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SERIES WITH SUMMANDS
INVOLVING HARMONIC NUMBERS

ZHI-WEI SUN

ABSTRACT. For each positive integer m, the mth order harmonic num-
bers are given by

1
H™ = Y T (n=0,1,2,...).
0<k<n

We discover exact values of some series involving harmonic numbers of
order not exceeding four. For example, we conjecture that

[eS) 2k\ 3
) @ _ T e 2¢3)
;(6k+1)256k (H% 61k )* 8 ¢

where G denotes the Catalan constant >3 ,(—1)*/(2k+1)?. This paper
contains 70 conjectures posed by the author during 2022-2023.

1. INTRODUCTION

The usual harmonic numbers are those rational numbers

1
Hy= ) - (n=0,1,2,...).

0<k<n

For each m € Z* = {1,2,3,...}, the harmonic numbers of order m are
defined by

1
HM = " o (MEN={0,1,2,..}).

m
0<k<n
For any m,n € Z™", we clearly have

n 2n

1 1 1 m) 1 m
=) — =) —— =H," — —H{".
(2k —1)m = km 2 (27)m 2 2m

k=1 j=1

J. Wolstenholme [48] established two fundamental congruences for harmonic
numbers:
H, 1 =0 (mod p*) and Hfjl =0 (mod p)
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for any prime p > 3. For series and congruences involving harmonic numbers,
one may consult [29, 36, 42], [40, Section 10.5], and the recent preprint [5]
solving various conjectures of the author.

In 2012, K. N. Boyadzhiev [7] proved that

> [2k k 2 14+ 1 -4z 11
Z Hyx" = log forze ——,—-|. (1)
Pt k Vv1—4x 2V/1—4x 4’4

In 2016, H. Chen [8] deduced that

Z <2k> Hopa® = ! log 1+vi-ds for z € <—1 1> . (2

=\ k 1—4x 2(1 —4x) 4’ 4

It is well known that
o 2k\ . 2k+1
2&1‘(}811’15 = = m for ‘:L" < 2

in particular,

S (2kk) T and S (Qkk) 7T

E —— T —— = — an E = .
22 (2 + 1165 3 22+ 1S 22
The author [27, Theorem 1.1(ii)] determined

11723)/2 2k) pil (Qk)
k
ey and TR
— (2k+1)16 b—(or1)/2 (2k+1)16
modulo p? for any prime p > 3. By [6] we have
( ) i p2k+1 Z 1
arcsin— ) =3 ‘ (3)
k 2
2 (2% + D16k 2= (25 +1)
and
oo 1r(2) 2k
. x\4 3 p1%
(arcsm§) = 5 Z WZ;) (4)
for |z| < 2. In particular,
00 2k
) (o 1ge)
S (2k+1)16F \7T2E 47k 648’
00 2k
3 G (go_ lge)_ v2r
L (2k+1)8F 72 4Tk 384
and

> o =1
- .
ok 1w

In view of (3), we have the following result.
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Theorem 1. If || < 2, then

(oosinGo/2)" _ 52 0 (gp L), B

2 k
4—x Pt 16 4

Proof. By taking derivatives of both sides of ( ) we get

. T\2 1/2 > 1
3<arcsm§> X7W—3Z 1k Z 2 1102

0<j<k
and hence
(arcsin(z/2))2 & (2’“ k Zk:
Vi—a2r 16k p=i (2j —1)2
which is equivalent to (5). O
Motivated by the Ramanujan series
oo 2k 3
2 2
> (6k +1) G) _2v2 (6)
(—512)F ~ «

k=0
(cf. [25]), L. Long [23] conjectured the congruence

(p—1)/2 2k\ 3 1 1
kZ:O (6k + 1)( (51)2 - Z < G 16j2> =0 (mod p) (7)

for any odd prime p, which was confirmed by H. Swisher [43] in 2015. Note
that (7) can be rewritten as

(p—1)/2 2\ 3
g 6k—i—1 Ci) H(Q)——H() =0 (mod p).
P (=512)k \""%* 16

In 2022 C. Wei [46] deduced the two identities

i(6k+1) ol (H(z)—5ﬂ,§2>) V2

_ k 2k
— (—512) 16 48
and 5
00 (Qk) 5 T
ko1 H(z)——H() -
;0(6 * )256k ( 2k 16 12
conjectured by V.J.W. Guo and X. Lian [19], as well as their g-analogues.
Motivated by Bauer’s series
S (2k)3 9
(4k +1)~E2 = = (8)
kZ:O (—64)k 7«
and Ramanujan’s series
S CHGh _2v3
> (8k+1) = (9)

k=0
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Wei and G. Ruan [47] proved the two new identities

S () R
;(4k+1)(_64)k; T
and 00 2kN\2 (aky K
Sy (1 1y e
£ 48% =\ (2172 36 54
i.e.,
i(‘lk“) (%) (ch)_1H<2)) T (10)
P (—64)F \ 72k 27k )12
N S GV (e 5 e V3
kZO(Sk + 1)t (Hgg - 18H,§2>> = 57” (11)

In 1997 van Hamme [44] thought that series for powers of 7 = I'(1/2)?
should have their p-adic analogues involving the p-adic Gamma function
I'p(x), where p is an odd prime. Note that for any odd prime p we have

() -co=-(2).

where () denotes the Legendre symbol. The author [38, 39, 41] found
many new series for powers of m motivated by related congruences. However,
van Hamme’s philosophy fails for some Ramanujan-type series for 1/7. For
example, T. Huber, D. Schultz and D. Ye [22] used modular forms to obtain
that

oo
ak 16
6k +1)— = —
> (6k+ 1)1 =—,
k=0
where a9 = 1, a1 =4, as = 20 and
(n+1)3ans1 = 42n+1)(2n2 +2n+1)a, —16n(4n* + a1 +8(2n—1)3a,_o
for all n = 2,3,...; but for a general odd prime p we even cannot find any
pattern for Zg;é(Gk + 1)ay/16* modulo p.
The Bernoulli numbers By, B1, Bs, ... are defined by

x > x™
pr— :nZOBnn! (0 < |z| < 27).
Equivalently,
g 1
By =1, and Z <n—l: )Bk—O forn=1,2,3,....
k=0
In 1900 J.W.L. Glaiser [12] proved that

P’ 2)

H, = —;Bp_g (mod p3) and H;E—l pBp_3 (mod %)

Il
ol o
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for any prime p > 3. The Bernoulli polynomials are given by

n

Buz)=Y" <Z> Brz" % (n e N).

k=0

The Euler numbers Ey, F1, Fo, ... are defined by

2 > " m
e m by (1<3).
n—=

Clearly Fs,+1 = 0 for all n € N. It is also known that

"2
Z " FEs, =0 for each n € N.
k=0 2k

The Euler polynomials are given by

Ep(z) = zn: (Z) % (x - ;)n_k (n € N).

k=0

The author [28, 32] first observed that many Ramanujan-type series have
corresponding congruences involving Bernoulli or Euler polynomials.

Now we introduce some notations throughout this paper. The Riemann
zeta function is defined by

o0

OESS ni with R(s) > 1

n=1

The Dirichlet beta function is given by

}: (m=1,2,3,...).
 ( 21<;+ 1

Note that G = 5(2) is the Catalan constant. We also adopt the notation

won(2()) -5

with (=2 ) the Kronecker symbol. For a prime p and an integer a # 0 (mod p),
we use gp(a) to denote the Fermat quotient (a?~! —1)/p. Many congruences
in later sections involve Fermat quotients.

