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PROOF OF SOME CONJECTURAL HYPERGEOMETRIC
SUPERCONGRUENCES VIA CURIOUS IDENTITIES

CHEN WANG AND ZHI-WEI SUN

ABSTRACT. In this paper, we prove several supercongruences conjectured by Z.-W. Sun ten
years ago via certain strange hypergeometric identities. For example, for any prime p > 3, we

show that
e (onrd) () >
2 + _
TR 0 (mod p~),
k=0
and 9y 2)/3
e _ (G0 et =1,
k - .
P 24 P /(<2ﬁ12)//33) (mod p?) if p=2 (mod 3).

We also obtain some other results of such types.

1. INTRODUCTION

For n,r € N ={0,1,2,...} and ag,...,a,, f1,..., 5,2 € C the truncated hypergeometric
series 1 F,. are defined by

Qg 1 -+ Op — - Mz—k

where (o), = a(a+1)---(a + k — 1) is the Pochhammer symbol (rising factorial). Since
(—a)r/(1)r = (—=1)*(%), sometimes we may write the truncated hypergeometric series as sums
involving products of binomial coefficients. In the past decades, supercongruences involving
truncated hypergeometric series have been widely studied (cf. for example, 67,912} 15,16}
24-26,30,31]).

Via the p-adic Gamma function and the Gross-Koblitz formula, E. Mortenson |15/16] proved

that for any prime p > 3 we have
-3
‘ 1] = <—) (mod p?),
p—1 p

], =) s ]
]/ =) sl < (3) i,
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where (5) denotes the Legendre symbol. Actually, these congruences were first conjectured

in [19] motivated by hypergeometric families of Calabi-Yau manifolds. For any prime p > 3,
Z.-W. Sun [25] showed further that

(p—1)/2 (2k:) 2 B

1k6k = (—1)P V2 4 p’E, 5 (mod p?), (1.2)
k=0
()’ )
Z 1k—6k = —2p°E, 3 (mod p*), (1.3)
p/2<k<p

where F,_3 is the (p — 3)th Euler number. In fact, and are refinements of the
first congruence in (1.1)). To see this, we note that (1),/(1)r = (2}5) /4% for any k € N. Z.-W.
Sun [26] also gave some extensions of (L.1)). In 2014, Z.-H. Sun [24] found that the congruences
in (L.1) can be extended to a unified form. For any odd prime p let Z, denote the ring of all
p-adic integers. For any o € Z,, we use (a), to denote the least nonnegative residue of «
modulo p, i.e., the unique integer lying in {0, 1,...,p — 1} such that (o), = a (mod p). Z.-H.
Sun [24] proved that for any a € Q NZ, we have

a 1—«

2F1|: 1

It is easy to see that the congruences in are special cases of .

It is worth noting that Mortenson’s congruences in all concern the hypergeometric
series with variable z = 1. In this paper, we shall confirm several congruences involving
hypergeometric series with variable z # 1, as conjectured by Z.-W. Sun.

It is rare that a sum of the form Zi;:‘) ap is always congruent to 0 modulo p? for any
prime p > 3. The only known example we can recall is Wolstenholme’s congruence H,_; =
0 (mod p?) (cf. [32]) for any prime p > 3, where H, denotes the harmonic number > ,_, .. 1/k.
Nevertheless, we establish the following curious result which was first conjectured by Sun [25,
Conjecture 5.14(i)].

1] = (—=1)"% (mod p?). (1.4)

Theorem 1.1. Let p > 3 be a prime. Then

p—1 4k 2k
kz —(%zgk(’“) =0 (mod p?). (1.5)

Remark 1.1. Sun [29, Conjecture 17] conjectured further that for any prime p > 3 we have

p—1 ( 4k )(Qk) 5 1
okt \k) _ O 9 1 3
> = B (5) tmods? (1.6

and

§> + 4p (mod p?), (1.7)
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where B,_5(z) is the Bernoulli polynomial of degree p — 2. It is worth mentioning that ([1.7))
is related to Sun’s conjectural identity

> 48k 15 (%)
2 D)@ 2 2k 18

(cf. |28, (1.23)]) and Sun would like to offer $480 as the prize for the first proof of (1.8).

