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SOME PARAMETRIC CONGRUENCES INVOLVING
GENERALIZED CENTRAL TRINOMIAL COEFFICIENTS

CHEN WANG AND ZHI-WEI SUN*

ABSTRACT. For n = 0,1,2,... and b,c € Z, the nth generalized central trinomial coeffi-
cient T, (b,c) is the coefficient of 2™ in the expansion of (22 + bz + ¢)®. In particular,
T, = T,(1,1) (n = 0,1,2,...) are central trinomial coefficients. Let p be an odd prime.
For any b, ¢ € Z with p { be(b + 2¢), we determine
pz_:l (Zkk)Tk(b=C2) and = (Zkk>Tk(ba c)
pors 4k (b + 2¢)k (4b)k

k=0
modulo p?. As consequences,
p—1 (Qk) p—1
& _(/p\ ¥ +3 9
87— 1) a
;;) 12¢ = \3) 1 (mod p7)

provided p > 3 (where (—) denotes the Legendre symbol), and
p—l1 (Qkk)Tk(Q; -1) {Qm —p/(2z) (mod p?) ifp=a?+4y? (r,y€Z)and 4|z 1,

I;O 8k o (mod p?) ifp=3 (mod 4).

1. INTRODUCTION

For any n € N = {0,1,2,...} and b,c € Z, the generalized central trinomial coefficient
T,(b,c) (cf. [12]) is defined as the coefficient of 2™ in the expansion of (22 + bx + ¢)" (or the
constant term in the expansion of (x +b+c¢/x)"). By the multinomial theorem, it is clear that

ne -3 (1) () )

k=0

where |z| is the floor function. The generalized central trinomial coefficients have many
interesting combinatorial interpretations; for example, from , it is easy to see that T,,(b, ¢)
with b, ¢ € N counts the colored lattice paths from (0,0) to (n,0) using only steps U = (1, 1),
D = (1,-1) and H = (1,0), where H and D may have b and ¢ colors, respectively. Note
that T,, := T,,(1,1) is the nth central trinomial coefficient and T},(2,1) is exactly the central
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binomial coefficient (277) The generalized central trinomial coefficients are also related to the
well-known Legendre polynomials

Pya) =3 (Z) (” . k) <“”T_1)k -y (7’%—5’5)( Fo D@ — VoD (12)

k=0 k=0
(cf. [4, p. 38]) via the following identity (see [12} 16, [15]):

To(b,c) = (Va)' P, (%) , (1.3)
where d = b? — 4c # 0.

. . . . . . 2
It is known that sums involving products of the binomial coefficients (e.g., (Zkk), (Zkk) ,

(2:) (%f), (2];“)3) usually have some interesting congruence properties. Since T, (b, ¢) is a natural
extension of (2:), Z.-W. Sun [16, 5] investigated congruences for sums involving generalized

central trinomial coefficients systematically. In particular, Sun [16, Theorem 2.1] determined

p—1 2k
Tb
k ‘) (mod p)
k=0

for any b,c¢,m € Z and odd prime p with p{m. As a corollary, he obtained that

p—1 (%)T 6 p—1 (4k) (Qk)
k)Tk 2/ \k) — (P
k=0 k=0
where (—) denotes the Legendre symbol. For more congruence properties of the generalized
central trinomial coefficients, one may consult [2] 5] 6, 10} 16}, 15].
As in [7], for any n € N and z € C, we define
(ol (o Ao ™ G g £ 4],
W () == 1< 2n + 1, if v=1,
(=)™, it ©=-1,

where a = x + Va2 — 1.

The first purpose of this paper is to establish the following parametric congruence as a
generalization of (|1.4)).

