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ABSTRACT. Let p > 3 be a prime. For any p-adic integer a, we determine
p—1 _ - . - . g®
S SO S ()

modulo p?, where Hy, = Zo<j<k 1/7 and H,(f) = Zo<j<k 1/42. In particular,
we show that

Pz_:l (—ka> (a; 1>Hk = (—1)<a>p2 (Bp—1(a) — Bp—1) (mod p),
k=0
Z (" )2 = —Fp-s(@ (mod p),

(2)
(20— 1) Z IGn D ;Z’i - = By—2(a) (mod p),

where (a)p stands for the least nonnegative integer r with @ = r (mod p), and
B, (z) and Ey(z) denote the Bernoulli polynomial of degree n and the Euler

polynomial of degree n respectively. We also pose some new conjectures on
congruences.
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1. INTRODUCTION

A classical theorem of J. Wolstenholme [W] asserts that for any prime p > 3

we have
1/2 2p—1
S e I =1 (mod p?),
2\ p p—1

which follows from the congruences

H, 1=0 (mod p?) and HT(,Q_)1 =0 (mod p),

1 1
Hn = Z E and H,r(LQ) = Z E fOI'nEN:{Oala27“‘}'

0<k<n 0<k<n

Those H,, (n € N) are the usual harmonic numbers, and those HY (n € N)
are called second-order harmonic numbers. For some congruences involving
harmonic numbers, one may consult [Sul2], [Su22] and [SZ].

In 2003, based on his analysis of the p-adic analogues of Gaussian hyperge-
ometric series and the Calabi-Yau manifolds, F. Rodriguez-Villegas [RV] con-
jectured that for any prime p > 3 we have

2 o= (5) . SR (5) )
p—1 ;Lk 2k _9 ) P8R (3R —1 2

where (1—)) denotes the Legendre symbol. All the four congruences were proved
by E. Mortenson [M1, M2] via the p-adic I'-function and modular forms. Z.-H.
Sun [S1] presented elementary proofs of them, and V.J.W. Guo and J. Zeng

[GZ] obtained a g-analogue of the first one.
Let p > 3 be a prime. The author [Sull] showed that

S

1 2k 2
(1k62e - (%) —p*Eps  (mod p’) (11)

k=0
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(see also [Sul3] for a simpler proof), and conjectured that

S () 5ra(5) w0
p—1 r4k\ (2k _
,; %Tw - (?2> - %pQEH GL) (mod p%),  (1.3)
p—1 (6k\ (3k -
> e = (71) = G s (mod ), (1.4)
p—1 3k
2) 2k +(1 2)7k =(5)- %pQBP—Z (%) (mod p?), (1.5)
i 2k: + 12?4k - (%) — 39" Ep-s (mod 7). (1.6)

:0

Z( (51) (&)

_ (P 2
£ (2K + 1)432F (5) (mod p7), (1.7)

where Ey, Eq, Es, ... are the Euler numbers, and E,,(z) denotes the Euler poly-
nomial of degree n given by

-5 ()2 (1)

and B, (z) stands for the Bernoulli polynomial of degree n given by

n

Bu(z) =Y (Z) Bz k

k=0

with By, By, Ba, ... the Bernoulli numbers. The conjectural congruences (1.2)-
(1.7) were confirmed by Z.-H. Sun [S2, S3].

In this paper we mainly establish two new theorems involving harmonic
numbers and second-order harmonic numbers.

For a prime p and a p-adic integer a, we write (a), for the unique integer
r € {0,1,...,p — 1} with @ = r (mod p), and let g,(a) denote the Fermat
quotient (a?~! —1)/p if a 0 (mod p).

Theorem 1.1. Let p > 3 be a prime. For any p-adic integer a, we have
p—1
—a\ fa—1 1
=—=( — <a>P_1 -
Z(k)<k>Hk_( D 2 D, a—k
k=0 0<k<(a)p
(=1){*"Yr (2H (4_1y, + (a — (a)p) Bp—2(a)) (mod p*)
(=1){»2(B,_1(a) = By-1) (mod p).

(1.8)
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Remark 1.1. Let p > 3 be a prime and let a be a p-adic integer. Congruences
involving the general sum S-0_0 (¢) (“1%) /m* = S°070 (2) (T17%) /(—=m)* with
m # 0 (mod p) first appeared in the author’s paper [Sul4]. Z.-H. Sun [S1,

Corollary 2.1] determined Zi;é (%) (71,;“) modulo p? with the special cases a =

-1/2,-1/3,—-1/4,—1/6 first discovered by Rodriguez-Villegas [RV]. Besides
Theorem 1.1, we are also able to show that

e

p—
k=

Let p > 3 be a prime. As

-1
(pk )(—Dkz H (1—§>El—ka (mod p?) forallk=0,1,2,...,

0<j<k

combining Theorem 1.1 with [S1, Corollary 2.1], we obtain

S0 e

(~1) " (14 2p (Bp-1(a) — Bp-1)) (mod p?)

