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EVALUATIONS OF THREE SYMMETRIC TOEPLITZ DETERMINANTS

HAN WANG AND ZHI-WEI SUN

ABSTRACT. In this paper we evaluate the following three symmetric Toeplitz determinants:
) 71—k
det H] - /€| + (Sjk]lgj,kgm det[FU’_k\ + 5jk:]1§j,k§n and det [(H) — jk] ,
3 1<j,k<n

where §;, is the Kronecker delta. (Fj);>o is the Fibonacci sequence, and (3) is the Legendre
symbol.

1. INTRODUCTION

For a matrix M = [a;i]i<jr<n over the field C of complex numbers, we use det(M) or
det|ajk|i<jk<n to denote its determinant. A Toeplitz matrix over C has the form [a;_i|1<jx<n-
In this paper we evaluate determinants of three symmetric Toeplitz matrices.

In 1934 the evaluation of the symmetric Toeplitz determinant det||j —k|}1<; r<n Was proposed
by R. Robinson as a problem in Amer. Math. Monthly, later its solutions appeared in [4]. As
a result,

det[|j — klli<jpzn = (=1)" " (n — 1)2"7%
Moreover, the inverse of the matrix [|j — k|]1<jx<n Was found by M. Fiedler (cf. J. Todd [5]).
For j.k € N ={0,1,2,...}, we adopt the usual Kronecker symbol d;; which takes 1 or 0

according as j = k or not.
Now we state our first result.

Theorem 1.1. For any positive integer n, we have

14+(—1)(n=1/2p .
. D if2{n
det J— k + 61@ ik<n — ?L ’
H | J ]1§]7 < 1+(,21) /2 if2 | 0

(1.1)

Remark 1.1. Forn =1,2,3,---, let f(n) denote the right-hand side of (I.1)). The sequence
(f(n))ns1 = (1,0,—1,3,0,-3,1,5,0,—5,1,7,0, —7,1,...)

was generated by P. Barry [I] in 2009 as the Hankel transform (det[a;jir_1]1<jk<n)n>1 of the
integer sequence

(al, asz, as, G4, as, ag, a7, g, Ag, @109, - - ) = (1, O, O, 1, 2, 4, 8, 17, 38, 88, .. )
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satisfying the recurrence
n—1

ay, = Zakan_k (n=25,6,7,...)
k=1
which has a combinatorial interpretation (cf. [2]). According to [5, pp. 32-33], H. Heilbronn
proved that —1 is an eigenvalue of the matrix [|j — k|]1<j <, in the case n = 2 (mod 4).

Our second theorem involves the Fibonacci sequence (F),),>o defined by Fy =0, F; =1 and
the recurrence
E—i—l = E+E—1 ('L = 1a2737"')'

Theorem 1.2. For any positive integer n, we have

1 ifn=0,£1 (mod 6),

. (1.2)
0 otherwise,

det[F)j—r + Ojkli<jp<n = {

Our third theorem involves the Legendre symbol (§) with a € Z, which coincides with the
unique r € {0, £} such that a = r (mod 3).

Theorem 1.3. For any positive integer n, we have
, 1 ifn=0 (mod 6),
J — K|

det [(T) - jk} =4 -1 ifn==1 (mod 6), (1.3)
1<jksn 0 otherwise.

Theorems [1.1H1.3| are quite similar. We are unable to find any other results of this kind.
Sections 2 and 3 are devoted to our proofs of Theorem and Theorems [1.2H1.3] respectively.
2. PROOF OF THEOREM [L1]

Let n be a positive integer. For jo, ko € {1,...,n} with jo # ko, we define

Tioko = [tikli<iwen and Tior, = [Gili<jnens

where
1 ifj =k
HI=5 - 1 if j = jo and k = ko, or j = k,
tir=1<—1 ifj=joand k =k, and t; = .
0 otherwise.

