Nanjing Univ. J. Math. Biquarterly 40 (2023), no. 2, in press.

EVALUATIONS OF SOME SERIES OF THE TYPE
Yoo o(ak + b)ak /(1)

ZHI-WEI SUN

ABSTRACT. In this paper, via the beta function we evaluate some series
of the type > 2 (ak + b);z:k/(:'l‘:) For example, we prove that

>\ (49K +1)8* 10k—1 43
» o =814+16V37 and ) =T
3k Ik
= 3 (%) k=0 (2¢) 2T
We also establish the following efficient formula for computing log n with
1<n<85/4:

oo

Z (2(n® + 6n + 1)*(n* — 10n + 1)k + P(n))(n — 1)**
= (=) (n+ 1) (51)
=6n(n+1)(n—1)>logn — 32n(n + 1)*(n® — 4n + 1),

where
P(n) :=n® — 58n° 4+ 159n* + 52n® + 159n° — 58n + 1.

In addition, we pose some conjectures on series whose summands involve

G/ GR) (k€ N).

1. INTRODUCTION

For any real number = with |z| < 2, Mathematica yields

o= 2% V4 —22 + zarcsin(z/2)

- = (1.1)
1 (%) (4 —2?)v4 —a?
and
1 i (-Dkz? 1 x arcsinh(x/2) (12)
Lz (D Atz (44 2?)Vi+a? .
where
0 (2n)t2n+1 5
inh ¢t = — R —Jog(t t 1
arcsin nZ::O CESIEE og(t+ VvVt +1)
is the inverse hyperbolic sine function. It is also known that
——>.— = 2arcsin” —
2k
k=1 k? ( k ) 2

for any = € R with |z| < 2 (see, e.g., [4]).
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2 ZHI-WEI SUN

Using (1.1) and (1.2) and their derivatives, we can easily deduce that

— 22n+1)%k+3 _ 2n(n+1) . 1

ifn < —(1++/2)/20orn > (v/2—1)/2. When n = 1/4 this yields the identity

>~ (3k +2)16F 5
S = — logh.
g (-5)F(%) 18

In contrast, if n > 1 or n < —1 then
1 > (_1)k—1
1 1+—) = —
©8 < * n) kz_; knk

by the Taylor series.

Series for m are particularly interesting. For Ramanujan-type series, one
may consult S. Cooper [6, Chapter 14]. For few double series for 7, one may
consult C. Wei [7]. In 1974 R. W. Gosper announced the new identity

. 25k—3 1
I

which was later used by F. Bellard [3] to find an algorithm for computing the
nth decimal of m without calculating the earlier ones. Inspired by Gosper’s
identity, in 2003 Bellard [3] discovered the identity

1 < . 3P(k)
= P 20379280),
0025 \ = 21 ()

where

P(n) = —885673181k° + 3125347237k* — 2942969225k
+ 1031962795k% — 196882274k + 10996648;

he used this identity to set his world record of computing the 10'! binary
digit of m. Moreover, G. Almkvist, C. Krattenthaler and J. Petersson [1]
gave a proof of Gosper’s identity and found 12 new identities of the type

o~ _P(k)
= Z ak(mk)’

k=0 nk

where P(x) € Q[z], and (m, n, a,deg P) is among the ordered quadruples
(8,4,—4,4), (10,4,4,8), (12,4, —4,8), (16,8, 16, 8),
(24,12, —64,12), (32,16, 256,16), (40, 20, —21°,20), (48, 24,2'2,24),
(56,28, —2,28), (64, 32, 216,32), (72,36, —2'8,36), (80,40,22°,40).
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For example, [1, Example 2] gives the identity

1 &< Pk
Tr: M
105 2 ()1
where

P(k) = —89286 + 3875948k — 34970134k> + 110202472k> — 115193600k*.

By Stirling’s formula,

k
k! ~ 27k <k> as k — +o0.

e

If m > n > 0 are integers, then

(ZZ: ) - (nk>!(($1k)—! k)~ 27m\(/777?— n)k <n”(mnjz)m‘”>k

as k — +o0.
In this paper we evaluate some series of the type

o0 l‘k
Z(ak +b)
k=0 (nk)

where m > n > 0 are integers and a, b, x are real numbers with

mm

< —F.
‘ﬂ?| nn(m _ n)mfn

(£~ a7t (5) oo

Thus, for any real number xg with —27/4 < z¢ < 27/4 the series

Note that

G and 30
k=0 (k:) k=0 (k)
converge absolutely. Let
c= % ((1+\/§)1/3— (1+xf2)—1/3) —0.8941--- . (1.5)

For f(x) = 23 — zo(z — 1), clearly f(—3) = —27 + 429 < 0 and

27 27
fley=c+ (1 —c)w = Z(l—c)—k(l—c)a:o: (1—c¢) <x0+4> > 0.
So there is a real number —3 < z < ¢ such that f(z) = 0 and hence
zo = 23/(x — 1). Moreover, such x € (=3,¢) can be found by solving the
cubic equation x3 = zg(x — 1).
Now we state our first theorem.
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Theorem 1.1. Let —3 < z < ¢ with ¢ given by (1.5).

(i) We have
(22 — 3)%k + 222 + 22 — 3)a5F
; e (1.6)
_ gt 8z2(z — 1)q(x)
@ +372 " (@ +32/0-0)B+0)
where

arctanxiww/i’f—ﬁ if —2<x<1,

arctanzi”,/?f—ﬁ—ﬂ if —3<z< 2.
(ii) We have

(o]
k t 3k
3 (s(@)k + ’fxg),zx = 122%(1—2) log(1—2) —27(1 —2)(2® —62+3), (1.7)
= (@—=Dk()
where
s(x) = (x43)(2z —3)% (22 —122+9) = 42° — 482* + 923 + 35122 — 5672 + 243
(1.8)
and
t(z) = 225 — 482% 4 6923 — 18922 + 243z — 81 (1.9)
Since

—3)2 2 —
‘(23: 32 22+ 2 3':—493(295—3)57&0

s(x) t(z)
for any = € (—3,¢) with & # 0, a suitable combination of the two parts of
Theorem 1.1 yields the values of

oo :L‘3k 0 kl’3k
and
Lo ™ o

for all x € (=3, ¢).
Corollary 1.1. Whenever —3 < z < ¢, we have
00 x3k 27(1 — .Q;‘) 3.%'(:E _ 1)
- + log(1 — )
o (= DE(EE) S (2+3)(22-3)7  (22-3)?
2x(z — 1) (2% — 122 4 9)q()
(2 +3)(22 = 3)*/(T = 2)(w +3)

Remark 1.1. Clearly, s(x)x(1.6) minus (22 —3)?x(1.7) yields the equality
(1.10) Note that N. Batir [2, (3.3)] gave a very complicated formula for

(1.10)
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Observe that (1.6) in the case x = —1 gives Gosper’s identity (1.4).
Putting x = —2 in (1.6) and = 1/n in (1.7), we obtain the following
corollary.