for any p-adic integer a. For each d = 2,3,4,6 and any ¢ € {1,...,d} with
(¢,d) =1, E. Lehmer [L] determined B,_1(c¢/d) — Bp—1 modulo p in terms of
Fermat quotients. For d € {5,8,10,12} and c € {1,... ,d} with (¢,d) = 1, A.
Granville and the author [GS] determined B,_1(c¢/d) — B,—1 mod p by showing
that

c _ ep 1

Bpi (£) = Bor =5 ((2) 2z 4 0,) ) mod )
c 2\ 2

Bpi (§) = B = (2) 25,3+ 40,(2) (mod p)

a 15 repy 1 5}

B, (1—0) —By_1 = T <€> 5 p—(8) + qu(’c')) +2¢,(2) (mod p),
c 3\ 3 3

Bp—l (E) - Bp,1 = (E) ]—)Sp_(%) + 3qp(2) + §qp(3) (mod p),

where (—) is the Jacobi symbol, and the Fibonacci sequence (F},),>0, the Pell
sequence (P, )n>0, and the sequence (S, )n>0 (cf. [Su02]) are defined as follows:

Fb=0, =1, and Fj,y1 =F,+ F,—1 foralln=1,23,...;
Py=0, =1, and P41 =2P,+ P, forallmn=1,23,...;
So=0, S1=1, and S;,41 =45, — S,—1 foralln=1,2,3,....
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Corollary 1.1. Let p > 3 be a prime. Then

1 p—1 2kk 2 ) )
<?> 3 (161 Hy = — 4g,(2) + 2py(2)? (mod p?),

h=0 (1.10)
p—1 (2k\ (3k
e GG, 3

<§> ~ k27k:k Hy = —3¢,(3) + §p C]p(3)2 (mod pz) o

N, .
( p >k:0 oak k=~ 00p(2) +3pgy(2)” (mod p7), )

and
p—1 (6k\ (3k

(_?1) <325)),§: ) Hy, = —3q,(3) —4¢,(2) +p (gqp(3)2 + 2qp(2)2) (mod p2).

(1.13)

Theorem 1.2. Let p > 3 be a prime, and let a be a p-adic integer.
(i) If m is a positive integer with a = m (mod p?), then

Z(_k) (agl)ﬂ,?)ﬂ > “ﬂi—;ﬂ%z—Epz_H(a) (mod p?)

k=0 0<k<m
ptk
(1.14)
d
. L /—a\ [a—1\ H?
(2a — 1) k
k E )2k+1
k=0
1 ) (1.15)
=-—2 Z == (2—-2p)By2_,—1(a) (mod p~).
0<k<m
ptk
(ii)) We always have
B /—a\ fa—1
> ( . ) ( . )Hé” = —E, 5(a) (mod p) (1.16)
k=0
and
p—1 (2)
—a\ (a—1\ H
(2a—1)) ( A ) ( N )%’1 - =By 2(a) (mod p). (1.17)
k=0

Remark 1.2. Let p > 3 be a prime. As H((;S)—l)/Q = 0 (mod p), the number
HIEQ)/(Zk; + 1) is a p-adic integer for every k = 0,1,... ,p — 1. For any p-adic
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integer a, Z.-H. Sun [S2] determined ) 7 _ ( ) (*.") and Y5Z ( )(a?)ﬁ

(with a # 1/2 (mod p)) modulo p3. Combmmg this with Theorem 1.2(ii), we

determine
S
i k k k
O IGUIIG
£k +1\ k 3 k 3
modulo p® since

p—1\(p+k p?
(7)) = I (1-5) =1 moast) ke

0<j<k

and

Corollary 1.2. Let p > 3 be a prime. Then

k=0 (1.18)
1
=—Lp-3 <Z) (mod p)
and
—1 (2k)2 -1 (4k\ 2k —1 (6k\ (3k
S (k) H® :lpz: (2k)<kz) H(2):lp (3k)(k>H(2)
168 F T44~ (2k+1)64FF T 5 432k 7K
k=0 k=0 , k=0 (1.19)
=—4F,2_, 5 (mod p”)
=—4FE,_3 (mod p).
We also have
p—l 122 1 2k\ (3k p—1 6k\ (3k
Z u® =15 G)G) po 15~ GG) gy g2
— 27k i, 2k (26 +1)27F 8 T 5 £~ (2 + 1)4328 ¢

(1.20)

Remark 1.3. (i) The author [Sulb] reported that 205129 is the first odd prime p
with B,_2(1/3) =0 (mod p). We note that 1019 is the first odd prime p with
E,_3(1/4) =0 (mod p).
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(ii) The author [S11, Conjecture 5.12(iii)] conjectured that for any prime
p > 3 we have

p—1 2K\ (3k p—1 2k\ (3k
2k:o (k2)7(kk) - k=0 (QSCk—i— 1362)7’€ = (%9) (mod p4). (121)

We are going to show Theorem 1.1 and Corollary 1.1 in the next section,
and prove Theorem 1.2 and Corollary 1.2 in Section 3. In Section 4, we pose
some new conjectures on congruences.

2. PROOFS OF THEOREM 1.1 AND COROLLARY 1.1

Lemma 2.1. For any positive integer k, we have the polynomial identity
—x x—1+x —x—1 _ 9 r—1\/—x—1 B r—1\/—xz—1
k k k k N k k k—1 k—1 ’
(2.1)

Proof. We may deduce (2.1) in view of [S1, p.310], but here we give a direct

-0

(—1)*
= (@=k) @tk =D+ (@ —k+ 1) (2 +k)
::ﬁ%m—k+n~(x+k—D@—k+m+@
:2(—1)k (x—k+1)---(z+k-1) (2 = k) (@ + k) + 1)

Kkl x
~DF ((x—k)--(z+k y(r—k+1)--(x+k—1
2%% C )o@t k) ol )x( ))

(-GG

This completes the proof. [J

Lemma 2.2. For any positive integer n, we have

e ()2 0G) e

Proof. Tt is easy to verify (2.2) for n = 1.
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Now assume that (2.2) holds for a fixed positive integer n. Then