Our second theorem concerns a variant of the second congruence in (1.1)) and confirms a
conjecture of Z.-W. Sun in |25, Conjecture 5.13] and [29, Conjecture 16(i)].

Theorem 1.2. Let p > 3 be a prime. Then

20 _ (R todp) iy =1 moda) ",

k .
k=0 24 P/(%:S)/;) (mod p?) if p=2 (mod 3).

Remark 1.2. By Sun [26] (1.20)], for any prime p > 3 we have
p

5t = 6) S e ot

k=0 k=0

Theorem 3.2 of Sun [27] with x = y = —z and a = 1 gives the following p-adic analogue of
the Clausen identity (cf. [1, p. 116]):

2
a 1—«o 1-— 1
([ ] ) =

for any odd prime p and «, z € Z,; this was given by Z.-H. Sun in the cases o = 1/3,1/4,1/6
(cf. [21-23]). Applying (1.10) with o = 1/3 and z = 9/8 and noting that (1/3)x(2/3)/(1)2 =
(*%) (3F) /27" we obtain that

4z(1 — 2)1 (mod p?) (1.10)

p—1

It is known (cf. [2,3]) that for any prime p = 1 (mod 3) with 4p = 22 +27y* (z,y € Z) we have
(2p—2)/3 <:c> (p ) 2

=(=)(=— d p7). 1.12

(200 =(5) (B-a) tmoas? (112)

Combining Theorem [1.2] (1.11)) and (1.12) we immediately obtain the following result which

was conjectured by Z.-W. Sun in [25, Conjecture 5.6] and |29, Conjecture 24(i)] and partially
proved by Z.-H. Sun |21, Theorem 4.2].

Corollary 1.1. Let p > 3 be a prime. Then
pi (2;)2(3:) {x2 —2p (mod p?)  ifp=1 (mod 3) & 4p = 2 + 27y? (2,y € Z),

=0 (=192)* — o (mod p?) if p=2 (mod 3).
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The next result gives a companion of Theorem

Theorem 1.3. Let p > 3 be a prime. Then

Zl (k + 1) (%) (%) _ p/( 2;’ 12//33) (mod p?) if p=1 (mod 3), (113
- e+ () mod p?) ifp=2 (mod 3). |

Combining Theorems and we confirm the following two conjectures of Sun [25]
Conjecture 5.13].

Corollary 1.2. Let p > 3 be a pm’me. Then

— (O (%)
- k‘—{-l 24k = 5(( . (2))/3) (mod p). (1.14)

k=
When p =1 (mod 3) and 4p = z* + 27y? with x,y € Z and x = 2 (mod 3), we have

p—1
k42 (2k\ (3k\ _ )
k=0
Remark 1.3. To obtain 1} we note the following congruence relation obtained by Sun [26]:
p—1 Bk) p=1 g (2k\ (3k
m — 27 k( k ) ( k )
d 2

where p > 3 is a prime and m is an integer with p t m. To get ([1.15)) we only need to substitute
(1.12)) into ( and (L.13).

The proofs of the above three theorems depend on some new hypergeometric identities
motivated by the strange identities obtained by S.B. Ekhad [5] and the Pfaff transformation
(cf. [1, p. 68]); they will be given in Sections 2-4. We can also prove some other results similar
to Theorems in the same way, however, we will not give the detailed proofs of them,;
we shall list them and sketch their proofs in the last section.

2. PROOF OF THEOREM [L.1]

Let p be an odd prime. Let us recall the concept of the p-adic Gamma function introduced
by Y. Morita [14] as a p-adic analogue of the classical Gamma function. For each integer n > 1,
define the p-adic Gamma function

Lp(n) = (=1)" J] &

1<k<n
ptk

Moreover, set I',(0) = 1. It is clear that the definition of I, can be extended to Z, since N is
a dense subset of Z, with respect to p-adic norm | - |,. This means that for all x € Z, we can
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define
L) = lim Tyn)
|z—n|p,—0
so that the function I',(z) is p-adically continuous. The reader is referred to |14.|18] for some
properties of the p-adic Gamma function. It is known (cf. [18, p. 369]) that for any x € Z, we
have
Lp(@)Tp(1 — @) = (=17~ (2.1)

and

T (@) = (2.2)

The following lemma gives a p-adic expansion of I',.

I(z+1) [—= ifpfa,
-1 ifp|a.