Corollary 1.2. (i) We have

oo

(49K
§ + =81+ 16V3T. (1.11)
k=0

(i) If n < —=1/3 orn > 1/c=1.11843---, then

> — 1
=3n%(n—1 <410 <1—> —9(3n? —6n+1 )
Z;) 1— n n2 (Bk) ( ) g n ( )
(1.12)
where
an = (3n +1)(3n — 2)%(9n* — 12n + 1)
and
by, = 81n° — 243n* + 18913 — 69n2 + 48n — 2.
In particular,
275k — 1
Zu = 6log2 — 135, (1.13)
2k (Bk)
k=0 k
> 728k — 1
> TR gy gy log 2, (1.14)
(_4)k(3k>
k=0 k
>, (1813k — 270
813 78" =9(161og3 — 171), (1.15)
k=0
k—11 2
Z Mk%% = 54log = — 1215, (1.16)
k=0 (_18) ( ) 3
1
Z 6305% 5959 =72 <4 logz - 225) : (1.17)
=0 (%)
2. 112216k — 30847 4
Z = 3001log - — 31050, (1.18)
& (100 () 5
. 615296k — 176777 5
=270 <4 log 6 657) , (1.19)
= (C180%(%)
10809k — 20992
Z 710809 - 21?9 S _un (2 logg - 477) : (1.20)
k=0 (_294) (k)



6 ZHI-WEI SUN

> 2910050k —
910050 - 225807 =672 <4 logg - 1305) , (1.21)
i (CA8)F(Y)
=, 2721250k — 830317 8
5 =972 (2 log 5 — 855) , (1.22)
= (-648)k ()
9490712k — 2926289 9
Z = 1350 (4 log 5 — 2169> , (1.23)
prt —900)* (3%)
oo
25423k — 2432 1
> 7825423k 32716 _ 1515 <2 log—o — 1341) . (1.24)
— —1210)% (3% 11

Let x € (—16,16). By induction, we have

Dok (2n + 1)z !

x 6
Z(4k)<_k+x+32+2k($_16)>:_$+ (4n)

k=1 \2k 2n

which tends to —x as n — +o00. Thus, if we know the values of

then the value of > 70 | z¥/ (k(;“]z)) is also determined.
For any z e Rwithz > 10

VT 5o VIFL :
B 1 45 log NG itz >1,
R(x) := \/a?arctanhﬁ = ] arctan 1‘ | ifr <0, (1.25)

where arctanht is the inverse hyperbolic tangent function. Note that for
x>1orxz<—1, we have

o0 o0
1 2k+1 x—k
=Va), /2/{ 1 2% + 1
k=0 + k=0 +

Now we are ready to state our second theorem which involves the binomial
coefficients ( ) with £ € N.

Theorem 1.2. For any x > 1/4, we have

o0
2(4x + 1)k — 22 + 1 82 3
= tvAdr — 1 —4dx + 4
;) x%(éi) i (VAT )
(1.26)

and

o

2(4r — 1)k — 22 — 1 2 4o + 1
Z ’ 2k4k TS 48”712(3]%4(“;)_495—4). (1.27)
k=0 €T (Qk) (4z +1) T+
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Consequently,
. 10k—1 43
Do = (1.28)
k=0 (2k)
= k4k 31 +8
k=0 (Qk
. (14K
D9 ourvE 64, (1.30)
k=0 Qk)
2 (22k —1) 2
Z f 4k o _ 32 <4 arctan 3> , (1.31)
k=0 4
14 1
Z % = £(10g2 —24). (1.32)
= ()

Remark 1.2. (a) As

204z +1) —2x+1|
2(dz — 1) —29;—1’__24““)

for all x > 1/4, combining the two parts of Theorem 1.2 we have actually
determined the values of

for all ¢ € (0, 16).
(b) In contrast with (1.29), for any prime p > 3 we conjecture the con-
gruences

and

k=0
where () demotes the Legendre symbol.

For xg € (0,16), how to evaluate

4k0 and Z
= () 2k)

If we take

1 4 1 1 1 1 1 2

xr= - — + = > -+ -+ - = +f,

2 rg 4 2 4 4 2

then
4
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Now we state our third theorem.
Theorem 1.3. If z > (1+/2)/2 or z < (1 —/2)/2, then
(2(2z — 1)%(2x — 3)k — (42 — 1622 + T2 + 6))4F

(@(1 —z)*(51) (1.33)
=(1—2)BR(z) + 4z(x — 3))

||M8

e
o

and
2(2x — 1)2(2z + 1)k — (423 + 422 — 132 — 1))4*
(z(1 —z))k (5% (1.34)
r(BR(1—z)+4(z—1)(z+2)).
Remark 1.3. As

22z — 1)%(2z — 3) —(42 — 1622 + Tz + 6)
202z — 1)2(2z +1) —(423 + 422 — 132 — 1)

I oMg

’ =—6(2z—1)° £0

if z > (14 +/2)/2 or < (1 —+/2)/2, combining the two parts of Theorem
1.2 we have actually determined the values of

o
S e MG

k=0 2k

for all zp € (0, 16).
Corollary 1.3. We have
2. (30k — 7)(—2)* 37+ 64

S . 1.35)
T (

k=0 (o) 6
Proof. As R(—1) = arctan1 = m/4, clearly (1.35) follows from (1.33) with
r=—1 g

Remark 1.4. For any prime p > 3, we conjecture the congruences

(p—1)/2 k
B0k —7)(=2)" _ (1Y (.,
=T (5) ot
and
-1
S BOE-T)(=2)F _ 51\ 18
) e

Corollary 1.4. For

l<n<

(1+v2)/2-1

VA +V2)/2+1
\/7 = 21.2666866 . . .,
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we have the following formula for logn:

(n?2 +6n+1)%(n? — 10n + 1)k + P(n))(n — 1)*

Mg

=0
= 6n(n+1)(n —1)°

where

P(n) :=n® — 58n° + 159n*

In particular,

> 2890k:
i)

k=0

k=0 2k
(77326k + 8951)81F

0 100) (Qk)
Z (196k + 73)64F
= (45 ()

i 245134k+181679)625k

k=0 294) (2k:)

Z (2645k + 3517)81%
k=0 (—28) (3112)
(127890k + 316933)2401%
(—648)" ()

i (1156k + 7031)1024*

k=0 (_225)k(4k)

i (51842k — 3142679)6561%

(—1210)%(3;)

Z (2209k — 13421)625" _

k=0 (—99)* ( )

i (2354450k — 8037191)14641F

(—2028)k (5%)

[e.e]

i

WE

iy
o

k=0

k=0

U5k — 17
Z (_3)k(4k) -

(=n)*(n + 1)%* (5)
logn — 32n(n + 1)%(n? — 4n + 1),

+52n3 + 15902

= —12(log 2 + 48),
9
24 — 3 log 3,

= 40(80 — 811log4),
= 15(3 —log5),

— 84(1456 — 37510g 6),
= 7(352 — 81log7),

— 144(1584 — 3431log 8),

= 45(115 — 241o0g 9),

= 220(21871log 10 — 10736),

99
~ (125log 11 — 624),

= 312(3993 log 12 — 20176),

— 58n + 1.

(1.36)

(1.37)

(1.38)

(1.39)

(1.40)

(1.41)

(1.42)

(1.43)

(1.44)

(1.45)

(1.46)

(1.47)
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i (19220k — 46979)5184"
k=0 (_637)k(4k)

= 91(81log 13 — 413), (1.48)

> 15k — 5794357)28561%
(3000515 — 5794357)2856 = 420(2197log 14 — 11280),  (1.49)
=0 (—3150)*(3;)
118579k — 190573)2401%
Z ( T ) = 30(102910g 15 — 5312), (1.50)
prd (—240)% (3)

(24174146k — 33367199)50625*
(—4624)% (37)
i (48020k — 58117)16384"
= C13TDE(y)
(54371810k — 58537799)83521%

hE

= 544(101251og 16 — 52496), (1.51)

B
Il
o

= 459(641og 17 — 333), (1.52)

WE

— 684(14739log 18 — 76912), (1.53)

k=0 (—6498)* (32)
- 23k — 58932 1k
> (608923 58k9ik7)656 95(218710g 19 —11440),  (1.54)
k=0 (—475)k (5r) 2
>, (36377094k — 31893853)130321*
Z ) — 840(6859log 20 — 35952),  (1.55)
P (—8820)k (1F)
o (584756k — 4 40000*
(584756k — 467339)40000% _ — 231(375log 21 — 1969), (1.56)
par (—2541)F (33)

and

(661704134402k — 517115569199)43046721"
2693140% (37)

M8

e
Il

0 (1.57)

85
= 60520 (159432310g T 8374544> .

Proof. Putting z = (n 4+ 1)2/(n — 1)? in (1.33), we get (1.36). Taking n =
2,...,21,85/4 in (1.36) we immediately obtain the remaining identities. [

Remark 1.5. Note that our identities (1.37)-(1.56) provide series for

log2, ..., log21
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which converge rapidly. The identity (1.36) with n =5/3,7/5,9/7 yields the
following examples:

27869k — 6203 _ 5
Z T —_15 (416 + 3log 3) , (1.58)
k=0 (_60) (2k)

— 115943k — 27691 105 7
> i = (528+310g > (1.59)

= (=315)k(5) 2 5

. 2016125k — 491747 _ 9
—126 (3904 + 3log > . (1.60)

k=0 (_1008) (2k) 7

In the next section we shall give an auxiliary proposition whose proof
involves the beta function

1
B(a,b) := / 21—z tde fora>0andb>0.
0

Our proofs of Theorems 1.1-1.3 will be given in Sections 3-5 respective-
ly. In Section 6, we pose some conjectural series whose summands involve

GO/ G-
2. AN AUXILIARY PROPOSITION

Lemma 2.1. For any complex number z with |z| < 1, we have

- 1
Zkzk = { _zz 5 and Zk‘2 k L) (2.1)
k=1

(1-2)3

Proof. This is easy. Recall the well-known identity
= 1
k
= — 1
Sk = (<)
k=0
Taking derivatives of both sides, we get
1
k=1 _
g kz e (2.2)

and this implies the first 1dent1ty in (2.1). Taking derivatives of both sides
of (2.2), we obtain

2% 2
k(k—1)z 2.
Z (1 _ z)3 ( 3)
Adding this and the ﬁrst 1dent1ty in (2.1), we immediately get the second
identity in (2.1). O

The beta function is connected with the the Gamma function

+oo
[(x) := / t*le7tdt (x> 0)
0

as first pointed out by Euler.
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Lemma 2.2 (Euler). For any a >0 and b > 0, we have

I'(a)C(b)

Bla.b) = Faro);

(2.4)

Now we present an auxiliary proposition.
Proposition 2.1. Let m > n > 0 be integers, and let a,b, x be real numbers
with |z| < m™/(n"(m —n)™""), and set
(o]
Smn(a,b, x) Z (ak +b)——
k=1 (nk)

Then
1
Smn(a,b,x) = n/ Tonn(a, b, x;t)dt,
0

where

a—b)t"(1—t)" "z +a+b
(1—¢tn(1—¢t)ym—ng)3

Trn(a,b,x;t) := (1 — t)m_"x(
Proof. Clearly,

g (k) ((m — n)k)!
(mk)!
kL (nk)T((m —n)k + 1)
I'(mk+ 1)

Smm(a,b,x) =) (ak+b)x

[ T[]

(ak +b)x

>
Il
—

=n i(ak2 + bk)z*B(nk, (m — n)k + 1)

k=1
o0 1

=n Y (ak® + bk)a* / {1 — ) (mmmk gy
k=1 0

—n/ Z (ak? 4+ bk)(t™(1 — t) Mgk at.

Note that for 0 < ¢ <1 we have

wl (AN (Lot \"T _n Xt m o) X G
n m-n - m

and hence

3|

m—n

n —
(1 — gymng < TP

mm
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Combining the above with Lemma 2.1, we get

Sm.n(a, b, x)
n
— )" (1 — )™ "+ 1) 1 — )"

1 tn—l(l
- [ (R e m e )

1
= / Trnn(a, b, x;t)dt.
0

This concludes the proof. ]

3. PROOF OF THEOREM 1.1
Lemma 3.1. For -3 <z < 1, we have
r—1 r+1

arctan TG0 + arctan TG = q(x), (3.1)

where q(x) is as in Theorem 1.1.