Theorem 1.1. Let p be an odd prime and let b,c € 7 with p{ c(b+ 2¢). Then

= (T, ) b—6
E A il A S ¢ 2
2 Tt o0k - Wip—1)/2 (ZH— 20) (mod p*). (1.5)

Applying Theorem with b = ¢ = 1, we obtain the following result conjectured by Sun
[16, Conjecture 2.1].
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Corollary 1.1. For any prime p > 3, we have

p—1 r2k _
Ty p\ 3P 1 +3
Z % = <§> — (mod p?). (1.6)
k=0
Now we state our second theorem.
Theorem 1.2. Let p be an odd prime. For any b, c € Z with p 1 b, we have
(1.7)

T _ I (G ey 2
kzok(‘lT:p Z ﬁ(ﬁ) (mod p?).

Consequently,
ifp=x>+4y? (v,y €Z) and 4 | x — 1,

’i CHTu(2,-1) _ {21’ —p/(2x) (mod p?)
g

k=0

To deduce ([1.8)) from ((1.7)), we need the following auxiliary result

Theorem 1.3. Let p be an odd prime. Then
(p—1)/2 (Qk)
b Z E(4k 1 1)

(1.9)
{2$—P/(2I) (mod p?) ifp=a*+4y* (x,y€Z) and 4|z —1,

0 (mod p?)
We are going to prove Theorem [I.T]and Corollary[I.1]in the next section, and show Theorems

0 (mod p?) ifp=3 (mod 4).
(1.8)

ifp=3 (mod 4).

[.2] and [[.3] in Section 3.

2. PROOFS OF THEOREM [L.1] AND COROLLARY [I.1]

In order to show Theorem we need the following transformation of T, (b, ¢*) which follows

from (1.3) and [4, (3.136)].

Lemma 2.1. Forn € N and b, c € Z we have

T (b, ) = i (Z) (Qkk) (b + 2¢)" (=)

k=0
Proof. Denote the right-hand side of (2.1) by a,. Via the Zeilberger algorithm (cf. [13]),

find the following recurrence :
(b—2¢)(b+2c)(n+ 1a, +b(2n + 3)apy1 — (n+2)a,12 =0 (n € N)
2
) = Qo

Note that the same recurrence holds for 75, (b, ¢?). Moreover, it is easy to see that T(b, c?)
and Ty (b, ¢?) = a;. Thus (2.1]) follows by induction on n. O

(2.1)
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Lemma 2.2. Let n,j € N withn > j. Then we have

~ (0 nt+1  (n\(2n+2
Z k 92ntl(9; : - (2.2)
p 4 2204125+ ) \j /) \n+1

Proof. This can be easily proved by induction on n. [

Kh. Hessami Pilehrood, T. Hessami Pilehrood and R. Tauraso [7, Theorem 2] completely
determined

(p—3)/2 (2:) +k

> ot (modp?),
£ 2k +1

where p is an odd prime and ¢ is a p-adic unit. We need their result in the modulus p case.

Lemma 2.3 (cf. [7, Theorem 2]). For any odd prime p and t € Z), we have

(mod p). (2.3)

(r—3)/2 (2K B
Z (k)tk _ Wep-1)/2(1 — 8t) — (—16t)P—1/2
k=0 2k +1 P

Lemma 2.4. For any odd prime p, we have

<2p> =2 (mod p?) and (( p-1 ) = (~1)" 2471 (mod p?).

p p—1)/2
Proof. These can be verified directly for p = 3. For p > 3, we even have (2;’) =2 (mod p3) by
J. Wolstenholme [18] and ( /2) = (—1)P=1/24r=1 (mod p*) by F. Morley [11]. O

Proof of Theorem[1.1 By Lemmas [2.1] and we have
p—1 (2k)Tk(b 62) p—1 2I<:)

k l
> isay 2 2 0) () (7%)
— 4k(b + 2¢) — —~\l/\I b+ 2c
p—1

Note that (zll)/(Ql +1)=0 (mod p) for L € {(p+1)/2,...,p—1} and (*;') = (=1) (mod p)
for 0 <[ < p. Thus we have

