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Q\Z IS DIOPHANTINE OVER Q WITH 32 UNKNOWNS

GENG-RUI ZHANG AND ZHI-WEI SUN*

ABSTRACT. In 2016 J. Koenigsmann refined a celebrated theorem of J.
Robinson by proving that Q \ Z is diophantine over Q, i.e., there is a
polynomial P(t,z1,...,2n) € Z[t,21,...,Ts] such that for any rational
number ¢ we have

t €7 < FJxy---Fza[P(t,x1,...,20) =0]
where variables range over Q, equivalently

t€EZ <> Vo1 -Veu[P(t,z1,...,20) #0].

In this paper we prove further that we may even take n = 32. Combining
this with a result of Sun, we get that there is no algorithm to decide for
any f(z1,...,241) € Z[z1,...,x41] whether

Vl’l . ~Va:95|y1 e Hygz[f(l‘h ey L9y Y1y 7ygg) = 0],

where variables range over Q.

1. INTRODUCTION

Let Z be the ring of integers. Hilbert’s Tenth Problem (HTP), the tenth
one of his 23 famous mathematical problems presented in the 1900 ICM,
asks for an algorithm to determine for any given polynomial P(x1,...,z,) €
Z[z1,...,x,) whether the diophantine equation P(z1,...,x,) = 0 has solu-
tions x1,...,x, € Z. This was solved negatively by Yu. Matiyasevich [10]
in 1970, on the basis of the important work of M. Davis, H. Putnam and
J. Robinson [6]; see also Davis [5] for a nice introduction. Z.-W. Sun [17]
proved his 11 unknowns theorem which states that there is no algorithm
to determine for any P(x1,...,211) € Z[z1,...,211] whether the equation
P(x1,...,211) = 0 has solutions over Z.

Let Q be the field of rational numbers. It remains open whether HTP over
Q is undecidable. However, J. Robinson [16] used the theory of quadratic
forms to prove that one can characterize Z by using the language of Q in
the following way: For any ¢t € Q we have

t €7 <— Vx1VaroJy -+ JyiVzy - - - Vzg[f(t, 21, 22, ¥15 - - -, Y7, 21, - - -5 26) = 0],

where f is a polynomial with integer coefficients. (Throughout this paper,
variables always range over Q.) In 2009 B. Poonen [15] improved this by
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finding a polynomial F'(t, z1, 22,91, ..., y7) with integer coefficients such that
for any ¢ € Q we have

t €Z <= Va1 VaaIyr - yr[F(t, 21, 22,91, .., y7) = 0].
In 2016 J. Koenigsmann [9] improved B. Poonen’s result by proving that

Q\ Z is diophantine over Q, i.e., there is a polynomial P(t,x1,...,2,) €
Q[t,x1,...,zy] such that for any t € Q we have

t ¢ Z <= 3Fxy---3x,[P(t,z1,...,2,) =0],
ie.,

te€Z < Yay---Vo,[P(t,z1,...,2,) # 0].
The number n of unknowns in Koenigsmann’s diophantine representation of
Q\ Z over Q is over 400 but below 500. In 2018 N. Daans [3] significantly
simplified Koenigsmann’s approach and proved that Q\ Z has a diophantine
representation over Q with 50 unknowns. The number 50 could be reduced

to 38 by applying a recent result [4, Theorem 1.4] obtained by model theory.
In this paper we establish the following new result.

Theorem 1.1. Q\ Z has a diophantine representation over Q with 32 un-

knowns, i.e., there is a polynomial P(t,xz1,...,x32) € Z[t,x1,...,x32] such
that for any t € Q we have
tQZ <~ E|.T1”~E]£32[P(i,$1,...,$32):0]. (1.1)

Furthermore, the polynomial P can be constructed explicitly with deg P <
2.1 x 10M.

To obtain this theorem, we start from Daans’ work [3], and mainly use
a new relation-combining theorem on diophantine representations over Q
(which is an analogue of Matiyasevich and Robinson’s relation-combining
theorem [11, Theorem 1]) as an auxiliary tool. Now we state our relation-
combining theorem for diophantine representations over Q.

