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MIXED QUANTIFIER PREFIXES OVER DIOPHANTINE
EQUATIONS WITH INTEGER VARIABLES

ZHI-WEI SUN

ABSTRACT. In this paper we first review the history of Hilbert’s Tenth
Problem, and then study mixed quantifier prefixes over Diophantine e-
quations with integer variables. For example, we prove that ¥?3* over
Z is undecidable, that is, there is no algorithm to determine for any
P(z1,...,x6) € Z[z1,...,x6] whether
Va1VredrsIzaIrsIwe(P(x1, ..., x6) = 0),

where x1,...,T¢ are integer variables. We also have some similar unde-
cidable results with universal quantifies bounded, for example, 32?32
over Z with V bounded is undecidable. We conjecture that ¥?3? over Z
is undecidable.

1. INTRODUCTION

In 1900, at the Paris conference of ICM, D. Hilbert presented 23 famous
mathematical problems. Many of them are questions of others, however the
tenth one is due to Hilbert himself. In modern language, Hilbert’s Tenth
Problem (HTP) asks for an effective algorithm to test whether an arbitrary
polynomial equation

P(Zl,...,Zn):O

(with integer coefficients) has solutions over the ring Z of the integers, where
n is an arbitrary positive integer. However, the concept of algorithm or
computation was vague in 1900.

Let N = {0,1,2,...} and call each n € N a natural number. What kind
of number-theoretic functions into N (with natural number variables) are
computable? This was investigated by logicians in the 1930s.

We first introduce the basic functions:

(1) Zero function: O(x) =0 (for all x € N).

(2) Successor function: S(x) =z + 1.

(3) Projection functions: Ing(z1,...,2,) =2 (1 < k< n)

Key words and phrases. Undecidability, Diophantine equations, Hilbert’s tenth prob-
lem, mixed quantifiers.
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For number-theoretic functions g(yi,...,¥ym) and hi(x1,...,z,) (1 <@ <
m), we define their composition as follows:

flz1, ..., xn) = g(hi(zr, .. yzn)y ooy b (21, .o )

Given number-theoretic functions g(z1,...,2,) and h(z1,...,Tn,y, 2), we
define

f(xla"'7xn70) :g(xla"'vxn)7
f(xla---al'rhy_‘_l) :h(l'la"wxnayaf(:pla--'7mn7y))a

and say that f is obtained from g and h via primitive recursion.
For a number-theoretic function g(x1,...,zy,y), we define

flzy,...,xn) = py = 0(g9(z1,...,2n,y) =0)

as the least y € N with g(z1,...,2,,y) = 0; if g(x1,...,2,,y) # 0 for all
y € N, then f(z1,...,2,) is undefined. We say that f is obtained from the
function g via the p-operator.

The partial recursive functions are the basic functions and those obtained
from the basic functions by applying composition, primitive recursion and
the p-operator a finite number of times. For any partial recursive function f,
it is easy to see that if f(x1,...,z,) is defined then the value f(z1,...,z,)
is effectively computable by intuition.

In 1936 A. Turing introduced the notion of Turing machine which is an
abstract machine that manipulates symbols on a infinite strip of tape ac-
cording to a finite table of rules (i.e., a program) involving four kinds of
basic operations: Write 1, change 1 to 0 (blank), move to the left unit (L),
move to the right unit (R). A function f(z1,...,z,) is Turing computable
if there is a program according to which the Turing machine with initial
inputs x1,...,x, finally stops and yields the value f(x1,...,z,) as output
if f(x1,...,xy,) is defined, and never stops if f(z1,...,x,) is undefined.

The partial recursive functions and Turing computable functions were
proved to be equivalent by S. C. Kleene in 1936. The following thesis was
proposed by A. Church in the same year.

Church’s Thesis. If a function f into N with natural number variables
s effectively computable by intuition, then it must be a partial recursive
function (equivalently, a Turing computable function).

Church’s Thesis has been widely accepted after 1936. So we have the
exact definition of computable functions which refer to the partial recursive
functions or Turing computable functions, and hence HTP has its accurate
meaning.

A subset A of N is said to be an r.e. (recursively enumerable) set (or a
semi-decidable set) if the function

fala) 1 if x € A,
xTr) =
A undefined if x € N\ A.
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is a partial recursive function. It is easy to show that

A CNisanr.e. set
<= A is the domain of a partial recursive function

<= A is the emptyset or the range of a total recursive function f(z).

A set A C N is called decidable or recursive, if the characteristic function

(z) = 1 ifxeA,
XA =0 ifzeN\ A

is Turing computable (or recursive). Clearly, A is recursive if and only if both
A and N\ A are r.e. sets. A well known result in the theory of computability
states that there is a nonrecursive r.e. set (cf. [1, pp. 140-141})).

From now on, variables range over Z unless specified. Let P(z1,...,2,) €
Z|z1,...,2y]. Then

Iz ... 32, (P(21,...,2n) =0)

<:>3x1>0...2|mn20< H P(61$1,---,€n$n)—0>-
51,...,€n€{i1}

On the other hand, by Lagrange’s four-square theorem (each m € N can be
written as the sum of four squares), we have

Jz1 >20...3z, > 0(P(z1,...,2,) =0)
<= JuiIv1Iy132 . . . Juy I,y 3z,

(P2 +0?+12 + 22, w2+ + 2 +22)=0)

So HTP has the following equivalent form (HTP over N): Is there an algo-
rithm to decide for any polynomial P(zy,...,x,) with integer coefficients
whether the Diophantine equation P(zi,...,z,) = 0 has solutions with
T1y..., Ty € N?

A relation R(ay,...,an) with aj,...,a, € N is said to be Diophantine if
there is a polynomial P(ty,...,tm,x1,...,2,) with integer coefficients such
that

R(ay,...,am) < Fr1 >0...3x, = 0(P(a1,...,am,x1,...,2,) =0).

A set A C Nis Diophantine if and only if the predicate a € A is Diophantine.
It is easy to see that any Diophantine set A is an r.e. set. In fact, for
a given element a € N we may search for the natural number solutions of
the Diophantine equation associated with A. If it has a solution, then we
will find one and let the computer stop and give the output 1. If it has no
solution, the computer will never stop.

In 1944 E. L. Post thought that HTP begs for an unsolvability proof (i.e.,
HTP might be undecidable), motivated by this M. Davis [3] published in
1953 the following important hypothesis.

Davis Daring Hypothesis. Any r.e. set A C N is Diophantine.
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Under this hypothesis, for any nonrecursive r.e. set A there is a polynomial
P(z,x1,...,2,) such that for any a € N we have

a€A < Jr; >20...32, 2 0(P(a,x1,...,2,) =0).

Thus Davis Daring Hypothesis implies that HTP over N is undecidable.
The exponential Diophantine equations over N have the form

El(l’l, .. .,.’L’m) = E2($1, N ,xm),

where E7 and FEs are expressions constructed from variables and particular
natural numbers using addition, multiplication, and exponentiation. Here is
an example of exponential Diophantine equation:

o +y? +yY =57

A relation R(aq,...,an) with a1, ..., a, € N is said to be ezponential Dio-
phantine if there is an exponential Diophantine equation

E(tl,...,tm,ajl,...,xn) =0
over N such that
R(ay,...,am) <= Fr1 >0...32, 2 0(E(a1,-..,am,X1,...,Tn) =0).

