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SOME DETERMINANTS INVOLVING
QUADRATIC RESIDUES MODULO PRIMES

ZHI-WEI SUN

ABSTRACT. In this paper we evaluate several determinants involving
quadratic residues modulo primes. For example, for any prime p > 3
with p = 3 (mod 4) and a,b € Z with p { ab, we prove that
aj2 + bk? _Q(p—l)/2p(p—3)/4 if (Lb) =1,
det |1+ tanm——— =9 sy P
1<G,k< 25 p if (?) = -1,

where (;) denotes the Legendre symbol. We also pose some conjectures
for further research.

1. INTRODUCTION

Let p be an odd prime, and let (5) be the Legendre symbol. Let d be any
integer. Sun [7] introduced the determinants
-2 dk.Q
S(d,p) = det [(Hﬂ
p 1<5,k<(p—1)/2

and
j* + dk?

T(d,p) = det [( >]
p 0<j k< (p—1)/2

and determined the Legendre symbols

<S(c]l;p)> and <T(§l;p)>'

Namely, the author [7, Theorem 1.2] showed that
(s (=) i@ =1,

<T(d,p))_ (2) if (=1,
p )1 i (d) = 1.
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primes, the tangent function.
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D. Grinberg, the author and L. Zhao [2] proved that if p > 3 then

2 dk2
det [(f + dik?) <*7+>]
p 0<j,k<(p—1)/2

)

=0 (mod p).

For any positive integer n with (p —1)/2 < n < p — 1, we introduce the
determinants

Su(d,p) = det [(72 + dk*)"] i 101y 2 (1.1)
and

Tn(d,p) = det [(5% + dk*)"] (1.2)

0<y,k<(p—1)/2"
Note that

S(pfl)/Z(d7p) = S(d7p) (mOd p)7 T(pfl)/Z(dv p) = T(d7p) (mOd p)7
and
2 2
. +dk
Tip11)/2(d, p) = det [(32 + dk?) (Jﬂ
p 05 k< (p—1)/2
When p > 3 and p t d, the author [7, Conjecture 4.5(iii)] conjectured that
(S(p+1)/2(d,p)> _ (%)(1)71)/4 if p=1 (mod 4),
P (%)(p+1)/4(_1)(h(—p)—l)/2 if p=3 (mod 4),

(mod p).

where h(—p) denotes the class number of the imaginary quadratic field
Q(y/—p); this was confirmed by H.-L. Wu, Y.-F. She and L.-Y. Wang [12]
in 2022.

Theorem 1.1. Let p > 3 be a prime, and let d € Z.

(i) Let S(d,p) be the determiant obtained from det[(jztjdk2 i) k<p—1)/2

by replacing all the entries in the first row by 1. If (%) =1, then

When (g) = —1, we have

_ 2 -1 72 2
p 2<5,k<(p—1)/2

p—1
(ii) For any integer n with (p —1)/2 <n <p—1, we have
T,(d,p) =0 (mod p). (1.4)
Remark 1.1. Part (ii) of Theorem 1.1 extends [2, Theorem 1.1].

(1.3)

For any prime p = 3 (mod 4), Sun [7] proved that

1 2
Sp—2(1,p) = det [] = () (mod p).
' PHEiGrcp-z P

In contrast with this, we get the following result.
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Theorem 1.2. Let p be an odd prime, and let d € Z with (_Td) =—1.

(i) We have
B
Moreover,
det [1} _ {d<P-1>/4 (modp)  ifp=1(mod 4),
j? + dk? 1<j,k<(p—1)/2 (=1)®*TV/ (mod p) if p=3 (mod 4).
(ii) We have o)
(Sp‘?’;d’p)) ! _2(13). (1.7)

Moreover, when p =3 (mod 4) we have

1 (p—3)/4 1\ 2

SRRV = — T+ > (mod p). (1.8)
(42 + dk’2)2] 1<k<(p-1/2 4 g < 4

Let p be an odd prime, and let a,b € Z with p { ab. The author [10]
introduced

det [

2 2
ngo)(a, b, x) = det [az + tan W(U—i_bk:| (1.9)
p 0<4,k<(p—1)/2
and
(1) Clj2 + ka
T, (a,b,z) = det {x + tan 77} , (1.10)
p 1< k< (p=1)/2

and simply denote ngo) (a,b,0) and Tlgl)(a, b,0) by ngo) (a,b) and ngl)(a, b),
respectively. When p > 3 and p = 3 (mod 4), the author [10, Theorem
1.1(ii)] proved that

—1)/2,,(p+1)/4 ¢ (ab
T(O)(a ba) = 2(p=1)/2pp+1)/4  if (;)
p A pr+1)/4 if (%)

When p =1 (mod 4), by [10, Theorem 1.1(i)] we have

L,

O (1.11)

1 1
T (a,b,2) = T (a, b)

_ % p(p—3 ifp|b— ac? with ¢ € Z,

(p—1)/2,,(p—3)/4 if (20) = —
+2P pP=3)/ 1f(p)— 1,

)4 IC-GIMe)