Proof. Let
—1 1
o = arctan < and B = arctan T .
(1—2)(3+ ) (1-2z)3+x)
If x # —2, then
tan a + tan 3
t =
an(a+ 5) 1 — (tana) tan
B 2 (1_ 2 —1 >1_ x 3+
(1—-x)(3+x) (1—2)(3+u) r+2V1—u

and hence o + 8 — v € wZ, where

3+x€( ff)
+2V1—=x 22/
Asz <1 wehave a+ 5 < f < m/2 and hence a+ 3 <. If -1 <z < 1,

then a + 8 > a > —7/2 and hence o« + 5 = . If x € (—2,—1), then
v—7m < —m < a+ [ and hence a + 8 = 7.

7y = arctan

Since
x 3+
lim t = li = —
Jim, tan(or+5) = lim, 2oy T T
r>—2 z>—2
we have o + f = —7/2 in the case z = —2.

Now we consider the case z € (—3,—2). Note that & < 0 and 5 < 0, but
v>0.Soa+B=~v—m.
Combining the above, we obtain the desired identity (3.1). O
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Proof of Theorem 1.1. (i) Let
(4 3)(2(t — 1)(3t — 2)2® — 92+ 9)
J) = (L= 2+ (1= t)229)?
2((t —1)(2t — Da* + (t — 1)2® — 922 — 92 + 18)
(x — 1)(1 — 2z +t(1 —t)%23)

and
B 82 areton (2t—1)x—1
g(t)_(x—l) (1—2)(3+x) ‘ (1-2)3+x)

It is easy to verify that

r — 2 1’3
% (Ex+;§2(f(t) +g(t)> =Tz, <(2I —3)2,22% 4 22 — 3, o 1,t> .

Thus, with the aid of Proposition 2.1, we get

xS
Ss1 ((2m —3)2,20% + 22 — 3, >

z—1
xr — 2 1 x€r — 2
:Ex+3#ﬂ“+ﬂ“ﬁO=Ex+3Aﬂn—fmw+mw—gw»
Note that
Loy = BB g gy Awtat)
SO =10 = 2 2+ o =
——4$5(1jx)2+x_1=—2x5(1_+x)2
and
822
1) —g(0) =
g9(1) = g(0) PRI/ ce T
X (arctan vl + arctan vl )
(1-2)(3+2) 1—2)(3+a)
8z22q(x)

(e -1)y/0-2)B+a)
with the help of Lemma 3.1. Therefore

i (27 — 3)2%k + 222 + 2z — 3)23F

k=1 (z — 1)k(3kk)

_ (z—1)? 03 % +7 822q(x)

- (z+3)? ( ? (w—1)2+(x—1) (1—x)(3+x)>
_ 93 7 +7 8z%(x — 1)q(x) .

+
@+37 @i a0 o)
This proves Theorem 1.1(i).
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(ii) Set

fi(t) = (23 — 1322 + 212 — 9)(223(3t% — 5t + 2) — 9 + 9)
n (1—z+t(1 —t)223)2 ’

2((2t% — 3t + 1)a® + 6t(1 — t)at + 3(t — 4)23 + 9022 — 1352 + 54)

fa(t) = 1—2+t(1 —t)23

and
f3(t) = 4a* (2log(1 + (t — 1)z) — log(1 + t*2® — ta(1 + z))) .
It is easy to verify that

23
@ DO + 520+ ) = Toa (560,160 1)
Thus, by applying Proposition 2.1, we obtain
3
S3.1 (s(x),t(x), . 1)
= (z = 1)(f1(1) = f1(0) + f2(1) — f2(0) + f3(1) — f3(0))

a3 — 1322 T — — 43
_ (x . 1) <( 13 —2—12i x)29)(0 4 ) + - E $(*9$3 . (x5 N 12$3))>

+ 42%(x — 1)(—log(1 — x) — 2log(1 — x))
= —22%(2% — 242 + 21) + 122%(1 — 2) log(1 — ).

Therefore

i (s(z)k + t(x))z®*
per N C DE(%)
3
= t(x) + S31 <s(:c),t(x), — 1)
= 22° — 482 + 692 — 1892% 4 243z — 81
— 223 (2% — 242 + 21) + 122%(1 — x) log(1 — ).
= 27(x — 1)(2% — 62 + 3) + 122%(1 — ) log(1 — ).

This proves the identity (1.7).
In view of the above, we have completed the proof of Theorem 1.1. ]

4. PROOF OF THEOREM 1.2
Lemma 4.1. For x > 1/4 we have

> 1 1622 49 ( arccoty/4x — 1 arccothv/4x + 1
x .
(

(D) 1671 )

dr—1)Viz—1 (do+1)VAz+1
(4.1)

k=0
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Proof. By Proposition 2.1,

=1 1 1
= 2/ T42 <0 1 't) dt
4k ) vy T
-1 x%(zk) 0 x

k
B 1t(1—t)(1—2t)+t(1—t)dt
B /0 a?(1—t3(1 = t)%/a?)?

! 1 /! t(1—1)
+/0 : dt

1
C222(1 — t2(1 — )2 /22
1 (Y2 t

22 ), (1—¢2

2 [1/2 t
- x2/0 (1—¢2
For ¢t € [0,1/2], if we set u = t(1 — t) then

1—+v1—4u du
t=——— and dt = ——.
2 V1 —4u
Thus 1
=1 2 [ u
—_— = d 4.2
;w%(‘éi) xz/o (U222 T—du 42

Let ¢(u) denote the expression

z(1+4u)v1+4u 2(4z+1) V1—4u 2(4x —1) V1—4u

arctan

+ nh ——.
u? — x2 Vazr —1 Vidr —1 iz +1 Viaxr +1

It is easy to verify that

(i) = .
du \ 1622 — 1 2?1 —u2/22)2/1 — du
Combining this with (4.2), we get

>y~ (1) 0) -

k=1
x x 24z + 1) 1
- - arctan ———
1622 —1 \ —22 4z — Var —1
a: 24z — )a ctanh——
— rctan
1622 —1 /4r Az

B 1 i 2x arccot\/élx -1 233 arccoth\/4x +1
C 1622 -1 (4 —1)VAr —1 (4z + 1)v4dz + 1

and hence (4.1) follows immediately. O

Remark 4.1. We can prove Lemma 4.1 in another way by noting that

1 1= 1+ (=1)F 1
:fgifor\m|>f,
™) 2 M) 4
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and using the identities (1.1) and (1.2) for |z| < 2, which can be proved via
Proposition 2.1.