A set A C N is called exponential Diophantine if the predicate a € A is
Diophantine. The following important result concerning exponential Dio-
phantine equations was established by Davis, H. Putnam and J. Robinson
[5] in 1961.

Davis-Putnam-Robinson Theorem. Any r.e. set is exponential Dio-
phantine. Thus there is no algorithm to decide for any given exponential
Diophantine equation whether it has solutions over N.

Based on this result, in 1970 Y. Matiyasevich [9] utilized the Fibonacci
sequence to prove that the exponential relation a = b¢ (with a,b,c € N)
is Diophantine. This, together with the Davis-Putnam-Robinson Theorem,
led him to prove the Davis Daring Hypothesis completely. Thus, HTP was
finally solved negatively in 1970. The reader may consult Davis [4] or Matiya-
sevich [13] for a popular introduction to the negative solution of HTP.

In 1975 Matiyasevich proved further that any r.e. set A C N has a Dio-
phantine representation over N with only 9 unknowns, the detailed proof of
this 9 unknowns theorem appeared in J. P. Jones [§].

Note that a system of finitely many Diophantine equations over S C Z is
equivalent to a single Diophantine equation over S. In fact, if P;(21,...,2,) €
Zlz1,...,2zp) for all i =1,... k, then

Pi(z1,...y2n) =0A...APi(21,...,2,) =0
> P¥z1,...y20) + ..+ P21, 20) = 0.

Fori=1,...,n, let each p; be one of the two quantifiers V and 3. If there
is no algorithm to determine for any P(x1,...,zy) € Z[z1,...,x,] whether

p1x1 = 0 ppxy >O(P(CL,IE1,...,ZL‘7L) :0)7
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then we say that py --- p, over N is undecidable. For example, 3% over N is
undecidable by the 9 unknowns theorem, but it is open whether 3* over N
is decidable or not. We may also consider p; - - - p, over N with V bounded,
for example, Matiyasevich [11] proved that 3v3% over N with V bounded is
undecidable, that is, there is no algorithm to determine for any P(x) € Z[z]
and Q(x1,...,x4) € Z[xo, ..., x4] whether

dzy > OVzg € [0, P(x1)]3zs = 0324 > 0(Q(a, x1,...,24) = 0).

After the negation solution of Hilbert’s tenth problem, it is natural to ask
the following question: For what kinds of mixed quantifier prefixes p; - - - pp,
p1,- - pn over N (with V bounded or unbounded) is undecidable? After a
series of efforts due to Matiyasevich [10, 11], Matiyasevich and Robinson
[14, 15], and Jones [7], the only open cases are V3%, 3v3, and 3v3 with V
bounded. J. M. Rojas [20, Conjecture 3| conjectured that 3¥3 over N is
decidable.

Both 3 over N and 3 over Z are decidable in polynomial time (see, e.g.,
[15, p.525]). In fact, if ag,a,...,a, and z are integers with apz # 0 and
S g aiz"" =0, then

n n

2" < a2 < lail - 2" < ] - |2
i=1 i=1
and hence
n
2l < lail.
i=1

In 1987 S. P. Tung [27] showed that for each n € ZT = {1,2,3,...} the
problem to determine

V- -Ve,Irn1 (P(z1, ..., Tpy Tps1) = 0)
with P a general polynomial in Z[x1, ..., 2,11] is co-NP-complete.

For a finite sequence of quantifiers p1, ..., p,, we say that p; --- p, over Z
is undecidable if there is no algorithm to determine for any P(z1,...,z,) €
Z|zxy,...,x,| whether

p1&1 - ppn (P(z1, ..., 20) = 0). (1.1)

What kinds of py - p, over Z are undecidable? In 1985 Tung [26] proved
that 327 and V2732 over Z are undecidable. We may also consider p; - - py,
over Z with V bounded. We say that p;---p, over Z with V bounded is
undecidable if there is no general algorithm to determine whether (1.1) with
pjx; (for those 1 < j < n with p; = V) replaced by

Vﬂ?jE[Pj($i:1<i<j&pi:3),Qj(SL‘i:1<i<j&pi:3)]

holds or not, where P and those P; and Q); with p; = V are polynomials with
integer coefficients. For example, 3v23 over Z is undecidable if and only if
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there is no algorithm to determine for Pi(x), P»(x), P3(x), Ps(x) € Z[x] and
Q(z1,...,24) € Zlx1,...,x4) whether

dz Vs € [Pl(l'l),PQ(.:Ul)}vxg S [Pg(xl),P4(£L'1)]3.1‘4(Q(1‘1,:B2,$3,£L‘4) = 0).

Clearly, if p; - - p,, over Z (with V bounded or not) is decidable, then so is
Piy Piy * * Pi,, OVer Z with 1 < iy < i < ... < ipp. Also, Vp;---p, over Z
with V bounded is decidable if and only if p; - - - p, over Z with V bounded is
decidable. Note also that py, - - - p, over Z is undecidable (with ¥V unbounded
or bounded) if and only if p; - - p,V over Z is undecidable. In fact, for the
polynomial

k
P(x1,...,2p,t) = ZB-(xl, ozt with Pz, ..., x) € Zlzy, ..., 2],
i=0
we have
k
VE(P(21, ... 2, t) = 0) <= > Pi(a1,...,20)° =0
i=0

for all x1,...,x, € Z; if Pu(x1,...,2p), P*(x1,...,2,) € Z[x1,...,2y], then
for any z1,...,x, € Z we have

Vt € [Pu(z1,. .. xn), P (z1,...,20)](P(z1,...,2n,t) = 0)

— > <§:B(x1,...,ycn)(P*(arl,...,xn)+r)i>2:0

0<r<P* (21, 0,@n)— P (x1,...,Tn)

2k
— Z ij(xl,...,xn)rj:(),
0<7” (x17 ,Z‘n) P*(J317 - )]:O
where Pj(x1,...,2,) (0 < 2k) are suitable polynomials with integer

coefﬁments For any j,m E N 1t is well known (cf. [6, pp. 228-231]) that

m m

: 1 Bjy1(m +1) — Bj11(0)
o ==Y (Bua(r+1) = Bja(r) = T
r=0 ]+1r:0 ‘]—I—l

where Bj;1(x) denotes the Bernoulli polynomial (with rational number co-
efficients) of degree j + 1.

Based on the work [22], the author [24] proved that for any r.e. set A
there is a polynomial P(xo,...,x9) € Z|[xo,...,x9] such that for any a > 0
we have

a€ A <— 31’1-"31‘83119EO(P(a’:I;h,,.,xg):O).

(See also the book [25] for a complete proof.) This implies Matiyasevich’s 9
unknowns theorem since

a€A < dry1 >20---dxg >0 H P(a,Slxl,---,€8ﬂU87$9):0>-
81,...,88€{i1}
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As a consequence of this result, the author [24] obtained the 11 unknowns
theorem (3! over Z is undecidable) and also the undecidability of V1932
and V932 over Z. For their applications, one may consult [2, 17, 16, 19, 28].
The author [24, Conjecture 1.8] conjectured that there is no algorithm to
determine for any P(x,y,2) € Z[z,y, 2] whether the equation P(x?,y?, 2%) =
0 has integer solutions, which implies that 3% over Z is undecidable.