Lemma 2.1. For any prime p > 3 and «o,t € Z,, we have
Ty(a+1p) = Ty(a) (1+ tp(T(0) + Hy 1 ay,)) (mod p2), (23)
where I (x) denotes the derivative of I'y(x) for any x € Zy.
Proof. 1t is known (cf. [11, Theorem 14]) that
Ip(a+tp) =TH(a)(1 + th;(a)) (mod p?).
By [31, Lemma 2.4] we have

()
FZ(oz) =1(0) + Hy_1_(—ay, (mod p).
Combining the above we immediately get the desired result. 0

The following hypergeometric identity plays a key role in the proof of Theorem [1.1]
Lemma 2.2. For any nonnegative integer n and 6 € {0,1}, we have
z": (4n+20 —k+1)(—n)e(d =6 —n)e (4" 3\ TE)I2n+1+9)

2n4+6+k+1)(1)p(—4n—26), \3/) \4 F@2n+d6+13)
Proof. Denote the left-hand side of (2.4) by S(n). Via Zeilberger’s algorithm (cf. [17]) in
Mathematica, we find that
In+1)(2n+26+1)S(n) —2(4n+20+1)(4n+256+3)S(n+1) =0

for any n € N and ¢ € {0,1}. Then the identities can be verified by induction on n. O

(2.4)

For a prime p and an integer a # 0 (mod p), we use gy(a) to denote the Fermat quotient
(a?=t = 1)/p.
Lemma 2.3 (Lehmer [8]). For any prime p > 3, modulo p, we have the following congruences:

3 3

Hipja) = —2q,(2), Hipyz) = —qu(3)a Hipa) = —365(2), Hipe) = —2¢,(2) — §qp(3)-



6 CHEN WANG AND ZHI-WEI SUN

Proof of Theorem (1.1, Note that (1/4),(3/4)x/(1)2 = (2¥) (**) /64*. Thus we can rewrite (1.5)
k= lar) Uk

as follows:

p—1 Qk%; % 4 k_ 2

> iy (3) =0 meds)
Let (x = k)(52)r(57%) '

. T — k)5, BTTx k %

fr(z) = (C+k+ 31 —2)(1) (3)

and —1
f@)=">_ fil2)
k- 1)/2

Clearly, for any t € Z, we have

f(tp) = £(0) + tpf'(0) (mod p?),
where f'(z) stands for the derivative of f(z). Thus we can easily obtain that

f(0) = (3f( ) — f(3p)) (mod p?). (2.5)
On the other hand, it is easy to see that
p—1 1 3 k
2k Z k(3K <4>
5| +e (2.6)
2 )
—~ (2k+1)(1)F \3

where

€=

(P = D(De-02@)e-12 (%)“’_1)/2
PG )2 3
Combining (2.5)) and ({2.6) we arrive at

Pl k(L) (3 K
% % <§> =& §f(p) + %f(Bp) (mod p?). (2.7)

We first consider € modulo p?. Clearly,

D4 +80G+8) a3 +B0(G+3)
INCIINEY) AT, ()T5(9)
Thus, by Lemma we have
_ (=P BP0 (ﬁ)(p_lm
PPOTOIG+52 3
_ (p— 1)§FP(_% + g)rp(i + g)rp(1)2 (il) (=072
PLo (DT (DT(5 + 5)? 3



PROOF OF SOME CONJECTURAL HYPERGEOMETRIC SUPERCONGRUENCES 7

(-p—1)
FP(E)

4 (P 1)/2 5
(1+pHypsa) — pPHpp-1)2) (g) (mod p”).

Note that

4 2

(r—1)/2 p—1
(5) - (3) =307V (1 4 pgy(2) — pp(3)) (mod p°).

Then, by (2.1) and Lemma we immediately obtain
e=(=3)*2(1+p—pgy(3)) (mod p°). (2.8)

Now we evaluate f(p) modulo p?. Obviously, f-1),2(p) = 0 since

LD gys=0

Taking n = |p/4] and 6 = (1 — (71))/2 in Lemma 2|and using (2.1)), Lemmas 2.1{ and w we

obtain

(p—1)/2 pe1lyp(ptl (p—1)/2 1 ptl
1) = 100+ Sl = (§) 7 ) = )
= —3-bT, (%) (1 + §H<p—1>/2> (1-payp(2))
= (—3)@*1)/2(1 —2pqp(2)) (mod p2).

