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NEW SERIES INVOLVING BINOMIAL COEFFICIENTS (I)

ZHI-WEI SUN

ABSTRACT. In this paper, we deduce several new identities on infinite
series with denominators of summands containing both binomial coeffi-
cients and linear parts. For example, we evaluate the sums

i g 4 i a

%0 .n 0

k=1 (2k — 1)(3kk) k=0 (Bk+2) (Skk)
for any xo € (—27/4,27/4). For any 1 < n < 85/4, we obtain the
following fast converging series for logn:

i (2(n? 4 6n 4+ 1)%k +n* +30n% + 1)(n — 1)**
k=0 (4k +1)(—n)k(n + 1)k (;1]12)

=8n(n+1)° — 2n(n* — 1)logn.
In addition, we pose many new conjectural series identities involving

binomial coefficients; for example, we conjecture that

[eS] 4

9(21k — 8)HY, +25/k* 1379
3 - )
kzzl k8 (25) 3780

where H]g4_)1 denotes the fourth harmonic number ZO<j<k71 j74.

1. INTRODUCTION

The curious identity
o0

=0 2°(%)
was first announced by R. W. Gosper in 1974, and later used by Bellard [6]
to find an algorithm for computing the nth decimal of m without computing
the earlier ones. Almkvist, Krattenthaler and Petersson [2] gave a proof of
the Gosper identity (1.1) by using the beta function

1
B(a,b) = / 2% 11— 2)>tdz (a >0 and b > 0).
0

A celebrated result of Euler states that
I'(a)L'(b)
B(a,b) = =+
I'(a+0b)
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where the Gamma function is given by

—+00 tl‘fl
I‘(m):/ —dt  for z > 0.
0 (&
Motivated by Gosper’s identity (1.1), the author [19] evaluated
X (ak + b)zk
3k
= )
for xy € (—27/4,27/4), where a and b are real numbers. As observed in [19],
23 = z9(z — 1) for some = € (-3, ¢), where

c:;<\3/1+\f€/117\/§>20.8941.... (1.2)

By [19, (1.10)],

> x3F 27(1 — x) 3z(z —1)
= log(1 —
S s B
k=0 (1.3)
2z(z — 1)(2% — 122 + 9)q(x)
(x4 3)(2z —3)3/(1 — z)(z + 3)
where
arctanxiw,/i’%i if —2<z<l,
q(r) =< -% if 2 = -2, (1.4)
arctan 75 ‘;’%ﬁ—w it —3<z< -2

Note that the identity (1.3) is clearer than Batir’s complicated formula for

ot/ () (cf [4, (3:3)]).
In view of the above, it is natural to ask whether for some a,b € Z \ {0}
we can evaluate

o0 23k
kzzo (ak 4+ b)(z — 1)’“(3:) ’

where z € (—3,¢). In this direction, we obtain the following new result.

Theorem 1.1. Let —3 < x < ¢ with x # 0, where the constant c is given by
(1.2). Then

> 3k _ z(l —z)log(l —=z) 2z(z% — 3)q(x) .
=~ (2k — 1)(z — 1)k (3F) 2z —3 32z —3)y/(1 —z)(z + 3)
(1.5)
Also,
Nt 3k 31 —=x)log(1—2) (z—3)q(z) [1—=
o Bk +1)(x — 1)k(3kk) - 22(2x — 3) * 2z —3) Vx+3 (16)
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and
0 3k 33— 2)(1 —x)log(1l — )
2)3143—1—2 ZL'—l)( )_ 222(2x — 3) (1.7)
(2 60— 9)g(x) [Tz |
 22(2¢-3) r+3

Remark 1.1. In 2013, Batir [5, Theorem 1] gave a very complicated formula
for the series > 7 | & /((3k + 1)(3kk)) with zg € (—27/4,27/4).

Taking x = —+/3 in (1.5), we immediately obtain the following corollary.
Corollary 1.1. We have
io:(g_gﬁ)k=(\/§—1)1og(\/§jL 1) (1.8)
k=1 (2k — 1)(3kk) ' '
Theorem 1.1 with x = —1 yields the following corollary obtained by Camp-
bell and Levrie [7].

Corollary 1.2. We have the following identities:

- 1 2 ™
——— = —log2— —, (1.9)
()
> 1 7+ 3log 2
Z ah s 110 (F = = , (1.10)
o Bk +1)28())
> 1 7r — 24log 2
> TN TR (1.11)
im0 Bk +2) (k)
Theorem 1.1 with x = —2 yields the following corollary.
Corollary 1.3. We have the following identities:
> 5 = \[w+71 (1.12)
k=1 (2k —1)3 (k) 63
i gk ~ 5V37+9log3 (1.13)
— (3k + 1)35 (%) 28 ’ '
i": gk 1737 —451log3 (1.14)
=0 (3k +2)3¢ (%) 56

Recall that the harmonic numbers are given by

1
H,= Y o (=012

0<k<n

We also establish the following theorem.
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Theorem 1.2. We have

. Hy, — H, ™ T2 9 log 2
kT Tk L D 2 (G log?2) 4+ —22, (1.15)
; (2k — 1)2% (3kk) 36 18 15 3
. Hy — H, (m — 2log 2)(m — 6log2)
> k(3R T 80 ’ (1.16)
1 (3k+1)2 (k:)
X Hay.i— H 2 4 log? 2
ZLJ:ZJF,G_ 08 £ (1.17)
o BR+D2E() 2455

and

o0

Hy, — Hy 3., i
———— = —log“2 —9log2 + —(w + Tlog 2 + 30), 1.18

where G is the Catalan constant given by
o0
(-D*
ooy L
2
= (2k+1)
By [19, Remarks 1.2 and 1.3], there are simple closed formulas for the

series
[o@)

with zo € (—16,16). Clearly, if 0 < 79 < 16 then zy = 1/2? for some
x> 1/4,if =16 < 29 < 0 then zg = 4/(x(1 — x)) for some z > (1 +/2)/2

or x < (1 —+/2)/2.
For x > 1 or x < 0, as in [19] we define
VI 1o YEEL ;
1 5 log Y— if x> 1,
R(z) := vz arctanh— = { vaslo o (1.19)
NZ3 |x| arctan NE if x <0,

where arctanht is the inverse hyperbolic tangent function.
Now we state our third theorem.

Theorem 1.3. (i) Let = > 1/4. Then
2 2(822 + 6z + 1)k — 42 — 62 — 1 _ 24a”arccotv/dr — 1 2z 41

P (2k — 1)z (3;) (4w —1)32 dz —1
(1.20)
and
i28x —Gx—l—l)k 42% + 62 — 1
1) 2k (4K

12:102 | \/4x+1+1+2:p—1
= (0] .
e+ 132 B iz ri—1 do+1
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i 24z + 1)k +2x+1  8a? (arccot\/élx -1 N 1)
PSR LG

i2(4x—1)k+2x—1 _ 8a? 4? Vi +1+1

i":z (4 +1)(8z + 1)k + 4822 + 18z + 1
pa (4k + 3)27* ()
8z +1 2472
= 822
Y1 a1

arccotv4xr — 1,

and

i 2(4x — 1)(8z — 1)k + 4822 — 18z + 1
. (4k + 3)x2k (Qk)
_ g2t 1222 Vidz +1+1

PP IR Py TR B/ e SR
(ii) If z > (14 v/2)/2 or x < (1 — v/2)/2, then

Z (2(2z — 1)%k — 222 —x + 2)4F 31— 2) )

(2k — 1)ak(1 — )k (3F) B T

k=1
io: (2(2z — 1)2k + 9222 — 3z + 2)4k B
5 e -

and
i (2(22 — 1)%(4x — 3)k + 242> — 4222 + 252 — 6)4F
pad (4k + 3)(z(1 — z))k (57)

= (1 —z)(3R(x) — 2z(4x — 3)).