Now we state the main result of this paper.

Theorem 1.1. (i) All those
Va7, V23 gvat, avi3d, 2v3R, vav3l,
V2232 v2av232 vavd3?, 3Av332) 3vav?a?, 3vo3?
over Z are undecidable.
(ii) All those

Ivat, w233, 233, 32232 3vav3?, Ive3?
over Z with ¥ bounded are undecidable.

Remark 1.1. In 1991 the author learnt from Tung that R. M. Robinson
was the first person to ask for such undecidable results over Z.

Given a finite sequence of quantifiers p1, ..., pn, we say that a set A C N
has a p; - - - pp-representation over Z if there is a polynomial P(xg, ..., z,) €
Z[zo, ..., xy,] such that for any a € N we have

a €A <= pix1-puxn (Pla,x1,...,2,) =0).

Similarly, we may define p;--- p,-representations over Z with V bound-
ed. The author [24] actually proved that any r.e. set A C N has a 3'!-
representation over Z, and any co-r.e. set (i.e., the complement of an r.e.
set A C N) has a V'9F%-representation, and a V°33-representation over Z.
By B.-K. Oh and the author [18, Corollary 1.1], the set

S={2n+1: neZ", and 2n +1 is not a prime congruent to 3 modulo 4}
has a surprising 33-representation over Z: a € N belongs to S if and only if
J23y3z (a® = (22 +1)* +8(2y + 1)* +8(22 + 1)?).

For a subset A of N, we write A for N\ A, the complement of A in N.
Theorem 1.1 follows immediately from our following three theorems.

Theorem 1.2. Let A C N be an r.e. set.

(i) A has a 3*V3-representation over Z. Also, we may replace 3°V33 by
either of 3*v33? and IVAV?32. Also, A has a V>F*-representation, a VIVI3-
representation, and a V?>3IV23%-representation over 7Z.

(i) A has a 32232 -representation over Z with ¥ bounded. Also, we may
replace 3°V232 by either of 32V and IvIVI.

Theorem 1.3. Let A CN be an r.e. set.

(i) A has a IVI*-representation over Z, and also a IVI*-representation
over Z with ¥ bounded.

(ii) A has a V3IV3F-representation over Z.
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Theorem 1.4. Let A C N be an r.e. set.

(i) A has a IV?F-representation over Z, and also a IV?233-representation
over 7. with ¥V bounded. Also, A has a IV6F-representation over Z, and a
VI representation over Z with ¥ bounded.

(ii) A has a V3"-representation over Z and also a V3*¥23%-representation
over 7.

In Section 2 we will prove an auxiliary theorem. Sections 3-5 will be
devoted to our proofs of Theorems 1.2-1.4, respectively.

Although we have Theorem 1.1, there are many finite sequences of quan-
tifiers (such as V3% (k = 2,3,4,5,6), and 3v"3v"3 (m € {2,3,4} and n € N)
with V bounded or not) for which we don’t know whether they are undecid-
able over Z.

It is believed that 3% over Z might be undecidable (cf. [15]). We pose
here a conjecture for further research.

Conjecture 1.1. V232 over Z is undecidable.

We mention that HTP over the field Q of rational numbers is a difficult
open problem. Also, for a general number field K (which is a finite extension
of the field Q), HTP over the ring O of all algebraic integers in K, remains
open. The reader may consult [2, 21] for certain progress.

Our theorems in this paper should have some potential applications. For
example, in the spirits of [2, 15, 28], if one investigates mixed quantifiers
over Diophantine equations with variables ranging over the rational field Q
or the Gaussian ring Z[i], our results on mixed quantifiers over Z will be
useful.

2. AN AUXILIARY THEOREM

In this section we adapt Matiyasevich and Robinson’s ideas in [14, 15] to
establish an auxiliary theorem on representations of r.e. sets over Z which
will be helpful to our later proofs of Theorems 1.2-1.4.

Lemma 2.1. Let B>b>0 and 0 <ng < ...<ny,. Then an integer c has
the form Y. zB™ with z; € {0,...,b—1} for alli=0,...,v if and only

if every interval (o5, 7;] (i =0,...,v 4+ 1) contains at least an integer, where
o _c+1—-bBm 1 _ct1l-bB™
00 = S 01 = g (i = yees V), Uy+l_mv
. c
Ti:Bni (220,1,...,I/) a’ndTV+1:

(b2 +c?)B™’
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Proof. We first prove the “only if” direction. Suppose that ¢ =Y. ;2 B™
with z; € {0,...,b—1} for alli =0,...,v. For any j =0,...,v, we have
J
> uB™ <(b-1)B% + Y (b—1)B™
i=0 0<i<j
nj—l

<(b-1)BY+ > (B-1)B"=(b—1)B" +B" — 1 =bB" — 1
k=0

In particular, 0 < ¢ = "7 ;%B"™ < bB™ — 1 and hence 0,41 < 0 < 741.
Set

14
T = g ziB"™" fori=0,1,...,v.
j=i

Then xy = 09, and

e~ T 5B e (B 1)

T; = Brni = Brni = 0;
foralli=1,...,v. Also,
14
- c
T; < ZZjBnJ i — o =T
§=0
foralli =0,...,v. Therefore, each interval [o;,7;] (i = 0,...,v+1) contains

the integer x;. This proves the “only if” direction.
Now we consider the “if” direction. Suppose that there are integers
oy, Tyy1 With oy <oy <7y foralli=0,...,v+ 1. Since
lc4+1—bB™| < bB™ — 1+ || < (b* + ¢*)B™,
we have |o,41] < 1. Note also that |7,41] < 1. As
—-1< Oyt1 < Ty41 < T+l < 17

we must have z,41 = 0. From o417 < 0 < 741, we get 0 < ¢ < bB™ <
B™*l No matter B > 1 or B = 1, we can write

Ny
c= Z ckBk
k=0

with ¢,, € {0,...,b—1} and ¢, € {0,...,B—1} for all k =0,...,n, — 1.
As 09 = 79, we have 09 = x¢p € Z and hence B™ | ¢. Thus ¢, = 0 for all
k:O,...,no—l.
Let 1 <i<v. As o; < x; < 75, we have

0<c—x;B" <bB™ ' —1< BB ! —1< Bu1tl L pn

and hence ¢ — z; B™ is the least nonnegative residue of ¢ modulo B™. Thus
n;—1
> oB"=c—a;B™ < bB™.
k=0

It follows that ¢,,, , <band ¢y, ;41 =...=cp,—1 =0.
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By the above, we have ¢ = Y7 2, B™ with z; = ¢,, € {0,...,b— 1} for
all i = 0,...,v. This ends our proof of the “if” direction. O

Lemma 2.2. Let 0g,19,-..,0%, Tr be real numbers with 0 < 7, — oy < 1 for
alli =0,..., k. Let W be an integer with

W >1l4max{r —7i41: i=0,...,k—1}.
(i) For any integer t witht < 19— 1 ort > 7, + kW, we have

k
[[¢t-0i—iW)(t+1—7—iW)>0. (2.1)
=0

(ii) Every interval [o;,7;] (0 < i < k) contains an integer if and only if

(2.3) holds for allt € Z.

