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A PARAMETRIC CONGRUENCE MOTIVATED BY ORR’S IDENTITY
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ABSTRACT. For any m,n € N = {0,1,2...}, the truncated hypergeometric series ,,+1Fy, is

defined by
k
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where (z)x = z(x + 1) - (x + k — 1) is the Pochhammer symbol. Let p be an odd prime.
For o,z € Z, with (—a), = 0 (mod 2), where (x), denotes the least nonnegative residue of
x modulo p for any = € Z,, we mainly prove the following congruence motivated by Orr’s
identity:
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As a corollary, for any positive integer b with p = £1 (mod b) and (—1/b), = 0 (mod 2), we

deduce that . o
Z(bzk +b— 1)(4%) <_2/b> (1/bk_ 1> =0 (mod p?).

k=0
This confirms a conjectural congruence of the second author.
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1. INTRODUCTION

For any m,n € N = {0,1,2...}, the truncated hypergeometric series ,,1F,, is defined by
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where (z)y = z(x+1)--- (z+ k—1) is the Pochhammer symbol. Clearly, the above truncated
hypergeometric series is the truncation of the original hypergeometric series after the z™ term.
Summation and transformation formulas for hypergeometric series play an important role
in the study of the congruence properties of truncated hypergeometric series (see, e.g., [2-4.,/6,
8-10,,1214/16,/17]). Recall the well-known Clausen’s identity (cf. [1, p. 116])
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Lettingﬁ’:l—ainwe obtain
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Let p be an odd prime and let Z, denote the ring of all p-adic integers. For any = € Z, let
(x), denote the least nonnegative residue of x modulo p. Mao and Pan [4] proved the following
parametric congruence with respect to the identity ((1.2)):
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where «, z € Z, and (—a), is even.
When Orr discussed the differential equation satisfied by the product of two hypergeometric
series, he discovered the following formula (cf. [1, p. 180]) similar to (1.1):
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Putting f = 3 — « in (|1.4]) we have
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The main purpose of this paper is to establish a parametric congruence corresponding to
Theorem 1.1. Let p be an odd prime. Then, for o,z € Z, with (—a), =0 (mod 2) we have
{a 2—a z} (mod p*).  (1.6)
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Recently, the second author [11, Conjecture 19] posed the following conjecture.

«

z} =35
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Conjecture 1.1. Let b,n € Z* and let p be a prime with p = £1 (mod b) and (=1/b), =0

(mod 2). Then
Z (b%k +b— 1)(4Lk) (—;/b) (Ubk_ 1) =0 (mod p?). (1.7)
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Note that Conjecture with n=1and b € {2,3,4,6} was first stated by the second author
in [8, Conjecture 5.9]. Our following result confirms Conjecture for n = 1.

Corollary 1.1. Let b € Z*, and let p be a prime with p = £1 (mod b) and (—1/b)

(mod 2). Then
p—1
2 ( D) (—1/b\ (1/b =1 _ 2
nglwrb i ( h L) =0 (modp?). (1.8)
The relation between Theorem and Corollary becomes more evident when we write

(1.7) as a difference of truncated hypergeometric series. Note that

(@) (1)) = (‘Z)(—m, (1/2)/ ()i = (2:) /4F and “éi” = bk + 1.
Thus we have
pZi(kaer— 1)%( 1/6) (Ub_ 1)
e 19

In view of and Theorem , in order to show Corollary , it suffices to evaluate some

truncated o F} series modulo p~.
Taking b = 2,3,4,6 in Corollary [1.1] and noting that

(—2/2> _ ((%; | gkz/i%) (—1/3) _ (2@7(?:; %
(-1/4) (—3/4) _ (’“24(5’“)7 <—}€/6) (—1/6) _ (Sig,ng)’
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we obtain the following congruences which confirm [8, Conjecture 5.9] with a = 1

Corollary 1.2. Let p be an odd prime. If p=1 (mod 3), then

p—1 2
9k +2 2K\ * [ 3k
= d p?). 1.1
e (1) () =0 moas) (1.10)
k=0
If p=1,3 (mod 8), then
p—1 2
16k + 3 [2k\ * [ 4k ot s
= 2 1.11
256 (k:) (%) 0 (mod p=r), (1.11)
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where 9, , denotes the Kronecker delta symbol which takes 1 or 0 according as p = q or not.

If p=1 (mod 4), then
p—1

4k +1/2k\°
64k \ k
k=0

p—1

36k + 5 (6k\ [3k\ [2k
Yy - d p2oes). 1.1
£ 1% (3k>(k>(k) 0 (mod p=r) (1.13)

In 2019, the authors [15] established the modulus p* congruence for
a 1+ %oz a

4 I3 [ 1 1]
505 1 1 -1

which is a parametric extension of ([1.12)), where p is an odd prime and « is a p-adic unit.
We shall prove Theorem [T.1] and Corollary [I.1]in the next section.

0 (mod p*) (1.12)

and

2. PROOFS OF THEOREM [I.T] AND COROLLARY [L.]]
To show Theorem [1.1{ we need the following result due to Tauraso |13, Theorem 2].

Lemma 2.1. For any prime p > 3 and p-adic integer x we have

T

k=1 k= k

where Hy = Z?Zl 1/j is the kth harmonic number.