Theorem 1.2. Let Ji(x1,...,xE,x) denote the expression
k k
ngk_l)QkH X H <x+255\/aTSW(x1,...,wk)s_l> ,
s=1 £1,...ep€{£1} s=1
where

k k
Wiz, ... a5 = </<;+Zx§> (1—1—23:82) .
s=1 s=1

Then Ji(x1,...,xE,x) is a polynomial with integer coefficients. Moreover,
for any Aq, ..., Ay € Q* =Q\ {0}, we have
A, .. A el <= Elx[Jk(Al,,Ak,x):O], (12)

where O = {r?: r € Q}.

Remark 1.1. In view of its proof, Theorem 1.2 can be generalized via
replacing Q by any subfield of the real field R or any ordered field.
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When p, € {V,3} for all s =1,...,k, we say that p; - -- px over Q is unde-
cidable if there is no algorithm to decide for any polynomial P(xz1,...,zy)
over Q whether

prx1 - prxk[ Pz, ..o xy) = 0]
or not. For convenience we adopt certain abbreviation, for example, ¥?3?
denotes VVd3d.

Combining Theorem 1.1 and its proof with a result of Sun [17, Theorem
1.1], we obtain the following theorem.

Theorem 1.3. V2332 over Q is undecidable, i.e., there is no algorithm to
determine for any P(x1,...,241) € Z[x1,...,241] whether
Vay - Vagdyr - - Jyse[P(x1, ..., 9, Y1, -+, y32) = 0].
Also, 39V323 over Q and 30313 over Q are undecidable.
We remark that Sun [18] obtained some undecidability results on mixed
quantifier prefixes over diophantine equations with integer variables; for ex-
ample, he proved that ¥?>3* over Z is undecidable.

In the next section we will prove Theorem 1.2. Sections 3 and 4 are
devoted to our proofs of Theorems 1.1 and 1.3 respectively.

2. PROOF OF THEOREM 1.2

Proof of Theorem 1.2. Clearly,
Ii(z1,. .. o, y) = H (x + 11 + eomay + - + ey ).
€1, €{E£1}

is a polynomial with integer coefficients. As

k 2
Ik(l‘lu"'7xk>$7y) = H <(I+Z€5$sy81> —J;?y2(tl))
s=1

e;€{£1} for i#£t pan

forallt =1,...,k, we see that
Ik(xla ey xk,l',y) = I;:(.’B%, s 71’%’ .f,y)
for some polynomial I; with integer coefficients. Note that

k

Tl on,a) = [ [alt- D2

s=1

k k
X IZ(xl,...,xk,x, <k+2$§> <1—|—Z:Uj_2)>
j=1 j=1

is a polynomial with integer coefficients.
Now let Aq,..., A € Q*. We claim that for any rational number

1+ 38 VA
= min{|vA,..., |[VA}

(2.1)
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we have
Ay, Ap €0 <= 3l (Aq, ..., Az, W) = 0].

The “=" direction is easy. If A] = a?,..., Ay = az for some ay,...,a €
Q, then, for x = a1+as Wi+ - -+akW,f_1 € Qwehave I} (A, ..., Ay, z, W) =
0.

We use induction on k to prove the “<” direction of the claim. In the case
k=1, if I} (A, 2, W;) = 2% — Ay is zero for some x € Q then we obviously
have A; € 0.

Now let k£ > 1 and assume that the “<” direction of the claim holds for all
smaller values of k. Let W} be any rational number satisfying the inequality
(2.1). Suppose that I} (Aq,..., Ap,z,W;) = 0 for some € Q. Then there
are €1,...,6r € {£1} such that

k
T+ Zesx/AkuS_l = 0.
s=1

If A, = az for some a; € Q, then, for 2’ = z + Ekaka]f_l we have

2+ 1AL+ ea /AW + -+ er /A W2 =0

and hence I} _,(A1,..., Ag_1,2',W}) = 0. Note that

k k—1
|\/At|Wk21+Z|\/As‘ 21+Z|\/As|
s=1 s=1

foreach t =1,...,k — 1. So, in the case Ay € OJ, we get Aq,..., A1 €U
by the induction hypothesis.

To finish the induction step, it remains to prove Ay € [J. As the charac-
teristic of Q is zero, Q(v/As) is a Galois extension of Q for any s = 1,..., k.