S w)(7)()

:n(_n2 — 2?) (i) (ff) (n+1)* = (n+ 1)z ><n N 1) <n_+x1)
= (nn+ 1"+ +1)° - (nil><n+1>

=(n+1) ((n+1)? - 2?) (n+ 1) (n fl)

This concludes the induction proof. [J

Proof of Theorem 1.1. Define

e -1
Pn(x)::Z(kx>(xk )Hk forn=0,1,2,....

k=0
With the help of (2.1), we have

(A0 O
SR ) o) G ()
) 20 ()

Recall that H,_1 = 0 (mod p?). Thus, for any p-adic integer z # 0 (mod p),
we have

I
_

2

[
NE

Pyr(s) + Pz +1) :32 () () mear )

If x =0 (mod p), then

Py1(a) :P‘l % (-;_-11) (:1: ; 1) i
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and also P,_1(x 4+ 1) = P,_1(—z) =0 (mod p?).
In light of (2.2), for any positive integer n we have

25 () () - (2) ()

o 3T 9 B Sl [ ey
) )20

() () S (O ()

Let = be any p-adic integer with  # 0 (mod p). Clearly,

(pf 1) (p_—xl) - Hfé(:pg (_T 21)_!)52) =0 (mod p)

and hence

-, 1)) () () =i

(x —1)p
p—2
+(($—1>p)( —1— (-2 —1),)H_,_1y, (mod p“)

with the help of [S1, Theorem 4.1]. Note that

1-pH, 2—1+%—pH 1=1-p (modp2),
<1”>p

H(—x—l)p = ‘Hp—l—(:c>p = prl — Z _— = H<x>p (mod p)
k=1
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(z)p

L G R i | (U

k=1
=(-1)"r(z), (1 - pH,,) (mod p?)
=(-1)@rz (mod p).
Combining this with (2.3), we get

By (@) + Pyaa 1)

20

k

<1> *(@)p (1= pH,) = 2(=1)"7 (& = (@)p) e,
( )(:c (;1;—1—1-1-}7_1_( >p>H<$>p

:(_1)< v (mod p?).

By the above, for any p-adic integer z, we have
(=1)®»2/z (mod p?) if x #Z0 (mod p),

P,_ +Ppi(z+1) =
p—1(2) p—1(z + 1) {O (mod p?) otherwise.

(2.4)

Therefore
—Pp_1(a) E(_1)<a>p p—1(a —(a)p) — Pp-1(a)
= (“1)"By1(a— k) — (—1)*1P, y(a— k+1))

- A NC D D
0<k<{a), @ 0<k<(a)p “”
_o(_1\{a)p 1 (a)p —k — (a—k)
A1) D (mn—k+<a—m«@p—m)

0<k<(a)p
52(—1)<“>p <H<a—1>,, + ({a)p — a>H<(CQL)—1>p> (mod p°)
and hence
Pyoi(a) =2(=1)\ 7t Y kP
0<k<(a)p
_2EDT S (B (k1) - By (k)
p—1 0<k<(a)p
—2(- 1) (B ((aly)  By)
=2(—1){» (B,_1(a) — Bp_1) (mod p).
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Note also that

2  _ -3 _ By_a(k+1) — By_a(k)
H<a71>p - Z kP ° = Z - p— 2 -
0<k<(a)p 0<k<(a)p
By_a({a)p) — Bp—2 1

= ) =-3 »—2(a) (mod p).

So we have the desired (1.8). O
The following lemma was first deduced by E. Lehmer [L].

Lemma 2.3. Let p > 3 be a prime. Then

lp/2] 1

D o =0(2) — 5p(2)? (mod p?),
k=1

If p > 5, then

Lp/6]

k=1

Proof of Corollary 1.1. Tt is well known that for any k£ € N we have

(V))-( ) - B
()(0) -5
(V) -
()0 -

Z p_16k _ qpi3) n qp(2) —p <QP(3)2 n qP(2)2> (mod p?).

11

(2.8)

Applying the first congruence in (1.8) with @ = 1/2 and Lehmer’s congruence
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(2.5), we obtain

p—1 (2k)2 (p—1)/2 1
k_H, =(—1)P1/22
165 He=(=1) D 1/2 — k
k=0 k=1
NPT Ly 2l
SEEG)E
p /i3 p k:lp_2k
atj

= — (%) (qp(Z) — gqp(2)2> (mod p?).

This proves (1.10). Choose r € {1,2} with r = —p (mod 3). Then (r/3), =
(p+r)/3. By the first congruence in (1.8) with a = r/3 and Lehmer’s congruence
(2.6), we have

S0 e 1
orr e =(=1) 2D, r/3—k
k=0 0<k<(p+r)/3
= 6-1)" > S =-6 (—)
= 3 — p- 3k
3|j+r

_ (g) (qpé?») B gqp(3)2) (mod p?).