In Sections 2—4, we will propose 70 new conjectures on series and related
congruences with summands involving not only harmonic numbers of order
at most four, but also products of several binomial coefficients. All the
conjectures have been checked via Mathematica.
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2. SERIES WITH SUMMANDS CONTAINING
ONE OR TWO BINOMIAL COEFFICIENTS
Conjecture 1 (2022-10-12). (i) We have
o0
(=R o) 123 (g 451 14 ,
H - —H =—((5) — — 3). 12
; k?’(Qkk) 2k—1 16 k-1 40 ¢(5) 157r ¢(3) (12)

(ii) For any prime p > 5, we have

(p—l /2 (_1)k 9 9
=6 (16H§k)_1 - 123H,§_)1) = 5428, 5 (mod p)  (13)
k=1 k
and
— (‘Uk 2k (2) (2) Hy 1 2
P 16H,,” — 123H =192——— (mod p°). 14
> G () Qo — sy 10255 ot 17 19

Remark 1. In 1979 R. Apéry [3] proved the irrationality of ((3) = > 00, 1/n3

via the identity
o0 k—1
-1 2
e ]
= R0
In 2014 the author [33] proved the congruence

(pfl)/Q (_1)k_1

= 2B, 3 (mod p)
é k(%) ’

for any prime p > 5. The author’s conjectural identity (cf. [34])
o
(—1)‘%’1 ot
S CU e am) = 25
2%k ( 2k k
= B0 7
was proved by W. Chu [9] as well as K. C. Au [4, Prop. 7.14]. After seeing

an earlier arXiv version of this paper, Au [5, Corollary 2.9] confirmed the
author’s conjectural identity (12).

Conjecture 2 (2022-11-14). We have the identity

v
k=0

Remark 2. Applying (1) and (2) with z = 1/8, we see that

> (2K oo (2k

Ge) o (%) ., log(3/2+V2)
Z 8THk - _\/ilog(12 - 8\[2) and Z 87H2k = T
k=0 k=0
In contrast with (15), we have

oo 2k
s ) (g lye)_

k=0
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by applying (5) with 2 = v/2.
Conjecture 3 (2022-11-14). We have the identity

oo 2k
2(162 () - ) = 540 -7 (16)

Remark 3. Applying (1) and (2) with = = 1/8, we see that

SN o~ () log((T+4v73)/9)
kzo 16kH —7103;(84 48+/3) and Z T6r Hyy, = 7 .

In contrast with (16), we have
) (- ) - 2
16 4 36v/3
by applying (5) with z = 1.
Conjecture 4 (2023-05-28). (i) We have

>\ Hs,— H, 2 ) 2
S Hon = He 20 og2e) - T a7
3k (
el A VORI 24
and
[e.e]
Hgk — Hk 11 71'2
S Mo e gy T jog2 G (18)
3k
o RRR) A 24

(ii) For any prime p > 5 with p =1 (mod 4), we have

p—1
Hs, — Hy, 7
———— = —qp(2) (mod p). 19
PY e = 1% (mod o (19)

Also, for each odd prime p we have

Hyr — Hp _ ¢p(2)
Z Kook ( 3k =-= (mod p). (20)

Remark 4. The author’s conjectural identities

o0
Hy, — H, 2
> =10 e g
k=1 k2 (k)
and
iHQk—Hk 33 2 G
T2 Tk 20(3) + D log2 —
3k
el GO N

(cf. [40, Conjecture 10.61]) were confirmed by Au [4] in 2022.
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Conjecture 5 (2023-05-28). (i) We have

— 25k — 3
> W(sz — 8Hyy, + TH}) = 2G — 2(m + 9) log 2. (21)
k=1 k

(ii) For any odd prime p, we have the congruence

25k — 3 -1\ 9
Z 2k 3k Hgk — 8Hoi + 7Hk) = — (p) 1 (mod p). (22)

Remark 5. In 1974 R. W. Gosper announced the identity
yoBko3
P (315) 2

an elegant proof of which can be found in [1].

Conjecture 6 (2023-05-28). (i) We have

k (3k
;22(7/%)[{2 2( +V3)log (14-\[) V3log2 (23)
=0
and
s 1++3 log 3
2 = (2 log(1 4 V3) — 5 > —V/3log2. (24)

(ii) For any prime p > 3, we have

SR e

k=(p+1)/2

Remark 6. For any positive integer n, we clearly have

-1 1n—1

Z Z/ thdt = /Ztkdt /1_t:dt.

k=

Using this trick we can deduce that

26 =3 (0 v3 V3 Valog(1 + V3
Z o Hy _Z<(1* 3)logd — (1 + 3)log3>+2 3log(1 + V3).

k=0
Conjecture 7 (2023-05-28). We have

~ k
> (3:) (3 +54\£> (Hsy, — Hai) = ¢(log3 — 2logg),  (26)
k=0

where ¢ denotes the golden ratio (1 ++/5)/2 ~ 1.618. ...
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Remark 7. Mathematica yields that

i 3k\ (4z k_ 1 cos arcsin y/z
k)\27)  Vi—u 3

k=0

for any = € (—1,1). Applying this with = ((1 ++/5)/4)? we obtain that
> (3K 3+J5>k cos(/10) (5++5)/8

= = =9
Z<’f)< M e G- VvE)s

Conjecture 8 (2023-05-30). If (1 —/2)/2 < x < 1/2, then
00 k /
> (4’“) <f”(141_3”)> (2Hy; — 3Hoy, + Hy) = L= log(1—z). (27)

2k 22 — 1
k=0

k=0

Remark 8. For any z € (—1,1), we have

> x V1—z
S ()G -

which can be proved directly or via Mathematica. In particular,

> (o) () -3

For x € (—1,1), we obviously have

> () () (D))

2> (o) e (3)"
=0 k=0

5 () () () 25 (e )"

k=

and

and hence we may find closed formulas for the two series

5 (1) ()" w3 () (2)"

k=0

by using (1) and (2). In particular,

00 k
Z <4k> <634> Hyyp, = 2(1+v/3) log(14+v3) — (143v/3) log 2+ \/32— ! log 3

=\ 2k

and

[ k

Z(;U;) (54) Hy = (2+V3)log(1+V3) — (1+V3)log 2+ 2~ log3.
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With the aid of Mathematica, we obtain that

S8 (2 SE) (2) [ 1
LG e

/ 2++/4 -3t "
11—t V4 =3t

f+f1 7+4xf

= (2+4\f)log(1 +v3) - 10g3 — (1+5V3)log2.
Conjecture 9 (2022-11-14). We have the identity

o0 (2k)2 1N2 22 _ 8C2
k @ _lp@\_p(Ll) 7
2 32k <H2’f 1 > F<4> 32my/m’ (28)

k=0

where I'(x) is the well-known Gamma function.
Remark 9. In contrast with (28), Mathematica yields that
oo (2k\2
T ) I(1/4) (1/4)?
- .
— 32 T VarT(3/4)  2nym
For any odd prime p, Z.-H. Sun [26] proved that

”i(%ff: 2 — p/(22) (mod p?) ifp=a?+y? (a,y € Z) with 4|z — 1,
32k 7 10 (mod p?) if p=3 (mod 4),

k=0
which was previously conjectured by the author (cf. [27, Conjecture 5.5]).

Conjecture 10 (2022-12-30). We have

i ((2’“21(:;) (3Hsy, — Hy,) = <log ) i

k=0 k:O

(29)

Remark 10. For any prime p > 3, we have
p—1 r2ky (3k p—1 3k
— (—216)%

by [31, Corollary 1.4], and

(mod p?)

pz_:l o) () _ (((2;:12))/33) (mod p?)  ifp=1 (mod 3),
k=0 24k p/((f;ﬂ%)/gg) (mod p?) ifp=2 (mod 3),

as conjectured by the author [28, Conjecture 5.13] and proved by C. Wang
and Sun [45, Theorem 1.2].
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Conjecture 11 (2023-09-12). (i) We have
. 48*
ak
k=1 k(2k — 1)( )(Qk)

6 273
Hy_1 — 9Hop 2H, = —,
<6 ak—1 — 9Hop_1 + k1+2k_1) 73

(ii) Let p > 3 be a prime. Then

B K (3

D ok 1
2o 2k +1)48
and
p—1 2k\ (4k
kG Gr) 6 5p 1 2
Hy, — 9Hop, + 2H, — —— | = 2B .
Z‘; 2k + 1)48F <6 4k = OHp + 2H 2k:+1> 12 “’(3) (mod p7)