Proof of Theorem . Throughout the proof, we always set a = (—a),.
Case 1. a < p— 3.
Let

—a+z) 3(a+3—2)

O(z) = o F [5 X

10 1 _
z] 2F1{2( a+x) 5(a+1—2x)
p—1
—a+z a+2—z 3
_3F2|: 1 1

where x € Z,. Expanding ®(z) we have




A PARAMETRIC CONGRUENCE MOTIVATED BY ORR’S IDENTITY 5

Clearly, ®(z) is a rational function in x and ®(0) € Z,. Therefore, by |6, Lemma 4.1] we have

®(tp) = ®(0) + tp®'(0) (mod p?) (2.2)
for any t € Z,. In particular, we have
d(p) = ®(0) + p@'(0) (mod p?). (2.3)
Note that —a/2, —a € {1 —p,...,—1,0}. In view of (1.5]), we have
®(0) =254 {_%a %(al—i_?))‘z}QFl {—%a %(al—l— 1 Z} —3Fh [—a a—1—2 % 2} = 0.

Since a < p—3 we have (a+3—p)/2, (a+1—-p)/2, a+2—pe{l—p,...,—1,0}. By (L.5)
we also have
]

Substituting these into (2.2]) and (2.3), we get
®(tp) = ®(0) =0 (mod p?).
Putting t = (@ + «)/p we immediately obtain the desired result.

Case 2. a=p— 1.
We can directly verify this case for p = 3. Below we assume p > 3. In this case, we may
write o = 1 4 pt for some ¢ € Z, since « =1 (mod p). Then we have

1y, 3_1, L iph( = tpt)e
o F [2 2 2 z] = 22 2 -z
1 p—1 kzzo Kt
p—1 1 k—1
5 1 1
= %(1—1—])25 2,+1—§ptHk)zk
k=0 ’ j=0 J
p—1
2k 2\ F
= ( k ) (1 + ptHoy, — ptHy,) (1) (mod p?). (2.4)
k=0
Similarly, we also have
1, 1_ 1 1 Ptk k
o {20{ 2 12a z] =1- épt (Lk) (Z) (mod p?) (2.5)
p—1 k=1
and
—1
2—a 1 — [2k\ /z\Fk
o F {O‘ 4 Z] = <k> <Z> (mod p?). (2.6)
p=1 k=0
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Combining (2.4)—(2.6) with Lemma , we arrive at

1 3 1 1_1 _ 1
. JF 5 5 20zz _3F2a 2—a ;5

1 1 1

p—1 p—1

1

k=0 k=1 k=
1 = (3F) /2y * 1 (2 2\ F e Z\*
=_= ATV A Hopy — H, (-) Hop — H (-)
Pt ? <4> pt (k (Hop—1 = Hi) | § +Ptz<k)( 20 — i)
k=1 k=1 k=0
=0 (mod p)
The proof of Theorem [1.1] is now complete. O

Let us recall the definition and the main properties of the p-adic Gamma function introduced
by Morita [5] as a p-adic analogue of the classical Gamma function. Let p be an odd prime.

For any n € N define
ryn) = (-1 I] *

1<k<n

plk
In particular, set I',(0) = 1. Clearly, the values of I',(n) belong to the group Z) of p-adic
units. It is known that the definition of I',(n) can be extended to Z, since N is a dense subset
of Z, in the sense of p-adic norm | - |,. That is, for all z € Z, we can define
Ip(z) = }Lié% Ly(n).
|x—n|p—0

Similar to the classical Gamma function, the p-adic Gamma function has some interesting
properties. For example, for any x € Z, we have

Lyz+1) -2 ifpfa,
T,(z) {—1 if p |z, (27)
and
D)y (1 — ) = (—1p~2r. (28)

The reader may consult [7] for more properties of the p-adic Gamma function.
Lemma 2.2 (Mao and Pan [4, Theorem 1.1]). Let p be an odd prime and o, € Z,. If
(—a)p + (—B)p < p, then

B

If (—a), + (=B), > p, then

zﬂfny = (a+ B+ (~a)y + (~B)p - p) 22 =0

IR -ana-g v @10
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Lemma 2.3. Letb € {2,3,4,...}, and let p be a prime with p = £1 (mod b) and (—1/b), =0
(mod 2). Then

1 _ 11 1 _ 11
bR it LTh 2l =R le 1T 2 (mod p?). (2.11)
1 1 1 1
p—1 p—1
Proof. 1t is clear that p is odd and
1 1
- -1 :p—1—<——> =0 (mod 2).
b p b p
Therefore, by (1.3) and Theorem we have
1 7_1 17 1 11|72
3F2 |:b 1 b :2l 1 = 2F1 |:2b 2 1 2b 1:| (IIlOd p2)
dp—1 p—1
and
1 11 1 11 11 _ 1
3F2|:1+b 1—3 21] =,F It 53— % 1] 2F1|:2b 2 26 1] (modpQ).
1 1 1 1
p—1 L p—1 p—1

2b 26 2 2b 2 2b
and
1 1 1 N  p—-1 p—1 P 1
2 2 2 2 2 o P
Thus, by Lemma [2.2] we deduce that
1 _ 11 1 _ 11
b3F21+b =3 3 | b 1=3 3
1 1 1 1
p—1 p—1
. Lp(=3)T(3) B [y(3)?
N e N (R S (R S WL
=0 (mod p?),

where we have used the facts
1 1 1 1 1 1
(=) ==r,(—=) andT,(1— =) =—T,(—= ).
”(2) 2p< 2) an p( 2b> 2bp( 2b)
Below we suppose that p = —1 (mod b). Note that

1 S A p+1\ p—1 1( p+1
< 2b>p+<2b 2>p_2<p b >+ 2 2<p b ><p
1 11\ 1 p+1\  p-1 1/ p+l
< ! %>p+<2b 2>p_2( b ) L 2(p b )<p‘
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Similarly, as in the case p =1 (mod b), we also have

1 1 1
I+ 1-3 3
11

bst{

111
1 — 3Fy|? bo21] =0 (mod p*).
1 1
p—1 p—1

This completes the proof. [

Proof of Corollary . Clearly, (1.8) holds for b = 1. If b > 2, then the desired result easily

follows from Lemma [2.3] O
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