= — 1) ,
@kt D (B~ dr+1 Ao+ 12 B VIzii-1

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)

Remark 1.2. When z > (1 ++/2)/2 or z < (1 —/2)/2, we have 1 — 2 <
(1-+/2)/20r 1 —x > (1++/2)/2, thus all the three identities in Theorem
1.3(ii) with x replaced by 1 —z also hold. In view of this, Theorem 1.3 yields

the values of the series

o0 o0

k:’“yco > ero erlg
and —
= (2k — 1)(2F) 214k+1( ) ;(4k+3)(35§)

for any r € {0,1} and z( € (—16, 16).
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Corollary 1.4. We have

- 1 3v6. 14+v5 V3

; o0 =gl — 5 (1.29)
. 1 2v5. 1+v5 V3

kz:o n 1)(32) =% log 5 + ?77, (1.30)
> 1 V3 18v5. 1++5

Z;) w80 =y T log——. (1.31)

B
Il

Proof. Putting z = 1 in (1.20) and (1.21), we get the following two identities:

o0

30k — 11 A7
Xk W "
. 6k+1 24 1+v5 1
Z(% 00 :5\/510g 5t (1.33)

Note that 5 x (1.33) — (1.20) yields the first identity in Corollary 1.4. Simi-
larly, the second and the third identities in Corollary 1.4 follow from the last
four identities in Theorem 1.3(i). O

The following corollary provides fast converging series for logn with 1 <
n < 85/4.

Corollary 1.5. For

(1+v2)/2+1
l<n< = 21.2666866 . . . ,

V(A +v2)/2-1

we have the following formulas for logmn:

i (2(n? + 6n + 1)%k — n* — 160> + 2n% — 16n — 1)(n — 1)**
4k
— (2k — 1)(—n)k(n + 1)%(3;) (1.34)
6n(n —1)3
— (p—1)4 T\
=—(n—1) | log n.
i (n? +6n 4+ 1)%k +n* 4+ 30n% + 1)(n — 1)*
— (4k + 1)(—n)k(n + 1)2k (Qk) (1.35)
=8n(n+1)* — 2n(n* — 1) logn,
and
i (n? 4 6n + 1)2(n? + 14n + Dk + c,)(n — 1)**
par (4k + 3)(=n)k(n +1)2* (3) (1.36)
= 8n(n+ 1)%(n® + 14n + 1) — 6n(n + 1)(n — 1)3logn,
where

cn = n8 + 46n° + 287n* + 868n3 + 287n? + 46n + 1.
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Proof. Let x = (n+1)?/(n — 1)2. Then x > (1++/2)/2 > 1,

2
z(1—x) _ _n(n+1) and R(z) = ﬁlogﬁ—i—l _n+l
4 (n—1)* 2 Vr—1 2(n-1)

Applying the identities (1.26), (1.27) and (1.28), we get the desired identities
(1.34), (1.35) and (1.36) respectively. O

We are going to prove Theorems 1.1-1.2 and Theorem 1.3 in Sections 2
and 3 respectively.

Let N = {0,1,2,...} and Z* = {1,2,3,...}. The generalized harmonic
numbers are given by

HM = Z — (me€Z"and n € N).

km
0<k<n
Inspired by Ramanujan-type series (cf. [9, Chapter 14] and [14]), the work
of Chu and Zhang [8], Guo and Lian [12], Wei [22], and Wei and Ruan [24],
the author [18, 20, 21] posed many conjectures on series with summands
involving generalized harmonic numbers.

In Sections 4 and 5, we pose various new conjectures on series whose
summands involve two or more binomial coefficients, many of which also
involve generalized harmonic numbers. Sections 4 and 5 also contain related
p-adic congruences, where p is an odd prime. By Wolstenholme’s theorem,

H,_1 =0 (mod p?) and H;@l =0 (mod p) if p > 3. As usual, we let (;)
be the Legendre symbol. For any a € Z not divisible by p, we define the
Fermat quotient g,(a) as the integer (a?~! —1)/p. Some p-adic congruences
in Sections 4 and 5 involve Bernoulli numbers By, Bi, ... or Euler numbers
Ey, E1,.... For each n € N, the Bernoulli polynomial B, (x) and the Euler

polynomial E,(z) are given by

By(z) = Zn: (Z) Bue"* and Ey(z) = Zn: <Z> % (:1: - ;)nk

k=0 =0
respectively.

2. PROOFS OF THEOREMS 1.1-1.2

Lemma 2.1. If -3 <z < 1, then

1 -1
arctan v + arctan i = q(x), (2.1)

(1-2)3+2) (1—-2)3+x)
where q(x) is defined by (1.4).

This lemma is known, see [19, Lemma 3.1].
Proof of (1.6). For each k € N, we have
1 KI(2K)  T(k+1)T(2k+1)

B+ 1)) Bk+1)! ['(3k +2)

. (2.2)
=B(k+1,2k+1) = / k(1 — z)*dx.
0
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Thus
© l‘3k
Z k (3k
i—o Bk +1)(z—1) (%)
o0 3k 1 1 o 342(1 — k
and hence
o 3k 1 dt
Z - 3k :/ 342 : (2.3)
= (3k + 1) (z — 1)k (%) o 1—a3t2(1—t)/(x—1)
Since
2z — 3 + 1
2t —1)+x -1 tr—1
B (t—1z+2
22 ttz(l-w) -z +1
1 2tz? + (1 — 1) 2(3 — )
2 22 4tr(l—z)—x+1 (r—z+1)2+(1—2)(z+3)
we have
(23:—3)/1 dt +/1 dat
o 32t —1)+x—-1 J) toz—1
1 /1 2tz? + (1 — ) "
22 Jy a2 +tr(l—z)—2+1
L 2B-a) /1 dt
(I=2)(=+3)Jo (2t —2+1)/y/0—z)(z+3)2+1
and hence
! dt log |zt — 1] |!
20 —
(2 3)/0 SR Dtrr-1 = |
1 1
= —log(t?z* +tx(l —z) —x +1)
2z =0
1
N 2B3—x) (1—2)(x+3) arctan 2tr —x + 1
A—2)@+3) 2 = 2)( +3) livo
1 —
= —(log1 —log(l —z)) + 8~ 2)Q() ,
2z zy/(1—z)(z+3)
where
1 1-—
Q(z) := arctan vt — arctan ’ = q(x)
(1—2z)(x+3) (1—x)(z+3)
by Lemma 2.1. Therefore

1 dt R (3 — 2)q(z)
(2:U—3)/0 PEG-D1r-1 o log(l—x)+x (Dl (2.4)
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Combining (2.3) with (2.4), we obtain

f: 3k _z—1 [ 3log(l —x) n (3 —1z)q(x)
— (3k+1)(x—DEE) 223 2 o/ —x)(x+3))
which is equivalent to the desired (1.6). O

Proof of (1.9). As (2.2) holds for any positive integer k, we have

23k

(2k — 1)(3k + 1) (z — 1)*(3F)

o / 126(1 — t)kat = / S(
2k — 1)(z — 1) (20, ¢

where 29 = 23/(x — 1) and

L (t2(1 —t)wo)* > (1 — t)ag)?+1

S(xo’t):k_l o1 vi-be Z_: 2% — 1

(]2 T[]e

e
Il
—

If zg > 0, then
S(zo,t) = ty/(1 — t)zg arctanh(ty/(1 — t)xo),

where arctanht is the inverse hyperbolic tangent function. If xy < 0, then

D14/ — D)ag)2F1
S0t —_wﬁz Vit Do)

= —t/(t — Do arctan(t (t —1)zo).

For the function

F(t) = — 2 (3t + 2)(1 — 1)*)?