C1\2( e\ - c
Szi COHTib, ) () (S0 Gs)" " +»p(%3(é§?{2(?)(mzcy

Mb+2c = 92p—1 92p—1 2+ 1

k=0
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In view of Lemma [2.4] we arrive at

p—1 2k T _ (p—1)/2 (r—3)/2 (21 c \!
Z k(b ) ( 160) n ]il Z (l)(b+2c) (mod p?).
1=0

— 4kb+2c b+ 2c 4pr 20+1
Then we complete the proof by Lemma and Fermat’s little theorem. O
Proof of Corollary . To show (]1.6]), it remains to prove
5 p\ 3P L+ 3
Wip—1)/2 (-g) = (g) —— (mod p?). (2.4)

It is easy to see that

5Y _ (e (-1)/2 (r-1)/2
we-npe | =3 ) = ——((1/3) +3x3 )

From [8, p. 51], we know that a?~1/2 = (3) (mod p) for any integer a # 0 (mod p). Thus we
may write 3~1/2 as ( )(1 + ph), where h is a p-adic integer. In view of this,

3Pt = (3PV/22 =14 2ph  (mod p?).
By the above and with the help of the law of quadratic reciprocity (cf. [§]), we get

Wp-1)/2 (_g) - (_DZ)_WQ ( %)(11+ ph) ’ <I§?> ! +ph))

(
(_1)(1’—1)/2 <§
p

= 442
() aram
=0 )
-4 p) \p
p\ 3 1+3 9
(3> ;o (medp)
This proves (2.4)). O

3. PROOFS OF THEOREMS AND [L.3]
To show Theorem [1.3| we need the following identity due to Kummer (cf. [I, p. 126]).
Lemma 3.1. For any a,b € C with a,a —b,a/2 —b¢& {—1,—2,-3,...}, we have

= (=DF(a)p(b), Tla—b+1)I(3+1
Z(()()() _ I TG +1)

2 Dla—b+1)p  T(at D& b+ 1)

where ()1, = [[o<jop(x + j) is the Pochhammer symbol and T'(-) stands for the Gamma func-
tion. -
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We also need Morita’s p-adic Gamma function I',, (cf. [I4]), where p is an odd prime. Recall
that I',(0) := 1 and
Ly(n) :=(—1)" H k forn=123,....

1<k<n

plk
Let Z, denote the ring of all p-adic integers. The definition of I', can be extended to Z, since
N is a dense subset of Z, with respect to the p-adic norm. It follows that

Oy + 1) {—az, if 20 (mod p),

Ip(2) -1, ifxr=0 (mod p).
It is known (cf. [14], p. 369]) that for any x € Z, we have
Lp(@)lp(1 = 2) = (=), (3.1)

where (), is the least nonnegative residue of x modulo p. It is also known (cf. [I7]) that for
a,t € Z, we have

Tp(a+tp) = Tpa) (1 +tp(T(0) + Hyp—1-(—wy,))  (mod p?), (3.2)
where H,, =Y _, 1/k denotes the nth harmonic number.

Proof of Theorem[1.3 It is easy to verify that

(p—1)/2 2%k (p—1)/2
() O ()
D e D Sl ry ey (3:3)

We first assume that p = 1 (mod 4). In this case, ord,(p/(5/4)r) > 0 for all k& among
0,1,...,(p—1)/2, where ord,(-) stands for the p-adic order. It is easy to verify that

I (1)

g k=0 (1)k(751)k
_ (p—1)/2 (%)k(i)k<_1)k - ]_) k—1 1 ) z_) k—1 . (mOd 2)
=p e (Dr(3 ) 2j:0 1/2+j 2]:0 14+ P

and
(p—=1)/2 j2— 1—
() (B)R(=1)"
g kzzo (k3
(P=1)/2 1y (1 k k-1 o1

- (3)r(a)r(=1) p 1 » 1 2
=p b (Dk(%)k (1_130 1/2_|_j_1j:0 1/4+]> (modp),
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On the other hand, by Lemma [3.1] we have