Finally, we consider f(3p) modulo p?. Taking n = |3p/4] and § = (1 + (_71)) /2 in Lemma
2.2l we have

(2.9)

(Bp=1)/2 p1yp(3p£L
3) LIS, (2.10)

o) + fouaten) = (5
Similarly, as in (2.9)), we deduce that
(2)"IATC ()" )
3
3
2

4 L(%) 50 (F)Tp(1) (2.11)

Observe that

fo-1)2(3p) =
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where we note that

)
3

M- BP-4-8) _ ph( - B -
TE-Pra-o 20,G-PhG -3

SSHFNGS]

4 4 4 4 4
Furthermore, in view of ({2.1)), Lemmas and [2 -, we arrive at
(—3)@-1)/2 9
fw-1)72(3p) = (1+4p—6pgy(2) — pgy(3)) (mod p°). (2.12)

Now combining (2.7)—(2.12)) we finally obtain
p—1 1 k
2k(3)k(g 4
Z—(4) £ <—) =0 (mod p?).
2 2k + (17 \3
This completes the proof. ]

3. PROOF OF THEOREM [1.2]

Lemma 3.1. For any nonnegative integer n we have

—n f-_nl9 (l)n
3 e — 2
2F1{ " 3 S]n (D), (3.1)
and .
—n —+—_nl|9 (2)n
3 21 _ _\6
2F1{ 3] 8}71 2”(%)71' (3.2)

Proof. Denote the left-hand sides of (3.1]) and (3.2)) by F'(n) and G(n) respectively. By applying
the Zeilberger algorithm in Mathematica, we find that

“3(2n 4+ 1)F(n) +43n + D)F(n+1) =0
and
—(6n+5)G(n) +4(B3n+2)G(n+1) = 0.
Then Lemma [3.1] follows by induction on n. O

The next lemma is a p-adic analogue of the classical Gauss multiplication formula.

Lemma 3.2 (Robert |18, p. 371]). Let p be an odd prime. Then, for any v € Z, and m € Z*

we have
H r, (x+ )—F mz) H r, ( ) ((A=p)ma+(=ma)y)/p, (3.3)

0<j<m 0<j<m

Proof of Theorem . Assume that p =1 (mod 3). Clearly, for any «a,t € Z, we have
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Therefore, it is easy to verify that

1p  2-p | 9
Neab
_p 8 p_l
p—1 /1 2 k k—1 k—1
(3)r (B (9) ( 1 1 )
S @Oy L s ) (mod )
2
k=0 (1)k 8 j=0 3j +1 7=0 3‘7 +2
and
2=2p 1=2p | g
F | 3 z
? 1|: 1_2p 8:|p—1
p—1 /1 2 k k—1 k—1
(5)k(5)k <9> 1 1 2
= A 1—-2py ——— —2p _ + 2pH; | (mod p?).
kZ:O (1)2 8 ;3]—0—1 ;3]4—2 (

Combining the above two congruences we arrive at

Pl 1y (2 K 1p  2-p 222 1=
S Lk (8) =on |5 T8 —um|T S
(1) 8 p—1

k=0 k 1=p| 8

9] (mod p?).
8],
Moreover, putting n = (p — 1)/3 in (3.1) and n = (2p — 2)/3 in (3.2)) we obtain
p=1 1y (2 k
—(3)k(3)k (g) = 01 — 09 (mod pQ)a (3.5)

where

=

5
oy = 2(4—p)/3(2)(p71)/3 and oy = 2(2—2;;)/3(5)(217*2)/3‘
(3)-1y/3 3)0-2)/3
We first compute o; modulo p?. Note that

(2p—2)/3
(Do-vss _ (o) _ Jo-nptG+3)
(D1 40D Lz +5)*

Therefore, by Lemmas [2.1] and [2.3 we have

%>(P—1)/3(1>(p—1)/3
D) p-1)/3(3) (p-1)/3

—_
~—

el

(3.6)

wWIiNo o=
w3
SN—

o = 9(4=p)/3 E

2p P P
(2—-2pqy(2)) (1 + 3 Hep-2s — 5He-1/5 — ng1>

=T, (%) (Pap(3) +2p45(2) = 2) (mod p°),
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where in the last step we note that [',(1/3)[,(2/3) = (—1)*@~2/3 = —1 by (2.1) and
H, 1_y = Hy (mod p) for any k € {0,1,...,p— 1}.
We now evaluate oo modulo p? in a similar way. By (3.6)), Lemmas and we have