15
with 0 < x < 1, it is easy to verify that
ft)=tv/1 -t

If 29 > 0, then

1 1
/ S(xo,t)dt:\/ng/ f'(t) arctanh(t\/ (1 — )z0)dt
0 0
1

= /zo f(t) arctanh(t+/(1 — t)z0)
t=0

B \/ —1)'y/7o
\ﬁ/ £@) t2(1 - t)iﬂodt
()(tvl— t)

= — dt-
)T 21— b
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Similarly, if zg < 0 then

1 1
/ S(zg, t)dt = —\/—xo/ f'(t) arctan(ty/(t — 1)xg)dt
0 0
1
= —v/—xof(t) arctan(t/(t — 1)xo)
t=0
! (tv1 —t)\/—xzo
+ v/~ /0 FOT = 1)x00dt
IOV

__ JOYVEZY .
0L 1—#2(1 - Do

Note that
_ 2
FOMTTEY = - L@t 1o (viTi- L) = 1=00r-4)
15 oI —t 15
Therefore
1 1 9
_mp [T (L-t)(4-9t%)
/0 S(wo, 1) = 15/0 T2 D dt

_ 2t (1 - t)(4 — 9¢2) "

T, tr-D(Za2ttz(l-a)—a+1)
Note that

23(1 —t)(4 — 9t?)
(te —1)(t222 +tx(l—2) —x+1)
3—x—2$2+2x2+$—3‘ 2tz? + (1 — )
tr —1 2x a2 +tx(l—z)—z+1
2(22% + 322 — 62 +9)
(2trx+1—2z)?+(1—2z)(z+3)

=9+

Thus
1 1
15/ S(xo,t)dt —/ 9dt
0 0
1 1
=222 +2-3) —M —l—ilog(t2m2—|—tx(1—x)—:v+1)
x =0 2T =0
2(22° 4 32° — 62 +9) /1 dt
(1—z)(z+3) 0o (2tz+1-2)/\/A-2)(z+3))2+1
_ (2245 3) (_log(l — ) B log(1 — x))
T 2x
2(22° + 322 — 62 4 9) e —x+1 |
- arctan
2zy/(1 —z)(z+3) V(@ —2)(x+3) =0
3(1—x)(2z +3 223 4 322 — 62 + 9
D@ D) 00 gy - (@)
2z zy/(1 —x)(xz +3)



NEW SERIES INVOLVING BINOMIAL COEFFICIENTS (I) 11

with the aid of Lemma 2.1.
Note that
5 2 3

Ck—1)(B3k+1) 2k—1 3k+1
By the above two paragraphs,

—( 2 3 3
2 <2k:— 1 3k+1) (@ — 1)+(F)

k=1 k
o0 23k
7 b )Gk D - DA _5/ s
B (1 x)(2x + 3) oe(l — x 223 + 322 — 62 +9
a 2z log(1 — ) - 3xy/ (1 —2x)(z+3) (@)

Combining this with (1.6), we obtain
00 3k

2; (2k — 1)(z — 1) (3)

_ (1—=)log(1 —x) (2 9_3+2x+3>

2z
q(x) Iz —3)(1 — =) 3 2
+31‘ (1_:E)($+3)< %5+ 3 —2z° — 3z +6:c—9>
~ 2x(1 —x)log(l —x) 4z (z? - 3)
B 27 —3 322 - 3)/(1—2)(z +3)
and hence (1.5) follows. O

Proof of (1.7). Set zg = 23/(z — 1).
Observe that

R $]8 > 3$’8+1
BZT: Z 3k+3y OZ 3k+2
k=1 Y =0 (k+1) )
— (2k + 1)(2k + 2)xf
= o Z 3k
¢ (3k+ 1)k +2)(3)
20 i ( 2 1 ) zf
=== 2+ + o
9 ~ 3k+1 - 3k+2) (7))
Therefore
S I
S GE2(Y) I eR+DE) \2mo () 20
Combining this with (1.3) and (1.6), we obtain the desired (1.7). O
Fora>0andb>0 we have
2B(a b) = ‘o — 2 (1 — )’ e = /1 24711 — z)* L log wda;
da 0 da 0 ’
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on the other hand,
0 0 T(a)l(b) 0 log e
E%Bm”)_55na+w"mmé$z +"r@+w

where 1)(x) = I'(2)/T'(x) is the well known polygamma function. Therefore

/1 l‘a_l(l _ ﬂj‘)b_l log rdr = F(G)F(b)
0

I'(a+0)
for any a > 0 and b > 0.
It is well known that ¢)(n+1) = H, — for all n € N, where v = 0.577. ..
is the Euler constant. In view of (2.5), for any k € N we have

ro D(@)l'(b)

(¢¥(a) = ¢(a+b)),

(¥(a) —¢(a+0)), (25

1
/0 (1 — 2)% log xdax = Lk ;(?]cr-f;)—i_ D (W(k+1) =3k +2))

k!(2k)!
= ———(W(k+1 — 3k + 2
and hence
! H, - H
/ 2*(1 — z)** log zdx = kisl?];l (2.6)
0 (3k+1)(3)
Similarly,
! Hoj, — H.
/ 2% (1 — 2)Flog zdx = %73;2'1 (2.7)
0 (3k+1)(3)
Note that (2.7) minus (2.6) yields the identity
Hyj, — H, !
%73]2 = / 2% (1 — z)F log ’ dx, (2.8)
Bk+1)(3)  Jo 1-
which is similar to the identity
! Hyn—1 — Hy
2n/ 2?71 — )" log L = % (2.9)
0 1 ()
(with n € Z*) observed by Au [3].
Proof of Theorem 1.2. In view of (2.8),
i Hyj, — Hy,
3k
im0 Bk + 128 (%)
=1 ! T
= Z Qk;/ (z%(1 — z))* log —dx
k=0 = /0
1 > 2(1 _ k 1] 1—
- / 3 <M> og " de — / os(@/(1 =) 4
0 = 2 11—z o 1—22(1—x)/2

3 — 2242 80 ’

_ 2/1 Mdaz— (m — 2log 2)(m — 6log 2)
0
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where the last equality can be yielded by Mathematica. Similarly, with the
aid of (2.6), we have

o0

Hy — H3pq1
ZWM
2 1 _
= Z o / (1—2x) logxdx = /0 <t t)> log(1 —t)dt

1 log(1 —t) ! log(1 — t) 241og®2 — 572 — 96G
S - SR dt = ,
o T 2(1-1)/2 ) BBt 12 120

where the last equality can be yielded by Mathematica. So we have proved
(1.16) and (1.17).

In light of (1.9), (1.10) and (1.16), to prove (1.15) we only need to note
that

i Hy, — H3pq
— (3k + 1)(2k — 1)2¢ (%)

1_ 2 k
:/ * /) log xdx
0 2k —1
k=1

::A(l—@VZm%thl—@V@)bgwx

960G + (257 + 136) — 24(5log® 2 + 4log 2 + 63)
1800

where the last equality can be yielded by Mathematica. d

3. PROOF OF THEOREM 1.3

Lemma 3.1 ([19]). (i) For any = > 1/4, we have

2 24x+ 1)k -2z +1 822 < 3 )
= arccotvdr — 1 —4x + 4
2 22 (1) (4o —1)2 \ iz — 1
(3.1)
and

2 204z — 1)k — 2z —1 82 3R(4z + 1

E: iz %%“7 :4x12<ixﬁ)_m—g. (3.2)

k=0 z (Qk) (4z +1) T+
(i) If v > (14++/2)/2 or x < (1 — v/2)/2, then

(222 — 1)%(2x — 3)k — (42 — 1622 + Tz + 6))4F
(2(1 = 2))* (3) (3:3)
(1—2)BR(z) +4z(z —3)).

