 ELINT  (gppm =L
n=1\2 5 2 5
If k£ is odd, then

n=2 <2(1<:—1)/2m+1>2 _9 (2(k—1)/zm—1>2
2 2

Let n € Z. If n = 4z for some x € Z, then n = pg(—x) — pg(z). If
n = 2x + 1 for some = € Z, then n = pg(z + 1) — ps(—=z). If n = 2z with z

odd, then
n—9 r+1 _ 1—=x
= bs 5 bs B) .

In view of the above, we have proved part (i) of Lemma 6.1.

(ii) The first assertion in part (ii) is well known. Actually, it can be
deduced from the Gauss-Legendre theorem on sums of three squares. For
any n € N, we can write 4n + 2 as 22 + y? + (22)? with z,y,2 € Z and
x =y (mod 2), and hence

2,2 2 N2
m41=" ;y +2z2:<x;y> +<x2y> +922.

Now we prove the second assertion in part (ii). Let n € Z*. By [29,
Lemma 4.3(ii)], 6n + 1 = 22 + y* + 222 for some z,y,2 € Z with 3 { 2yz.
As x or —z is congruent to —1 modulo 3, without loss of generality we may
assume that x = 3u — 1 for some u € Z. Similarly, we may assume that
y=3v—1and z = 3w — 1 for some v,w € Z. Thus

6n+1=3u—1)*+ (3v—1)*+23w —1)*
=(3ps(u) + 1) + (3ps(v) + 1) + 2(3ps(w) + 1)

and hence 2n — 1 = pg(u) + ps(v) + 2pg(w).
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(iii) The first assertion in Lemma 6.1(iii) can be easily seen. The first
equality in (6.1) was conjectured by Fermat and proved by Gauss (see, e.g.,
[20, p.27]). The second equality in (6.1) was first observed by Guy [10] (see
also the paragraph in [28] containing [28, (1.4)] for a supplement to Guy’s
proof). O

Proof of Theorem 1.6. As
8T, +1= (22 +1)% 3pg(z) +1= (32— 1)* and 24p5(2) +1 = (62 — 1)%,

we get
{8t4+1: teTri}={*: 2€ZA2¢2}, (6.2)
{3¢+1: g€ Octa} = {2*: 2€ZA312z}, (6.3)
{24r4+1: r€Pen} ={2%: 2€ZA2/2N312}. (6.4)
Let p be a prime. Set P = p and Q = 1. Pyl(a, f,g,h,k,l,w,z,y,m)

given by (5.8) can be written as

Qp(a) f?gvh7 k;ylawax2aya m)
with Qp(z0,...,29) € Z[z0, ..., 29]. (Actually, F,G,H and [ in (4.4) involve
E? = C*D?22)) When b € O, w € Z and bw = pP*+! with p+1 | X, we
have

2
b = ppX = (pr/Q) e
p

and hence w = ps for some s € ONp 1. In view of (3.4) in Theorem 3.1 and

(4.9) in Theorem 4.12, by modifying the proof of Theorem 1.1(i) slightly we

see that

ac A — Qp(aa f,g,h,k‘,l,ps,a:Z,y,m) = O
for some f,g,h,k,l,m,s,x,y € Z with m > 0 and s € (.

(6.5)

Similarly, in view of (6.2), when p # 2 we have

ac A — Qp(aa fvg)h7k7l7p(8t+ 1)7$27?/7m) - 0
for some f,g,h,k,l,m,t,z,y € Z with m > 0 and t € Tri.

(6.6)

With the help of (6.3), if p # 3 then

a €A < Qyla, f,g,h Kk, 1,p(Bg+1),2% y,m) =0
for some f,g,h,k,l,m,q,x,y € Z with m > 0 and g € Octa.

(6.7)

In view of (6.4), when p > 3 we have

acA < Qpa, f,g,h,k,1,p(24r + 1), 2%, y,m) =0
for some f,g,h,k,l,m,r,x,y € Z with m > 0 and r € Pen.

(6.8)
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When a € A, by the proof of Theorem 1.1(i) and the above arguments,
there are f,g,h,k,l,s,z,y € Z with s € JNp 1 for which

bept, b>1, bel, DFI e, (UPV?-4)K*+4¢c0,
pA—p? —1| (P> —1)WC —p(W? —=1) and O > 0

with w = ps. Since U = pX L is divisible by p(p+1), we see that U, A, D, (U?*PV?2—
4)K? + 4 are all even. If we take p =2, then 2 | b, 2{pA — p? — 1, and

Xo=1+0*+ (DFI)?* + (U?V? —4)K? +4)?> =1 (mod 2);
hence by Remark 5.2 we have
Qpla, f, 9, h,k,l,ps,xZ,y,m) =0
for some m € N with
m =(20 — 1)(((p* = YWC — p(W? = 1))> + 1)
— (P =YW —p(W? - 1))?
=1 (mod 2).
In view of parts (i)-(ii) of Lemma 6.1 and the above, by taking p = 2 we
get
ac A = Qpla, f,g9,hk,l,ps,z,y,m+u+2v) =0
for some f,g,h,k,l,s,z,y,m,u,v € Z with s,z,m,u,v € O
= [ Q@2 (fi— f),2%(91 — g2), 2% (h1 — ha),
81,..-,06€{0,1}
204 (ky — ky), 2% (11 — o), ps, x,2% (y; — y2), m + u + 2v) = 0
for some f1, f2, 91, 92, h1, ho, k1, ko, 11,12, s, x,y1,y2, m, u,v € O
and
a€A < Qpla,f,g,hk,1,p(3¢+ 1), 2% y,m +u+2v) =0
for some f,g,h,k,l,z,y,m,u,v € Z with g, m,u,v € Octa
=[] Qa2 (fi = £2),2% (91 — g2), 2% (. — D), 2% (k1 — ka),
81,..,07€{0,1}
2051y — 1), p(3q + 1), 2206 (21 — 22)%, 27 (41 — w2), m + u + 20) = 0
for some f1, f2, 91, 92, h1, ho, k1, ko, 11,12, 1, T2, Y1, Y2, q, m, u, v € Octa.