PR+ G TE+2TE+ IO+ Hr)

oy = 22-20)/3

PRI TG+HrErEIGIrG+5
_ DG DLGE+ PLELG+)
T3 + PPN (E)T(3)
T,(2)2T,(3)?
- Fpé()?i‘)p(%p(l?j(%) <1 - gH(p‘”/?’ +pH<p‘”/6)
= FpIé()g) Fp(g (1 —2p %(2) _pr<3)) (mOd p2)

So we have

13
ru= 1, (3) 1-200,2)~ pay(3) (mod 47 35)
Substituting and (3.8)) into we obtain
p—Ll 1y /2 k 3
(3)e(5)e (9" _ 1 9
Z )2 s) = -I, 3 (mod p®).

k=0 k

Thus it suffices to show that

(=205 = (4 o)
(

In fact, it is routine to verify that

(((2;__12))//33) = —% T, <%>3 1+ % (Hep-2)3 — H(p—1>/3)>

=-T, (%)3 (mod p?).

This proves Theorem in the case p =1 (mod 3).
Below we handle the case p = 2 (mod 3) in a similar way. It is easy to see that

d
8],

3

1-2p 2—2p

3 3
QFI{ 1—2p
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p—1 (l>k<2>k 9 k k-1 1 k—1 1 ,
= S (9 (g —2 2pH
2y (8) DPerew p;3j+2+p ¢ ) (mod p7)

k=0 j=0
and
2-p 1=p
A7 2]
—pl 8 bt
p—1 /1 2 k k—1 k—1
()5 (9 1 )
= = — — H d
I;O 1z \8 p;]3j+1 pz3g+2+p ) (mod p7)

Combining the above two congruences and putting n = (2p — 1)/3 in (3.1) and n = (p — 2)/3

in (3.2) we deduce that

p=1l 1y /2 k
(3)6(5)k (9
Z 3(1)3 g) =030 (mod p?), (3.9)
k=0 k
where
_ o6-p)/3 (g)(p—m/s and o i 20203 (%)mp—l)/z.
(3 (p—2)/3 (g)(zp—l)/s
We first consider o3 modulo p?. Note that
(4p—2)/3
(%)(2;)—1)/3 . ((22—1)/3) _ 4(1-2p)/3 F(%)
(D)p-1yys 427D/ I(222)2
Therefore, in view of ([2.2)) we have
2 2
o3 =4 x 2P71 x 4(1‘2”)/3—“% +5IE) — 4 % op1 s+ PTG+ PTG +HIE)
AONG TG +HrErE)
_ LGPTGR
3T ()T 5(3)05(3) ’

where we note that I'(1/6+2p/3)/I'(1/2),I'(2/3+2p/3)/T'(1/3+4p/3) and I'(1/6+p/3)/T'(5/6)
contain factors p/2,1/p and p/6, respectively. With the help of Lemma and noting that
[,(1/3)T,(2/3) = (—1)2P*1/3 = 1, we obtain

LOPLE? DR 1)
n@rur@‘r@>”%Q)'

Thus we get

o =Lr, (—)3 (mod p?). (3.10)
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We now consider g4. Clearly,

o) = 21—2p<(4p —2)/3 ) (P 2p—1)/3 91-2p (% +24?p)r(2%)
(2p=1)/3) (3)2p-1)/3 I'(2+22)0(%) (3.11)
L BN e (Y
= p
3T <2 V2 >rp<%°> 6,2 67 \3
Substituting (3.10)) and (| into we have
p—Ll 1y (2 k 3
(g)k(g)k 9 P (1 2
—| ==, | = d p”). 3.12
k=0 k
On the other hand,
p pry(3+5)?* _p <1>3 2
= — =-T,(=) (modp?).
2p+2)/3 5, 2 P
@D o 60\
This, together with (3.12)), proves Theorem in the case p = 2 (mod 3).
The proof of Theorem [1.2]is now complete. O
4. PROOF OF THEOREM [L3]
Lemma 4.1. Let n be a nonnegative integer. Then
- (=n)i(5 — )i (9)k 13-n LGIT(E + 1)
3n+k+2 3 —) =3x8 6 4.1
;( ) (Dp(=3n),  \8 LI +n) (4.1)
and 1 k 2
- (=n)i(=3 — )k <9> (TG +n)
3n—+k+3 2 =) =3x2" "3—. 4.2