This proves (1.11). Choose s € {1,3} with s = —p (mod 4). Then (s/4), =
(p+s)/4. By the first congruence in (1.8) with a = s/4 and Lehmer’s congruence
(2.7), we have

= GOG) ., _ (p+s)/4—1 1
2 6ar 1k =(=1) 2D, s/4—k
k=0 0<k<(p+s)/4
(p+s)/ pi 1 —2 %%J 1
=8(—1) pte)/4 - =-8 <—>
i=1 7 p/) o p—dk
4)j+s

=-5(2) (Jo® - 327 (modp?),

This proves (1.12). Choose ¢t € {1,5} with ¢t = —p (mod 6). Then (t/6), =
(p +t)/6. Provided p > 5, by the first congruence in (1.8) with a = ¢/6 and
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Lehmer’s congruence (2.8), we have

= (gi) (Skk) — (p+t)/6—1 1
sgor He=(=1) 22 /6 — k
k=0 0<k<(p+t)/6
=12(—1)P*+1)/6 - =-12 (—)
= p /) = p—6k
6|5+t
-1\ (%) | 4(2) 3 (3)% | qp(2)?
=—12 | — p p _ p P d n2).
(5 (422 (45 )

This proves (1.13). (Note that (1.13) for p = 5 can be verified directly.) We
are done. L[]

3. PROOFS OF THEOREM 1.2 AND COROLLARY 1.2

For any n € N, we define

W (2) = z”: (—kx) (az ; 1) H  and wn(z) zi: (—kx) (x ; 1) 221?1'
(

Lemma 3.1. For any n € N we have

Wo(2) + Wa(z + 1) = 2("”6 . 1) <_"”n_ 1) (H,?) + %) - % (3.2)

and
r—1\[/—z—-1 5 1 2
(3.3)
Proof. For any positive integer k, there is the polynomial identity
z\[—z—1 —x\ [z —1
2 1 —(2z—-1
() () e () ()
(3.4)

e (7)) - () G0))
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In fact,

e () () e (D))

_1\k
(k:!?! Qe+ D)@ —k+1)(z+k) — (2e—1D)(z—k) (v +k—1))

_1\k
=(k!2 (x—k+1)-(x+k—1)((2z+1)(z+k) - 2z —1)(z — k))

:(—I)RQ(Q:UI D @ok+]) x @t+k-1) ((z — k) (z + k) + k?)

e (7)) - () (0))

In light of (2.1) and (3.4),

Wi (x) + Wy (z + 1)
=2z 4+ Dwy(z) — 22 — Dwp(z + 1)

=2 ()0 ) - (0
() e 22 @0

Combining this with the identity
"z [~ r—1\/—z—1
> )= 69
k=0
we immediately obtain (3.2) and (3.3). Note that the polynomial identity (3.5)

holds if and only if it is valid for all x = —n,—n—1.... For each x = —n, —n —
1,..., the identity (3.5) has the equivalent form

(-0

which is a special case of Andersen’s identity

SO (L)) meen s

(cf. (3.14) of [G, p.23]). This concludes the proof. [
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Lemma 3.2. Let p be any prime, and let x be a nonzero p-adic integer. Then

(x—1) <—x—1) (Hf_)1+i)—i E{ —1/2* (mod p?) if w #0 (mod p),

p—1)\ p—1 z?) 2 0 (mod p?) otherwise.
(3.7)

Proof. If £ 0 (mod p), then

x—1\[(—x—-1\ p? (z\ [—z\ _ 9
(p—1)<p—1)_—w2(p)<p>zo mod 77
and hence (3.7) holds.

Below we assume x = 0 (mod p). Write x = p™x, where n is a positive
integer and xg is a p-adic integer with xg £ 0 (mod p). Clearly,

r—1\/—z—1 _pl pxg—k —pxog—k _pl:[l 1_p2”x(2)
p—1 p—1 _kl k k N k2

- k=1
pl p?ad 2 77(2) 4
EI_Z k2 1 —a"H,~, (mod p™).
k=1
and hence 1 1
T— T
o)) 2L o o
Therefore,

x—1\ [—x—1
r—1 —r—1 (2) 1 | ) (p—l)(p—l)_l_ 2
(p_1)<p_1 ) (Hp‘1+ﬁ)_P:HP—1+ 22 = 0 (modp").

This completes the proof. [

Lemma 3.3. For any prime p > 3, we have

-/, Pl
Z == == 0 (mod p?). (3.8)
k=1 k=1
ptk ptk

Proof. Since {2j: 0<j <p® & ptj} is a reduced system of residues modulo
p?, we have

p2—1 p2—1 2 21

1 1
Z 272 = = (mod p?) and hence Z ﬁ =0 (mod p?).
k=1

ptj ptk p’fk
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Note also that

(p —-1)/2 1 (p*-1)/2 1 1 p2—1 1
_ _ 2
Z DY (ﬁﬂpz_—k)z)—z:ﬁ (mod p).
’fk ptk ptk

Therefore (3.8) holds. O
Proof of Theorem 1.2. (i) Let m be any positive integer with a = m (mod p?).
Obviously,
W,_1(a) = W,_1(m) (mod p*) and wy,_1(a)=w,_1(m) (mod p?).
In light of Lemmas 3.1 and 3.2,
(=)™ Wp-1(m) — (=1)'W,_1(1)

= D (CDFWpna(b+1) = (“) Wy (k)

0<k<m

-2
= 3 (1S (mod i)
0<k<m
<p’f§

and
(2m — Dwp—1(m) — (2 x 1 —1Nw,y_1(1)

= > (@k+Dwp1(k+1) — (2k — Dwy_1 (k)
0<k<m

—2
0<k<m
ptk

Note that Wj,_1(1) = 0 = wp_1(1). So we have the first congruence in (1.14)
as well as the first congruence in (1.15).