) L0Je



14 ZHI-WEI SUN

Lemma 3.2. For any integer n > 0 and complex number z # 0, we have
the following identities:

"2 2(1 - 162)k? + (322 + 1)k — 62 — 1 1
Z ( 62)k* + (3 zk—|—4k) 62 6a4 n—zn 7 (3.4)
k=0 (2k — 1)2" () 2" (5n)
"L 2(1 — 162)k? 2241 D(2n+1
Z 62)k —|—ik+ z+ _ s, (n+ )(n—zn)7 (3.5)
P (4k + 1)2* () (4n +1)2"(3,)
Z”;21—16zk+3k+182+1 (n+1)(2n+1) (3.6)
n(4n\ ° :
k=0 (4k +3)2* (33) (4n + 3)2"(5,)
Proof. The three identities can be easily proved by induction on n. O

Proof of Theorem 1.3(i). We just prove (1.21), (1.22) and (1.25) as the other
three identities in Theorem 1.3(i) can be proved similarly.
Since x > 1/4, by (3.4) with z = 2% we have

2":2(1—16x2)k2+(32x2+1)k—6x2—1 622 + n+1
1k =0 1
k=0 (2k — 1)x%k (2k) z2n (22)

for any integer n > 0. Letting n — +00, we then obtain

= 622,

i 2(1 — 1622)k? + (3222 + 1)k — 622 — 1
4k
k=0 (2k — 1)a?* (3)

It follows that

oo

120 = — (4o + 1)y (2(4x — i&; 22 — 1)
k=0 22 (1)

+i2(2x—1)(4m—1)k—4x2+6x—1.

— (2k — 1)z2k (30

Combining this with (3.2) and noting that

\/41‘-1—110 Vir+1+1
2 B Iari_1

R(4x +1) = (3.7)

we get (1.21).
y (3.5) with z = 22, we have

n

2(1 — 162%)k? + 3k + 227 + 1 5 (m+1)(2n+1)
Z ok (4k =2z + on (4n
—~ (4k + 1)22* (57) (4n + 1)z (57)

WV

for any integer n > 0, and hence

2(1 — 162%)k? + 3k + 22% + 1

= 222
(4k + 1)x2k (%)

Nk

>
Il
<)
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It follows that

22 i (4z + 1)k — 22 + 1)

2% (51)
i (4 + 1)k +22 + 1
(4k + 1)a2k(5F)

k=

Combining this with (3.1), we immediately get (1.22).
By (3.6) with z = 22, we have

Z”: 2(1 — 162?)k? + 3k + 1822 +1 2 (n+1)(2n+1)
= (4k + 3)x2k (gz) (4n + 3)x2n (32)

for any integer n > 0, and hence

Z 2(1 — 1622)k? + 3k + 182% + 1 622

=0T .
=0 (4k + 3)27* ()
It follows that
5 2 (2042 — 1)k — 22 — 1)
242" = —(43:—1—1)2 T
k=0 22 ()
N i 2(4x — 1)(8x — 1)k + 45:«2 —18z+1
(4k + 3)x2k (%)

Combining this with (3.2) and noting (3.7), we immediately get (1.25). O

Proof of Theorem 1.3(ii). Assume that z > (1 ++/2)/2 or z < (1 —V/2)/2.
By (3.4) with z = (1 — z)/4, we have

Z": 201 —4z(1—2)k+ 8z(1—2)+ Dk —3z(1—2)/2 -1

~ (2k — 1)(x(1 — z)/4)* ()
= §l’ — X i + 1
= T e )

for any integer n > 0, and hence

=—z(l—=x).
o= (2 — D)(a(l — )/ (3) ")

It follows that

i 21 —4dz(1—z)k+ Bz(1—2)+ 1)k —3z(1—x)/2—1 3

222z — 1)2(2z — 3)k — (423 — 1622 + 7z + 6)
st oo Z (ol — o)/ ()

o0

2x—1 k—2x2—x+2
kz 1—1:)/4)( )
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Combining this with (3.3), we obtain

. 22022 —1)%k — 222 —x + 2
Z; 2k — 1)(z(1 — ) /4)k (57
= (1—2)3R(z) —z(1 — 2)(2x + 3) —z(22* + = — 2)
=31 —-2)R(z) — =,

which is equivalent to (1.26).
Now we prove (1.28). By (3.6) with z = (1 — x)/4, we have

z": 2(1 —4z(1 —z))k + 3k +92(1 —z)/2 + 1

—= (4k +3)(x(1 — ) /4)% (3})
(n+1)(2n+1)

(4n +3)(x(1 — 2)/4)" (51)

= g:n(l —x)+

for any integer n > 0, and hence

o0

Z 42z — 1)%k% + 6k + 92(1 — z) + 2
S (4 +3)(x(1 - 2)/4) (5)
It follows that

=3z(1 —z).

[e.e]

2229[;—1 (22 — 3)k — (423 — 1622 + Tz + 6)
P (z(1— ) /4)% (35)

i22$—1 (4o — 3)k + 2423 — 4222 + 252 — 6
= (4k + 3)(x(1 — ) /4)* (53) '
Combining this with (3.3), we obtain

6x(l —x)(2z —3

i 2(2x — 1)2(4a — 3)k + 2423 — 4222 + 250 — 6

prt (4k +3)(z(1 — ) /4)k (5%)
=(1—-2)3R(z) +4z(zx —3)) — 6x(1 —x)(2z — 3)
= (1—-2)3R(z) — 2z(4z — 3)).

This proves (1.28).
The identity (1.27) can be proved similarly by using (1.27) and (3.3). O

4. CONJECTURAL SERIES WITH SUMMANDS
INVOLVING TWO BINOMIAL COEFFICIENTS

In this section, we propose some new conjectures on series whose sum-
mands involve two binomial coefficients and generalized harmonic numbers.
Recall that the Riemann zeta function is given by

((s) = Z is for R(s) > 1
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Conjecture 4.1 (2023-08-21). (i) We have

X (C1)F [Tk -2 I\ rflog2 11
Z k(5% () <2k S 6k> TSN CR Y
) 1 k Tk —2 5 2 log 2 929
; k2 ( 2 <2/<: Hop—1 + 12k> =15 - ﬂC(B), (4.2)
oo (7]{,‘—2) () —(Gk?—Q)/(Qk;_l)Z) a
Z:1 (2k — 1)k? (2:) (3:) = 14’ (4.3)
Z (( k))( y (;: - iH’S)‘)l - ?);Z?») = 5B - 4§5C(5)- (4.4)
=1 k
( i) Let p > 3 be a prime. Then

Tk +2
2k +1

) ()
2
) ()

(

2k +1

(i)
) (7’”2Hk+ 1) = 69 4p(2)? (mod 72),
<7k+2 5 )
(zr - 138)

2k + 1 12k
3K\ (Th+2 5 ) )
=2 ) = 230,(2) + 3p g (2 d
> () () Gt - 1o ) =30 + 300,22 (mod 52
p/2<k<p
Also,
(p—3)/2 L (2k\ (3K
(D) (%) (2) , 6k+2 p
ALALV - PAV DAY T AT P B . (mod
2 2% + 1 (Tk + 2) Hj NG 15 Bp—s (mod p7)
and

p—1
3k Tk+2 (3 17 45H,, 1
Z ( )(k) <2/¢+1H'£)+ 32k3> = gy P Bes (mod ).
—1
(

iii) For any odd prime p # 5, we have

S (%) (3k)
> (D)H(Tk +2) i1 = "2Hp-1 (mod pY).
k=1

Remark 4.1. Chu and Zhang [8, Example 24] observed that

= (k-2
T T T TR
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Conjecture 4.2 (2023-09-11). We have

i (—1)*((28k* — 41k + 9)(2Hay—1 + 5Hy 1) — 21k 4 3)
o (2k = DR () (4.5)
2
—C( ) — §7r log2+ T
and
i 6(28k% — 41k + 9)(Hzp_1 — 6Hy,_1) — 142k + 125)
= (2k = k() () (4.6)
= Dlog2 — 11 ((3).