Proof. Set o} = 0; +iW and 7/ = 1, + (W for all i =0, ..., k. Note that
m—1<o, <.
If 0 <i < k, then

= +iW<rm—1+W+iW =1, —1<0j,.

j
equivalentto7‘}—1<t<a§. For 0 < i< jwehave o] <7/, —1<--- <

Tj/-—1<t. Ifj<i<k,thent<a§»<Tj’~+1—1§---§7{—1§a§. Thus
(t—o))(t+1—7/)>0foralli=0,...,k with i # j, and hence

Let t € Z and 0 < j < k. Suppose that (t — 03)(t + 1 — 7/) < 0, which is

k
[[t-cht+1-7) <0
=0
Therefore,
k
[[t-eht+1-7)>0
=0

= (t—0o)(t+1—7;)=0forall j=0,...,k

k
—=t¢ | -1,0)).
=0
(i) Ift<m—1,thent <7)—1<7 —1< -+ <7 —1 and hence
Hfzo(t —0l)(t+1—7]) > 0 by the above. Similarly, if ¢ > 7, + kW then
of <oy <o <oj, <7 < tand hence [[F_o(t — o})(t +1 —7]) > 0.
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(ii) For any ¢ = 0,..., k, clearly (7, — 1,0;) U [0y, 5] = (7 — 1, 73] contains
a unique integer. So
[0i, 1] contains an integer for all i = 0,...,k
<= (1; — 1,0;) contains no integer for all i =0,...,k
<= (1] — 1,0}) contains no integer for all i =0,...,k
k
= [[t-oDt+1-7)>0 forallteZ
i=0
In view of the above, we have completed the proof of Lemma 2.2. O

Lemma 2.3. Let § and L be positive integers. Suppose that zg,...,z, € N
and ‘ A
P(zo,...,2)) = Z Qig, i 20 - - - 2

iQsesiv EN
ig+ - +iy<d

with aiy,..i, € Z and |aiy,. ;| < L. Let B be any integer greater than
2(1+ 20+ -+ 2,)%0!L. Then P(zp,...,2,) =0 if and only if

2C(B)D(B) — B+ _ . 2C(B)D(B) + BO+Y"T

o B+ 41 SZS o B+ 111 (2:2)
for some integer z, where C(z) = (1 + Y 4 o zz0FTD’ Y8 and
D)= Y dl...iy(d—ig—--— iy)!aio,m,iua:(“l)”“*E?:o i (0+1)7
iQseeeriv EN
i+ iy <

Proof. Write

5(5+1)” (5+41)r+1
Z ciz’ and D(x Z d; z7.
Then ¢; > 0, and also |d;| < 0!L since the multi- nomlal coeflicient
|
o R [ .
10y vy 00,0 — 19— -+ — 1, iol .. i (0 —dg— - —iy)!
for all ig,...,4, € N with ig + -+ - + 14, < J. Write
(2641)(5+1)"
C(z)D(z) = Z k.
k=0
Then
Ty = Z Cidj
0<i<I(5+1)V
0<j<(5+1)v+1
iti=Fk
and

5(6+1) B
el < Y @l =C()8IL = (1+ 20+ - +2,)° 0L < 5
=0
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By the multi-nomial theorem,

C(x) = < 6 >Zé° v p =0 i (0+1)
0. Ten 10y ooy 0y, 0 — 09 — + -+ — Ty
it tiny <6
Therefore
i i
P51yl = E Naig, i, 2y -2y =0'P(z0,...,2).

iy riv EN
it tin <8

Suppose that P(zy,...,2,) = 0. Then r(5;1y»+1 = 0. For the integer

(26+1)(5+1)¥
5= Z TkBk—l—(6+1)U+1
k=(6-+1)»+1+1
we have
(6+1)vH1-1
C(B)D(B) — zBO*D" 1= N~y Bk
k=0
and hence
(6+1)r+i-1
C(B)D(B) — zB<5+1>”“+1] < S imB
k=0
(6+1)7+1-1 1
B-1 BO+1)
< BF g ———
DY )

Therefore (2.2) is valid.
Now we assume that (2.2) holds for some z € Z. We want to show that
P(zp,...,2,) =0. By (2.2) we have

C(B)D(B) _ ZB(5+1)”+1+1’ < EB(6+1)”+1_

2
Let
(2641)(64+1)”
v+1
S i=rEppn + Z Tkka((Hl) " B2
k=(6+1)v+T1+1
Then

(26+1)(8+1)”
SBEHH 27"(<5+1)V+1B(5+1)VJrl + Z reBF — 2B
k=(6+1)v+141
(6+1)v -1
=C(B)D(B)— Y mBF—zBO+DTH
k=0
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and hence

(6+1)r+i-1
SBOTV <IO(B)D(B) — :BOH T STy B

k=0

U+1_1

pety g g OHY X v 1
< _ gty L
<S5t kz_o B*=nB 5

Therefore we must have S = 0. It follows that B | r(54qyv+1. As

B
[Pyl < 3
we have
(S!P(Zo, ey ZV) = 7“(5+1)u+1 =0
and hence P(zp,...,2,) = 0.
In view of the above, we have completed the proof of Lemma 2.3. O
Lemma 2.3 and its proof also appeared in the author’s recent book [25,
pp. 117-119] in Chinese.
Now we present our auxiliary theorem.

Theorem 2.4. Let A C N be any r.e. set. Then, there are Llx| € Z[x] and
M(z,y,z,t) € Z[z,y, z,t] satisfying the following (i)-(iii).

(i) L(a) > 0 for all a € Z.

(ii) There are ko, k1, ko € Z" such that M (a,b,c,t) > 0 whenever a,b, c,t
are integers with a >0, b > 1, and t < —c? vVt > R(a,c), where R(a,c) =
ko(1+ c)*1L(a) + ko.

(iii) For any a € N and any infinite subset S of N, we have

a€A <~ 3be SVt (M(a,b,c,t) > 0).

(iv) For any infinite subset S of N, there is a positive integer n such that
for any a € A and N € N there are b € S and ¢ € Z for which b > N, b | c,
0<c<b™ and M(a,b,c,t) >0 for allt € Z.