Proof. Denote the left-hand sides of (4.1) and (4.2)) by J(n) and K(n) respectively. Via the
Zeilberger algorithm, we find that

(6n+T7)J(n) —4(Bn+1)J(n+1)=0
and
32n+3)K(n) —4(3n+2)K(n+1) =0.
Then the identities can be verified by induction on n. U

The following lemma is the well-known Gauss multiplication formula whose p-adic analogue
has been stated in Lemma [3.2

Lemma 4.2 (Robert [18 p. 371]). For any z € C and m € {2,3,...}, we have

IIr (z + i) = (2) (=12 (1=2m /2D (4 ) (4.3)
m

0<j<m
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Proof of Theorem . Suppose that p = 1 (mod 3). As in the proof of Theorem , by
Lemma we can easily prove

— D@ (9)*
Z(k + 1) 52— <—> = 05 — 0 (mod p?), (4.4)
k=0 (1)k 8
where ) s s
Z 2pro Z 2pTo
o5 1= 6 X 2(57}7)/3]'—‘(3)1]‘—‘ 6 ) and 06 1= 3 x 2(572p)/3F<32F< 26 )
INCING) r(rz)
Note that

(20-2)/3
Jo-vs _ (o) _ _ge-mlpG+F)

_ (3 Ly (3
_ _ 3
Fp(%)rp(g + 153) ( ) (»-1)/3 4p=1)/3 Fp(%
nd [4.2] we obtain

I e L e
L()(7?) 3 LRz +8)
1 2 (4.5)
_ D (9)TH(3)°TH(3) 4p 2
= - - =— 5 (mod p?)
Ip(2)°Ty(5) T, (3)
Also,
o523 L (G)T (2 +3) 2O, (FIN(E + )
_ 3T (%)QFp(%) 3
= — =15 (mod p)
F ()T (3) I(3)
Substituting (4.5]) and ( into ( . we get
p—1 k
ZUFFDM (9) = _ p1 .
2 @ \8) = T,07
On the other hand, from the proof of Theorem [1.2] we know
(2]7_2)/3) (1)3 2
=-I,|= mod p~).
(o—ia) =7 (5) tmoas)
This proves Theorem in the case p =1 (mod 3).
Now we assume p = 2 (mod 3). By Lemma it is easy to verify that
p—1 1y (2 k
3)k(3 9
Z(k + 1)@ <—> = 07 — 0g (mod p?), (4.7)
— (Wi \8
where 2\ 2045 2\ 4p+5
L()I(£ INEANE Al
o7 =12 x 2@7P)/3 (3)1 ( > ) and og:=3 x 20°P)/3 (32 ( N )
PEIE) INCNUNEY
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Note that
(2p—1)/3
_ FP<_% +5) _ (%)(p—2)/3 _ ((1512)/3) _ _2(472p)/3rp(_% - %)_
LGTG+E  We-as 407973 Tp(3 +5)°
By Lemmas [2.1] and [2.3] we have
1 S 4P
o7 = —4 % 9(2-p)/3 P( Sirp(61+ 3)
I (5)T5(3)
= _8x 217p]'jp(_% + %)Fp(_%)rp(% + §)
= 1 1
Lo~ + B0, + D0,(0) s
,(2)%T,(2
= 12 x 2P p(35) p(f) (1 n BH@_2)/3)
Lp(3)05(3) 3
_ 12 p 2
=~y (1= P~ G0(®) (mod )
Also,
2 2
_ 2(5—4p)/3r(_%)r(% + 3) — 3 x 9(6—4p)/3 P(g)rp(g + ?p)
T8 = T((E +2) P\ (LI
(3 (2+3> P(g P(2+3>
LA DG DLRINC D) o)
= 2
2Fp(%)2rp(_% + §p>2rp(§)Fp(% + 137)
6
=T, (1-2pgy(2) — pgp(3)) (mod p?)
p\3
Combining (4.7)—(4.9) we have
p—1 1\ (2 k
(3)e(Gk (9 6 2
(k+1)3-32(2) =~ (mod p®).
,; (DF  \8 Ly(3)?
On the other hand, it is routine to verify that
2p+2)/3 r,2+2) 6(1—p
(( )/)56(1_]))?:13 p32E ( 13) (modpQ).
(p+1)/3 Ip(z+%) Ip(3)
Comparing the above two congruences we immediately obtain the desired result.
The proof of Theorem [1.3]is now complete. O