<6H4k — 9Hy, + 2H;, — =0 (mod p) (31)

2k+1>

(32)
Remark 11. The author’s conjectural identity
o0 k
48 15
Z 2k (kY ?K
k=1 k(2k — 1)(k)(2k)
(cf. [34]) was confirmed by Au [5].
Conjecture 12 (2022-12-30). We have
oo 4k\ (2k
(21) i) (log 2)v/7
SRS (QHy — Hop) = ————. 33
kZ:O 128k ¢ 2%) 2(5/8)I(7/8) (33)
Remark 12. Mathematica yields the identity
oo (4ky (2k
3 (o) () _ VT
— 128k I'(5/8)I(7/8)"
By [31, Corollary 1.3], for any prime p = 5,7 (mod 8) we have
p—1 (4k) (2k)
26)\ k) 2
Z 128k =0 (mod p“).
k=0
Conjecture 13 (2022-12-30). We have
0o (4ky (2k oo (4ky (2k
k=0 k=0
and (4k) (Qk) (4k) (zk)
o0 9 (o9}
2k) \ k 2k) \ k
2Hy4, — Hop) = log — 35

Remark 13. Let p > 3 be a prime. By [31, Corollary 1.4],

p—1 ;Uc 2k _9 p—1 42119 2k
> ) - (2)5 WD) (o
=0

k=0
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We also have

—1 (dky (2k
<6> pz (1) (kk)
r) = 72

20 — 4 (mod p?) ifp=a*+y? (r,yeZ&d|z—1),

= 3’((1,_%7’;)/2) (mod p?) if p=3 (mod 4),
(p+1)/4

as conjectured by the author [28, Conjecture 5.14(iii)] and proved by Wang
and Sun [45, Theorem 5.2 and Remark 5.2].

Conjecture 14 (2022-12-30). We have
oo (4ky (2k oo (4ky (2k
) = (02 52 060

prd (—192)k 4 prd

Remark 14. Let p > 3 be a prime. By [31, Corollary 1.4], we have

2’“) (—2) GG

192 p

k=0
If p= 22+ 3y? with z,y € Z and x = 1 (mod 3), then

4k (2k
(22)8(kk) =2r — % (mod pz),

|
—_

p

i
o

as conjectured by the author [28, Conjecture 5.14] and confirmed by G.-S.
Mao and H. Pan [24]. If p =2 (mod 3), then

pfl Qk:) 3p )
Z 48"3 - o ()72 (mod p)
=0 (p+1)/6

as conjectured by the author [28, Conjecture 5.14] and confirmed by Wang
and Sun [45].

Conjecture 15 (2022-12-30). We have

00 (4k) (Zk:) 1 63 o (4k) (Qk)
2 2Zosz) (2Hay = Har) = 5 <log 64> kZ:O (—22032%' (37)

Remark 15. Let p > 3 be a prime with p # 7. By [31, Corollary 1.4],

p1 Qk) <_2> Iim (mod p?).

k
k:O 4032 )i 63
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The author [28, Conjecture 5.14(ii)] conjectured that

@) ()

63+
_ J(B)@r = £) (mod p?) if p=2a®+T7y* with z,y € Z and (£) =1,
~ |0 (mod p) if (£) = 1.
Conjecture 16 (2022-12-30). We have
0o (6ky (3k
() (%) (log 2)\/m
—= 2 (6Hgr — 3Hs, — 2H Hy) = . 38
kZ:O soar (o 3k 2+ Hi) I[(7/12)[(11/12) (38)

Remark 16. Mathematica yields the identity

i(gk)(k) _ VT

864k  T'(7/12)I'(11/12)°

k=0
By [31, Corollary 1.3], for any prime p > 3 with p =3 (mod 4) we have

G ()

Gk =0 (mod p?).

k=0
3. SERIES AND CONGRUENCES WITH SUMMANDS
CONTAINING 3 OR 4 BINOMIAL COEFFICIENTS

In 1993 D. Zeilberger [49] used the WZ method to establish the identity

o

21k — 8 2
DE TR

2k 3
k=1 k3( k )
The author [35] proved that

(p—1)/2

D

= ey

for any prime p > 3.

21k — 8 —1
=— (p) 4E, 3 (mod p)

Conjecture 17 (2022-10-11). (i) We have the identity

.21k — 8 (2) 25 __(2) 477t
> k3 (2 <H2’“‘1 ~ s ) = o0 (39)
k=1 k

(ii) For any prime p > 3, we have

(p—1)/2 3
2k 25 -1
(21k +8) < k> (Héi) - 8H152)> = 32p <p> E,_3 (mod p?)

k=1
(40)
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and

p—1 3
2k 25 246
S 21k +8) ( k) (Hf) - §H( )) = ~48H, 1 + —p'Bys (mod p°).
k=0

(41)
(iii) For each prime p > 5, we have

2K\ B s
> <k> (2(21k + 8)(Hay, — Hy) +7) = —112pH, 1 (mod p°).  (42)
k=1

Remark 17. After seeing an earlier arXiv version of this paper, Au [5,
Corollary 2.3] confirmed the author’s conjectural identity (39), and proved
an identity (after the proof of [5, Theorem 2.2]) which has the equivalent

form
o

(21k — 8)(Hop—1 — Hp—1) — 7/2
3
k=1 kg(zkk)
Conjecture 18 (2022-10-11). (i) We have
- 21k—8( 3 43 (3)> 711 29 2
3 H  + Ba®) = ey - 2Dz, 1)
3\ Hor—1 k—1
— k3(2k:k) 8 28
(ii) For any prime p > 7, we have

(p—1)/2 3
2k 43 -1
S @ik + 8)<k) (gg?,y g ~H? )> 32 () E, 3 (mod p) (44)

k=0 p

=((3).

and

p—1 3
2%k 43 120
2(21k+8)<k> <H§3)+ 8H( )) ~——pBy-3 (mod p*).  (45)
k=0

Remark 18. The identity (43) looks quite challenging.
Conjecture 19 (2022-10-13). (i) We have

e _ _Q\k
(3kk3 (121()38) <H§?_1 in 1> = —26(4). (46)
k=1 k

(ii) For any prime p > 3, we have
1

(p—1)/2 2k)3 @ 5.
3k +1) s (Hk - )

215 3) s 1




SERIES WITH SUMMANDS INVOLVING HARMONIC NUMBERS 15

iii) Let p be an odd prime. Then
(iii)
(p—1)/2 (2k)3 1
D (g Gk D(Ha— Hy 4 1) = (p) 27! (mod p?) (49)

k=0
and
— D (o T
Z(3k+1)(j8)k (sz + 3 Hy > =0 (mod p). (50)
k=0

Remark 19. In 2008, J. Guillera [14] used the WZ method to find the
identity

o0 k

Z (3k — 1)(;8) Y

o B
The identity (46) provides a fast converging series for computing the constant
B(4). We are unable to find the exact values of the series

i (=8)* (2(3k — 1)(Hop_y — Hy_1) — 1)
=1 k? (215)3 - o

— Bk=D(=8)" (3 | T3
Z 13 (%)3 Hy” | + ngq .
k=1 k

Conjecture 20 (2022-10-11). (i) We have the identity

(3k — 1)16* 5 (2 i
g 2@ ) =T 1
; kg(Qkk) 2k: 17 e 21 (51)
(ii) Let p > 3 be a prime. Then

(p—1)/2 (2k)3 5 5o 1
ST Bk + 1)~k (Hék) —2H¢ )> =2 <p) E,_3 (mod p?) (52)

k
prd 16

and

and

p—1 (2k)3 s 5 7

S 3k + 1)~k (Hé,} - ZH,Q )> = o’ Bys (mod p%).  (53)
k=0

(iii) Let p be an odd prime. Then

p—1 2k)3 9

o (203K 1) (Hop — Hy) +1) = gpqp(z) - P2 (mod 1)

Eo

=1
(54)

If p=2 (mod 3), then

(p— 1)/2 5 (o
Z ( ok —4H,g)) =0 (mod p). (55)

k
Pt 16
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Remark 20. In 2008 Guillera [14, Identity 1] used the WZ method to
establish the identity

=
Two g-analogues of this identity were given by Q.-H. Hou, C. Krattenthaler
and Z.-W. Sun [21]. Guo and Lian [19] proved that the two sides of (53)
are congruent modulo p? for any prime p > 3. After seeing an earlier arXiv
version of this paper, Au [5] confirmed the author’s conjectural identity (51),
and proved an identity (after the proof of [5, Corollary 2.3]) which has the
equivalent form

— 16" NN 7
; R ((3/<; — 1)(Hop—1 — Hp1) — 2) = 3 log2+ £((3).