Proof. By Matiyasevich’s theorem [9], there is a polynomial Py(zg, 21,...,2,) €
Z|zp, . .., z,] such that for any a € N we have
a€A <= 32 >20...32, > 0(F(a,z1,...,2,) =0).
Define
P(a, 20, ...,2,) = (20 — 1)* + POQ(CL, Zlyeeny20)s
and write
P(a,z0,...,2,) = Z Dio,...in (@) 28] - - 2,7,

i0sees iy €N
igt iy <6

where J is a positive even number. Set

Lia) = > P
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Then L(a) > p2707_,,70(a)2 =1forall a € Z. As§ is even, we have
B(a,b) == 2(v + 1)°6°8! L(a) > 2

for all a,b € Z with b # 0.
Now fix a € N and b € {2,3,...}. Then B(a,b) > b* > b > 2. For

convenience, we set n; = (§ + 1)/ for all j = 0,...,v + 1. Note that
Py(a,z1,...,2,) = 0 for some z1,...,2, € {0,...,b — 1} if and only if
P(a, z,...,2,) = 0 for some zq,...,2, € {0,...,b—1}. If z0,...,2, €

{0,...,b— 1}, then
B(a,b) > 2(1+ (v +1)(b—1))°8'L(a) > 2(1 + 20 + - - - + 2,)°8'L(a).

Thus, in view of Lemma 2.3, P(a,zp,...,2,) = 0 for some zy,...,2, €
{0,...,b— 1} if and only if for some

ce {ZziB(a,b)”i: zo,...,zUE{O,...,b—l}}

=0
we have
2(1 + ¢)°D(a,b) — B(a, b)™+1 L2 ¢)°D(a,b) + B(a, b)™+1
2B(a,b)rv+itl SO 2B(a,b)rv+1tl

for some integer z, where

D(a,b)= > iol.. i@ —io—+ - —iy)pig,..., (@) B(a, b)" " 2=0 "

Combining this with Lemma 2.1, we see that Py(a, z1,...,2,) = 0 for some
20y---,2y € {0,...,b — 1} if and only if for some ¢ € Z, every interval
[0i,7i] (1 =0,...,v+2) contains an integer, where

o9 =T =

B(a,b)’
c+1—bB(a,b) ! c
i = dr= =
7 B(a, by and 7 = gy (
¢+ 1-0bB(a,b)"™ and B c
T T 2 £ @) Bla, by T (02 ) B(a, by

2(1 + ¢)°D(a,b) — B(a, b)™+! 2(1 + ¢)’D(a,b) + B(a,b)"+! .

i=1,...,v),

o= 2B(a, )+ and 742 = 2B(a, byt

Observe that

= 7isal = ( gmagrar — < g < 12
B(a,b)™  B(a,b)ni+1 B(a,b)m ~ 2

foralli=0,...,v—1, and

iy —1yar] = (1— 1 ] ] le|
vt »2+¢2 ) B(a,b)™  B(a,by» ~ 2°
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Note also that

Ny+1 ) B(a b)n”+1+1 o 1
D < IL(a)B(a,b)! = 8L ’
D@yl < 3 8L@B(a ) =800 = G

< O8!L(a)B(a, b)™+1H

and hence

C 2 C2
Tyl = Tu42 S é((ba’_g)ny) - <QB(1a, D O L(a)(1 + c)5>

1 1
< —_
“2bB(a,b)™  2B(a,b)

Let W = 2+ (1+¢)?6'L(a). Then W—1 > 14+(1+¢)? = 1+|c+1] > |c| > |e|/2,
and hence by the above we have

+0!1L(a)(1 4 ¢)° < 14 6!'L(a)(1 + ¢)°.

W > 1l4max{r —7it+1: i=0,...,v+1}.

In view of the above and Lemma 2.2(ii), Py(a, 21,...,2,) = 0 for some
21, ..., 2y € {0,...,b—1} if and only if for some integer ¢ we have Q(a, b, ¢, t) >
0 for all t € Z, where Q(a, b, ¢,t) denotes

(B(a,b)t — ¢)(B(a,b)(t + 1) — )

XH CL b”w _iW)_C_1+bB(a,b)m_l)(B((l,b)ni(t—l—l—iW)_C)
(( B(a,b)™ (t — (v + )W) — ¢ — 1 + bB(a,b)™)

x (0 + ) B(a,b)™ (t+ 1 — (v + )W) — ¢)

x (2B(a, )™+ 71 (t = (v + 2)W) = 2(1 + ¢)* D(a,b) + Bla, )"+ )
)

¢)
)B(

x (2B(a, )+ 1t +1 = (v + 2)W) = 2(1 + )’ D(a,b) — B(a, b)"+ ).

Let S be any infinite subset of N. By the above, for any a € N we have
a€ A <= Pya,z,...,2,) =0 for some z,...,2, €N
< JbeS(b=2A3z €[0,b)...3z, €[0,b)(P(a,21,...,2,) =0))
<« 3 € S(b? > bAIVt(Q(a,b, ¢, t) > 0))
<= Jbe S3eVt (M(a,b,c,t) > 0),
where M (a, b, c,t) = (b>—b)(Q(a,b,c,t)+1)—1 € Z|a, b, ¢, t] does not depend

on S.
Given ¢ € A and N € N, we may take b € S with

b > max{N, 2(v+1)°6!L(a)}
such that P(a, 2, ...,2,) = 0 for some z,...,2, € [0,b) with zyp = 1. Then
c=Y 7 ,z%B(a,b)™ =0 (mod b) since b | B(a,b). By Lemmas 2.1-2.3, for
any t € Z we have
v+42
[[¢-0i—iW)(t+1-7—iW) >0 (e, Qa,bc,t) >0)  (2.3)
i=0
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It follows that M(a,b,c,t) > 0 for all ¢t € Z. Note that

B(a,b)™t —1
B(a,b) — 1

<B(a,b)"™ ! = (2(v + 1)°08!L(a))™ 1 < (2w L =

l=2<c<» (b—1)B(a,b)" < (b—1)
=0

where n = (§ + 1)(n, + 1) only depends on A.
Now it remains to show that (ii) in Theorem 2.4 holds. Let a € N,
be{2,3,...} and ¢ € Z. Then

C

—?—1<—|c|-1< Blab) —l=7-1
and
Tyy2 + (v +2)W :23(1@7 b %(chjﬂi? + (v +2)W
<QB(IW + (14 0)8IL(a) + (v + 2)W

<1+ (1+¢)%0!L(a) + (v +2)((1 + ¢)°'L(a) + 2)
=(v+3)(1 +¢)°0'L(a) + 2v + 5.
Thus, if ¢ is an integer with ¢t < —c? or t > R(a,c) = (v +3)(1+¢)°!L(a) +

2v + 4 then by Lemma 2.2(i) we have (2.3) and hence M(a,b,c,t) > 0. This
concludes our proof. O

3. PROOF OF THEOREM 1.2

For convenience, we define (0 = {m?: m € Z}.