By Lemma 4.1,
i 1 45+ 25m/3 — 54+/5 arctanh(1/V/5)
=G 675 ’
i 4* _ 12497 — 44/3 arctanh(1/v/3)
= () 36 ’
—~ 9% 189+ 9873 — 6v/21 arctanhy/3/7
=g 147 ’
= 9/4F 9 12 11 3 5 3
; (;z) = + 5 <\/ﬁ arctan\/;— \/ﬁ arctanh\/;> .

1 32 1+5
V3 VBlog +2f

k=1 2k

and
=1 2 1 log2
27 = —arctan — — ——

k
o kG VT VT3
via the beta function.

Proof of Theorem 1.2. Taking derivatives of both sides of (4.1), we deduce
that

o)

Z k’ . 24.’,12‘2
ot (y,) (1627 - 1)2

142 1-2
= i i(l)_;\/l%arccot\ﬂlx -1+ (42 i(l)z\/zﬁarccoth\/llx + 1.
(4.3)

Via 2(4z + 1)x(4.3)+(1 — 2z)x(4.1) we see that (1.26) holds. Similarly, via
2(4x — 1)x(4.3)—(2x 4+ 1)x(4.1) we obtain

- 2
kZ:O 2(4x xiik(:;lg)% 1 (437836_ 7 (\/é%ﬂarccothm — 4 — 4) ’
which is equivalent to (1.27) since
arccothy/4z +1 i 1
Vizr +1 — 2k + 1)(vAz + 1)2k+2
Ly 1 R(4z +1)

T Azl & QR+ DM DF T Azt

0
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Putting z = 1,1/2,1/3,2/3 in (1.26) we immediately get (1.28)-(1.31). In
light of (1.25), the identity (1.32) follows from (1.27) with x = 2.
In view of the above, we have completed the proof of Theorem 1.2. ]

5. PROOF OF THEOREM 1.3

Lemma 5.1. For any u < 1 with u # 0, we have

St (o) () ) s

k=0
(5.1)
Proof. 1t suffices to prove that

© t2k:+1

prt 2k+1

—2k—1 —9k—1
<<1—i\/1—t2> + (1+i\/1—t2> > = arctanht

(5.2)
for each ¢t € C with t2 < 1. Note that

2 2\
- -1
1+ (1-1¢2)

t

‘1ii\/1—t2

Let f(t) and g¢(¢) denote the left-hand side and the right-hand side of
(5.2). Then

ro -3 ((1-wimE) e (visE) )
k=0
) Iit%ﬂ () o (1+ivi-2) ) L

1 > 2 F
B 1i\/1t2kzz()<(1i 1t2)2>

1 > 2 k
N > ( | )
UiV — 2 =\ (14 ivT - 2)2

_ 1i_t2 :Oo <<(1—i\;21—71€2)2>k+1 - ((1—1—1'\;%)2)“1) '
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Note that (14 1iv/1 — 12)? = ¢2 4 2iy/1 — t2. Therefore
1 1

/
T =T 1 —2/(2 — 2iV/1 - 2)
1 1
* 1+z\/@ 1 2/(12 + 21— 12)
' t2 1
\/1 —2 22T 1-£2/(t— 2/ )
t2 1
v e A e A 2/ 1 vl )
Hence
() = 17¢\/W+ 1+ivV1—+¢2
—2ivV1—2  2iV1-¢2
it? 1 it? 1
VB il E VIE ol P
2
=1+ 1it2 = 1—1152 =4 ).
Thus f(t) — g(t) is a constant. Since f(0) =0 = ¢(0), we have f(t) = g(t).
This concludes our proof of Lemma 5.1. O

Lemma 5.2. Letx > 1 or x <0, and let
2022 — 562 +35  4(z —1)(2z — 3)(2z — 1)?

FO) = Geiom—nr  ~ @etemonp O3
Then
1/4 F
8z (1 — :c)/0 \;&ds =3(z — 1)R(x) + 5z — 6. (5.4)
Proof. Note that x(x — 1) > 0. Let G(s) denote the expression
v1—4
(2453 + 4%z + 2sx(z — 1)(8z — 9) + z(z — 1) (5z — 6)) VT

(48?2 + z(1 — x))?

N 3((1—2)i + Vavr —1) arctanh ( V1 —4s )
Vi — 11— 2i/evz —1 V1—2iyzyr —1

+ Sz = Vit vave -1 arctanh ( VI-ds )

VI — 11+ 2i/avz —1 V14 2iy/zvr —1
As
1

— (arctanh z) = ——
(arctanh z) —

z
it is routine to verify that

i (o) = v
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Actually we find the expression of G(s) by Mathematica. Since z > 1 or
x < 0, we have

‘\/1i2i\/5m‘ =|Vrtiva—1]=+/]2z -1 > 1.

Thus
1/4
8.’B3/2/ SF(S) ds
0 vV 1—4s

=G (}l) — G(0) = —G(0)
z(z —1)(5z — 6)Vx

22(1 —x)?
3((1—x)i+ Voo —1) i 1
ve—1 =0 (2k + 1) (\/1 iV — >2k+2
3z =i+ Vave —1) > 1
ve—1 =0 (2k + 1) (\/1+2z\/:a/x— >2k+2
ox — 6
“ai—a)Y”
3y < VI i1 . VEtivi—1 >
(2k + 1)(1 — 2i/ava — DFFL T (2k + 1)(1 4 2i/ava — 1)k

which coincides with
590—6\/5_3% 1 < VI —ivz —1 N VI —ivz —1 )
(1—=z 2k +1 \(Vz —ive — 1)2+2 © (z —iv/w — 1)2k+2

This reduces the desired identity (5.4) to

00 x,k T —1 —2k—1 r—1 —2k—1
E ((1—i ) +<1—|—i > )zR(a:)
prd 2k +1 T T

which follows from the identity (5.1) with u = 1/z. This ends our proof. [J

Lemma 5.3. Let x > 1 or x <0, and let F(s) be defined by (5.3). Then

1 a2 B B 1/4 SF(S)
/Ot(l H2F((1 t))dt_/o N

Proof. Note that

Looost(1 —t)(1—2t) ! —1 Lo
/0 (4t2(1—t)2+x(m—1))2dt_/0 <4t2(1—t)2+x(m—1)> =0
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and

bos-na-2 ! 12 o
/o (4t2(1—t)2+x(x—1>)3dt_/o <<4t2(1—t)2+a:(:c—1))2> ar=0.