Conjecture 21 (2022-10-11). (i) We have

i (3k —1)16* _ 7°

S~ (3k—1)16F (@ T 3 72
; W Hy”y + gHyZy ) = 5 C03)- (56)
(ii) For any odd prime p, we have
(p—1)/2 (2k)3 @ 7. 1
> rrnl) <Hk + L )zz(p) By s (mod p)  (57)
k=1
and
= O (o Ta®) 3
> Bk +1) 1k6k (H% + g B ) = PBp-s (mod ). (58)
k=0

Remark 21. Conjecture 21 looks more challenging than Conjecture 20.

Conjecture 22 (2022-10-16). (i) We have

> (4k — 1)(—64)F
B (=) = o
k=1 L

(ii) For any prime p > 3, we have

(p—1)/2 (2k:)3 @ 1.0
Z (4k + 1)(_’%4)k (H% -5 Hy ) = pE,_3 (mod p?), (60)
k=0
= @ (e 1o
> (4k + 1)(_’%4)k (H% Ll ) = pE,_3 (mod p?). (61)
k=0

Remark 22. Guillera [14] proved that

2. (4k — 1)(—64)* _ 16
T |
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The congruence (60) is motivated by (10). After seeing an earlier arXiv ver-
sion of this paper, Au [5, Corollary 2.11] confirmed the author’s conjectural
identity (59). It seems that for any m,n € Z* and odd prime p, we have

(p—1)/2 2k (2m)

m H
3 (4k+1)((4g,m (ng ) 22’;%_1> =0 (mod p). (62)
k=0

Conjecture 23 (2022-12-05). (i) We have

2 8F((10k — 3)(Hop—y — Hy—1) — 1) 7
=5¢(3) (63)
> 5@ (D) 2
and
2. 8*((10k — 3)(Hsp—1 — Hyx_1) — 8/3) _ 2m*log2 +7¢(3) (64)
B (" () !
(ii) For any odd prime p, we have
« ) (3’“) 63
Z ((10k + 3)(Hyo, — Hy,) +1) = §pi”B,,_?, (mod p*)  (65)
=1
and

p—1 (2k)2(3k) 9
kAR (3(10k 4 3)(Hsy — Hy) +8) = 9 qp(2) — 5]72%(2)2 (mod p?).

(66)
Remark 23. As conjectured by the author [28] and confirmed by Guillera
and M. Rogers [18], we have

i (10k — 3)8F  n2

SREE 2
Conjecture 24 (2022-12-05). (i) We have
o (—27)F((15k — 4)(3H3p—1 — Hy—1) —9)  4n®
2 P G
ii) For any prime p > 3, we have
p—1 (2k1<;) (Sk)

(—27)*

(67)

((15k+4)(3H3k—Hk)+9)_9<3>+6p2Bp ) (;) (mod p®).
(68)

Remark 24. As conjectured by the author [28] and confirmed by Kh. Hes-
sami Pilehrood and T. Hessami Pilehrood [20], we have

2. (15K — 4)(=27)k1
; B ()

o

=0
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Conjecture 25 (2023-08-26). (i) We have

< (=27t 1 I

(ii) For any prime p > 3, we have

p—1 (Qk) 2 (Sk

Z(k_mﬁ:) <(15k‘+4)(H2k — Hy) + 2kl+ 1)

k=0 (70)
= (P) L2 1 3
= (3) + 5P B, (3) (mod p°).
Remark 25. This conjecture is similar to Conjecture 24.
Conjecture 26 (2022-12-05). (i) We have
o 64F1((11k — 3)(2Hap—1 + Hp—1) —4) 7
y =IOt He) ) _Te)
k=1 k) ()
and
o~ 645 1((11k — 3)(3Hs—1 — 6Hy—1) — 7) _ 6m2log2 — 21((3) (72)
5 = .
k=1 k() (%) °

(ii) For any odd prime p, we have

p—1 (2k>2(3k)

Z ktka((nk +3)(2Hy, + Hy) +4) = 21p°B,_3 (mod p*)  (73)

k=1
and
p—1 (2k)2(3k)
Z %((1% +3)(3Hzsy, — 6Hy) +7) = 18p ¢p(2) +9p°q,(2)? (mod p?).
k=1

(74)

Remark 26. As conjectured by the author [28] and confirmed by Guillera

[17], we have

11k — 3)64*
Z( k2k 23)36k =8
k=1 kg(k) (k)

Conjecture 27 (2022-12-09). (i) We have

i 81%((35k — 8)(H4k:—; — He1) =35/4) _ g 010054 39¢(3).  (75)
k=1 K (2kk) (;UZ)

(ii) For any prime p > 3, we have
p—1 (2k)2(4k)
> % (4(35k + 8)(Hyy, — Hy) + 35)
k=1
= 323771 —1) —16(3*~" — 1)? (mod p%).
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Remark 27. As conjectured by the author [28] and confirmed in [18], we
have

o
35k — 8)81*
Z( 2k 2)4k = 127*.
k=1 k3(k) (Qk)
Conjecture 28 (2023-01-14). For any prime p > 3, we have

)
;(144)( (5k + 1)(Ha — Hy) + 5) o

= (£) 6+20(205(2) +,(3)) (mod p”).

Remark 28. As conjectured by the author [28] and confirmed in [18], we
have

2k 2 (4k 9
k=1 kg(k) (2k)
We are unable to find the exact value of the series

i (5k — 1)(—144)% 45

N (—144)F
> M(‘l@k — 1)(Hap—1 — Hg—1) — 5).
=1k (k) (Qk)
The classical rational Ramanujan-type series for 1/m have the following
four forms:

00 2k 3
> (ak +b) (;;Z = C‘f, (78)
k=0
f: ak +b) (%) (%) C‘f, (79)
k=0
i ak +b) (%) (2112) _ C\/g’ (80)
k=0 T
S (ak + 1) (&) (725,} ) _ ovd (51)
k=0

where a,b,m € Z, am # 0, ¢ € Q\ {0}, and d is a positive squarefree
integer. It is known that there are totally 36 such series, see, e.g., S. Cooper
[11, Chapter 14].

For a positive integer m, can we find similar series for (logm)/7? Motivat-
ed by Ramanujan-type series of the forms (78)-(81), the author formulated
the following general conjecture.

Conjecture 29 (General Conjecture, 2022-12-08). (i) If we have an identity
(78) with a,b,m € Z, am # 0, c € Q\ {0}, and d € Z" squarefree, then

oo 2k
3 (721){:(6((1]{5 + b)(Hap — Hi) + a) = C\f log|m], (82)
k=0
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and

3

1 2k: 3
T’;;Z, (6(ak + b)(Hop — Hi) +a) = <_;l> (a4 b(mP~! —1)) (mod p?)
k=0

(83)
for any odd prime p {dm.

(ii) If we have an identity (79) with a,b,m € Z, am # 0, ¢ € Q\ {0}, and
d € 7 squarefree, then

i(k) ()

2 (ak + b) (3Hg, + 2Hay — 5Hy) + a)

d
Y lml, (84)
k=0 i

and

S ) (3’“)

((ak + 0)(3Hzx + 2Hax, — 5Hy) + a)

O

(85)
—d

= (p) (a+b(mP~t —1)) (mod p?)
for any odd prime p {dm.