Lemma 3.1. Let C € Z. Then

C >0 < J2IyIz(C =2 +y* + 2% + 2), (3.1)
C >0 < J,20((4C+2)2” +1 €0), (3.2)
C#0 << Fuw(C=2u+1)(3v+1)). (3.3)

Proof. This is easy and known. Concerning (3.1), by the Gauss-Legendre
theorem on sums of three squares, C' > 0 if and only if 4C + 1 = (2z)? +
(29)? + (22 + 1)% (ie., C = 22 + y? + 22 + 2) for some x,y,z € Z. By the
theory of Pell equations, we have (3.2) which was first used by Sun [23]. As
any nonzero integer has the form +3%(3¢ + 1) with @ € N and ¢ € Z, we
immediately get (3.3) which was an observation due to Tung [26]. O

Lemma 3.2. Let Cq,...,C, € Z.
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(i) We have
Ci1>0V---VC,>0
— Jr #0((4C, +2)x2 +1€0V---V (4C, +2)z* +1 D)

<= Judviw (H(2(2Ci FDRu+1)2Bv+1)2 —w?+1) = o) .
i=1
Also,

Cirz20N---NCp =0

< Vx # 0Vy (f[((élC’Z +2)22 +y? —1) # 0>

i=1
> VaVyJudv (a: (l_[((ZIC'Z +2)2 + 42— 1) — (2u+1)(3v + 1)) = 0) )
i=1
(ii) Suppose that D; € N and |C;| < D; for alli=1,...,n. Then
CiZ20N---NC, 20

= Vze[0,D--- D) (ﬁ(x+ci+1)7é0>

=1
= Vz €[0,D; - Dy,)3y3z (H(g; FC+1)—(2y+1)(3241) = 0)
=1

Proof. (i) The first assertion follows immediately from Lemma 3.1. As for
the second assertion, it suffices to note that

Ci>20 < —C;—1%#0 < VYo #0((4(-C;—1)+2)z2+1¢0).

(i) If C; = 0foralli =1,...,n, then for any x > 0 we have z+C;+1 > 0
for all ¢« = 1,...,n, and hence [[},(z + C; + 1) # 0. If C; < 0 for some
1<i<n,then forx=—-C;—1wehave 0 <z < |C;| < D; < Dy---D,. So
part (ii) of Lemma 3.2 holds.

In view of the above, we have completed the proof of Lemma 3.2. U

Proof of Theorem 1.2. Take polynomials R and M (depending on A) as in
Theorem 2.4, and note that S = {b* +2 : b € N} is an infinite set. By
Theorem 2.4, for any a € N we have

a€ A < I3INVt[M(a, b +2,¢,t) > 0]
— 3b3cvt € [-2, R(a, ¢)](M(a, b +2,¢,t) > 0)
and hence
a €A = VY3t (—M(a,b* +2,¢,t) — 1 > 0),

also M(a,b* + 2,¢,t) > 0 whenever t < —c? or t > R(a,c). Moreover, if
a € A then we may require further that ¢ > 0 and (b? +2) | c.
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In view of the above and Lemmas 3.1-3.2, we see that A has a 32v33-
representation over Z with V bounded or unbounded, and also a 32v332-
representation over Z. For a € N, b,c € Z and t € [~c?, R(a, c)], we clearly
have |M (a,b? + 2,¢,t)| < P(a,b,c)? for some P(z,y,z2) € Z[z,vy,2]. So, by
using Lemma 3.2(ii) we see that A also has a 3%v23%-representation over Z
with V bounded. With the help of Lemma 3.2, A has a V?>3*-representation
and also a V23v?32-representation over Z.

Let D(c,s) = (s — c?)(s — ¢ — 2¢) and a € N. We claim that

a€A <~ 3sVt3c > 0(D(c,s) <OAM(a, (s —c2)?+2,¢,t) >0)
< JsVt € [—

s>, R(a,s)]3¢ >0
(D(c,s) <OAM(a, (s —c*)?+2,¢,t) >0).
Now we prove the claim. If a € A, then for some b € N and ¢ € ZT with

(b2+2) | ¢ we have M (a,b*>+2,¢,t) > 0forallt € Z. As0 < b < b? <c< 2
for s = b+ ¢ we have ¢? < s < ¢® + 2¢ and hence D(c,s) <0, and also

M(a, (s —c3)? +2,¢,t) = M(a,b*> +2,¢,t) >0

for all t € Z.

Now suppose that s € Z and that for any ¢ € [—s?, R(a,s)] there is a
number ¢ € N with D(c,s) < 0 and M(a, (s — ¢*)? 4+ 2,¢,t) > 0. Note that
2 <s<c?+2 < (c+1)%2 Soc = |\s] does not depend on t. Set
b=s—|vs]% Then

M(a,b® +2,¢,t) = M(a,(s — 2?4+ 2,¢,t) > 0

for all t € [—s?, R(a, s)]. If t < —s? then t < —s < —c? and hence M (a,b? +
2,¢,t) = 0. If t > R(a,s) then t > R(a,c) (since s > ¢? > ¢ > 0) and hence
M(a,b*+2,c,t) > 0. Therefore M (a,b>+2,¢,t) > 0 for all t € Z, and hence
a € A. This concludes the proof of the claim.

In view of the proved claim, for any a € N we have

a €A = 3IsVt3c(c=0A—-D(c,s) = 0AM(a, (s —c*)*+2,¢t) > 0)

= sVt € [~ R(a, s)]Fc(c = 0A —D(c,s) >0
AMa, (s —c*)? +2,¢,t) > 0)
and hence
a€A <= VsItve(—c—1=>0V D(c,s) —1=0
V —M(a,(s—c*)?+2,¢,t) —1>0)

Combining this with Lemma 3.2, we find that A has a 3V3V232—represeytation
over Z and a 3v3vV32-representation over Z with V bounded. Also, A has a

V3vF-representation over Z.
In view of the above, we have completed the proof of Theorem 1.2. O
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4. PROOF OF THEOREM 1.3
Let Ji(z1,...,xE, x) be the polynomial
H ($+€1\/1‘1 +€2\/$2X+'-'+6k\/:£ka_l>

€1,....ex€{£1}

with X = 1+ Z§:1 m? This polynomial (in z1,...,2,,z) with integer

coefficients was introduced by Matiyasevich and Robinson [15]. For fixed
Ay,..., Ay € Z, the monic polynomial Ji (A1, ..., Ay, x) is of degree 2F in z.

Lemma 4.1. Let Ay,..., A € Z.
(i) We have

A,... A el — EIx(Jk(Al,,Ak,x) = O)
(ii) If S, T € Z and S # 0, then
A e0ON---NA,€eOANS|T
2k T
<— dx | S° J; Al,...7Ak,x+§ =0].
(iii) (Matiyasevich-Robinson Relation-Combining Theorem [15]) If R, S, T €
Z and S # 0, then
A e0OAN---NA,eOANS|TAR>0

S%n 4+ T2
> 2 2k ... 2 k —_—
<— In=>0 ((S (1 QR)) Ji <A1, AR, T+ W5 + 52(1 2R)> O> s

where W =1+ Zle A2,

Remark 4.1. Parts (i) and (iii) of Lemma 4.1 were due to Matiyasevich
and Robinson [15, Theorems 1-3]. Part (ii) was stated explicitly in [22,
Lemma 17]; in fact, if 29 + T'/S is a rational zero of the monic polynomial
Ji(A1, ..., Ag,x) then it is an integer since any rational algebraic integer
must belong to Z.

Proof of Theorem 1.3. Take polynomials R and M (depending on A) as in
Theorem 2.4 and note that S = {4b+ 3 : b € O} is an infinite set. By
Theorem 2.4, for any a € N we have

a>0AbeOA(t < —(c+1)>Vt>R(a,c+1)) = M(a,4b+3,c+1,t) =0
and
a €A < 3becOIVt(M(a,4b+3,c+1,t) > 0).