Thus
QWAL ... . VA = QA1) -+ Q(V/Ap)

is also a Galois extension of Q in view of [12, p. 50, Problem 10(d)]. Suppose
that Ay & 0. Then v/Ar ¢ Q, and hence there is an automorphism o €

Gal(K/Q) with o(v/Ag) # v/ Ak, where K = Q(V/ A1, ...,V Ak). Recall that
k
0=+ /AW
s=1

Hence
k
0=0-0(0) =) 2e.(\VAs — o (/AW (2.2)
s=1

Note that o(v/Ay) = —v/Ay, and o(v/A;) € {£/ A} forall s =1,...,k—1.
Thus, by (2.2) we have

k—1
2V ARWE = 26/ AV <) 2 AW
s=1
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On the other hand,

k
IVARWE >WE2 (1 +)° |¢As|>
s=1
k—1 k—1
SWEY VAL =D VAW
s=1 s=1

So we get a contradiction and this concludes our proof of the claim.
Note that

W= (Zk:(l + A§)> (1 + iAj)

s=1

k k k
=D (1+AD+D D) A1+ AD).
s=1

r=1s=1

Forogaglclearly1+oz4212a;1f >1then 14+a*>a*>a. So
1+ a* > o for all @ > 0, and hence 1 + A% > |\/A4| for all s = 1,...,k.
Therefore,

k k
W= (1+A)+1>1+> VA
= s=1

Ifte{l,...,k} and |A¢| > 1, then

k
VAW >W > 1+ |V/A,l.
s=1

If 1 <t <kand |4 <1, then |/A;| = |A;|'/? > A? and hence

|\F|W>\\F\<1+ZA 1+A2>
>\\f\+21+A2—\\F\+ 1+AQ+Z:1+A2

s;ét

k
>1+ > [VAl.
s=1

Therefore the inequality (2.1) holds if we take W), = W. Applying the proved
claim we immediately obtain the desired result. This concludes our proof of
Theorem 1.2. 0

3. PROOF OF THEOREM 1.1

Let p be any prime. As usual, we let Q, and Z, denote the p-adic field
and the ring of p-adic integers respectively. We also define

a
Ly =QNZy={7: abeZandpib}.
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D. Flath and S. Wagon [8] attributed the following lemma as an observa-
tion of J. Robinson, but we cannot find it in any of Robinson’s papers.

Lemma 3.1. Let r be any rational number. Then
T €Ly 3y + 2 = 2® + 2 + 2. (3.1)

Proof. The Gauss-Legendre theorem on sums of three squares (cf. [13, pp.
17-23])) states that n € N = {0,1,...} is a sum of three integer squares if
and only if n ¢ {4*(8m +7): k,m € N}.

If r = a/b with a,b € Z and 21 b, then 7a? +2b> =2 —a? = 1,2 (mod 4)
and hence 7a? + 2b? is a sum of three squares, thus 7r2 + 2 = (7a® + 2b%) /b?
can be expressed as 2 + y? + 22 with z,y, 2 € Q.

Suppose that 7 = a/b with a,b € Z, 2{a, b# 0and 2 | b. If 7r? +2 =
x? 4 3% + 22 for some z,y,z € Q, then there is a nonzero integer ¢ such
that ¢?(7r? + 2) is a sum of three integer squares and hence c¢*(7r2 + 2) &
{4*(8m +7) : k,m € N}. Note that any odd square is congruent to 1
modulo 8 and 7a? + 2b> = 7 (mod 8) as 2{a and 2 | b. Thus the integer
(7r? +2) = (¢/b)?(7a® + 2b%) has the form (2%)2(8m + 7) with k,m € N
which leads to a contradiction.

In view of the above, we have completed the proof of Lemma 3.1.

For any prime p and t € Q, as usual we denote the p-adic valuation of ¢
by vp(t). For A C Q we define AX ={a € A\ {0}: a=! € A}.

Lemma 3.2. Let p be a prime, and let t € Q. Then

tELy) <= tFON(E+17! € ZLy)). (3.2)

Proof. For t € Q*, we have v,(t~1) = —1,(t). So the desired result follows.
O

Remark 3.1. This easy lemma was used by N. Daans [3].