(iii) If we have an identity (80) with a,b,m € Z, am # 0, ¢ € Q \ {0}
and d € Z" squarefree, then

oo (2k\2 (4k
ZW(zl(aker)(Hz;k — Hi) +a) = C\T{al(’g’m" (86)
k=0
and
p—1 (4k)
4(ak + b)(Hyr — Hy) + a)
pard (87)

—d
= <> (a+b(mP~' —1)) (mod p?)
p
for any odd prime p {dm.

(iv) If we have an identity (81) with a,b,m € Z, am # 0, ¢ € Q \ {0}
and d € Z squarefree, then

00 (2k) (Sk) (Gk)

> %(3@/"C +0)(2He), — H3, — Hy) +a) =

d
N olml, (59)
k=0 i

and

p—l

(3(ak 4 b)(2H¢, — H3p, — Hy) + a)
k=0

s

for any odd prime p 1t dm.
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Remark 29. Ramanujan [25] found the irrational series

) 31 (Qkk) _ 16
kZ:O <k+ 270+48\/5> 220/ (/5—15)F (151 21v5)r

In the spirit of part (i) of our general conjecture, we guess that

> (2k)3 a1

16 220

BRI R T

which can be easily checked via Mathematica. We believe that similar things
happen for all irrational Ramanujan-type series.

Ezample 3.1. In view of the Ramanujan series (cf. [11, Chapter 14] and

[25])

and the known identity
oo (2k\2 3k
3 (o) (%) _ 4Aym
— (-192) 33T (5/6)

(cf. (14.29) of [11, p.624]), by part (ii) of Conjecture 29 we should have

=]

i )G ) (5 + 1)(3Hg, + 2Hop — 5Hy) — 108192 20V
£ (~192) TR TN T T B 3VBI(5/6)3
In 2013, Guillera [16, (32)] proved the identity
- 2 4log 2
<4k+1)Hk—> - 9%
3 m
0
motivated by the Bauer series (8).
Conjecture 30 (2022-10-16). We have
—- 1
Z (4k + 1) ) CHY = 54((3) —2G. (90)
T

=0

Remark 30. For any m,n € Z* and odd prime p not dividing 2?1 —1, we
have HZSQ_T_D =0 (mod p) since Z?;i 1/(25)*™ 1 = Zz: 1/k*™=! (mod p),
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thus
(p—1)/2

3 (4k+1)<( k)/z) qem Y

k=0

R ) (0 e

k=0

(p—-1)/2
- Z (4k + 1) <( 1 >/2> Qim b (mod p)

k=0

and hence
(p—1)/2 (2k>” S
Z (4k + 1)(_Z)an§km_ ) =0 (mod p).
k=0

(Note that (_2/2) = (2:)/(—4)’“ for any k € N.)
Conjecture 31 (2022-12-04). (i) We have

inH(%)z 4 Y37 8log?

Hy =

prrd 256k 3 F(5/6) T
and
o 2k)3 92 \/’\/* 810
( g 2
6k + 1 H. :
;;)( ) G ok = 3 ‘T'(5/6)* 3r
ii) Let p be an odd prime. Then
(ii)
(P—l)/Q( )3
k=0
If p > 3, then

(p—1)/2 (2k)3

Z 2§6’f ((6k + 1)(Hak — Hy) + 1)
k=0

—1 4 2
= (21) (14 gro@ - 3Pa?) (uod 7).
Remark 31. It is known (cf. (14.27) of [11, p.623]) that

() _2 Yoy
2565 3 T'(5/6)3

k=0
In view of this, (92) a 93) together implies the identities
00 (2k)3

2 956F ((6]@ =+ )(3H2k — Hk) — 1) =0
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and

(%)3 16log 2
g

g 6k + 1)(H.: Hp)+1) = .

Pt 256" (( D (Ha 6+ 1) 3m

The last identity is also implied by Conjecture 29(i).

Conjecture 32 (2022-10-12). Let p > 3 be a prime.
(i) We have

(p—1)/2 (2k)3

2 5 (2 7 1
S (6k1)gE (Hé,) - o H] )> = () P*By_3 (mod p?), (96)
k=0

and

— ' (e 5@
_ 2
;_0:(6k+1)256k <H2k - ToH} > = pE, 5 (mod p?).  (97)

(ii) If p=2 (mod 3) then

(p— 1)/2 5o
56’“ < 0% — EHk > =0 (mod p). (98)
k=0

Remark 32. For any prime p > 3, Guo and Lian [19] proved that the two
sides of (96) are congruent modulo p.

Conjecture 33 (2022-10-11). (i) We have the identity

S ok + 0l (g - Ty JBKB) 09)
Pt 256k \"* 64 F ) 8w '
(ii) Let p be an odd prime. Then
(p—1)/2 2k 3
7 1
S (6k+1) g%?k (Hé? i >) = Ep3 (mod p)  (100)
k=0
and
p—1 (2k)3
k @ _ e\ _3
I;O(6k+1) SEa (H% L > = —5Ep-3 (mod p). (101)

Remark 33. For any k € Z™, it is easy to see that

@3 7 03 : 1 1
i) - gt = (o )

Conjecture 34 (2022-10-12). Let p > 3 be a prime. Then

1)/2
pz)/ 6k + 1); () 2D -2 g®) = (2)PE, 5 (mod p?)
—~ (=512)k \""%* 16k ) T \p)4 P
(102)
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and
- 2k)B @ @) _ P 1
(6k 1 H. ——H - d p?).
L 0w (7~ 5”) = fis (5) o 29
(103)
Remark 34. Note that (102) is stronger than (7).
Conjecture 35 (2022-10-16). (i) We have the identity
= () 7 57 4(3)
6k + 1 Y - —g®) =2 22 104
§(+)(512)(2k 64" F 16 2r (104)
where Kho1))2
—8 o0 — o
L:=L(2|—
L)L - S
with (=8) the Kronecker symbol.
(ii) Letp be an odd prime. Then
S (D" (o _ T
1 H,  — —H = . 1
> (6K + )( S12)F < % 5 k) 0 (mod p) (105)

k=0
Remark 35. For a general odd prime p, we are unable to find a closed form
for the left-hand side of the congruence (105) modulo p?.
Conjecture 36 (2022-12-09). For any prime p > 3, we have
(p—1)/2 ( )3
> ooqr (42 +5)(Ha — Hy) +7)
k=0 (106)
-1
= <p> (77L 10p gp(2) — 5p2qp(2)2) (mod p3).

Remark 36. In view of the Ramanujan series (cf. [25])

3
;0(42]“ +5) 4096"7 B

by part (i) of Conjecture 29 we should have

oo 2k
32log 2
kz 4(09)6k ((42k +5)(Hor — Hi) +7) = ———,
and
p-1 (2k)3
40k96k (6(42k + 5)(Hay, — Hy,) + 42)

0
_p1> (42 + 5pgp(2")) = <_p1> (42 + 60p gp(2)) (mod p?)

for any odd prime p.

=
AN
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Conjecture 37 (2022-10-11). (i) We have the identity

o0

2k 3
S (2k +5) ko (o) <H§i> - 25H(2)> _ 2

—. 107
4096+ 927"k 69 (107)
k=0
(ii) Let p > 3 be a prime. If p # 23, then
(r—1)/2

2k
S 42k + 5)4(0923,6 (Hé? - %H,g >)
k=0 (108)
~1\ 3
= <> 50 (p By_5 — 5Hp,1) (mod p5).
Also,
p—1 2k 3
25
342k + 5)4(0 92316 (Héi) - @H; )) = —pE,_3 (mod p%).  (109)
k=0

Remark 37. It is interesting to compare this conjecture with Remark 36
Conjecture 38 (2022-10-12). (i) We have

> (2Fy? 43 555 ((3) 32
42k + 5 H(g)—fH(:S) = — — - —G. 110
kz_%( * )4096k < 2k 3527k 7 on 11 (110)
(ii) For any prime p > 7, we have
(p—1)/2 (Qk) @3 43
1;20 (42k +5) K <11H2k - ) = —16E,_3 (mod p) (111)
and
S D’ (110 3)
kg . (42k +5) 4096’“ ( Hy,' — 372Hk > = —27E,_3 (mod p). (112)