Moreover, if a € A then we may choose b € O and ¢ > 0 with (4b+3) | (c+1)
such that M (a,4b+3,c+ 1,t) > 0 for all ¢t € Z.
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Let a € N. We claim that

acA
— IsVt3e(s = € OA(4(s — ) +3) | (c+1)
Ale+ 1)} (M(a,4(s — ) +3,c+1,t) +1) > 0)
[—(s+1)%, R(a,s +1)]Fc(s =2 € OA (4(s — ) +3) | (c+ 1)
A(c+1)2*(M(a,4(s — *) +3,c+1,t) +1) > 0).

<~ dsVt €

When a € A, we may choose b € [1 and ¢ > 0 for which
4b+3|c+1AVE(M(a,4b+3,c+1,t) > 0).
Take s = b+ 2, Then s — 2 = b € 0, 4(s — %) + 3 = 4b + 3 divides ¢ + 1,
and
M(a,4(s — c*) +3,c+1,t) = M(a,4b+ 3,c+1,t) >0
for all t € Z. Note that (c + 1)2(M(a,4(s — )+ 3,c+ 1,t) + 1) > 0.

Now we prove the remaining direction of the claim. Suppose that s € Z
and that for any ¢ € [—(s +1)2, R(a, s+ 1)] there is an integer c(t) for which

—c®)? e, (4(s —c(t)?) +3) | (c(t) + 1),
(c(t) + 1)2(M(a,4(s — c(t)?) +3,¢(t) + 1,t) + 1) > 0.

Clearly, ¢(t) +1 # 0 and

5= (s —c(t)?) +c(t)? < 4(s — c(t)?) + 3 + ¢(t)?
le(t) + 1] + e(t)? < (le(t)] + 1)%

Hence s > 0 and |c(t)| = [/s]. Since

[Vs] + 1+ (=[Vs] +1) =2 #0 (mod 4(s — c(t)?) +3),

there is a unique ¢ € {#£[/s]} with ¢ + 1 divisible by 4(s — [s]?) + 3. It
follows that c(t) = c for all t € Z. Set b= s —c? = s — |/s)%. Then b € [J,
4b+3|c+1,and M(a,4b+3,c+1,t) =0 forallt € [~(s+1)%, R(a,s+1)].
Ift < —(s+1)% thent < —(|s] +1)? < —(c+1)? and hence M(a,4b+3,c+
1,t) > 0. Note that

1+ (sl + 1) = (1= [Vs] + )%

Ift > R(a,s+ 1), then t > R(a, |s] +1) > R(a,c+ 1) and hence M (a,4b +
3,c+1,t) > 0. Asbe O and M(a,4b+3,c+1,t) > 0 for all t € Z, we have
a € A. This concludes the proof of the claim.

Combining the proved claim with Lemma 4.1(iii) and (3.1), we get that
A has a 3VF*-representation with ¥V bounded (or unbounded) over Z.
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By the proved claim, (3.2) and Lemma 4.1(ii), for any a > 0 we have
acA
— IsVt3e(s — 2 e ONA(s— ) +3)| (c+1)
A3d # 0((4(c+1)*(M(a,4(s — ) +3,c+ 1,t) + 1) — 2)d* + 1 € O)
<= JsVt3c3d # 03z (P(a, s, t,c,d,x) = 0),
where P is a suitable polynomial with integer coefficients. It follows that
a €A < VsIVevd # OVz(P(a, s, t,c,d,x) # 0)
< Vs3tVeVdVaxIyz(d(P(a, s, t,¢c,d,x) — (2y + 1)(3z + 1)) = 0)
with the aid of (3.3). So A has a V3V33%-representation over Z. This con-

cludes our proof of Theorem 1.3. O

5. PROOF OF THEOREM 1.4

Lemma 5.1 (Sun [23]). There is a polynomial P(z1,. .., %2, t2) with integer
coefficients such that for any C1,...,C, € Z we have

Ci>20N---NCp =20
<= Jxy - Frpyo(P(Ch, ..., Cpyx1y .oy Tpg2) = 0).
Lemma 5.2. There are polynomials
P(z1,...,%on+3) € Z[x1,...,Tons3] and Q(z1, ..., Tony2) € Z[z1, . .., Tont2]
such that for any C1,...,Cy, € Z we have
Cir>20Vv...vC, >0
< V... Ve ,VeIyIz(P(Cy,...,Ch, 21, ..., Ty, z,y,2) = 0),
and
Cr>=20Vv...vC, =20
<= Vz, €[0,Dq]...Vz, € [0,D,]FyIz(Q(C1,...,Ch,21,...,2n,y,2z) =0)
provided that |C;| < D; with D; € N for alli=1,...,n.
Proof. (i) For each i =1,...,n, clearly
Ci <0 &= —C;—1>0 < Ju; #0(1 — (4C; + 2)z? € O).
Thus
-(C1=20VvV---v(C, >0)
<— Ci<O0A---NC, <0
= Fo; A0(1 — (4CL +2)zF € D) A--- ATz, # 0(1 — (4C, + 2)2? € O)
— Jxy - Frp(xy -z #OA (1 — (4C) + 2)2? € O)
A A (1= (4C, +2)22 € 0))
< Jry---Frp(ry -z, 0
AFz(J,(1 — (401 + 2)a3, ..., 1 — (4C, + 2)22, ) = 0)
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and hence

Ci=20VvV---vC, >0
<~ Vry---Ve,Ve(xy- 2, =0

V Ju (1= (4C) +2)22,...,1 — (4C,, + 2)22, x) # 0)
< Vi -Ve,VedyIz (1 a2

X (Jo(1 = (4C1 +2)z7,...,1 — (4C, +2)22,2) — (2y + 1)(3z + 1)) = 0).

(ii) We now prove the latter assertion in Lemma 5.2. Let Dyq,..., D, € N
with D; > |Cy| for all i = 1,...,n. By Lemma 3.2,
Ci 20 < Vz; €[0,D;](x; + C; + 1 #0).

Thus

Ci20Vv...vCp, =0
<=V, €[0,D1]... Vo, €[0,Dy)(x1 +C1+1#0V---Va,+C,+1#0)
<=V €[0,D4]...Va, €[0,D,]3y3z

(1 +C1+ 1)+ + (2 + O+ 1) = 2y + 1)(32 + 1)).

This ends the proof. ]

Lemma 5.3. Let k,m € Z with k > 0, 2 | k and m = 3 (mod 4). Then
there is a unique b € N such that |m — b*| = mingez |m — 2*¥|. Moreover, for
b € Z we have

|m — b¥| = mi%l]m—xk\ — |m -t <|m—(b+1)F.
xe

Proof. If a,b € N and |m—a*| = |m—0b*| but a # b, then m—a* = —(m—b")
and hence 2m = a* + V¥, thus a = b (mod 2) and we get a contradiction
since 2m is neither divisible by 4 nor congruent to 2 modulo 8. (Note that
an odd square is congruent to 1 modulo 8.) So, there is a unique b € N with
|m — b¥| = mingez |m — zF|.

If b € Z and |m — b¥| = mingez |m — 2¥|, then |m — %] < |m — (b 4+ 1)¥|
as [b+ 1] # |b|.