(1.12)
where ¢, and h(p) are the fundamental unit and the class number of the real
quadratic field Q(,/p), respectively. As a supplement to [10, Theorem 1.1},
we obtain the following result.
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Theorem 1.3. Let p > 3 be a prime, and let a,b € Z with p { ab.
(i) Assume that p=1 (mod 4). If (%’) =1 and ac® = b with ¢ € Z, then

ay(2y—
78 (a,b,2) = <if> pe+1)/act )=, (1.13)
If (%) = -1, then
TV (a,b) = —&(ab, p)2P=D/2pr=3/1 (1.14)
and
1% (a,b,z) = pTM (a, bz = —d(ab, p)2P~1/2prtD/ay, (1.15)
where
i c(p—1)/4 = p—1)
5e,p) = 1 ifec =5 ! (mod p), (1.16)
—1 otherwise.
(ii) Suppose that p =3 (mod 4). Then
—9(=1)/2))(p—3)/4 if () — 1
T (a,b,z) = (p—3)/4 P ! Z.f(,f’,,) ’ (1.17)
p P if (5)=—1

Remark 1.2. In light of Theorem 1.3 and [10, Theorem 1.1}, for any prime
p > 3 and a,b € Z with p { ab, we have completely determined the exact

values of T,go) (a,b,z) and Tél)(a, b,x).
Let p > 3 be a prime, and let a,b € Z with (_T“b) = —1. Define
aj? + bk?

Cp(a, b, z) = det [w + cotm
p 1<G k< (p—1)/2

(1.18)

By [10, Theorem 1.3],

Cola.b,2) = {Té”(a, b)/(—p)P~V/4 = £20-D/2/ /5 if p=1 (mod 4),
P (—1)(h(_p)+1)/2(%)2(1’_1)/2/\/]3 if p=3 (mod 4).
(1.19)
In the case p =1 (mod 4), with the aid of (1.14) we have

9(p—1)/2

Cyla,b,z) = (—1)@+3)/45(gp,
p( )=(-1) (ab, p) /P

(1.20)

Now we state our last two theorems.

Theorem 1.4. Let p > 3 be a prime, and let a,b € Z with p 1 ab. Let

Tp(a,b,x) denote the determinant obtained from

-2 bk2
TIEO)(a, b,x) = det |x + tan Wu

via replacing all the entries in the first row by 1.
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(i) Suppose that p = 1 (mod 4). If (%’) =1 and ac® = b (mod p) with
c €7, then

T (a,b,2) = (if) p®-D/4, (1.21)
If(%’) = —1, then
2a
j}(a,b,x)::Afé(ab,p)QO%_U/2puy_D/46;p)huﬂ. (1.22)
(ii) When p =3 (mod 4), we have
Tylasta) = (-8 (F) 20T
p

Theorem 1.5. Let p > 3 be a prime, and let a,b € 7 with (_T“b) = —1. Let

Cpla,b,x) denote the determinant of the matriz [cjk|o<;k<(p—1)/2, Where

[ ifj =0,
ik = x4 cot w(aj? +bk?)/p if j > 0.

Then
_ M {(1)(1’)"‘3)/45(@[)7p)gép)Qh(p) if p=1 (mod 4),

Cyla,b,x) = p
P00 = 5 X L1y eem-nz() Jp =3 (mod 4).
(1.24)
We are going to prove Theorems 1.1-1.2 in the next section. Based on
two auxiliary theorems in Section 3, we will prove Theorem 1.3 in Section

4. Our proofs of Theorems 1.4-1.5 will be given in Section 5. In Section 6
we pose several conjectures on determinants for further research.

2. PROOFS OF THEOREMS 1.1-1.2

We need the following known lemma (cf. [1, p. 58]).
Lemma 2.1. Let p be an odd prime, and let a,b,c € Z with pta. Then

pzl (am2+bx+c> _ (p—1)(5) ifpl b? — dac,
D —(%) if p{ b — 4ac.

Proof of Theorem 1.1(i). By Lemma 2.1, for each k = 1,...,(p — 1)/2
we have

()4 )-(5) - e

J=1 J=0

=0

Thus, for the determinant 7'(d, p) = |(j2;dk2)|0<j7k<(p_1)/2, if we add all the

rows below the second row to the second row, then the second row becomes

<p_1 C1+(5) _1+<Z>>

5 5 5
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0G)G)

Therefore, in the case ( p = —1, we have

while the first row is

Now we consider the case ( p) = 1. If we add to the second row of T'(d, p)

all the other rows, then the second row becomes (%, 0,...,0) by (2.1) while
the first row is (0,1,...,1). It follows that

T(d,p) = -2 15(d,p).
By [7, (1.20)], .
1(d,p) = F5—S(d.p).