5. MORE RESULTS SIMILAR TO THEOREMS [[.1HI.3|

In this section, we list some congruences that can also be proved by some strange identities.
However, we only give the outlines of their proofs since the proofs are quite similar to the ones
of Theorems [LIHL3

Sun [25, Conjecture 5.14(i)] posed the following conjecture as a variant of the third congru-
ence in (|1.1)).
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Conjecture 5.1. Let p > 3 be a prime. If p =1 (mod 3) and p = 2% + 3y* (z,y € Z) with
x =1 (mod 3), then we have

S () G)

—op_ P 2
e = 2 o (mod p?) (5.1)
k=0
and
Pk +1/2k\ [4k )
—_— = d p7). 2
> (1) Gy = moa ) (5:2)
If p =2 (mod 3), then we have
p—1
_ 3p 2
= 2((p+1)/2) (mod p?). (5.3)
k=0 (p+1)/6

(5.1) has been proved by G.-S. Mao and H. Pan [12| and its proof depends on the results
concerning Legendre polynomials obtained by M.J. Coster and L. Van Hamme [4]. In fact, we
can confirm Conjecture completely by using some strange hypergeometric identities.

Theorem 5.1. For any prime p > 3 we have

by sy () (14 2a,(2) — $4,(3)) (mod p?)  ifp=1 (mod 3),

k k% = b2 (5.4)
— 48 3p/(2 (iil ?6)) (mod p?) if p =2 (mod 3),
and
— 2k + 1) (F) G
A8k
= (5.5)
p/(i } %) (mod p?) if p=1 (mod 3),

() (=3 — 2 — 24,(2) + 5g5(3)) (mod p?) if p=2 (mod 3).

Remark 5.1. Tt is known (cf. |2, p. 283]) that for any prime p = 2? + 3y*> = 1 (mod 6) with
x,y € Z and x =1 (mod 3) we have

<8; - 3%) = (2 - 2%) (1 - %qp@) + %qp@)) (mod p?).

This together with (5.4) gives (5.1)) and (/5.2]).

Applying ([1.10)) with « = 1/4 and z = 4/3 and noting that (1/4),(3/4)/(1)2 = (Qk) (%) /64%

we arrive at
<_ (2k)(k)> = - w (HlOde). (56)
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Therefore, combining (5.6) with Theorem we can easily obtain the following result which
was conjectured and partially proved by Z.-H. Sun (cf. [20, Conjecture 2.2] and [22, Theorem
5.1]).

Corollary 5.1. Let p > 3 be a prime. Then
pzl (Qk’f)Q(;i) 422 — 2p (mod p?)  ifp=1 (mod 3) & p =2+ 3y* (z,y € Z),
— (=144)* | 0 (mod p?) if p=2 (mod 3).
To show Theorem [5.1, we need the following identities which can be easily verified by
Zeilberger’s algorithm.

Lemma 5.1. Let n be a nonnegative integer. Then we have the following identities:

kzi; (_(?)):((—%4;)?16 (g)’“ - (%)” g;zz (5.7)
; ((I;c)(k—(;j - ;)): (%L)k - G)%H gz—z: (5.8)

Proof of Theore We should divide the proof into four cases that p = 1,5,7,11 (mod 12).
We only prove (5.4]) for p = 1 (mod 12) briefly since (5.4 in the other cases can be handled
similarly.