It is well-known that E,(x) + E,(z + 1) = 22" and Es,12(0) = 0 for all
n € N. Let ¢ be Euler’s totient function. Then

22 —22 1)m—k @) -2

0<k<m
ptk

3
3

«p(pQ)—Q(k) + Ew(PQ)—Q(k + 1))

II
,_.o

3

so(pQ)—Z(k) - (_1)k+1Eso(p2)—2(k + 1))

JIDM

/\Ef?‘

Eop2) (_1)mEso(p2)—2<m)) = —Epp2)—2(m)
= — Eg,(p2)_2( ) (mod p )
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This proves the second congruence in (1.14).
To complete the proof of (1.15), we only need to show that

1
Z ﬁ = (p — 1)3@@2)_1(&) (mod p2).
0<k<m
ptk

Suppose that a = m’ = m + p?q (mod p?) with ¢ € {1,... ,p}. Then

0<k<m/’ 0<k<m
k ptk
2_ —
- 2 2a)2
Nty (m+ k) = = (m+r+p’s)
pim+k pfmtr
p*—1 1 p*—1 1
_ _ 2
r=0 k=1
ptm+r ptk

by Lemma 3.3. On the other hand, we have

1
E i (p— 1)Byp2)-1(a) (mod p*).
0<k<m’
ptk

In fact, as B, (z + 1) — B,(z) = na™~! and Ba, 3 =0 for all n € N, and pB,
is a p-adic integer for any n € N, we have

m'—1 m’'—1
> 1 S k2= 3 Bopz)-1(k +1) = Bye)-1(k)
0<k<m’ k k=0 k=0 gO(p2) —1

ptk
Bep2-1(m') = Byp2)-1 _ Bpp2)—1(m’)

e(p?) — 1 - opP-p-—1
e(p?)—1

k=0
(p - 1)B<p(p2)—1(a) (mOd p2)'

Therefore (1.15) also holds.

(p—1)Bypzy-1(a) + (p — 1) Z (90(]3]2 - 1) (pB%?(pQ)—l—k)L
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(ii) Choose m € {1,2,...,p?} such that a = m (mod p?). Write m = ps+r
with s € {0,... ,p— 1} and r € {1,... ,p}. Then, for any € = +1 we have

k s P2l _ph—t ps+t
3 IS 1>
PO R DD D e Rl D ey
0<k<m k k=1t=1 (pk t) o<t<r (ps + t)
ptk
s p—1 Et gt
_ k s
=D D> mte >
k=1  t=1 0<t<r
r—1
=" &'t"® (mod p)
t=0

since HI()Q_)1 =0 (mod p) and

= A e N s A
7= X (P o) =0 mean

t=1 t=1

Thus, we deduce from (1.14) that

(2a — Nwp_1(a) = —2 Z % = 3 ((p—2)t"7%)
0<§£m t=0
=3 (Bya(t 1) — Bya(t)) = Byalr)
=0

Therefore both (1.16) and (1.17) are valid.
By the above, we have completed the proof of Theorem 1.2. [J
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Proof of Corollary 1.2. Applying (1.14) and (1.16) with @ = 1/4 we immediately
get (1.18).
For every a = 1,2, ..., we obviously have

1 Eoppa)—2 a
Eo(pe)—2 (§> = ez = Be(pr)-2  (mod p%).

(1.14) and (1.16) with a = 1/2 yield

p—1 (2k)2 )
Z lkﬁk H,i )= 4E,2_, 5 (mod p*)
k=0

=—4F,_3 (mod p).

Clearly 1/2 = (p? +1)/2 (mod p?) and 1/4 = (3p*> +1)/4 (mod p?). Applying
Theorem 1.2(i) with a = 1/2,1/4, we get

p—1 <2k> @ (p*—1)/2 l)k
k 2
Z L6F H~>=-2 Z (mod p*) (3.9)
k=0
pfk‘
and
(p-l ) 3(p*—1)/4
—=y AR = 2 — ), 1
22 @kt oiF 2k:+ 64"7 >, g (modp’) (3.10)
k:O k=1
ptk
In view of (3.8),
%=1 p’—1 (p*—1)/4 1
Z k2 Z k2 Z (p2 — k)2
p?k p’fk ptk
(p*—1)/4 (p*—1)/2 k
2 14 (-1)
=-2 = -2
Z (2k)? Z L2
k=1 k=1
ptk ptk

Combining this with (3.9) and (3.10) we obtain the first congruence in (1.19).
It is known that

1
E, <6) = Q_n_l(l +37")E, foralln=0,24,6,...
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(see, e.g., G. J. Fox [F]). Thus, applying (1.14) with a = 1/6 we get

432k P 6

pi G () o _
k=0

=—20E,:_, 5 (mod p?)

and hence
122 @ S e
- H =—4E; , 2= ) 1k6k H”  (mod p?).
k=0 k=0

1
2 ps (_) — _9—e(*)+1 <1 + 3—90(p2)+2> By s

(The first congruence in the last formula can be verified directly for p = 5.)

This concludes the proof of (1.19).
By (1.15) and (1.17) in the case a = 1/3, we have

[y

b}

<2k:k) (3kk) g® = _ 3(2 — 2p) B,z 1
S (2k 4 1)27F R i3

~on,2 (1) oot

) (mod p?)