0 otherwise,

It is easy to see that

det(Tjon,) = 1 = det(T}y,) for all jo, ko =1,...,n with jo # ko. (2.1)
We need this useful fact in our proofs of Theorems [1.1H1.3]

Proof of Theorem([1.1] Let A denote the matrix [|j —k|+6;x]1<jr<n- Clearly (1.1) holds trivially
for n =1,2. (When n = 2 all the entries of A are 1.)
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Now we assume that n > 3. Observe that
TonTso - Th1pn—2Tnn1 ATy 10Th—2n—1"TosTis = C,
where C' = [cji]1<jr<n and
1 if 1 €{j,k} and jk # 2,
cik =4 —1 if |[j — k| =1 and jk # 2,
0 otherwise.

It follows that det(A) = det(C) in view of (2.1)).
Note that both the last column and the last row of 7}, ,,_oCT,,_5, contain a unique nonzero
entry (which is 1). We illustrate this via the transformation from C' to T}, ,,—2CT, 2 ,:

10 1 1 1 1 1 1 10 1 1 -~ 1 1 1 0
00 —1 0 0 0 0 0 00 -1 0 -~ 0 0 0 0
1 -1 0 -1 0 0 0 0 1 -1 0 -1 - 0 0 0 0
1 0 -1 0 0 0 0 0 1 0 -1 0 0 0 0 0
P : SN I 2 R A : :
1 0 0 0 0 -1 0 0 1 0 0 0 0 -1 0 1
1 0 0 0 -1 0 -1 0 1 0 0 0 -1 0 -10
1 0 0 0 0 -1 0 -1 1 0 0 0 0 -1 0 0
1 0 0 0 0 0 -1 0] |0 0 0 o0 1 0 0 0
(2.2)

Thus, via expanding det(7}, ,,—2CT,,—2.,,) by its last column and the last row, we obtain
det(A) = det(C) = det(T},,,—2CT}—2,) = —det D,,_o,

where the (n — 2) x (n — 2) matrix D,,_» has the form

1 0 1 1 11 1 1
0 0 -1 0 0 0 0 0
1 -1 0 -1 0 0 0 0
1 0 -1 0 0 0 0 0
1 0 0 0 0 —1 0
1 0 0 0 -1 0 0
1 0 0 0 0 0 0 -1

1 0 0 0 0 0 -1 0]

obtained by deleting the nth and the (n — 3)th columns and rows from the last matrix in (2.2)).
By repeating the above procedure with 75, ,_oCT,,_3, — D, replaced by

n
T—atn—2-akDn—okTn—2-akn—ar — Dn_2_2p (O <k< {ZD )
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we get that
det(A) = —det(D,_2) = det(Dy_4) = - -~
= (1) det (Dy a2 ) = (=1)"/*) det (Daap, )
with the aid of (2.1]), where {n}, is the least nonnegative residue of n modulo 4.

Case 1. n =0 (mod 2).
When n = 0 (mod 4), the matrix Dat(n, = D= has the form
2

0 -1 0 0 0 0 0 0
-1.0 0 0 0 0 0 0
0 0 0 -1 0 0 0 0
0 0 -1 0 0 0 0 0
0 0 0 0 0 -1 0
0 0 0 0 -1 0 0
0 0 0 0 0 0 0 -1

(0 0 0 0 0 0 —1 0]

therefore
det (D2 ) = (=1)"2 x (=1)"* = (=1)"*

and hence det(A) = (—1)"/4 det(Dz) = 1.
When n = 2 (mod 4), the matrix Dnyny, = Dx iy has the form
2

10 1 1 1 1 1 1
00 0 0 0 0 0 0
10 0 -1 0 0 0 0
10 -1 0 0 0 0 0
10 0 0 0 -1

10 0 0 -1 0 0 0
10 0 0 0 0 0 -1
10 0 0 0 0 -1 0]

(with the second row containing only zero entries), and hence
det(A) = (=1)® 2/ det (D) = 0.
Below we assume that n is odd.