Thus

2/1t1—t (#(1 — £))dt

0

/1 H1 = £)((1 — 26) + 1) F(#(1 — t))dt

0

/1/2

1—t)F(t(1—t))dt + /1 u(l —u)F(u(l —u))du
1/2 0
/ t(1—t)F(¢(1 —t))dt—i—/ (I—=t)tF((1—t)t)d(1 —1)
0 1/2

1/2

[e=]

1/2
_ 2/0 K1 — O)F(t(1 — £))dt.

For ¢t € [0,1/2], if we set s = (1 —¢), then t = (1 — /1 — 4s)/2 and hence

1 —4 ds

dt = —= . ds — .
A T ods 0T I-1is

Therefore

1 o - B 1/2 B B - 14 sF(s) <
/Ot(l t)°F(t(1 t))dt—/o t(1—t)F(t(1 t))dt—/o md

as desired. 0

Proof of Theorem 1.3. Note that

4k 16" 4
~ and 0 < < 16.
<2k> ok z(x—1)

So the series in (1.33) converges absolutely. By Propsotion 2.1, we have

222 — 1)2(2z — 3)k — (423 — 1622 + Tz + 6))4F
Pt (21— )k (3)

! 4
= 2/ Tyo <2(2x —1)2(2x — 3), — (42> — 162% 4 7z + 6), t> dt.
0 Xz

Mg

)
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It is easy to verify that

) 4
T4’2 (2(21’ — 1)2(237 — 3), —(432'5 — 16.7]2 + 7.7] + 6), Q}(:I_—Qj)’t>

A2 (x—1)(2 — 2? — 56z + 35)t(1 — t)*
N (462(1 — )2 + z(z — 1))2
162%(z — 1)2(2z — 1)2(2z — 3)t(1 — t)?
(42(1 — )2 + a(x — 1))3
=4z (z — Dt(1 —t)2F(t(1 —t))

where the function F' is given by (5.3). Combining this with Lemmas 5.2
and 5.3, we get

i (2(22 — 1)2(2z — 3)k — (42> — 162% + Tz + 6))4F
P (2(1 = 2))* (35)
Qi 2( ! 2 . Q2 1/ sF(s)
= 8z*(x 1)/0 t(1—t)*F(t(1 —t))dt = 8z*(x 1)/0 i s

=3(1—x)R(z) —5x+6

and hence

i (2(22 — 1)%(2z — 3)k — (42 — 1622 + Tz + 6))4*
k=0 (2(1 =)k (5)
= — (42® — 1622 + 72 4+ 6) +3(1 — 2)R(z) — 52+ 6
= (1 —x)(3R(z) + 4z(x — 3)).
This proves (1.33).
Asz > (1++2)/20r z < (1 —+/2)/2, we see that 1 — 2 < (1 —+/2)/2 or

1 —x > (14 /2)/2. Note that (1.33) with = replaced by 1 — 2 yields (1.34).
This concludes our proof of Theorem 1.3. ]

2k /¢ (3 (6k
6. CONJECTURAL SERIES WITH SUMMANDS CONTAINING (77)/((%) (32))
In 2013, the author [8] proved that

2k 3k\ [ 6k
2(2k +1 for all k£ .
In 2014 W. Chu and W. Zhang [5, Example 27] obtained an identity which

has the following equivalent form:

i (Tk—1D)(-9*3%) =«

o nrE) 7

its corresponding p-adic congruences were conjectured by Sun [9, Conjecture

4.7]. Motivated by this and the author’s recent work [10], in this section we

pose some conjectures on series whose summands involve (Qkk )/( (gkk ) (SIZ)) (k€

N).
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As usual, those rational numbers

1
Hy:= Y - (n=0,1,2,...)

0<k<n
are called harmonic numbers. For m = 2,3, ..., those rational numbers
1
H™M = Y o (n=0,1,2,..)
0<k<n

are called harmonic numbers of order m.
Dirichlet’s beta function is defined by

o~ (-D)*
= —_— =1,2,3,...).
ﬁ(s) (2k + 1)5 (S Y ) ) )
k=0
It is well known that 5(1) = w/4. Note that G = 5(2) is Catalan’s constant.
For a series Y ;- ax with ag, a1, ... real numbers, if limy_, 4 oo apy1/ar =1 €

(—=1,1), then we say that its converging rate is r.
Conjecture 6.1 (2023-08-21). (i) We have
() () (Th = 1) Hyy — (6k — 1)/ (4k - 2))

; k(2k — 1) (3%) (S5 =mlog2—2G, (6.1)
o (_4)16(2:)((7]{ — 1)H2]€,1 — 9(6k‘ — 1)/(8]€ — 4)) B § B
z k- DD ) = jrlos2 =G, (62
and

oo (_4)k (Qkk)
2 ko= () 6

- glog2—2G.

34k — 9
((7147 —1)(2Hgg—1 — H3p—1) — 12 ) 63)

(ii) Let p be an odd prime. Then

(p—3)/2 3K\ (6k
() GO ((Tk +1)Hy + (6k + 1) /(4k + 2)) -1
k=0 3 (2k + 1) (—4)* (31 ( ) 4p(2) (mod p)

b
and

<p‘§/ % (35 (S5) ((Tk + 1) Hop + 9(6k + 1)/ (8k + 4))
pr (2k + 1)(—0)k (%)
- <_1> Z (4(2) —pgp(2)*) (mod p?),

p
where q,(2) denotes the Fermat quotient (2P~1 — 1) /p.
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Remark 6.1. Suitable linear combinations of the three identities in Con-
jecture 6.1(i) yield the identities

i (—4)*(CF) (Tk — 1)(30Hgg—1 — 15Hz3p—1 — 14Hop—1 + 3Hy—1) — 75/2)

k=1 (Qk - 1)]‘5(315) (ng)
= —22G
(6.4)
and
i (—4)*(®") ((7k — 1)(16 Hog—1 — 8Hsp—1 — 6Hop—1 — 5Hy_1) — 20)
k=1 (% - 1)]‘5(315) (g@
= —12—17Tlog 2.
(6.5)

Conjecture 6.2 (2023-10-28). (i) We have

0 (— )P () ((Th — 1)(6HYy, | — HY\) —9(6k —1)/(2k —1)2) 72

Z (2k = DE() (55) e
(6.6)
and

kzl (2k — DK () (5) (6.7)

9 48
= ZWC(?)) - 7/3(4)-

(=) (25 (7 — 1)(SHSD | — HP)) — 12(6k — 1)/(2k — 1))

(ii) For any prime p > 3, we have

(p—3)/2 3k\ (6k
(%) Ge)
2 (2k + 1)(—4)* (3F)

k=0
= Ep—3 (mod p),

<(7k +1)(6HD — HP) + m>

where Egy, Fh, Es, ... are the Fuler numbers. For each odd prime p # 7, we
have

(p—3)/2 3k (6k
Z (k ) (Bk) <(7k¢ + 1)(8H(3) _ H(3)) + 12(6k + 1))
= (2k+1)(—4)*(%F) 2k K (2k +1)3
-1\ 3
= (p) ZBp—?) (mod  p),
where By, B1, Bo, ... are the Bernoulli numbers.