Remark 38. Conjecture 38 looks quite challenging.
Conjecture 39 (2022-12-05). (i) We have

oo (2k\2 (3k
9v/31og 3
Z (k2)16(kk) ((6k +1)(Hay, — 2Hy) + 3) = Y & (113)
k=0 T
and
oo (2k 3k
log 2
ZM(6k+l)(3H3k—Hk) - 9\/370’3‘ (114)
Py 216k ™
(ii) For any prime p > 3, we have
p—1 (2k)2(3k) P
2 g (108 1) (H —2Hy) +3) = (5) 5= (mod p) (115)
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and

S~ () (0 6k + 1)(3Hzr — Hy) = 3 d p? 116
3 g Ok + D3 — Hi) = (5)Pap(2) (mod p*).  (116)

Remark 39. This is motivated by the Ramanujan series (cf. [11, Chapter
14] and [25])

N CH°(5) _3v8
kz_o<6k+ 2 216kk I

Conjecture 40 (2022-12-04). (i) We have

iw((20k+3)(fbk — 3Hy) +12) = Hlog2 (117)

— (—1024)k T
ii) For any odd prime p, we have
SYGINEN -1 )
L2 ((20k + 3) (Hor — 3Hy) +12) = | — ) (12421pgp(2)) (mod p?).
‘ (—1024)* P

o

(118)
Remark 40. This is motivated by the Ramanujan series (cf. [11, Chapter
14] and [25])
) (zk) (4k)
D (20K 4 3) RS2k — =
a (—1024)F =
Conjecture 41 (2023-06-16). (i) We have

oo (2k\2 4k (2) (2)
(k) ( ) 2  Hy' o Hy 1 _r
2 —1024)k <<2Ok +3) <H4k 4 16 ) Twk+1) "6 (119)

k=0
(ii) For any prime p > 3, we have
P

—1 2k 2 4k: (2) (2)
< (— 1024) 4 16 4k 41 (120)

k=
—1 10

oo

3
Remark 41. The identity (119) looks curious and challenging.
Conjecture 42 (2022-12-04). (i) We have

oo 2k 4k
Z(k)gz(k)((sm 1)(3Hy, — 4Hj) + 6) = m\/ilogQ. (121)
k=0

(ii) For any prime p > 3, we have

p—1 4k
Z )82(k ) (8k +1)(3Hay, — 4Hy) 4 6) = (g) (6 +8pgp(2)) (mod p?).

=0
(122)
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Remark 42. This is motivated by the Ramanujan series (9).
Conjecture 43 (2022-10-15). For any prime p > 3, we have

(p— 1/2

(%) (1) () _ 5 g 1 2

k=0

(123)
p—1 (Qk) (4k) 5 5 1
8k + 1)L 22k (g 2 g2 = 2, d p?).
— + 482k ( 2k 18 k 24]9 p—2 3 (mo p)
(124)
Remark 43. The congruence (123) is motivated by (11).
Conjecture 44 (2022-10-19). (i) For any prime p > 3, we have
S (O (g 10
Z_: (4k +1) o2 <H2k - 7H )
k=0 (125)
p—1

CH (e 1o\ _ 7, 5
= (4k+1) sret | Har —3Hy ) = gp*Bps (mod p%).
k=0

(ii) For any odd prime p, we have

(p—1)/2 (2k) @) p—1 (2k)4 3 3
> (k+1) se ot o =) (dk+ )256k Hy, = 5pBp-s (mod %)
k=0 k=0

(126)

Remark 44. Guo and Lian [19, (1.7)] proved that for any prime p > 3 we
have

L’ ' (o (@)
4 HSY — —H = 2).
l;) (4K + )256k ( 2%k 9 ) 0 (mod p~)

4. SERIES AND CONGRUENCES WITH SUMMANDS
CONTAINING AT LEAST FIVE BINOMIAL COEFFICIENTS

The following two conjectures are motivated by the identity

X \k 2
Z (—1)"(205k 1560k + 32) _ _ac(3)
k=1 K (2kk)

established by T. Amdeberhan and D. Zeilberger [2] in 1997 via the WZ
method.

Conjecture 45 (2022-12-09). (i) We have

o~ (—DF! 2 !
——— ((205k" — 160k 4 32)(Hop—1 — Hp—1) — 41k + 16) = —
’;:1: ) (( +32)(Hap—1 — Hi—1) +16) = =5
(127)
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(ii) For any prime p > 5, we have
= 2%\ °
(_1)k( > ((205k? + 160k + 32)(Hax — Hy) + 41k + 16)

— k (128)
= 16p + 64p*H,_; (mod p°).
Conjecture 46 (2022-12-09). (i) We have
. (—1)*((205k2 — 160k + 32)(4H) | — 12H) ) — 43
$ ang ey —a

5
k= k2 (Qkk)
(ii) Let p > 3 be a prime. Then
“"i/ ? (—1)F((205k% — 160k + 32)(4HS) | — 12HL,) — 43)
5
= B () (130)
= —200B,—5 (mod p),

and
p—l 2]{ 5
(—=1)F ((205k2 + 160k + 32)(4HSY — 12H) + 43)
Pt k (131)
= 256pH,_1 (mod p°)
if p> 5.
The following two conjectures are motivated by the identity
o~ (10k% — 6k + 1)(—256)F
5 (2k 5
k=1 k ( k )

(cf. [14, Identity 8]).
Conjecture 47 (2022-12-09). (i) We have

>, (—256)F 4
! o L (10K = 6%+ 1)(2Hp 1 — Hy 1) —3k+1) =~ (132)
f=1 K° ( k ) 2
(ii) For any prime p > 3, we have

(p—=1)/2 (2k)5

kzzo (—556)k ((10K? + 6k + 1)(2Hoy, — Hy,) + 3k + 1) -

14
=p+ 2 p'By g (mod )

Remark 45. For any prime p > 3, the author [37, Conjecture 31(ii)] con-
jectured the congruence

(%)

p—1
2 (—256)*
k=(p+1)/2

7
(10k* 4+ 6k +1) = —§p5Bp,3 (mod p°)
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which implies that

p—1 (2k)5
> (—556)"3 ((10k? + 6k + 1)(2Hoy, — Hy,) + 3k + 1)
k=(p+1)/2
p—1 (2k)5 9
= Z 556 k(10k2 +6k+1)- - =-7p'B,_3 (mod p°).
k=2 (7259) P

Conjecture 48 (2022-12-09). (i) We have

< (—256)F((10k2 — 6k + 1)(4HY | —3H®)) —2)

2k—1
= —124¢(5). (134)
2k O
k=1 kS(k)
(ii) For any prime p > 3, we have
(p—1)/2

—256)F
Z ;5(%;5,((10k2 — 6k + 1)(4H2(2)_1 — 3H]£2_)1) —2)=—124B, 5 (mod p)
k=1 A

(135)
and
(—556)k ((10k% + 6k + 1) (4Hy,) — 3H,”) +2) = gszp_S (mod )
k=1
(136)
The following two conjectures are motivated by the identity
>\ (28k% — 18k —64)k
s G IREIET )
k=1 k(%) (%)

conjectured by the author [30] and confirmed recently by Au [5].
Conjecture 49 (2022-12-09). (i) We have

2 (ji); ((28k? — 18k + 3) (4Hap—y — 3Hy_1) — 20k +6) = — .
k=1 k5(k) (k)

2
(137)
(ii) For any odd prime p, we have
p—1 (2lc)4(3k)
~k L ARL((28k* + 18k + 3)(4Hay, — 3Hy,) + 20k + 6
kZO o (( )(4Hoi — 3Hy) .

= 6p — 14p*B,_3 (mod p°).
Conjecture 50 (2022-12-09). (i) We have
2, (—64)F((28k2 — 18k + 3)(2H.) | — 3HY,) — 2)

k—1
4
= k) (%)

= 31¢(5).  (139)
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(ii) For any odd prime p, we have

pfl 3k
( ) (2882 + 18k + 3) 21 - 3H) + 2)
k=1

= -7p*B,_3 (mod p?).