Similarly, by taking p > 3 and noting Lemma 6.1(iii), (6.6) and (6.8) we
obtain

a €A <= Qpla,f,g,hk,1,p(8t +1),2% y,m+u+v)=0
for some f,g,h,k,l,x,y,m,u,v € Z with t,m,u,v € Tri
> Qp(a, f1 — fa, 91 — g2, b1 — ha2, k1 — ko,
Iy — o, p(8t + 1), (x1 — 22)2, 91 — o, m+u+v) =0
for some f1, f2, 91, 92, h1, ha, k1, ko, l1, 1o, x1, T2, y1, Yo, t, m, u, v € Tri.
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and
a€eA <:>Qp(a,f,g,h,k:,l,p(%r—l—1),x2,y,m—|—u+v) =0
for some f,g,h, k,l,x,y,m,u,v € Z with r,m,u,v € Pen
< Qpla, f1 — f2,91 — g2, b1 — ha, k1 — ko,
I — o, p(24r + 1), (z1 — 22)%, y1 — Y2, m +u+v) =0
for some f1, f2, 91, 92, h1, ha, k1, ko, U1, lo, x1, T2, y1, Y2, 7, m, u, v € Pen.

The proof of Theorem 1.6 is now completed. U

Lemma 6.2. (i) (See Putnam [21]) For any polynomial P(x) € Z[x|, we
have

Nn{(z+1)(1-P@x)?*) —-1: 2eN}={zeN: P(z)=0}. (6.9)
(ii) (See Sun [29]) Eachn € N can be written as the sum of four generalized

octagonal numbers, i.e., n = psg(z1) + ps(z2) + ps(z3) + ps(z4) for some
21, 22,23, 24 € L.

Remark 6.3. (6.9) is a simple fact which can be easily seen, nevertheless
it’s a useful trick due to Putnam [21]. The author’s result Lemma 6.2(ii) is
quite similar to Lagrange’s four-square theorem.

Proof of Theorem 1.9. (i) For any polynomial P(zg, 21, ..., 2n) € Z[20, 21, - - -, Zn),
we define
P*(20, 215+, 2n) == (20 + 1)(1 = P(20, 21, ..., 2n)%) — 1.
Let P4 be as in Theorem 1.1(i). In view of (1.2) and (1.3),

{a € N: 3z;...328329 > 0[Pa(a, z1,...,29) = 0]} = A. (6.10)
Combining (6.10), Lemma 6.2(i) and (1.1), we see that
A=NnN{Pj(z0,21,...,28,29) 1 20,29 € Nand z1,...,28 € Z}

=NnN {Pj(z%Q + 2%3 + 2%4 + 214, 21, - - - ,zs,zg + Z%O + z%l +211: 21,...,214 € Z}.
Let Py, Ps, P5, Pg be as in Theorem 1.6. Then
{a e N: Jz; €0O...3217 € O[Py(a, 21,...,217) = 0]} = A.

Combining this with Lemma 6.2(i) and Lagrange’s four-square theorem, we
obtain

A=NN{Pf(z0,21,...,217) : 20 € Nand z1,...,217 € O}
=NN{P; (218 + 219 + 220 + 221, 21, - - -, 217) : 21,---,221 € O}
Similarly, by (1.12) and Lemma 6.2(ii), we have
A=Nn{FP(z0,21,...,218) : 20 € Nand zy,..., 218 € Octa}
=NN{Pg (219 + 220 + 221 + 222,21, ..., 218) : 21,...,2922 € Octa}.
In view of (1.12), (6.1) and Lemma 6.2(i), we also have
A =NnN{P5(z19 + 220 + 221, 21, - -, 218) * 21, ..., 221 € Tri}
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and
A:Nﬂ{Ps*(zlg—|—220—|—221,Z1,...,218) P 21,...,%921 € Pen}.

This concludes the proof of Theorem 1.9(i).
(ii) Clearly, P is an r.e. set. Applying Theorem 1.6 with A = P, we see
that

P={aeN: 3z...327[Q(a, 2},...,2%) = 0]}

for some polynomial Q(zo, z1, . .., 217) € Z[20, 21, - - ., 217). By Lemma 6.1(ii),
any prime can be written as x? + y? + 222 with z,y, 2 € Z. Thus

P = {22 4+9°422% : 2y, 2 € ZAIzy ... 27 [Qa?+12 4222 22, .. ., z%7) = 0]},
and hence (1.15) holds with

P(Zl, - ,220) = (218+219+2Z20+1)(1—@(218+219+2z20, 21y .- ,2‘17)2)—1.

Similarly, by Theorem 1.6 and the second assertion in Lemma 6.1(ii), (1.16)
holds for certain polynomial ]5(21, ..y 291) € Z[z1,...,291]. (Note that 2 =
ps(0) + ps(0) + 2pg(1) and pg(—=z) = 2(3z + 2) for z € Z.)

The proof of Theorem 1.9 is now completed. ([l
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