Case 2. n =1 (mod 4).
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In this case, we have

1 1 1 1 1 1
1 0 -1 0 O 0
1 -1 0 0 O 0
1 0 0 0 -1 0
Dupns=Dup =11 0 0 -1 0 0
1 0 0 0 O 0
1 0 0 0 o0 1
and Mnp =T, nTlfl 1 ,_flgDnTJrl has the form
o9 0 0 0 0 0]
1 0O -1 0 0 0 0
1 -1 0 0 O 0 0
1 o 0 0 -1 0 0
1 0O 0 -1 0 0 0
1 0 0 0 0 0 -1
1 0 0 0 0 1 0|
Thus
1
et (Du ) = dot (M) = ";r (—1)D/2 5 (1) D/8 —
and hence
1
det(4) = (~1)"/* det (Duga ) = ”; |
Case 3. n =3 (mod 4).
In this case, we have
1 0 1 1 1 1
0O 0 -1 0 0 0
1 -1 0 0 O 0
1 0 0 0 -1 0
Duimy =Duws =11 0 0 -1 0 0
1 0 0 0 0
1 0 0 0 1

OO OO

n—+1

2

- O OO O

(_1>(n71)/4
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and MnT+3 = Tvl’n%g . 'TV12DnT+1TV21 . -TVnTJr:aJ has the form

2t -1 0 0 0 0 0
-1 0 -1 0 0 0 0
0O -1.0 0 O 0 0
o 0 0 0 -1 0 0
0o 0 0 -1 0 0 0
0o 0 0 0 O 0 -1
o0 0 0 0 -1 0 ]
Therefore
-1 -1
det (D%Q — det (M”T”> _n - (—1)m /2 5 (_q)ymtn/a _ T 5 (= 1))/
and hence
1—
det(A) = (—1)"=3/4 det (DHTH> =3 n
In view of the above, we have completed our proof Theorem O]

3. PROOFS OF THEOREMS AND [T.3]

Proof of Theorem . Let B,, denote the matrix [F};_x + 0i]1<jr<n- It is easy to verify (L.2)
for 1 <n <6.
Now, let n > 7. It suffices to prove that det(B,,) = det(B,_¢). It is easy to verify that

1 1 1 2 F,4 F,3 F,5 0
1 1 1 1 F, s F,4 F,3 0
1 1 1 1 F.¢ F,5 F,4 0
2 1 1 1 F,» F,¢ F,5 0
Tn,anTn,nflBnTnfl,nTnfln = : : :
Fn—4 Fn—5 Fn—6 Fn—? 1 1 1 0
F, 35 F,4 F, 5 F, 1 1 1 —1
Fn—2 Fn—?) Fn—4 Fn—5 1 1 1 -1
0 0 0 o0 0 -1 -1 1
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It follows that the matrix fn_gmfn_l’n(Tn7n_2Tn7n_1BnTn_LnTn_Q’n)fnm_1Tvn7n_2 has the form

I e
— e
e
— == N

co oM -

Fn—2
Fn—3
Fn74
Fn75

OO O -

o O OO

_O OO -

As there is a unique nonzero entry (which is 1) in the last row of the last matrix, and

det <fn72,nfn71,nTn,nf2Tn,n71BnTnf1,nTn72,nTn,nflfn,n72> = det<Bn)

in light of (2.1]), we see that det(B,) = det(BW), where

1 1 1 2

1 1 1 1

1 1 1 1

2 1 1 1
F Fn76 Fn77 Fn78
Fn74 Fn75 Fn76 Fn77
Fn73 Fn74 an5 anG
_Fn—2 Fn—3 Fn—4 Fn—5

OO R

OO RN -

Similarly, j—/‘n—S,n—1Tn—27n—1Tn—1,n—3Tn—1,n—2B(1)Tn—?,n—lTn—S,n—1Tn—1,n—2j—/’n—1,n—3 has the form

1 1 1 2

1 1 1 1

1 1 1 1

2 1 1 1
Fn—5 Fn—6 Fn—? Fn—8
Fn—4 Fn—5 Fn—G Fn—?
Fn—3 Fn—4 Fn—5 Fn—ﬁ

O = = = e

F,_
E,_

4
5

Fn—6
Fn—?