Remark 4.2. In view of the identity in Remark 4.1, we have

o

(—1)k(28k% — 41k + 9) 1

; (2k = k() () § 2
because 2k(28k% — 41k +9) + 3(7k — 2) = (2k — 1)(28k% — 27k + 6), and
— (—1)*(28k% — 27k +6) _ s (=1)n
N il )

tends to —1 as n — +o00.

Conjecture 4.3 (2023-09-11). We have

i (—1)*(12(21k% — 23k + 4)(2H2x—1 + 5Hg—1) + 35k — 121)
pt 2k =1 E) (F) (4.7)
= %{(3) ) 7?log 2 + Iw —4
and
i F(108(21k% — 23k + 4)(Hsp_1 — 6Hy_1) — 3247k + 2537)
= (26— 1) (%) (5) (4.8)
Remark 4.3. In view of the first identity in Remark 4.2, we have
i (—DF(21K* =23k +4) = 1
= @-DE)G) 82 2

because 4k(21k% — 23k + 4) — (28k? — 41k +9) = 3(2k — 1)%(7k — 3), and
E”: (-D*2k-1)(Tk—3) 1 N (—=1)™(n+1)

= k() (%) RIS
tends to —1/2 as n — +o0.
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Conjecture 4.4 (2023-08-21). (i) We have

DM (56K =32k +5 ) @, T

(ii) Let p > 3 be a prime. Then

g 3) (56K +32% +5 o) By T

Pt k k (2k 4 1)2 2k 4k2
H 1608

= 66 ;2 L ?p2Bp_5 (mod p?).

Provided p > 5, we have

P—l 9
3k 56k“ + 32k + 5 2) @) 7
oo T emr e — Hy, _—
P k: ( )(k)( (2k +1)2 (2Hy — ) + 435

H,_
=18 ;21 —28p (mod p?).

(iii) For any prime p > 3, we have

(»—3)/2 ( k) (3k)
—1)F1 (56K Se)\k) 2
;;1 (—1)"" (56K +32k+5)k(%+1)2 =12+ 20p (mod p?).

Remark 4.4. Chu and Zhang [8, Example 21] proved that

2 (—1)k 1(56k2 32k +5)
Z 2/{:3 (Qk:) (3kk) = 4«3)‘

k=1

Conjecture 4.5 (2023-08-21). (i) We have

o (—1)Ft <56k:232k:+5H(3) 1) 78
) 2k—1

=R G (2k — 1)2 ) = TG (410)
and
o~ (D (56K 32k 45 () o ) _ 15
> ( 4g®  —gW ) - )
= 205¢(7) — §Tr2((5) + %C(g)‘

(ii) Let p > 3 be a prime. Then

(p—3)/2 k 2
(—1)% (2K (3K (56k2+32k+5 3 1) _
; E\k)\k @k e g ) =0 (mod )
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and
S (C1F (2 (3R (5682 432k 45 o) 1
k& \k)\k (k+1)2 kS
H, i 858
o )
Also,
-3)/
2k [3k\ (56K2+32k+5 . 15
EZ (O (P Pt -+
=36B,_5 (mod p)
and

p—1 k 2
—1)* (2k\ (3k 56k* + 32k + 5 (4) (4) 15
2 H — H -
P k <k><k>< (2k +1)2 (UHy = H) +

H, 1 3996
524;21 = p’B,_5 (mod p?).

Remark 4.5. This conjecture looks quite challenging.
Conjecture 4.6 (2023-10-01). (i) We have

o (—1)F1(28k% — 18k +3)  7*
2w R B e

Also,

(—1)%(5(28k% — 18k + 3) Hyy,_1 + F1(k))

1 (2k — 13 (3) (%)

(=)L ((28k2 — 18k + 3)(H3x_1 — Hy_1) + 2F5(k))
(2% = 13k () (F)

= 65¢(5) — 7w%¢(3), (4.13)

LRI

=220, (414)

b
Il
—

and
i 28k;2 18k + 3)H,”, — F3(k) 7 15
TR ) Taw Y

k=1

where
80k3 — 72k2 + 24k — 3 28k3 — 24k + 8k — 1

Fuk) = k(2k — 1)  Fo(k) = k(2k — 1)

and
208k* — 240k3 + 120k2 — 30k + 3

4k2(2k — 1)2
(ii) For any prime p > 3, we have

(p— 1)/2 k_1 2
) (28k* — 18k + 3) H, 1 27, 3
P 3 ) S 5 e e 1)
k k

Fg(k‘) =
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and
2pi1 2 (_1)k(2lf) (3:) 2 5 6
28k 18k A LA — 24p°B,_5 (mod .
pkE_1(8 + 18k + 3) EICTEE 8+ 8p p°Bp_5 (mod p°)

Remark 4.6. The series in (4.12) has converging rate —1/27.

Conjecture 4.7 (2023-09-11). We have

i ((40k? — 52k + 7)(3Hop—1 + 2Hj,_1) — 20k — 11)
4k
k=1 (2k — Dk (% ) (o) (4.16)

9
= §w2 — 972 log 2 + 84¢(3)

and
i ((40k% — 52k + 7)(9Hp—1 — 3Hoj_1 — 17THy_1) — 298k + 233)
k=1 (2k — l)k( k ) (3:)
= 9?7# log 2 — 147¢(3).

(4.17)

Remark 4.7. Theorem 9 of [8] witha =e=1and b =c=d = 1/2 yields
the identity

o0

16)*(5k — 1 2
Z(( )" ( )

3

25— D20 () 2

In view of this, we have

o0

(40k? — 52k + 7)(—16)* 3
4k -
k=1 (2k — 1)k(k)(2k) 2
because k(40k? — 52k + 7) + 3(5k — 1) = (2k — 1)%(10k — 3), and

z": (—16)¥(2k — 1)(10k — 3) . (—1)ng2n L

[7:

past k(5 () GGy
tends to —4 as n — 4-o0.
Conjecture 4.8 (2023-09-11). We have
X (—16)%(7(140k> — 94k — 15)(3Hop—1 + 2Hj—1) + 15(226k — 249))
= (2% = 1) (5) (20)

= 882¢(3) — 29 %log +%n — 388

(4.18)
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and

i —16)*(7(140k2? — 94k — 15)(2Hyp—1 + 5Hop_1) + 48(19k — 45))

k k
k=1 (Qk - 1)(2k ) (gk)
= 1323((3) — 6372 log 2 4 21972 — 346.
(4.19)

Remark 4.8. In view of the first identity in Remark 4.7, we have
i (140k? — 94k — 15)(—16)* 9

2k (4k T4

o R0 () 4

~ 20,

because
2k(140k* — 94k — 15) — 3(40k* — 52k + 7) = 7(2k — 1)(20k* — 12k + 3),

and
(_1)n(n + 1)42n+1

() Gn)

—4+

Z": (—16)%(20k* — 12k +3)
= k() Gr)
tends to —4 as n — +o00.

Conjecture 4.9 (2023-08-22). (i) We have

(—16)*((20% — 8k + 1) H>)| — 16k(4k — 1)/(2k — 1)%)
2 (2% = 128 (%) (o) e
(4.20)
i (208 — 8k + 1)HY, | — 3k(4k —1)/(2k — 1)?)
ot (2k — 1283 () (51) (4.21)
7
o 2K6) - 17%),
) 2
e st (o7t %) =626 - 5w
k=1 2k

(4.22)
(ii) Let p be an odd prime. Then

—1 (2ky (4k
pz (5)) (55) (20k2 + 8k + 1)
— (2k + 1)2k(—16)*
When p > 3, we have

<p§/2 (%) (3%) (20k> + 8k + 1)
(2k + 1)2k(—16)F

k=1
Remark 4.9. Chu and Zhang [8, Example 1] proved that

2. (—16)*(20k — 8k + 1)
2 ok 1R ) ()

(1645 — 3H) = —52B, 3 (mod p).