(p—1)/2 Tp 1 2p)k< 1) _ hmi (%)k(l—jt;ﬂ)k(_lyc
k=0 k(3 e (De(3)x
. N@N%% L TR ) g M
SIT(ET(HE) DD (5E) =1 sin(>527) DT ()
where we have used the well-known formula I'(x)['(1 —z) = 7/ sin(wz) (cf. [14, p. 371]). Also,

(r—1/2 /1y (1 k
N (2) (=1
p (g)k(4)k§ =0, — o0y (mod p?),
e
where
TGN G B P O A i el
01 6—p 8+p an 72 ( ) et e
FEE)0(P) I(P=)0(=P)
By [9], we have

Hyppa) = —24p(2) (mod p) and  Hp = —3¢,(2) (mod p),
where ¢,(2) denotes the Fermat quotient (2°~ — 1)/p. Tt is easy to see that

L5?) _ (_1)@71)/4&_
P(%2) Ly (%32)
Thus, by (3.1) and (3.2) we have
16T, (3)T,(5 — §)
o1 = P + B
Tp(5 = Dp(1+5)
16,3, p p
=_ Py Py )
r,0) g lp/a) T g Hp/2)

aﬂ%ﬂ%@ﬂk%@)mww

Similarly, it is not hard to find that
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Thus, by (3.1) and (3.2) we arrive at

Il
|
)1
S
N
] =
~
(V)
=
S
VRS
N | —
~_
/N —
—
|

In view of the above, we have

By [3], if p = 2* + 4y* (z,y € Z) with z =1 (mod 4) then

1\? 1 »
-T, (Z_L) r, <§> =2x — 9 (mod p?).

Thus, with aid of (3.3), we have (1.9) in the case p =1 (mod 4).
Now we consider the remaining case p = 3 (mod 4). Note that ord,(4k + 1) = 0 for
k=0,1,...,(p—1)/2. Therefore, by Lemma we have

(p— 1)/2

p
k=0

(¥ _ p“"”” (—1)F(352)u(1522),
WG (1

l
2
D7)k

lim

| PTG +
=p lim 472 B
4

_AGrey)

———— =0 d p?),
L(32)  us-p2T(ut1) (mod p)

where in the last step we have used the fact that

1 1
lim =—lim (1 +u)sin((u+ 1)m) =0 for each n € N.
u—n F(—u) T u—n

Combining this with (3.3)), we find that (1.9) also holds in the case p =3 (mod 4).
By the above, we have completed the proof of Theorem [I.3] O
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Proof of Theorem[1.4 In view of (1.1) and Lemma 2.2 we have

- £SO 6)

k=0 k=0 7=0
P 95\ sevi s (D))
B j (ﬁ) 2. Ak
§=0 k=2j

_p(p 7 2j) & J
© 221 2 45 +1 (ﬁ)

j=0

2p) (p—1)/2 (23') (p—l

If p=3 (mod 4), then p{ (45 + 1) for all j = 0,1,...,(p —1)/2. In this case, by Lemma

and Fermat’s little theorem, we have

p—1 (2:) (p—1)/2 2]) ,
(4b) '=) 2 4511 <b2) (mod p7).
k=0 7=0

Now suppose p = 1 (mod 4). Then, by Lemma , we have

! 2k Tk p(if’) (ij) (p;j1> c\J (2;) (83 Bﬁ) ((p 1)/2) (p—1)/4
=D D T () 221 ()
k=0 0<j<(p—1)/2
J#(p—1)/4
() /e (p—1)/2\ [ c\P-D/4
=» > i) +(@-1)/4) ()
0<j<(p—1)/2
J#(p—1)/4
CICIC
_ i) (< 2
- ]2% 4j+1(b2> (mod p7).

Combining the above, we have proved ([1.7)).
In light of Theorem

p-1 (2:)Tk(2,—1) B (p—1)/2 (2k:k) ,
2w T X ey )

Combining this with ([1.7)), we immediately obtain ([1.8)). This ends our proof. O
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