Below we show the first two congruences in (1.20) for p > 5. (The case p =5
can be checked directly.) Clearly 1/3 = (2p* +1)/3 (mod p?). Applying (1.14)

and (1.15) with a = 1/3 and m = (2p* + 1)/3, we obtain

p—1 (2k) (Sk) @ 3(p?-1) (—1)k
k) \ K _
2 SR H” =-2 1521 2 (mod p*)
pfk

and

On the other hand, (1.9) with a = 1/6 and m = (5p? + 1)/6 yields

9 p—1 <3k) - 2(p*-1)
S N LAY S ) — d p?).
32% 2k+1432k : kz_:l 2z (mod p7)

ptk

(3.11)

(3.12)

(3.13)
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Observe that

2(p*-1) i (p?—1)/3
(-1)F+1 2
2 Z TZZ Z (2))2
k=1 j=1 J
ptk pti
- 2 _ 52 -2 -2
= - o — k
pti pfk ptk
2(»*-1) 1
= Z = (mod p?)
k=1
pfk
Thus
3(p*-1) (— 1)k 2(p*-1)
2 Z 2 = -3 Z = (mod p?) (3.14)
k=1 k=
ptk p’fkl
and
(p*-1)/3 3(»*-1) F(»*-1) k
1 1 2 (—1) 9
== > ==3 > 5 (mod p?) (3.15)
k=1 k=1 k=1
ptk ptk ptk
With the help of (3.8), we have
(p*-1)/3 2—1 3(p?-1) 2_
pz (-DF N~ (YF 7 3 (-1 *
2 2 2 _ )2
k=1 k =k k=1 (p* = k)
ptk ptk ptk
2 2(p2_1
IS I S
= 2 2
k=1 k =k
ptk ptk
(p*-1)/2 3(»*-1) b
2 (—1)
= > (2k)? + D 12 (mod p*)
k=1 k=1
ptk ptk
and hence ,
W -1/3 , . E0P-D
(=" _ (1)
Z 2 = Z 12 (mod p?). (3.16)
k=1 k=1
ptk ptk

21
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Adding (3.15) and (3.16) we get

(p*—1)/6

2 5 (—1)*
Z (2k)2 — 3 Z 2 (mod p”)
k=1 k=1
ptk ptk
and hence
2(p*-1) p?—1 1 (p*-1)/6 1
Z k:2 Zﬁ_ Z (p® — k)2
p’rk ptk ptk
(p* —1)/6 2(p*-1) i
1() (—-1)
=L R e

k=1

ptk
Combining this with (3.11)-(3.14) we obtain the first two congruences in (1.20).
(When p = 5, the second congruence in (1.20) can be verified directly.) This
concludes the proof. [J

4. SOME CONJECTURAL CONGRUENCES

In this section we pose some new conjectures on congruences, which are
different from the 100 conjectures in [Sul9]. For any prime p, we use Z, to
denote the ring of all p-adic integers.

Conjecture 4.1. Let p be an odd prime. Then
(p—1)/2

Z (Bk—14 7 (mod p)
(k- D3>~ AT o
k=0 k
(p—1)/2
30k — 11
Z 5 = —8B,_3 (mod p),
i (2k—1)k3 (%)
and 1)
p—1)/2 2k
(30k+11)(k) 112 , 4
=8—8 — —p°B d
kz:% Kkl o g P By (modp)
if p> 3.

Remark 4.1. By Examples 72 and 11 of Chu and Zhang [CZ], we have

oo

(3k — 1)4* 7 > 30k — 11
e e
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Conjecture 4.2. Let p be an odd prime.
(i) We have

p—1 3k
Z(—l)k(ﬂc +2) <2:> ¥ )1 =7p°B,_3 (mod p*)
k=1

and

(p—1)/2 9% (Sk) 3
S VR 2 (7)) g =302 - SR (mod ),
k=1

(ii) For any positive integer n, we have

pn—1

2k\ (%)
32 7k+2<k)mezp.

Remark 4.2. Chu and Zhang [CZ, Example 24] has the following equivalent

form:
—Dk(7k -2 2

kY (3kY :
1 2k — 1)k2(2k)(3k) 12
Conjecture 4.3. (i) Let p be an odd prime. Then

R (6k+ 1)) (2 1 )
kzzo (2k+(1)1)6(kk) - (?) +39° By (mod p?)

and

(p—1)/2 2k\ (4k
6k+1)(CH)GY) _ (-1 2
kzzo (2k + 1§1Gkk = (7) (1 +pap(2) - 3%(2)2) (mod p?)

if p> 3.
(ii) For any odd prime p and positive integer n, we have

1 (pil (6 + 1) (3F) (55) _<—_1>nzl(6k’+ DG )(3@) €z,

(pn)? —~  (2k+ 1)16F p )= (2k+ 1)16F

(iii) For any prime p > 3, we have

(p—1)/2 ak
2 (612;1;43()1)6("3 )(4Hk ) = (_71) (44,(2) — pgy(2)®) (mod p?).

k=0

Remark 4.3. Chu and Zhang [CZ, Example 84] has the following equivalent

form:
o0

(6k — 1)16* _ 80
2(%—1)%2(1’“)(32) -

where G = >"27,(—1)F/(2k + 1)? is the Catalan constant.
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Conjecture 4.4. Let p be an odd prime.

(i) We have
I D) () P
kzzl (2k+1)(k Ty = P2 = 5w (modp?)
and
p—1 (5k+1) 2k ;lk 7 .
; (2k+1)((k—)1(6)173 = 5P Bys (mod p),

(ii) For any positive integer n, we have

(5k + 1 2)()
(pn)?® 2k:+1 (—16)k Zo-

pn—1

Remark 4.4. Theorem 9 of Chu and Zhang [CZ] witha =e=1and b =c =
d = 1/2 yields the identity

oo

5k — 1)(—16)* w2
Z(( )(=16)"

T2k DR (D) (1)

Conjecture 4.5. Let p be an odd prime.
(i) If p > 3, then

p—1 6k
22k + )( ) (3k) _ —1 2 3
kzo 2k +1)256F (?) +15p"Ep—s  (mod p)

(p—1)/2 3k (6k
22k +1)(5) (5) _ (-1 3 &
kZ_() (2k + 1)556'3k - (7) (1 T 50” B”_S) (mod 7).

and

(ii) For any positive integer n, we have

1 (p”z‘l 22k + DGR (—_1> ”i (226 + 1) (%) (32)) € Z,.