For first-order formulas 1, ..., %, we simply write

Y1V Vg and ¥y A Ay
as \/];:1 s and /\];:1 1) Tespectively.
Definition 3.1. We set (0* = {22 : x € Q*}. A subset T of Q is said to be
m-good if there are polynomials
fs(tamlv"' 7$m)7 gsl(taxla"' 7$m)a"' 7gs€5(taxla" . 7$m) (S = 1?' 7k)
with integer coefficients such that a rational number ¢ belongs to T' if and
only if
k

Elxl---EIxm[\/ (fs(t,:vl,...,xm) =0A ;S\(gsj(t,xl,...,xm) S D*))].

s=1 j=1

Remark 3.2. (i) Clearly a rational number ¢ is nonzero if and only if t? €
[0*. For any polynomial P(z) € Z[z] of degree d, we have 2?P(z~1) € Z[z],
and

t¥pt e 0 — Pt ') eD*
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for all t € Q*.

(i) For any a,b € Q, clearly (a = 0Ab =0) < a?+b?> =0. In view
of this and the distributive law concerning disjunction and conjunction, if
S C Q is m-good and T' C Q is n-good then SN T is (m + n)-good.

Lemma 3.3. Both Z) and Z(XQ) are 2-good.

Proof. For any t € Q, by Lemma 3.1 we have
t €Ly Fa3y[7t? + 2 — 2% — 52 € O).
Note also that

tELG = t#ON(t+t! € L)
by Lemma 3.2. Combining these with Remark 3.2 we immediately get the
desired result. 0
Let a,b € Q*. As in B. Poonen [15], we define
Sap = {221 € Q: 3x93z3Tny[a] — axh — bl + abai = 1]} (3.3)
and
Ta,b = {:E +y: x,yc Sa,b}- (34)

Lemma 3.4. Let a,b € Q* with a > 0 or b > 0. Then Ty and T, are
5-good.

Proof. Let r € Q. Note that

2 2 2 2
(C> —a (£> —b (Q) +ab (E> =1 <= ab(d—r*+az?+by®) = (ab2)*.
2 2 2 2
So
r € Sup <= JaTy[ab(4 — r* + az® + by?) € O]
— FaTy[ab(4 — r? + ax® + by?) = 0V ab(4 — r* + az® + by?*) € O]

and hence S, is 2-good.

For t € Q, we obviously have

t e Ta,b <~ 37"(7" S Sa,b ANt —rc€ Sa,b)'

As S, is 2-good, T, is 5-good by Remark 3.2(ii).
By Koenigsmann [9, Proposition 6],

X X
To= [ Zg
peAu,b

where

Agp={p: pis prime and (a,b), = —1}
with (a,b), the Hilbert symbol. (We view an empty intersection of subsets
of Q as Q, thus TaX’b =Qif Ayp=0.) Let t € Q*. By Lemma 3.2, we have

te T;b <~ Vpé€ Aa,b(t + t~le Z(p)) <~ t —l—t_l c Ta,b-

In view of Remark 3.2, from the above we see that 7%, is 5-good.
The proof of Lemma 3.4 is now complete. U
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For S,T C Q we set
ST ={st: se€ SandteT}.
For a,b,c € Q* with a > 0 or b > 0, we define

Jop="Tap {ey?: yeQand 1 —cy? € O7,7%}- (3.5)
By Koenigsmann [9, Proposition 6] and Daans [3, Lemma 5.4],
co= [ PZg). (3.6)
peAa,b
2tvp(c)

Lemma 3.5. Let a,b,c € Q" with a >0 or b > 0. Then J¢, is 12-good.
Proof. As 0 € Jg, by (3.6), we have T, #0. For any x € Q, clearly
r el < z=0V3y(xy* € T),).

So T, is 6-good in light of Lemma 3.4. As +2 € Sy, both T, and J¢,
contain 0. Let x € Q. Note that

xEJb<:>x—0\/3y7é0[ € Top A (1 —cy? EDTX)}

cy?