Suppose that b € Z and |m — b*| < |m — (b + 1)¥|. If b = 0, then
|m| < |m — 1|, hence m < 0 and

min |m — z¥| = min | — |m| — |z|*| = |m| = |m — b*|.
rEZL rEZL
Now assume that b # 0. Then |b| £ 1 > 0. Note that
[ — [B]*] = [m — b*| < Jm — (b £ 1)"].

If m < (]b] — 1)¥, then m — |b|¥ < m — (|b] — 1)¥ < 0 and hence |m — [b]*| >
|m — (|b] — 1)¥| which leads to a contradiction. If m > (|b| + 1)¥, then
m —|b|¥ > m — (|b] +1)¥ = 0, which also leads to a contradiction. Therefore

(|b] — 1)¥ < m < (|p| + 1)*.
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If 2 € Z and |z| = |b], then |m — 2¥| = |m — b¥| since k is even. For 2 € Z
with |z| < ||, we have m — zF = m — |z|* > m — (|b| — 1)¥ > 0 and hence
[ —a®| = fm — (b = 1)F| > [m — b].

For z € Z with |z| > |b|, we have m —2* =m — |z/F <m — (Jb| + 1)* <0
and hence
jm — | > m — (bl + D] > m — b
So we have |m — b¥| = mingez |m — 2¥|.
The proof of Lemma 5.3 is now complete. O

Proof of Theorem 1.J. Take polynomials R and M (depending on A) as in
Theorem 2.4, and note that S = {(22)2 +4: x € Z} is an infinite subset of
N. By Theorem 2.4, for any a € N we have

bEZANCETLN(t<—Vt> Ra,¢) = M(a,b*> +4,¢,t) >0
and
a €A < IFb3NVt(M(a,b* + 4,c,t) > 0)
— 3b(2| bA 3Vt (M(a,b® +4,c,t) > 0)).

Moreover, if a € A then we may choose b > 2 and 0 < ¢ < (b? + 4)" with
(b? +4) | ¢ such that M(a,b* +4,c,t) > 0 for all t € Z, where n is a positive
integer only depending on A.

Note that k = 4n is a positive even number. For b,q € Z let

Pr(bq) = (4g—1—(b+1)")? - (4¢ -1 - b")?
and
P (bq) = (4 —1—(b—1)")? - (4¢ — 1 - b")%.
By Lemma 5.3,
|4 — 1 — b"| = min |4 — 1—aF| <= P*(b,q) >0A P (b,q) >0.
Let a € N. We claim that
a €A <« Igvbvt(PT(b,q) <OV P~ (b,q) <OV M(a,b® +4,4q — b*,t) > 0)
<« Jgvb € [0,8¢> + 1]t € [—((4g — 1)> + 1), R(a, (4¢ — 1)® + 1)]
(Pt(b,q) <OV P~ (b,q) <OV M(a,b*>+4,4¢q — b*,t) > 0).
Suppose that a € A. Then there are by, c € Z with
2] by, B2+4>6, (B2+4)|cand 0 <c< (B3 +4)"

such that M (a,b3+4,c,t) > 0forallt € Z. As4 | b and 4 |c, g = (b5+c)/4
is an integer. Let m = 4q¢ — 1. Note that

0<c—1< (bg+4)"<(208)"™ < |bol>™ < |bo|* L,
2(c — 1) < 4n|bo|* 1 < (Jbo| + 1)*™ — |bo|*™,
Im —b5"| = ¢ = 1< (Jbo] + )™ = (|bo|*" + ¢ = 1) = —=(m — (|bo| + 1)*"),
Im — b =c—1<c—1+|b|*" = (Jbo] — 1)*™ =m — (|bo] — 1)*™.
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Therefore |m — bf| < |m — (bg & 1)¥|, hence P*(bgy,q) > 0 and P~ (bgy,q) > 0.
If b € Z and P%(b,q) > 0, then |m — b*| = mingez |m — 2% = |m — b§| and
hence |b| = |bg|, thus 4¢ — b* = bf + ¢ — b¥ = c and
M(a,b® +4,4q — b t) = M(a,b®> +4,¢,t) >0
for all t € Z. So, for any b € Z we have
PH(b,q) <OV P~ (b,q) <OVVt(M(a,b* +4,4q — b*,t) > 0).

Now we prove another direction of the claim. Let ¢ € Z and assume that
for any b € [0,8¢?+1] and t € [—((4g—1)2+1)%, R(a, (4g —1)?+1)] we have

Pt (b,q) <OV P~ (b,q) <OV M(a,b®+4,4q —b*t) > 0.

Take the unique b € N with |m — b¥| = mingez |m — 2¥|, where m = 4q — 1.
Then |m — b*| < |m — (b4 1)¥| and hence both P*(b,q) and P~(b,q) are
positive. If b # 0, then b¥ — |m| < [b¥ — m| < [0¥F — m| = |m|. No matter
b =0 or not, we have b* < 2|m| — 1. Hence

0<b<2/m|—1<24lgl+1)—1<82+1.

If t € [-(m%+1)%, R(a,m?+1)], then by the assumption we have M (a, b* +
4,c,t) > 0, where ¢ = 4q — b*. Note that

el =m+ 10" <|m—b"+1< |m—0"+1<m?+1

and hence |1 +c| < 1+ <1+ mM?>+1). Ift < —(m*+1)2?ort >
R(a,m? + 1), then t < —c? or t > R(a,c), and hence M(a,b® + 4,c,t) > 0.
So M(a,b? +4,c,t) > 0 for all t € Z, and hence a € A. This concludes the
proof of the claim.

By the proved claim, for any a € N we have

ac A
— JgVbvt (=P (b,q) =0V =P~ (b,q) > 0V M(a,b* +4,4q — b, t) > 0)
< Jqvb € [0,8¢* + 1]Vt € [—((4g — 1)* + 1), R(a, (4g — 1)* + 1)]
(=P (b,q) >0V =P~ (b,q) >0V M(a,b* +4,4¢q — b, ) > 0).

Clearly |P*(b, q)| < Py(q)? for all b € [0,8¢% + 1], and
[M(a,b” +4,4¢ — 0, 8)] < Mo(a,q)°

for all b € [0,8¢% + 1] and t € [—((4g — 1)% + 1)2, R(a, (4qg — 1)? 4 1)], where
Py and My are suitable polynomials with integer coeflicients.

Combining the last paragraph with Lemma 3.2(i), we find that A has a
3Iv?F3-representation over Z and also a 3v2F3-representation over Z with V
bounded. Combining the last paragraph with Lemma 5.2, we see that that
A has a 3V932-representation over Z, and also a Iv°I2-representation over
Z with V bounded.
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Note that
a€ A=N\A <= Vg3t (PT(b,q) —1=0A P (b,q) —
A —M(a,b* +4,4q — b* 1) —
Combining this with Lemma 3.2(i), we get that A has a V3?v?3%-representation
over Z; if we apply Lemma 5.1, then we find that A has a V3"-representation

over Z.
The proof of Theorem 1.4 is now complete. 0

1>0
1>0).
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