(pn)? \ &= (2k +1)256" p )&= (2k+1)256F

If p # 5, then for any positive odd integer n we have

(pn—1)/2 (n—1)/2
1 ( Z (22K + 1)<3kk) (gl’z) - <__1) Z (22k + 1)(3kk) (gl]z)) 7

(pn)® (2k + 1)256F P (2k + 1)256F

Remark 4.5. Chu and Zhang [CZ, Example 50] proved that

o0

22k — 1)256F
Z( ( )

kR
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Conjecture 4.6. Let p be an odd prime.

(i) We have

(p—1)/2 1\ (3K (6k _

S () (i) e
and

—1
— Wk -1)CHEY -2\ 15 1
z_% (2k + 1)§12'3k - (?) 162 Br-s (Z) (mod 7).

k

(ii) For any positive integer n, we have

1 pn—1 (10k_1)<3k)(6k) o\ ™
UM = LR

k

1 (10]{5 . 1)(3k:) (6k>
(2k + 1)§12’3k ) € Zp.

B
I

0

Remark 4.6. We also conjecture that

i (10k = 1)(5) i) _

0
k
— (2k +1)512
SO DEE) (2, sS (6
— (2k + 1)512Fk 3 Pt (2k 4+ 1)2512F
Conjecture 4.7. Let p be any odd prime.
(i) We have
—-1)/2
G GOl AW )
> 2k = 1+ 5pgy(2)) (mod p°)
= (2k+1)(—4)*(5) p 2
and

p—1 3k\ (6k
Tk +1 —1
Z (Tk + )(k)lf:il;]z = (_) _ 15p2Ep,3 (mod p?).
o (2k +1)(—4) (%) p
(ii) For any positive integer n, we have

1 ("SR DEHEY m1\ & @+ DEHED
<pn>2(,;o (2k + 1)(=4)* (3) ( >,§< ))GZ”'

D < (2k 4 1)(— 4)(

Remark 4.7. Chu and Zhang [CZ, Example 27] has the following equivalent
form: -
(Tk = 1)(=4)* (%)
- =
k=1 (2k — 1)k(3k ) (Sk)
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Conjecture 4.8. Let p > 3 be a prime.
(i) We have

i 2168(%) e 6

(ii) For any positive integer n, we have

(p—zl)/2 (3kk) (gi) — (9) (1+ ]—)q (2)> (mod p?).

k=0

and

L (D6 2\~ (DG
ﬁ( 2 (2k + 1)2i6k(2,f) - (p) 2 2%k + 1)2i6k

k=0 k=0 (

Remark 4.8. By [OLBC, 15.4.30], we have

o (1)) _ V6 o ()G
221k6k(22) D) and l;)(%ﬂLkl)Zlgk(Qkk)

k=0

The author guessed the identities

i (e) (sr)

1 3v6 . 4
216 (%F) Z

— log —
2j 11 8 °3

k=0 0<j<k

and

&k 116e () 21 6

which were later confirmed by his PhD student W. Xia.

j=0
Conjecture 4.9. Let p be an odd prime.
(i) We have

(p—1)/2
' GHED

k=0

p

16 4

« (2k+1)8% (%) p

>
Il

() i ! —3ﬁ(6+1ogi),

) <o

- va

27

(2 1+ (_71) 3 )
Z (2k + 1)8k(2kk) = (5) ( 9 - quz?@)) (mod p~),

< (3k+ 1)) GR) _ (__2) _ gpQEp,g (1> (mod p?)
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and

P 8

(p—1)/2 3k (6k 34 (=L
Z (5k + 1)( k)gik) = (2) (# + §pqp(2)> (mod p2).

— (2k+1)8%(%)

(ii) For any positive integer n, we have

w3 Gt ()

k=0

o (2k+1)8F (2:)

e
I

Remark 4.9. We note that

gi((kﬂw)

Ml
VN
k<N )
N——
e
[\}
P
|
@|H
~_
|
—_
~_
—~
=
o
2.
=

for any odd prime p.
Conjecture 4.10. Let p be an odd prime.

(i) We have
(p—1)/2 ok 13EY (6
(74k+7)(k)(k)(3k)_ 9 .
; (2k +1)4096%F _ZpHp—l (mod p°)
if p# 5. and
p—1 2k\ /3k\ [6k
(74k+7)(k)(k)(3k)_ 35 4 .
S (2k+1)d096F —5 "By (mod p7).
ii) For any positive integer n, we have
(i)
iy 3k
(74k +7) (5) (%) (&)
(pn)3 Z 2k + 1) 10967 € Z,
and "
n—(p+
; ’ PZ (74]{? + 7) (Zk]f) (3kk) (SZ) o
(2n—=1))* = (2k + 1)4096*

+ (5k+ 1) () )(2’2)) cz,

27

Remark 4.10. Chu and Zhang [CZ, Example 60] has the following equivalent

form:

i (74k + 7)) () G) _ g

k
£ (2k + 1)4096
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Conjecture 4.11. Let p > 3 be a prime.