(1675 —3H”) = ~24B, -3 (mod ).

= —14¢(3).

k=1
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Conjecture 4.10 (2023-09-12). We have
2168 ((6k% — 11k + 1)(4Hyp—q — Hy—y) — 18k — 1)
B 4k
(2k — 1)k(2k ) (gk)

= —24G—%r3 (4.23)

k=1

and

> 16%((24k2? — 34k — 7)(4Hop 1 — Hp_1) — 6k — 115 9
Al )1 — Him) )—11—138G—4773,
k=1 (Qk - 1)(k ) (Qk:)

(4.24)
where G denotes the Catalan constant Y 5o o(—1)%/(2k + 1)2.

Remark 4.10. By Chu and Zhang [8, Exmaple 84],

o~ (Bk—1)16F S
e T

This implies the identity

oo

> (6k2 — 11k;1)41k6k -
k=1 (2k — 1)k( k ) (Qk)
because 4k(6k? — 11k 4 1) + 3(6k — 1) = (2k — 1)(12k? — 16k + 3), and
z": 16F(12k* — 16k +3) =~ 4%0H!
= RO () Gn)

tends to 4 as n — +oo. Similarly, we have

o0

Z (24k? — 34k — 7)16"
2k\ (4k

k=1 (2k — 1)(k)(2k)

because k(24k% — 34k —7) —3(6k? — 11k +1) = (2k — 1)(2k — 3)(6k — 1), and

z”: 16%(2k — 3)(6k — 1)) . 42ntl(n 4+ 1)

e o1 e NN COT¢D

tends to 4 as n — +o0.

=7 - 18G,

Conjecture 4.11 (2023-10-03). We have

o0

3 (—16)F((112k2 — 32k + 3)ag — 1536k — 120(2k +1)/(2k — 1))

k2(4k — 1)(4k — 3)(3F) ()

k=1

where
ap = 6Hgr_1 — 3H3p_1 + 18Ho,_1 — 13H ;.

Remark 4.11. By [8, Example 29], we have the identity

[e.e]

Z (—16)*(112k% — 32k + 3)

k2(4k — 1)(4k — 3)(3F) (5 86

k=1
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Conjecture 4.12 (2023-08-21). (i) We have

3 256" @ 328(6k—1)\
> e (A ) — )

(4.26)

o0

256" 29(6k — 1
Z < (2k — 1)k2 (Sk:) (3k) ((22k - 1)H ék) 17 M) = —-203(4) (4.27)

and
o0

2568=1(22k — 1)
(2k — k2 () (5r)

where B(4) = 372 o(—1)%/(2k + 1)%.
(i) Let p > 3 be a prime. Then

(328H§?_1 —87HP ) = 1568(4),  (4.28)

]

(p—3)/2
Z <()() (3(22k + 1)H,§2) + 328(6k+1)> = 192E,_3 (mod p),

— (2k+ 1)256% (2k +1)2
(p—3)/2 Bk) (Gk)
(2, 296k + 1)) _
k=0
and

p—1 (22]{} + 1)(3k) (Gk)
(2k + 1)256*

(]

(328H§? 87H? )) = 4600E,_3 (mod p).
k=0

Remark 4.12. Chu and Zhang [8, Example 50] proved that

o0

Z 256k(22k3_k 1)6k _ 1980
1 (2k — 1)7‘72( k ) (3k)
Conjecture 4.13 (2023-09-12). We have
2. 256F((22k2 — 65k — 48)H (k) + 258k + 3970) _
; (2 — k() (3)

and

20(37°+1216G) (4.29)

> 256" (24(1408k2 — 6318k + 3557)H (k) + 145906k + 533701)
2k = () (5P (4.30)
= 16(159030G — 4507 — 11381),

B
Il
—

where
/H(ki) = 10H6k—1 - 5H3k_1 - 16H2k_1 + 5Hk_1.

Remark 4.13. Based on the identity in Remark 4.12, we have
i 256%(22k2 — 65k — 48)

6k

k=1 (2k — 1)k( )(3k>

= 16(1 — 30G)
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and
. 256F(1408%k2 — 6318k + 3557
> ( " 6; ) _ 16(59 + 150G)
k=1 (% - 1) ( k ) (3k)

because of the following identities:
4k(22k? — 65k — 48) + 15(22k — 1) = (2k — 1)(44k* — 108k + 15),

n

3 256" (44k* — 108k + 15) 61 4int3
3k\ (6k - T (3n) (6n)
o k(%) (sr) () ()
k(1408k? — 6318k + 3557) + 5(22k* — 65k — 48)
= 16(2k — 1)(44k* — 172k + 15),
256" (44k* — 172k +15) A 4Ant3(n 4+ 1)
3k\ (6k - 3n (6
= k(%) Ge) () (n)
5. CONJECTURAL SERIES WITH SUMMANDS INVOLVING
THREE OR MORE BINOMIAL COEFFICIENTS

Conjecture 5.1 (2023-08-17). (i) We have
oo 2
(21k — 8)H”, +2/k

n

> : =__. (5.1)
£ K () 360
(ii) For any prime p > 3, we have
p—1 3
2k 2 16
Z (k:) <(21k + 8)H,§2) - k) = €p4Bp_5 (mod p°).
k=1
Remark 5.1. In 1993, Zeilberger [25] established the identity
i 21k -8
=GO
The author [15] proved that
p—1 2%\ 3
Z(Qlk +38) < i > =8p+ 16p*B,_3 (mod p°)
k=0
for any prime p.
Conjecture 5.2 (2023-08-17). (i) We have
> (21k —8)H™ +1/k2 62 16
> bl = —((5) = 5;7CB). (5.2)

k=1 k3 (2kk) ’

(ii) For any prime p > 7, we have

2K\ 2 1 256 H, ; 752
<k> ((21k + 8)H,g3) - l<:2) == ];) Ly gpsBp_g, (mod p*).

p—1

k=1
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Remark 5.2. The author [21, Conjecture 3.2] conjectured that

-~ 21k — S (D By )T 292

which remains open.

Conjecture 5.3 (2023-08-17). (i) We have

5%

k=1

921k — 8)HY, +25/k% 1375 53
2k\3 - ' '
K () 3780

(ii) For any prime p > 3, we have

(p—1)/2
2]{: 25 H,_ 96
921k +8)HY — 22} =96=22L + Z212B, 5 (mod pP).
k3 p? 5
k=1
Remark 5.3. This conjecture looks quite challenging.

Conjecture 5.4 (2023-08-17). (i) We have
4

. 16k 2) 1 T
k—2)H - = —. 4
kz_l k3 (2}5)3 ((6 )2y + k:) 24 (5-4)

(ii) For any prime p > 3, we have

= 2 1
lkfik ((6k+2)Hk —k>
k=1

(]

4
= —4gp(2) +2pp(2)° — 3P p(2)° +p°qp(2)* (mod p).

Remark 5.4. In 2008, Guillera [11, Identity 1] used the WZ method to

obtain that
— (3k—1) 16’“ _
; kS ( 2
'[TVV]O g-analogues of this identity were given by Hou, Krattenthaler and Sun
13].

Conjecture 5.5 (2023-10-07). We have

>, (42k2 — 23k + 3)16* 2
( +3)16° (5.5)

Z B2k - 1) (%) () 2

2k
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Also,

s 16F (P(k)(HQH — Hy1) — %%)  27%log2 — 7((3)

pat K32k —1)(%) (3F)° : ‘ oY

oo 16k (P(k)(H4k_1 — Hop—1) — wf;@%ﬁlg) 2712 1og 2 + 35¢(3)

= K32k — 1) () (4 ) " o7

x 16 (P(H - B, - 287) - 58

2 B (k- 1)) ()] I
o 165 (P(R)(AHS) | — 5HE) | —3H) + S5EE0) (5.9

B2k - 1) (%) () o
where Q(k) = (3k — 1)(14k — 3) = 42k? — 23k + 3.