By Lemma [5.1] it is easy to verify that

—1 — _
S (6 3 ( 9 )“’ Y Bene 1 (3)(3p Y @emniz a0
2 |

48k 2\16 (3)-1)/2 4 (3)3p-1)/2

k=0
From |13, Lemma 4.1] we know that for any positive integer n and integer a not divisible by

p we have }
= ()X (D) ala) tmod 1) 5.11)

Thus we have

o2 2y Tp(s +2)0(3)
(5) o= (e e -ve) S
=2 (1-20@ - 241, (3) (mods?)
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and

Then we obtain

On the other hand, it is routine to verify that

(T )= Y

This completes the proof. [
Sun [25, Conjecture 5.14(iii)] made the following conjecture.

Conjecture 5.2. For any prime p > 3, if p = 1 (mod 4) and p = 2* + 4y* (x,y € Z) with

x =1 (mod 4), then

p—1 (2k\ (4K 6

T
and

=R G) _ (6 2.

D T <z3) # (mod 7' o1
if p=3 (mod 4), then

-1

s ()6 _ (6) 2p 2

=~ | =75 (mod p7). (5.14)
k=0 72 b 3@11%4)

We shall prove these congruences by establish the following result.

Theorem 5.2. For any prime p > 3 we have
Pl (2 (35 (%)(Ezjgﬁ) (1—2¢,(2)) (mod p®) ifp=1 (mod 4),

k) \2k) _—
Z 728 2p(9)/(3(211)02) (mod p?) if p=13 (mod 4), 19
and
— 2/f—l( ) ()
= (5.16)

—p(9)/(E=1)73) (mod p?) if p=1 (mod 4),
@D G+ % = Fap(2) (mod p?)  if p=3 (mod 4).
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Remark 5.2. From [2, p. 281] we know for any prime p > 3, if p = 1 (mod 4) and p = 22 + 4¢*
with z,y € Z and x = 1 (mod 4) we have

(p—1)/2 1 p 2
=(2r—— ) (1+=q(2 d p7).
(22003 = (2 5) (1+ 52 (oa )
Combining this with Theorem [5.2| we obtain (5.12)) and (5.13]).

Applying (1.10) with & = 1/4 and z = 8/9 we arrive at

T A =N Ny )
<k:0 ";Qkk = kZ:O W (mod p7). (5.17)

Therefore, combining ((5.17) with Theorem we can easily obtain the following result which
was conjectured and partially proved by Z.-H. Sun (cf. [20, Conjecture 2.1] and [22, Theorem
5.1]).

Corollary 5.2. Let p > 3 be a prime. Then

- 2
i (%) ()

648k
k=0

422 — 2p (mod p?)  if p=1 (mod 4) & p = 2 + 4y with x,y € Z,
~ |0 (mod p?) if p=3 (mod 4).

To prove Theorem we need the following preliminary result which can also be showed
by Zeilberger’s algorithm.

Lemma 5.2. Let n be a nonnegative integer. Then

S (o) -
S () - 3"252;;351"5 T
Z (00— 4 )i~ @QSH%TH)H -
m o 0 S

Proof of Theorem [5.3 We only prove (5.15) for p = 1 (mod 4) since (5.15)) in the case

p =3 (mod 4) can be deduced in a similar way.
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By Lemma [5.2] we can easily verify that

—1 (2K (4k 3p—3 9p+1\( Ipt5
GG TOresy  seonresbhress
E = - — :
T T T R EY
Clearly, by Lemma 2.3 and (5.11]) we have
L(3)C(E) Do(5)0p ()

280 DPL(EE(E) 280 DL, (B, ()

3\ (1 3p 3p p Lp(5)Tp(—3)
(]—)) (5 - qu(3)) (1 + ZH(p+3)/4 - ZH(p,5)/4 %

0 (2) (G20 - La@) 1, (3) 0 (3) o s

Moreover, by Lemma [4.2| we have

3O HUAT(BEN (P T(2E) 3 WAN(II(L+ %) 379/ x PT,(T,(4 + %)
o 3
4

AT(H)T (T () 20(P)0(E+ ) 2% BT, ()0(5 + )

(1) (%) (% _ %qp(3)> <1 + %H(p—n/zx) r, (%) Ly (%1)2
(s

0o (2) (5 Lam - La@)r, (5

Thus we obtain

since

£)G)- () s (-

On the other hand, one may easily verify that

(Ez: Bﬁ) <1 - gqp(2)> =0 (%) Ly G)Q (mod p?).

This completes the proof. Il
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