Thus, with the aid of Remark 3.2 and Lemma 3.4, we see that Jap is 12-
good. O
Proof of Theorem 1.1. Let t € Q. Clearly,

tE@\Z <~ t#O/\t_IE UpZ(p),
peP

where P is the set of all primes. By Daans [3, (1)], we have

U»Zp =220 |J (e, I2%), (3.7)
peP (ab)ed
where
® = {(1+4u*20): u,veZy}. (3.8)

(2)

In view of this and Lemma 3.1, when ¢ # 0 we have

1 1 1
tE¢7Z <:>EEZ(2)\/E|UE|U [UUEZ()/\ EJ1:4U22vﬂJ1+4u22v:|

— Equlv( 7

4t2+2—u —v e[!)

1 1+4
V Judv [u, vE Z(XQ) A ;€ J1I452 % J1+4u2 2v:|
— 3u3u[8t2~|—7—u2—v2 ed

V(quZ(X)/\t 1Ge]l—"i‘%%/\t 1€J1+4u22v>}
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Combining this with Lemmas 3.3 and 3.5, we obtain that Q \ Z is 30-good
in view of Remark 3.2.
By the above, there are polynomials

fs(t,x1, ... 230), gs1(t, 1,0, 230), -+, gse, (E 1, ... x30) (s=1,...,k)

with integer coefficients such that a rational number ¢ is not an integer if
and only if

k Ls
Elxl .. 'E|£30|:\/ (fs(t,xl,. . .,l‘go) =0A /\(gsj(t,l’l,. . .,$30) c D*)):|

s=1 J=1

Note that
gsj(t,x,...,x30) #0 forall j=1,... 4
if and only if

Ls
w31 [ [ gsj(tsz1, .. w30) —1=0
=1

for some z3; € Q. By Theorem 1.2, when H§5:1 gsj(t,x1,...,230) # 0, we
have

gsj(t,x1,...,x30) € O forall j =1,...,4
if and only if

u7€s (gsl(ta*xla e 73730)7 O 7gsfs(ta$la e ,5630),1332) =0

for some 33 € Q. Combining these we see that t ¢ Z if and only if there
are ri,...,r3s € Q such that the product of all those

Ls 2
fstzr, . w30)% + (9031 [T ositt 2, ws0) — 1>
j=1

+ Jgs(gsl(t,xl, - ,:L'30), - 79355(15,331, - 71'30),3332)2
(s=1,...,k) is zero.

In the spirit of the above proof, we can actually construct an explicit
polynomial P(t,x1,...,232) with integer coefficients satisfying (1.1) with
the total degree of P smaller than 2.1 x 10''. This concludes our proof of
Theorem 1.1. ]

4. PROOF OF THEOREM 1.3

It is known that each nonnegative integer can be written as a sum of four
squares of rational numbers. This result due to Euler (cf. [14]) is weaker than
Lagrange’s four-square theorem (cf. [13, pp. 5-7]). Clearly, any nonnegative
rational number can be written as a/b = (ab)/b* with a,b € N and b > 0.
So we have the following lemma.

Lemma 4.1. Letr € Q. Then
r>0 <= JwIrIyIz[r = w? + 2% +y* + 7. (4.1)

We also need a known result of Sun [17, Theorem 1.1].
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Lemma 4.2 (Sun [17]). Let A C N be an r.e. (recursively enumerable) set.
(i) There is a polynomial Pa(xo,x1,...,x9) with integer coefficients such
that for any a € N we have a € A if and only if Pa(a,x1,...,29) = 0 for
some x1,...,x9 € Z with xg > 0.
(ii) There is a polynomial Q 4(xo, 1, - - ., T10) with integer coefficients such
that for any a € N we have a € A if and only if Q4(a,x1,...,210) = 0 for
some x1,...,x10 € Z with x19 # 0.

Proof of Theorem 1.3. It is well known that there are nonrecursive r.e. sets
(see, e.g., [2, pp. 140-141]). Let us take any nonrecursive r.e. set A C N.