Remark 5.5. The identity (5.5) and related p-adic congruences were an-
nounced in [18, Remark 4.14 and Conjecture 4.14].

Conjecture 5.6 (2023-10-13). We have
i (92k% — 61k + 9)64F
k=1 k3 (2k — 1) (Qkk) (3kk) (Zzli)

= 872, (5.10)

Also,

2. 64% (Q(k)(3H3—1 — 5Hy_1) — 60k + 21) )

=481 log 2 — 56((3), (5.11

k- D) ) ) Tlog2 = 50e3), (1Y
64k (Q(k)(SH%—l —2Hp_1) — 7124]“2223%“13)

= 112C 3), 5.12

EETE ST ®. - 61

oo G4k (Q(k)(6H4k—1 —Hj_y) — 7344k22_;€2§11k+59> (
= 560¢(3), 5.13
Bk D)) © )

where Q(k) = 92k — 61k + 9.

Remark 5.6. The identity (5.10) and related p-adic congruences were an-
nounced in [18, Remark 4.15 and Conjecture 4.15].

Conjecture 5.7 (2023-11-12). (i) We have

i (5535k% — 4689k2 + 1110k — 80)(—27)F1 i (%)
2 2

o Bek-Ek-2( ) =

(ii) Let p > 3 be a prime. Then
(p-1)/2 3ky (6k)2
y P (%) (%) ()

(3k + 1)(3k + 2)(—27)F

k=0

(5.14)

=4p (%) (mod p?)
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and

O PHEHE

3k + 1 (3k + 2)(—27)F

400 1
— 40p ( )+7p33p_2 <3> (mod pY),

]

k::O
where P(k) = 5535k% + 4689k% + 1110k + 80.

Remark 5.7. The series in (5.14) has converging rate —1/1024. In 2023,
the author announced the identity (5.14) in an arXiv preprint. In 2024, J.
Zuniga informed the author that Guillera had proved the identity via the
WZ method.

Conjecture 5.8 (2023-08-17). (i) We have
> 4
Z @ <(28l<:2 — 18k + 3)(4HS) | +3H™)) + k) — —49¢(3)*.
k=1 k

(5.15)
(ii) For any odd prime p, we have

—1 4
< ) (3k) 2 (3) | ap@)y_ 4
Z (28K + 18k + 3) (4Hy, +3H") —
=1
= —24qp(2) +12pgy(2)? (mod p?).

Remark 5.8. This is motivated by the author’s conjectural identity

2. (28k% — 18k + 3)(—64)" "
> = —14¢(3)
k=1 OGN

published in [16].
Conjecture 5.9 (2023-08-17). (i) We have

— (—1)k= 125
3 - 3k ( 8(205k% — 160k + 32)(HS) | + HY)) + k) — 16¢(3)2.
k=1 ks(k

(5.16)

(ii) For any prime p > 3, we have

p—1 5
—1)* (2:) (8(205k2 + 160k + 32)(HS) + H®)) — 12;)
k=1

= —3584p*B,_5 (mod p°).
Remark 5.9. In 1997, Amdeberhan and Zeilbeger [1] obtained the identity

i k(2052 — 160k + 32)

k=1 ko (2kk) i

= —2((3).
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Conjecture 5.10 (2023-08-17). (i) We have
— (1) 1
3 (=) _ (1620582 — 160k + 32) (HSY |+ 35Y,) — 22 = 39¢(7).
= k() k2

(ii) For any prime p > 3, we have

(5.17)

S 2K\’ q 195
(_1)k<k> (16(205k2 160k + 32)(Hy, +3H,") + k2 )
k=1

H,_ 34
= 1024( ; L. 5p3Bp_5> (mod p?).

Remark 5.10. Note that (5.17) gives a surprising series for ((7).
Conjecture 5.11 (2023-08-17). (i) We have
2. (—256)F
=Rl

(ii) For any odd prime p, we have

— 6 3 ), 2
k 2 _ N
; 256 ((wk + 6k + 1)(8H,, — H,”) k)

2
((101@2 —6k+1)(8HY) | — HP )+ k> = —196¢(3)2.

(5.18)

= —16¢,(2) + 8p¢p(2)* (mod p?).
Remark 5.11. It is known that

i (10k% — 6k + 1)(—256)%
5

k=1 k(%)

(cf. [11, Identity 8]).

Conjecture 5.12 (2023-08-17). (i) We have

= —28((3)

. (—256)F
T (k5 (%))5 (10k2 — 6k + 1) (16H§§_1 n 3H,§4_)1) — _508¢(7).  (5.19)
k=1 k
(ii) For any prime p > 3, we have
=1 2k\5
«— (&)
(—256)k

56
(10k + 6k + 1) (16H§§) + 3H,§4>) = —2pBy-3 (mod p).

k=1
Remark 5.12. The identity (5.19) looks interesting and challenging.
Conjecture 5.13 (2023-08-17). (i) We have

256k 5 9 (4) (4) 4 317‘(’8
) <(21k 22k 8k - 1) (164, + 7Y, ) + ) = TG

=t UCON k
(5.20)
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(ii) For any prime p > 5, we have
p=1 2K\ 7
)

4
S ((21k3 + 22k + 8k + 1) (16H§§ + 7H,§4)) - >
k=1

k

32
= —32¢,(2) + 16p qp(2)2 — Equp(2)3 + 8p3qp(2)4 (mod p4).

Remark 5.13. This is inspired by the identity
i (21K — 22k% 4+ 8k — 1)256%F 7t

L7 (Qk) 7 8

k=1 k

conjectured by Guillera [10].
Conjecture 5.14 (2023-10-13). We have

$o 00k 3k - O () _ o7y

r (2k + 1)729% T om (5.21)
Also,
= (D)6 G ~ 81v/3 log3
(5.22)
and

o () (0) Gi)

(2k + 1)729%

108k2 + 92k + 23
<P(kz)(3H3k2H2k+3Hk) oSk >:o,

o 2k +1
(5.23)
where P(k) = 66k> + 37k + 4.

Remark 5.14. Note that the series in (5.21) for v/3/7 is not of the Ra-
manujan type.

Conjecture 5.15 (2023-10-13). We have

00 2k\ (4k\ 2 (2) (2)
(k)(Zk:) < 2 ( 2 Hyy Hy ) > T
R eR | (48k° + 32k +3)| H,,) — =& — -1)=—-——-.
( ) 4k 6\/5

— (2k + 1)4096* 4 16
(5.24)
Remark 5.15. This is motivated by the known identity
) 2
(48K° + 32k +3) (%) (31) _ 8v2
k
— (2k + 1)4096 T
(cf. [8, Example 82]).
Conjecture 5.16 (2023-06-19). We have
0o 2k 9
(%) 2 @ 8 64¢(3)
—r—— | (20K k+1)H = . 2
£ (—4096)* <( O +8k+ DH + o + 1> 2 (5:25)
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Remark 5.16. This was motivated by the known identity

i@o;{:? + 8k + 1)& _ 8
i (—4096)F — 72

(cf. [11, Identity 8]) The author [21, (145)] conjectured that

i 4096 (20k2+8k+1)(8H§§>—3H,§2))+4)zg,

which was later confirmed by Wei [23].
Conjecture 5.17 (2023-08-19). (i) We have

o] 2k)5
G e @) _ap@) _ _96 »
kzo( 1oggye (20K + 8k +1) (64H2k 3H{ )_ = (5.26)
(ii) For any prime p > 3, we have
L 924
Z 4096 (206 + 8k + 1) (64mY) — 30 ") = ~=-pBy-s (mod p?).
0

Remark 5.17. We haven’t found similar results involving harmonic num-
bers of the fifth order.