(i) We have

5 a2 om0 WGy (PY) Doy s d p?
D (2K 2Tk ) s = p(1+ (%)) —2v%0(3) (mod p*)
and

p—1 2k\ (3k\ 4k

Z42k2+27k+4)(§kl(1’“))((2’9“§ E4p<§>+§p33p_2 (%) (mod p*).

=0

(ii) For any positive integer n, we have
1 pn—1 P(k) (2k) (Sk) (4k) P n—1 P(k’) (Qk) (3k) (4k)
W( 2 (2k f1)(k—9)2kk —P (5) D (2k :1)(59)2kk ) € Ly,
where P(k) = 42k? + 27k + 4.

Remark 4.11. We also conjecture that

(42k2 — 27k + 4)(— = (%)
=6 237
; k3 (2k — )(215) ( k ) (Qk) ; k2
and
i (—9)* ((42k* — 2Tk + 4)(Hap—1 — Hy—1) — 10k +3) 87
k=1 k3 (2k — 1) (2:) (Skk) (;”é) 273
Conjecture 4.12. Let p > 3 be a prime.
(i) We have
(p—1)/2 2 4k
5 (35k +29k:-|—6)(;2) = (2) (modyp)
— (3k+1)(3k+2)3 3
and

3

L35k +20k+6) () py 8, 1 )
2 (3k+1)(3k+2)3l7f 3( >_§p Bp- 2(3) (mod p°).

(ii) For any positive integer n, we have

1 pil (35K + 20k +6) (%)) ( )”Z‘:l (35k% + 29k +6)(}) | _,
(pn)? (3k +1)(3k +2 3k (3k + 1)(3k + 2)3* P

k=0

Remark 4.12. We also conjecture that

o0

(35k% — 29k 4 6)3% i
Zl (3k — 1)(3k — 2)k(*F) var
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Conjecture 4.13. (i) Let p be an odd prime. Then

(p—3)/2 (Qk:) <3k>2 _1

> (145K% + 104k + 18)% = 9p + 28p? (—) (mod p?),

k=0 b
and
1T 1572 :
> (145K% + 104k + 18)% = 18p — 288p*H, 1 + TpGBp_g, (mod p")
k=0
if p> 3.

(ii) For any prime p and positive integer n, we have

2k:) (3k)2 n—1

Lo () (¥ ) () (%)’
_— 145k +104k+18)~E~%2 145k +104k+18)~ L~ &2 .
(2 (05K 4100k419) L) SRR 108k 419) ) €2,

Remark 4.13. We also conjecture that

oo

Z 145k2 — 104k + 18 w2

= IR COICONE

Conjecture 4.14. Let p be an odd prime.

(i) We have
p—1 2k\ (4k\ 2
;(42/@2 + 23k + 3)—( 2(]:1(;’;1 G =3p+ 6—5’p4Bp_3 (mod p°),
and
" o e _ ~1 ~1) 3 ’
kZ_O (42k +23k+3)m =p (1 +2 <?)>—2 (7> p’E,_3 (mod p*)
if p> 3.

(ii) For any positive integer n, we have

1 pn—1 (2k) <4k>2 n—1 (Qk) <4k>2
2 k) \2k) 2 k) \2k
()i ( 1;:0 (42k +23k+3)—<2k 116" pk§:0(42k +23k+3)—(2k " 1)16’“) € Zp.

Remark 4.14. We also conjecture that

oo

> (42k% — 23k + 3)16" =2

Sosek-nEhEnT 2
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Conjecture 4.15. Let p be an odd prime.
(i) We have

(p—3)/2 (2k) (3k) (4k) 1
2 k k 3
;:0 (92K +61k+9)—(2k+1)64k = 6p + 16p* ( ; > (mod p?)

and

Zi(92k2 + 61k + 9)—< )G ) 0p+ 2

Pt 3
= B,_3 (mod p°).
i P

s (2k + 1)64 o P

(ii) For any positive integer n, we have

1 pn—1 2k\ (3k\ (4k n—1 2k\ (3k ;lk
o) ( I;J (92k2+61k+9)55k)5_% pz 92k2+61k+9)%) € Zy.

Remark 4.15. We also conjecture that

oo

(92k:2 — 61k + 9)64k
k=1 k3(2k o 1) (zkk) (315) (4212)

Conjecture 4.16. Let p be an odd prime.
(i) We have

= 872,

(pf/ ? (592K + 580k2 + 112k — 3) (3F) (5F

) (1Y .
e CLADICTE )(4k+3)1oz4k3k = (7) (8p* —4) (mod p’)

and

b1 5 ) 3k\ (6k
592k 580k 112k — 3 —1
( + + )(k ) <3kz) — 15p2Ep73 S (mod p?).
(2k + 1)(4k + 1)(4k + 3)1024F

k=0

(ii) For any positive integer n, we have
pn—1 1 n—1
o 2 10 () W) <z
P/ =0

where

(5923 + 580K2 + 112k — 3) (3) (%)

(2k 4 1)(4k + 1)(4k + 3)1024*

fk) =
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Remark 4.16. We also conjecture that

i ( P(k) () (55)

2k + 1)(4k + 1)(4k + 3)1024%

k=0

and

5 (%) i) (P(k) (2Hei — Hay, — 3How + Hy) — Q(k)/(2k + 1)) _
(2k + 1) (4k + 1)(4k + 3)1024F ’

P(k) = 592k3 4 580k? + 112k — 3 and Q(k) = 2096k> + 2076k> + 400k — 5.

Actually, we also have many other similar conjectures.

Acknowledgment. The author thanks his PhD student Wei Xia for helpful
comments.
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