The following two conjectures are motivated by the identity

i 20k2+8k+1)& _ 8
~ (—4096)F — 72

(cf. [14, Identity 8]).
Conjecture 51 (2022-12-09). (i) We have

> 2’“)5 1610
g 2
((20k? + 8k + 1)Hy, — 6k — 1) = —
Z;) —4096)* Ok™ + 8k + 1) Hy ) 72
and
> %) ~ 32log2
5(20k% + 8k 4 1)Hyy, — 10k — 1 )
Z —4096)* + 8k + 1) Hay )= 72

(ii) For any prime p > 3, we have
(p—1)/2 2k)5

((20k? + 8k + 1)H}, — 6k — 1
4096 0+8+)k6 )

k=0

2
= —p—2p%q,(2) + p*q,(2)* — 3194(1;)(2)3 (mod p°),

and
(p—1)/2 (Zk) 5

k=0

= —p-— 4p2qp(2) + 2p3qp(2)2 (mod p*).
Conjecture 52 (2022-12-09). (i) We have

00 2k
Z 6D ((20k% + 8k + 1)(8HSY —3H®)) +4) = —
£ (—4096)F

(ii) For any prime p > 3, we have
(p—1)/2 Qk)

—4096)k

14

k=1 3

(140)

(141)

(142)

(143)

(144)

(145)

((20k%+8k+1)(8HY —3HP)+4) = —p?B,_3 (mod p*)

(146)
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and
pi i (202 + 8k +1)(8H — 3H) +4) = 5B, 5 (mod p")
— (—4096)* 2H F R ‘
(147)
The following two conjectures are motivated by the identity
) (2k)5 128
> (820K + 180k + 13) ~Eoer = =
k=0 (=2%) m
(cf. [10, Identity 9]).
Conjecture 53 (2022-12-09). (i) We have
< (2 ) 256 log 2
(om0 ((820k” + 180k + 13)(Hop — Hj) + 164k + 18) = —
k=0
(148)
(ii) For any odd prime p, we have
(r—1)/2 (2k)5
k 2
—— ((820k* 4 180k + 13)(Hax, — Hy) + 164k + 18
Z o (( ) (o — Hy) )
= 18+ 26p2qp(2) — 1i3]93(]p(2)2 (mod p).
Conjecture 54 (2022-12-09). (i) We have
0o (2k\D
2 2 1
3 (_(SQ)O)k ((820k2 + 180k + 13)(11HY — 3HV) 4 43) = —5- (150)
k=1
(ii) Let p > 3 be a prime. Then
p—1 (2k)5
> s (820K + 180k + 13)(11H) — 3HY) + 43)
= 020 (151)
7o
= —gdep_g (mod p4),
and
(p—1)/2 (2k)5
> k(820K + 180k + 13)(11HY) — 3H) + 43)
= (2 (152)
11 ;
= _ZpHp—l (mOd p )
if p> 5.

The following two conjectures are motivated by the known identity

00 2k\4 (3k
: () () _ 48
kzo(Mk + 27k +3) oo = —

(ct. [15]).
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Conjecture 55 (2022-12-09). (i) We have

ORGP
kI kT (74k% 4 27k + 3)Hyy, — 17k — 3) = 0 153
kz—o 4096F (( + + ) 2k ) ( )
and
0 (2k) (Sk)
kI KT (7T4K? 4- 27k + 3) (51 Haj, + 250Ho; — 153 Hy) + 15)
4096k
k=0 (154)
97921og 2

(ii) For any odd prime p, we have
1

Ny

4096%

o
((T4k* + 27k + 3)Hop — 17k — 3) = —3p + Tp*B,_3 (mod p°),
k=0

(155)
and

pfl ) (Sk)
((74k?* + 27k + 3)(51Hzy, + 250Hoy, — 153Hy) + 15
ZO 10967 + 27k + 3)(51H3y + 2% k) +15) (156)
= 15p + 612p°q,(2) — 306p>¢,(2)? (mod p?).
Conjecture 56 (2022-12-09). (i) We have
oo 2k 3k
3 M((Mk? + 27k + 3)(92HS) — 33HY) 4+ 112) = 160.  (157)
4096* 2k
k=1
(ii) For any odd prime p, we have
p—1 2k\% 3k
3 [FINes) ((74l<:2 + 27k + 3)(92HS) — 33H)) + 112)
P 4096 2k (158)
= 644p°B,_3 (mod p?).
The following two conjectures are motivated by the identity
[e'e) 2k 4k
2 (&) (i) _ 32
> (12082 + 34k + ) = 3
k=0
(cf. [14, Identity 10]).
Conjecture 57 (2022-12-09). (i) We have

S NEN
> '“QT( (1202 + 34k + 3)Hyy, — 16k — 1) = 0 (159)
k=0
and
0o (2k\4 4k
128 log 2

k=0
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(ii) Let p be an odd prime. Then

p— (2k)4 (4k)
> oA (120K + 34k + 3)(Hy, — 2Hy) + 68k +9)
k=0

=9+ 12p2qp(2) — 6103qp(2)2 (mod p4),

(161)

and
p—l (4k) 'y
Z ka 2(120k> 4+ 34k +3)Hy, — 16k —1) = —p+ —p*B,_3 (mod p°)

k=0 6
(162)

if p> 3.
Conjecture 58 (2022-12-09). (i) We have

[%S) (Qk) (4k) 16
S k22 (1202 + 34k + 3)(23HS) — THY) +24) = 5. (63)

216k
k=1
(ii) Let p be an odd prime. Then
p—1 2k 4k
161
%((12%%34“3)(23}@? TH®)424) = 5 P*By-s (mod p*),
k=1
(164)
and
(p 1)/2( ) (4k) , ,
ST RIS (120K + 34k + 3)(23HY;) — TH) + 24)
=2 (165)
= —23pH,_1 (mod p°)
ifp#5.

Conjecture 59 (2022-12-09). (i) We have

SN GINEIIEN
2 S oty (25287 + 63k + 5)(4Hu, + 3Hyy — THy) + 504k + 63)
k=0

_ 192log24

7T2
(166)

(ii) For any prime p > 3, we have
P

JONGII
k=0

5
fp3qp(244)2 (mod p4).

= 63p + 5p’qy(241) — 5

(167)
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Remark 46. Conjecture 59 is motivated by the identity

S oot 4 o+ 5y (1O _ a8

_og4\k 2
— (—24%) 0
(cf. [10]).
Conjecture 60 (2023-01-16). (i) We have
oo (Qk) 2 (3k:)2 (Gk)
D ALkl W (3(532K% + 126k + 9)(Her — Hy) + 532k + 63)
106k
k=0 (168)
_ 1125log 10

472
(ii) For any odd prime p # 5, we have

p—1 (Zk) (3k) (6k)
S (3(532K° + 126k + 9) (Hox — Hy) + 532k + 63)
h=0 (169)
9 9
=63p + §p2qp(106) — Zp?’qp(lo(i)2 (mod p%).

Remark 47. Conjecture 60 is motivated by the identity

s 2k\2 (3k\ 2 (6k
2 G) () Gr) _ 375
> (532k% + 126k + 9) e =
k=0
(cf. [10)).
Conjecture 61 (2023-01-17). (i) We have
= (D 6h
D gty (6(1930K” + 549k - 45)(Hy — Hy) + 3860k + 549)
k=0
69121og 2
T

(170)
(ii) For any odd prime p, we have

p—1 2k 3k 6k
>t G’ (212; () (6(1930k* + 549k + 45)(Hey, — Hy) + 3860k + 549)
k=0

= 549p + 45p2qp(218) B —

5 qp(218)2 (mod p4).

(171)
Remark 48. Conjecture 61 is motivated by the identity
00 2k 3k 6k
2 () (k) () _ 384
kz_o(w?)()k + 549k + 45)(_2—18)k ==

(cf. [10]).
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Conjecture 62 (2023-01-17). (i) We have

= () (D 6
> ("’_218#33”’; (2(5418k2 + 693k + 29)(Hey, — Hy) + 3612k + 231)

1285
1
T

0g(2°3%5).