(i) Let P4 and P be polynomials as in Lemma 4.2 and Theorem 1.1. In
view of Lemmas 4.1-4.2 and Theorem 1.1, for any a € N we have

a g A <= Vi -Vag[-(z1,...,29 € ZNx9g > 0)V Py(a,z1,...,x9) # 0]

<:>V951'--V339[\/ (z Z)Vwg <OV Pala,21,...,x 9)#0}

9
@Vxl"'vxg{\/ - Jyso(P(2e, Y1, - -, y32) = 0)

V —xg >0V Iy (y1 Pala,z1,...,29) — 1 = O}

= V- -VogIyr -+ yse[Po(a, z1, ..., 29, Y1, ..., y32) = 0],

where

Po(aaivl,---’l’%yb---7932)
9
=1 Pala,z1,...,x0) = 1) [[ P, vn, -, y32)

x ((woyr — 1)% + (w0 + 43 + 43 + 3 +13)?) .
It follows that for any a € N we have
a €A <= Jr1---IwgVyr -+ YysoIyss[yszPo(a, 21, . .., 29, Y1, . . ., Y32)—1 = 0]

As both A and N\ A are nonrecursive, by the above we get that V9332 over
Q and 3V323 over Q are undecidable.
(ii) Let Q4 be the polynomial in Lemma 4.2(ii). For any a € N, we have

ad A <:>\V/$1"'V1310[—|(131,...,ZL'10EZ/\l’lo#O)\/QA(a,l'l,...,l‘g)750]

10

<:>V£C1"'V$10|:\/(xt €Z)\/$10ZOVQA(a,x1,...,$1Q) #£0].
t=1

By the proof of Theorem 1.1, Q\ Z is 30-good. Thus, in view of Theorem
1.2, there are polynomials

fs(xvylv"' 7y31) and gs(x7y17"'7y31) (5 = 177k)
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with integer coefficients such that for any x € Q we have
k

T ¢ L <~ Elyl"'Ely31l:\/(fs(xayly-'-ay?)l) =0Ags(@,y1,-..,y31) #0)
s=1

Thus, for any a € N, we have

a%A <:>Vx1--'v:z103y1~-'§|y31

0 , k
[\/ (\/(fs(wt,yl,m,yzl) =0Ags(zt,91,---,y31) # 0)

t=1

V Z10 :OVQA(G7$17"'7$10) #0):|

s=1

and hence

ac A <— dxq -+ - dr1oVyr - - - Vst

10 k
|:/\ (/\(fs(xtaylw"?y?)l) 7é ngs(xtaylw"ayiﬂ) = 0)

t=1 “s=1
ANz10 # 0N Qala, 21, .., 710) = 0)]

Let ' ={1,...,k} x{1,...,10}. By the distributive law concerning disjunc-
tion and conjunction,
10 k&

/\ /\ (fs(xtaylw-'ayiﬂ) ?é ngs(wtaylv' . '7?/31) - 0)

t=1s=1
is equivalent to

\/ < /\ (fs(wtvyla“'7y31)7é0)/\ /\ (gs’(l.t’aylv“'ayigl):O)>'
ACT N (s,t)eA (s t)eMA

Thus, for any a € N, we have

ac A <:>3:1;1~-EI:::10Vy1~-Vy31

[\/ (9610 I fs@oy . oyn) #0

ACT (s,t)eA

A /\ (gs’(xt’aylw-'ayiﬂ):O)AQA(aaxla"-vxIO): >:|

(s',t)er\A
< dzy--- Elx10Vy1 i ~Vy315|z

[\/ (1_'”10 H fs(xe,y1,...,y31) =0

ACT (s,t)eA

AN /\ (gsx(:ct/,yl,...,ygl):O)/\QA(a,xl,...,xlo):())]

(s/,#")el\A
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and hence

a €A <= 3xy---Fr10VY1 - - - Vy3132[Pi(a, 21, . . ., 210, Y1, - - -, Y31, 2) = 0],

where we view an empty product as 1, and Py(a,z1,...,210,Y1,---, Y31, 2)
stands for the product of

2
(1—29510 1T fs(a:t,yl,---,ym))

(s,t)eA

+ Z gs’(xthl"")y?)l)?+QA(0J’$1""7x10)2
(s,t)€MA

over A C T'. As A is nonrecursive, we obtain that 3'°v3'3 over Q is unde-
cidable.
In view of the above, we have completed the proof of Theorem 1.3. O
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