Remark 6.2. The two series in Conjecture 6.2(i) have converging rate
—1/27.
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Conjecture 6.3 (2023-09-09). We have
20 (—4)" (%) ((280k — 51)H (k) — 1352)

= 187 — 624G (6.8)
2 ()
and
©(—4)F (2% (17(952k — 201)H (k) — 50924
Z( )" (%) (17(95 fk 6’? VH(K) = 50924) /o 15g7m — 26520C.
k=1 (k)(Sk)
(6.9)
where

H(k) = 30H¢gp_1 — 15H3;_1 — 22Ho,_1 + 9H_ 1.
Remark 6.3. In view of the identity in Remark 6.1, we have
> (280K — 51)(—4)* (%)

Z k (Sk) (Gk)

k=1 kJ \3k
because (2k — 1)(280k — 51) — 24(7k — 1) = 5(112k? — 110k + 15), and

" (112k2% — 110k + 15)(_4)k(2kk) _ (—1)n22w+l (2m)

n

= —67 — 10,

-2+

; (25 = DE(5) (55) () Gn)
tends to —2 as n — 400. Similarly, we have
) o Nk (2k
3 (952k — 201)(=4)* () _ i5r— 42,

3ky (6k
k=1 (%) Gr)
because 2k(952k — 201) — 5(280k — 51) = 17(112k? — 106k + 15), and

Z”: (112K — 106k + 15) (4" (F) _ L (ED"en+ 1)22n 1 (21)

e k() (i) () Gn)
tends to —2 as n — +o0.
Conjecture 6.4 (2023-09-09). (i) We have
> (350k — 17)8% (%%
( — GL G) _ 1503r 4 om (6.10)
= ()G
Also,
i 8 (4) (21(350k — 17)(2H, H. Hj,_1) + 4850)
- 6k—1 — 4113k—1 — 41k—1
= () Ge) (6.11)
= 976 + 102027 + 9457v/2log 2
and
o0 8k (zkk)
D ik (7(350k — 17)(Hop—1 — Hy—y) + 2225)
= ()G (6.12)

493 315
=276+ —m + —=mlog2 — 420L,
N RN
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where

s (2) - £ D -E

n=1 k=0

(ii) Let p be any odd prime. Then

® 2 k(3506 +17)(F) (5F) [ —2 93
Lo T sy (p) - <p> o7 (mod 2.

Remark 6.4. The series in (6.10) has converging rate 2/27.

Conjecture 6.5 (2023-09-23). (i) We have

i ()8 ((50k = 7)(Ha 1 = Hy 1) +5) _ 3v2r(1 + log2) — 8L. (6.13)

() )
and
i (35)8"((50k — 7)(2H6k3—k1 —GkH?;kfl — Hi1) —10) =271(4+ 6log2).
W)
(6.14)

(ii) We have

2\ ()&% ((5k — 1)(Hag—1 — Hy—1) — 3(6k — 1)/(8k — 4))
b=l (2k = DE(Y) (50) (6.15)

2mlog2 — L,

(28K ((5k — 1)(2Hgp—1 — Hap1 — Hy—1) — (6k — 2)/(2k — 1))
b=l (2k — DE(Y) (50) (6.16)

2mlog2,

and
00 (2kk)8k((5k —1)(12Hgj,_1 — 6H3j,_1 — 4Hop_1 — 2Hy_1) — 9)
6k
P (2k — Dk () (55) (6.17)
=3v2mlog2 +4L.

(iii) We have the identity

i V8K ((5k — 1)(16HS | — 3H) ) — 12(6k — 1)/(2k — 1)2) _
2k — DECE) (S5 12v/2°

k=1 3k
(6.18)
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Also,

“”i%” (3F) (5 ((5k + 1) (16 HS — 3H)) + 12(6k + 1) /(2K + 1)2)

3k\ (6k
k=0 (2k — 1)k(k)(3k)
1 1
= -3 <4> (mod  p)
for any prime p > 3, where E,_3(z) denotes the Euler polynomial of degree
p—3.

Remark 6.5. In the spirit of the arguments in Remark 6.3, (6.10) implies
that

> (50k — 7)8% (%)
= RGO G

Conjecture 6.6 (2023-10-18). We have

—4+2f¢randz “08G) _ w (6.19)
2’f—1)( D) vz

= (Bok-21)(F)  2n
Lok D@ W 020
Also,
| (%F) ((130k — 21) (Hap_1 + Hy_1) — 26(6k — 1)/(2k — 1))
K2k~ ) (-3 () () 621,
27
=2K — ﬁ log 3
and

i (%) ((130k — 21)(2Hgx_1 — Hap_1 — Hy,_1) — 16(13k — 4)/(2k — 1))
i k(2k = 1)(=3)4 (%) (55)

27
=K+ ——=log 3,
3V3
(6.22)
where
K =L\(2 —: .
<< )) nz:l n? =\ (3k+1)?  (3k +2)2

Remark 6.6. The series in (6.20) has converging rate —1/324. A linear
combination of the last two formulae yields the identity

i (*F)((130k — 21)(26 Heg—1 — 13Hzp—1 — 10Ho,—1 — 3Hj—1) — 572)
k(2 = 1)(=3)* () (5)

27
= —-33K — —log 3.
V3

k=1
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Conjecture 6.7 (2023-10-18). We have
e) 2k
(10k —1)(=27)%(%) 4«

- TR 6.23
2 ko) Vs (629
. Also,
() (<20 (10k — DH g +2(6k = D/6k=3) ) o
; k(2k — 1)(_3)k(3kk) (glz) = 27m/31 g3 — 18K,