COo O

Fn—3
Fn—4
Fn—5
Fn—6

o O OO

_—O OO -
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and hence det(BW) equals the determinant of the matrix

Note also that

and hence

T 2
74,n72Tn73,n72Tn72,n74Tn72,n73B( )TnfB,anTnf4,nf2)Tn74,nf3Tn75,n73

Tn73,nf5Tn73,n74 (Tn

has the form

S oo o -

oo o o

00 © I~ 0

SIS

© >~ 0 O

S

—
_OO
—
__00
—
i
11_0
77
s 2O O
Ry Ry
T
e 2O O
Ry
7T
s 20O O
Ry R
T
e 20O O
Ry R
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Note that both the last row and the last column contain only one nonzero entry (which is —1).
Therefore, det(B?)) equals the determinant of the (n — 2) x (n — 2) matrix

1 1 1 2 F,» F,s 0 0 0

1 1 1 1 F, s F,» 0 0 0

1 1 1 1 F, o F, s 0 0 0

2 1 1 1 F,_10 F,9 0 0 0
Foqr Fus Fog Fio 1 1 0 0 0]’
F, ¢ F,7 F,s F,o 1 1 0 -1 0

0 0 0 0 0 0 0 0 -1
0 0 0 0 0 -1 0 0 0
0 0 0 0 0 0 -1 0 0]

which has a unique nonzero entry (which is —1) in the (n — 3)-th row and the (n — 3)-th
column. As B, _g is exactly the submatrix of the last matrix formed by the first n — 6 rows
and the first n — 6 columns, we see that det(B?) = det(B,,_).

In view of the above,

det(B,) = det(BW) = det(B?) = det(B,_).
This concludes our proof of Theorem O

Proof of Theorem E Let (), denote the matrix [(@) — 0jk]1<jk<n- It is easy to verify
for 1 <n <6.

Now, let n > 7. It suffices to prove that det(C,,) = det(C,_g). It’s routine to verify that
Tn72,nfn71,n (fn,n72fn,n71an;nfl,nfan,n)Tn,nflTn,an has the form

_ n—4 n—3 n—2 A
-1 1 =10 e () (550 () 0
R N SR SRS S gy P gy (L
S Sl 1 e (29 () ()

n—"7T n—>o6 n—>s
o -t 1 -1 - &) &) &) 0
n—4 n—>s n—>o6 n—"7 ' . :
SRR SR S b 0
SR SR SR N boovo
5) ) ) O -1 0 0 0
0 0 0 0 0 0 0 1]

As there is a unique nonzero entry (which is —1) in the last row of the last matrix, and

det <Tn—2,nTn—1,nTn,n—2Tn,n—1CnTn—l,nTn—Z,nTn,n—lTn,n—Q> = det<Cn)
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in light of (2.1]), we have — det(C,,) = det(C), where

oW —

Simﬂaﬂ}’, Tn73,nflfn72,nfl(Tnfl,nfk’ifnfl,anC(l)TnflnflTnf?),nfl)Tnfl,anTnfl,nf?; has the for-

m

It’s routine to verify that
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has the form

=]
7
t

-1 1 -1 0 n6) (25 0 0]
1 -1 1 -1 2T (%% 000
-1 1 -1 1 2B (=1 000
n—9 n—_8
0o -1 1 -1 n9) (=) 0 0
n; ni7 nf ni - ' . : :
e e v R S
5) 5) &) &) 01—l
0 0 0 0 e —1 1 0 O
0 0 0 0 0 -1 0 0]
Since there is only one nonzero entry (which is —1) in the last row of the last matrix, with the
aid of (2.1]) we have
-1 1 -1 0 =) =Y o0 0 o0
1 -1 1 -1 22z 0 0 0
-1 1 -1 1 n2) (%) 0 0 0
0o -1 1 -1 = =2 0 0 0
@y _| : : : R : : -
det(C™) = Ry (ne8)(n9) (nd0) g 1 o o ol
En§6§ En§7; gn§8§ n§9
50 (5) (5 (%) 1 -1 0 -110
0 0 0 0 e 0 0 0O 0 -1
0 0 0 0 e 0 —1 0O 0 0
0 0 0 0 0 0o -1 0 0

which has a unique nonzero entry (which is —1) in the (n — 3)-th row and in the (n — 3)-th
column. As C,_g is exactly the matrix formed by the first n — 6 rows and the first n — 6
columns in the last determinant, we have det(C®) = det(C,,_¢). Therefore

det(C,,) = — det(CW) = det(C'?) = det(C,_s).
This ends our proof of Theorem [I.3] O
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