(172)

(ii) For any prime p > 5, we have
p—1 (2k)2 (3k) 2 (Gk)
ko ko 2SR (2(5418k% + 693k + 29)(Hey, — Hy) + 3612k + 231)

Z (_2183653)k

k=0
) 29 29
= (p) <231p+ E192%(2183653) —~ 6p3qp(2183653)2) (mod p*).
(173)
Remark 49. Conjecture 62 is motivated by the identity
oo 2k\2 (3k\ 2 (6k
128v/5
e s s g ()
;0(5 8k2 + 693k + 29) (35505 —
(cf. [10]).
Conjecture 63 (2023-01-17). For k € N, set
H(k‘) = 6H6k + 4H4k - 3H3k - 2H2k - 5Hk
(i) We have
= D D EH G 2
Z (02235 ((1640k* + 278k + 15)H (k) + 3280k + 278)
k=0 (174)
256
= log(2%23%).
N g(27°3%)
(ii) For any prime p > 3, we have
p—1 (2k)2 (3k) (4k) (Gk)
k) \k)\ok) 3k 2
Z (o235 ((1640k* + 278k + 15)H (k) + 3280k + 278)
k=0 (175)

3 15
= (p) <278p+ 15p?q,(2#23°) — 2pgqp(22233)2> (mod p%).

Remark 50. Conjecture 63 is motivated by the identity

> 2k\2 (3ky 4k (6k
2 () () Gr) Gr) _ 256
;(164% + 28k + 15) 2 L B =~

(cf. [10]).
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Conjecture 64 (2023-01-17). For k € N, set

H(kj) = 4Hg, — 2Hy;, + Hop — 3H.
(i) We have
= ()G G )
> ((1920%2 4 304k + 15)H (k) + 1920k + 152)

(176)
56/ 7
= \[(910g2 +2log7).
T
(ii) For any odd prime p # 7, we have
p—1 (2k)3(4k) (8k)
k) \ok) \ak 2
> sy ((1920k* 4 304k + 15)H (k) + 1920k + 152)
k=0 (177)
7 15 15
= <p> <152p+ ?p2qp(21874) — 4p3qp(21874)2> (mod p).
Remark 51. Conjecture 64 is motivated by the identity
o0 2k\3 (4ky (8k
2 () G ) _ 567
> (1920k” + 304k + 15) ErhE =
k=0
(cf. [10]).
Conjecture 65 (2022-12-09). (i) We have
o~ 256" 3 2 (2) (2) m
> (21" — 22k + 8k = V(AHG) | — 5HZ,) = 6k +2) = 7.
k=1 Fk (k)
(178)
(ii) For any odd prime p, we have
(p—1)/2 (2k)7 @) @
k 3 2
Sher (216 + 2282 + 8k + 1) (AH) — 5HD) + 6k +2)
;J s (21K° + 2287 + 8k + V) (4HG) — 5H”) + 6k + (179)
=2p (mod p°).
Remark 52. This is motivated by the identity
i (21K — 22k% + 8k — 1)256%F 7t
- =
k=1 k7 (2kk) 8
conjectured by Guillera [13].
The following three conjectures are motivated by the identity
68 4 7682 () _ 2
> (168K% + 76k% + 14k + 1) 50 = = (180)
T
k=0

conjectured by B. Gourevich (cf. [10]).
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Conjecture 66 (2022-12-09). (i) We have

o (2k\7
S (2150);4 (7(168k” + 76k> + 14k + 1)(Hax — Hy) + 252k + 76k + 7)
k=0
_ 3%0log2
===
(181)

(ii) For any prime p > 5, we have

(p=1)/2 (2k\7
(o) (7(168Kk> + T6k? + 14k + 1)(Hay, — Hy,) + 252k + 76k +7)

Z k
220k
-1 10 5
= () (1 + 10 002) - 50t 27 + G - D))
(mod p7).
(182)

Conjecture 67 (2022-12-09). (i) We have

0o (2k\7
(k) 3 2 (2) 2 _ 80
kZ_O o <(168k +76K2 + 14k + 1) (16HD) — 5H )+8(6k+1)) ==
(183)

(ii) For any prime p > 5, we have

(p—1)/2 (zk) 7

> S (

k=0
()39 ot )
(184)

168K3 + 76k% + 14k + 1) (16 HZ — 5HP) 4 8(6k + 1
2k k

Conjecture 68 (2023-06-19). (i) We have

= () K+ T6k2 + 14k a8l — 7y ¢ 01 ) =970
kzo saor | (168K° + 76k% + 14k + 1) (128Hy,) — TH') + 5= | = “=°m.
(185)

(ii) For any odd prime p # 5, we have

(p—3)/2 (2k)7 N N o
k 3 2
kz_o SaE <(168k + 76k + 14k + 1) (12805 — 7Y ) + W)

= —256g,(2) (mod p). (186)
1

Conjecture 69 (2023-06-19). Set
P(x) = 452824 + 318023 + 9722% 4 147z + 9.
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(i) We have
oo (2k\7 (3k\ (4k
> L’;ﬁ%"“) <<H4k; + H2’“> P(k) — 484k® — 108k? + 9k + 3) =0,
k=0 (_2 ) 2
(187)
oo (2k\7 (3k\ (4k
(k) (k) ) (2) (2) 9 _ 512
kzzo i ((nE —4m?) P(k) + 1780k% + 633k + 63) = .
(188)
7
= () CH G & o 916K + 65k — 9\
;(_pm ((9sz —2H; >P(k‘) BT ) =0, (189)
and
7
o () (1) ) @ @) 5996k2 + 3071k + 329 4096
I (O e R
(190)
(ii) For any prime p > 3, we have
p=1 2\ 7 3k (4k
L’;}() <(H + H%) P(k) — 484k% — 108> + 9k + 3)
e el 2 (191)
1953 ¢
= 3173 - Tp Bp—5 (mod p9)7
P—l 3k:) (4k)
Z 5 (1185 - 48) P(k) + 1780k + 633k + 63)
= 72 (192)
9207
= 63p - Top Bp_5 (mod p8)7
(p=3)/2 (2ky7
pZ () () () ((gH( ) 2H(3)) Pl — 916k? + 65k — 9>
9224k 2k k 2% 11
k=0 (- (193)
81 243
=9p— 5P Hy1 = —=p"Bys (mod p),
and
(p—1)/2 (2k 7(3k) (4k) 9
k) k) \ok) (4) (4) 5996k~ + 3071k + 329
> oy <(49H —20") P(k) + o
441 3 5
E—2<pHp 1+ po 5) (mod p"%).

(194)
Remark 53. This is motivated by the conjectural identity

ZP CHCHED _ s

T(m2)k T A

(ct. [10]).
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Conjecture 70 (2023-06-19). Set
Q(x) = 43680k* + 20632k> + 4340k? 4 466k + 21

and
R(x) = 873603 + 3094822 + 4340z + 233.
(i) We have
oo (2k\8 4k 15
22 log 2
k=0
and
00 (2k)8(4k) 2048
k) \2k (2) (2) 2 _
E:—iﬁy—(<ﬂgk—2Hk)QGO+3&M¢+9%k+6®-—3ﬂ.
k=0
(196)

(ii) Let p be an odd prime. If p # 5, then

1 (2k) 8 (4k)
i ((2(Hay + 3Hy, — 4Hy)Q(k) + R(k))

p

k=0
= 233p? + 336p™q,(2) — 168p°q,(2)% + 11284, (2) — 84p7q,(2)* (mod p®)
(197)
Provided p > 3, we have
p—1 (2k)8(4k)
k) \ok ) ) 2
S0 ML (THSY — 21 ) QUR) + 362482 + 926K + 69)
F=0 (198)
1953
5269p2%*4§67p7f%45 (mod p%).

Remark 54. This is motivated by the conjectural identity
%)8 (4k

> 2048
Z Q(k) ( k232k2k) -
k=0

™

(ct. [10]).
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