(6.24)
i (%) (—27)% ((10k — 1) Hoj—y — 8(6k — 1)/(6k — 3))

k(2k — 1)(=3)k (%) (%) = 2mv/3log 3 — 9K,

(6.25)
and
(%) (~27)F (10K — 1)(2Hgp—1 — Haj—1) — 2(102k — 29)/(18k — 9))
1 k(2k = 1)(=3)F (%) (5)
= 10K — jgﬂlog 3.
(6.26)

Remark 6.7. The series in (6.23) has converging rate —1/4. Suitable com-
binations of the last three formulae yield that

i (F)(=27)*(10k — 1) (Hop—1 + 4Hy—1)
k=1 k(2k = 1)(}) (31)

= 10mv/3log 3 — 81K

and
0 () (=27)5((10k = 1)(6Hey 1 — 3Hyp 1 + 11Hy 1) — 12)
3k\ (6k
ot k(2k —1) (%) (5)
= 247r\/§10g3 — 243K.

Conjecture 6.8 (2023-09-28). We have
oo 2k k 2
16%(46k° — 11k + 1
> (k)z ( 3 (3 (6F ):%2, (6.27)
i K2k 1) (k)(Bk)
() 167 (465 — 11k + 1) Hap 1 + 5k(6k — 1)/(2k — 1))
k2 (2k = 1) (%) (30)

= 28((3),
(6.28)

k=

—_

and

I; K22k = 1)2(7) (55)
— 112((3),

(%) 16* ((46k2 — 11k +1)(2Heg—1 — H3g—1 + Hg—1) + 8k(21]€9161*2))

(6.29)
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Also,

>\ ()16 ((46k2 — 11k +1)(21 Hop_1 — 5Hy_1) + 5(2k — 1)*/(2k))

k=1 K22k = 1)2(5) (30)

= 238((3) + 207 log 2
(6.30)

and

i (%) 16" (46k2 — 11k + 1)(292H§z)_1 — 77H,22_)1) _ EWZL (6.31)

k- 1200 () ?

Remark 6.8. Note that (6.29)—6x(6.28) yields the identity
i (3F)167((46k? — 11k + 1)(2Hep—1 — Hap—1 — 6Hop—1 + Hy—1) — 14k)
3k (6k
k=1 k2(2k — 1)2(k)(3k)
= —56¢(3).
Conjecture 6.9 (2023-10-18). (i) We have
=\ (22K — Tk +1)64% (3
> ( . 5 ?))k GIEk) = 42, (6.32)
Pl (2k —1) (k)(3k)

Also,
i (%)64%((22k2 — Tk + 1) Hy_y + P(k)/(5k(2k — 1))
P k2(2k — 1)2(3) (51) (6.33)
= 2 log2 4+ 14¢(3)
and
2 (%5648 ((22K% — Tk + 1) Hoypy + Q(k) /(5k(2k — 1))
h=1 K22k — 1)) (5) (6.34)
= ?(3772 log2 + 7¢(3)),
where

P(k) = 296k® — 60k> + 6k — 1 and Q(k) = 142k> — 45k> + 12k — 2.

Moreover,
00 (2:)64k((22k2 — Tk +1)H(k) —8k(3k — 1)/(2k — 1)) B
= ie(zk— 12() () =0 (639

where H(k) = 2H6k:—1 - Hgk_l — 2H2k_1.
(ii) We have

o (2F)64k ((2%2 —Th+1)(HY | - SHP) - 3(];(]6651—)12)> y
3k\ (6k = —. (6.36)
K22k = 1)2 () (1) 12

k=1
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Remark 6.9. The series in (6.32) has converging rate 16/27.
Conjecture 6.10 (2023-08-23). We have
00 2k k
16" f(k
Z 2 2 e/ v (6.37)
= k2(2k — 1)2(6k — 1)(6k — 5) () (51)
where f(k) := 276k — 248k? 4 69k — 5. Also,
i (Qkk) 16%(f (k) (8Heg—1 — 4Hsp—1 + Hop—1 — Hi—1) — f1(k))
3k\ (6k
= (2K — 1)2(6k — 1)(6k — 5) (1) () (639

9
= §7r2 + 1072 log 2

and

20 (3165 (f (k) (2Hop—1 — Hap—1 — Hop—1 + Hy—1) — fo(k)) _ g2

— k2(2k — 1)2(6k — 1)(6k — 5) (°F) (S%) ’

(6.39)
where
235 25 30
._ 2 I _ 2 _ _ _

fi(k) = 54k + 222k — ==+ O and fo(k) = 186k° — 227k — 15 — o=

Remark 6.10. The series in (6.37) has converging rate 4/27.

Conjecture 6.11 (2023-08-23). Let P(k) = 828k3 — 888k? + 207k — 11.
(i) We have
i (316" P(k) _ 3
= k(2k— 126k - 1)(6k - 5)(F) (5) 2
>0 (3167 (P (k) (Hok—1 — Hy—1) — (6k — 1)%(138k — 109)/(4(2k — 1)))
k(2k = 1)%(6k — 1)(6k —5) () ()

(6.40)

k=1
= 3m%log 2 — 21¢(3),

(6.41)

and

i () 16% (P (k) (2Hot—1 — Hsp1) — (6K — 1)(84k% — 4k — 79)/(4(2k — 1))

P k(2k — 1)2(6k — 1)(6k — 5) (%) (S5

= 3% log 2 + 21((3).

(6.42)

(ii) We have
< (2V168(P(k)(5HE | — HP,) — (6k — 1)2(231k — 185)/(2k — 1)?)

)3 k(2k — 1)2(6k — 1)(6k — 5) (%) (3)

k=1 3k

(6.43)
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and
i (P*)16%(P(k) (556 HL.) | — 139H) | — 692H) | + 194H) ) + 4g(k))
P k(2k — 1)2(6k — 1)(6k — 5)(°F) (SF)
55
= —?7'(4’
(6.44)
where
(k) = 6090k? + 4225k — 2217
g = % — 1
Remark 6.11. The series in (6.40) has converging rate 4/27.
Conjecture 6.12. We have
oo 2k k 3 2
> (%) 16" (828k? + 1320k2 — 74531: +6S5) _16a2 (6.45)
k?(2k — 1)(6k — 1)(6k — 5) () (34)

k=1 3k

Remark 6.12. We haven’t found any variant of this identity with summands
involving harmonic numbers.
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