Conjecture 5.18 (2023-06-19). (i) We have

- 5

2 3 _ @Y 125 L 0a803)
2) 220 <820k + 180k +13) (9Hy) — H) + 520 ) = 10242 22
(5.27)
(ii) For any odd prime p, we have
(p=3)/2 2k 5
2 ®) _ g® 125
z;) 220 <820k + 180k +13) (085 — B ) + ==
= —256B,_3 (mod p).
Remark 5.18. This was motivated by the known identity
) Qk) 128
(820%% + 180k + 13) ( ==
kzzo (—220)k — 2
(cf. [11, Identity 9]). The author [21, (150)] conjectured that
o0 2k
(k:) 2 () () 128
> e (8208 + 180k + 13) (118 - 35 ) +43) = ==,

k=0
which was later confirmed by Wei [23].
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Conjecture 5.19 (2023-08-19). (i) We have

00 5

§ (8202 + 180k + 13) (49H) — 3HW) — 195 )

P O 220 ( )< 2k k > (2k+1)2 (528)
896 ,
T 45

and

2
( (820k? + 180k + 13) (351H§? - HHS)) N (2kfl)3>
(5
=512 <857(r2) - 7((3)> :

(5.29)
(ii) For any odd prime p, we have

(p_z?%/? NG <(820k:2 + 180k +13) (4915, — 3" ) — 1 )
i (—220)k 2k k (2k +1)2
=0 (mod p).
Remark 5.19. It seems that (5.29) is the first nontrivial series for ¢(5) /72

Conjecture 5.20 (2023-11-15). (i) We have
i (9283 + 54k + 12k + 1) ()" 12

e [ o
and
o ((92k3 + 54k2 + 12k + 1)(2Hgi, — Hay, + 15Hy) — f(k))
kzzo (6K + 1)256% () (51) (5.31)
- —2881sz2

with f(k) = 2(5064k3 + 2828k? + 542k 4 35)/(3(6k + 1)).
(ii) Let p be an odd prime. If p > 3, then

(r-1)/ 3 2
(92k° + 54k + 12k + 1 93
E )( ) Ep2—|— 7Bp 5 (mod p )

0 (6k+1)256% () (5) 50"
and
(p—].)/? (92k3 54k2 + 12k _ 1)256k (3k) (6k) H 783 2 3
Z T B,_5 (mod p°).
k=1 (6k — 1)k (7)) v’ 0

When p # 5, we have

p! 3 2 2%\ 7
(9263 + 54k + 126+ 1)(°F)" 7 .
2 (6k + 1)256% (%) (5F) =p"+ 1P Bp—s (mod p°).

k=0
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Remark 5.20. The hypergeometric series in (5.30) has converging rate
4/27.

Conjecture 5.21 (2023-11-15). (i) We have
o (25 ((9%3 +54k2 + 12k + 1) (20HS) — TH) + 44k + 10)

= 4.
s (6k + 1)256% (3%) (5)

(5.32)
(ii) Let p be an odd prime. Then

7
p=1 (%) ((9%3 + 54K + 12k + 1)(20HS) — 7HP) + 44k + 10)

3k (6k
(6k + 1)256% (77) (57)
= 14p3Bp_3 (mod p4).
If p > 3, then

i
I

0 /2 ()7 (924 + 5482 + 12k + 1) 20H,) — TH,Y) + 44k + 10)

- (6k +1)256% () (31)
93

Remark 5.21. We haven’t found identities similar to (5.32) with summands
involving harmonic numbers of order at least three.

ol

Acknowledgments. The author would like to thank Dr. Chen Wang, Ce
Xu and Yajun Zhou for helpful comments.

REFERENCES

[1] T. Amdeberhan and D. Zeilberger, Hypergeometric series acceleration via the WZ
method, Electron. J. Combin., 4(2) (1997), #R3.

[2] G. Almkvist, C. Krattenthaler and J. Petersson, Some new series for w, Experiment.
Math. 12 (2003), 441-456.

[3] K. C. Au, [lterated integrals and multiple polylogarithm at algebraic arguments, arX-
iv:2201.01676, 2022.

[4] N. Batir, On the series > oo, 2" /(K" (3:)), Proc. Indian Acad. Sci. (Math. Sci.) 115
(2005), 371-381.

[5] N. Batir, On certain series involving reciprocals of binomial coefficients, J. Class.
Anal. 2 (2013), 1-8.

[6] F. Bellard, 7 Formulas, Algorithms and Computations, https://bellard.org/pi.

[7] J. M. Campbell and P. Levrie, Proof of a conjecture due to Chu on Gosper-type sums,
Aequationes Math. 98 (2024), 1071-1079.

[8] W. Chu and W. Zhang, Accelerating Dougall’s 5 Fa-sum and infinite series involving
m, Math. Comp. 83 (2014), 475-512.

[9] S. Cooper, Ramanujan’s Theta Functions, Springer, Cham, 2017.

[10] J. Guillera, About a new kind of Ramanujan-type series, Experiment. Math. 12 (2003),
507-510.
[11] J. Guillera, Hypergeometric identities for 10 extended Ramanujan-type series, Ra-

manujan J. 15 (2008), 219-234.



34

ZHI-WEI SUN

[12] V.J.W. Guo and X. Lian, Some g-congruenceson double basic hypergeometric sums,

J. Difference Equ. Appl. 27 (2021), 453-461.

[13] Q.-H. Hou, C. Krattenthaler and Z.-W. Sun, On g-analogues of some series for m and

7%, Proc. Amer. Math. Soc. 147 (2019), 1953-1961.

[14] S. Ramanujan, Modular equations and approximations to w, Quart. J. Math. (Oxford)

(2) 45 (1914), 350-372.

[15] Z.-W. Sun, Super congruences and Euler numbers, Sci. China Math. 54 (2011), 2509—

2535.

[16] Z.-W. Sun, Products and sums divisible by central binomial coefficients, Electron. J.

Combin. 20 (2013), no. 1, #P9, 1-14.

[17] Z.-W. Sun, New series for some special values of L-functions, Nanjing Univ. J. Math.

Biquarterly 32 (2015), 189-218.

[18] Z.-W. Sun, New congruences involving harmonic numbers, Nanjing Univ. J. Math.

Biquarterly 40 (2023), 1-33.

19] Z.-W. Sun, Series of the type 32>  (ak + b)z* ™k Nanjing Univ. J. Math. Biquar-
k=0 nk

terly 41 (2024), 1-33.

[20] Z.-W. Sun, Infinite series involving binomial coefficients and harmonic numbers (in

Chinese), Sci. Sinica Math. 54 (2024), 765-774.

[21] Z.-W. Sun, Series with summands involving harmonic numbers, in: M. B. Nathanson

(ed.), Combinatorial and Additive Number Theory VI, Springer, Cham, to appear.

[22] C. Wei, On two double series for m and their g-analogues, Ramanujan J. 60 (2023),

615-625.

[23] C. Wei, On some conjectural series containing binomial coefficients and harmonic

numbers, arXiv:2306.02461, 2023.

[24] C. Wei and G. Ruan, Some double series for m and their g-ananlogues, J. Math. Anal.

Appl. 537 (2024), Article ID 128309.

[25] D. Zeilberger, Closed form (pun intended!), Contemporary Math. 143 (1993), 579—

607.

DEPARTMENT OF MATHEMATICS, NANJING UNIVERSITY, NANJING 210093, PEOPLE’S

REPUBLIC OF CHINA

E-mail address: zwsun@nju.edu.cn
Homepage: http://maths.nju.edu.cn/~zwsun



	1. Introduction
	2. Proofs of Theorems ??-??
	3. Proof of Theorem ??
	4. Conjectural series with summands  involving two binomial coefficients
	5. Conjectural series with summands involving  three or more binomial coefficients
	References