Combining the last two equalities, we get S(d,p) = —S(d, p).
By Lemma 2.1, for any j = 1,...,(p — 1)/2 we have

TEE)AEE)) -5 e

k=1 k=0

Suppose that (g) = —1. If we add to the first column of S(d, p) all the other

columns, then the first column turns out to be (%,07 0T by (2.2).

Therefore,
- —1 2 + dk?
S(d,p):pdet[<]+>] .
2 p 2<j,k<(p—1)/2

Combining the above, we have completed our proof of Theorem 1.1(i). O

Proof of Theorem 1.1(ii). Let k € {1,...,(p — 1)/2}. In view of the
binomial theorem, we have

(p—1)/2 b 1)/2 n /o
2\n -2r 2\n—r
> G+ dE)" = Z(r)y (dk?)

j=1 j=1 r=0

" | /2

— 2\n—r 2r 2

=3 ()@ S G- i)
r=0 Jj=1
1 —

=3 Z;) ( > de Z (mod p).

By a well known result (cf. [3, Section 15.2, Lemma 2]),

Z 2r_{— (mod p) if p—1]2r,

mod p)  otherwise.
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As(p—1)/2<n<p—1,forre{0,...,n} we have
—1

—1
p—1]|2r < p?}r = rzOorr:pT.

Thus
p—1)/2

(
2 Y (Prdd)y=— Y <Z>(dk2)w
j=1

T‘G{O,(p—l)/Q}

- _ (dk2)” — ( >(dk2)"(p1)/2 (mod p)

n
(p—1)/2
and hence

(1 + (Z) <(p _”1>/2>) (dk®)™ + 2 (p_im(j? + dk*)" =0 (mod p).

j=1
As p —112n, we also have

(p—1)/2 p—1

(1 + <Z> <(p ”1)/2>> (d0?)"+2 Y (2 +d0?)" =3 52" = 0 (mod p).

j=1 J=1
Combining this with the last paragraph, we see that

(1 (5) ()2 S =0

j=1
forall k =0,...,(p—1)/2, where t;; = (j* + dk*)". Therefore
T(d,p) = detltjklocjr<(p—1)/2 = 0 (mod p)

as desired. i
The following well known result can be found in the survey [4, (5.5)].

Lemma 2.2 (Cauchy). We have

det [ ] _ H1<J<fg ( 5 k)(y] Yr) (2.3)
T+ Yk 1<j,k<n Hj:l Hk::l(xj + yk’)
Let p be an odd prime. In view of Wilson’s theorem,
(p—1)/2
k(p—k)=(p—1)!=—1 (mod p)
k=1
and hence )
<p; 1!) = (—1)®+D/2 (mod p). (2.4)
By [7, (1.5)], we have
-1 e
(k2 — %) = {;%!d(mod p) 1£p i ?1) (mog i)v (2.5)
L<i<k<lp1)/2 (mod p) if p=3 (mod 4).
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Therefore

[I & -52*= )P (mod p). (2.6)
1<j<k<(p—1)/2

Proof of Theorem 1.2(i). Let n = (p — 1)/2. By Lemma 2.2 and (2.6),
we have

det [ 1 ] _ H1<j<k<n(k2 — %) (dk? — dj?)
3%+ dk? |1 pen [ [Tz (5% + dk?)
dn(n—l)/2 )
- (]{72 o ]2)2
1<j<k<n
n(n—1)/2
= (—1 1 (mod p),
where
n n ) n o n
II:= <k:2”H<‘]7€2—|—d>>EHH($2+d) (mod p)
k=1 j=1 k=1z=1
Note that

[[@*+d) = (—1)"""2 (mod p)

r=1

by [7, Lemma 3.1]. Thus

= ((—1)"T2)" = 2" = <2> = (=1)®*=D/8 (mod p).

p
If p=1 (mod 4), then 2 | n and hence
dn(n—l)/2 _ (dn)n/Z—ldn/Q = <> dn/? _ (_l)n/Q—ld(p—l)/4 (mod p).
p

If p =3 (mod 4), then 2 {n and hence

d\ (=172
) =1 (mod p).

dn(nfl)/Z — (dn)(nfl)/Q = <
p

Therefore

drn=D/2 [ _d®=D/4 (mod p)  if p=1 (mod 4),
10 (=1)®+tD)/% (mod p) if p=3 (mod 4).

Combining this with the first paragraph in the proof, we immediately obtain

the congruence (1.6), which clearly implies (1.5). This concludes the proof.

O

Recall that the permanent of an n x n matrix A = [a;k]1<jk<n OVer a
field is given by

n
per(A) = perfajiliciren = Y [ @00
o€Sy j=1
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Lemma 2.3. Let p be an odd prime, and let d € Z with (_Tfl) = —1. Then

|
]
72+ AR |1 rep1) /2

(0 (mod p) if p=1 (mod 4),
OIS 4 )2 (mod p) - if p =3 (mod 4),

(2.7)

Proof. Let g be a primitive root modulo p, and set n = (p — 1)/2. Then
those g?* (k= 1,...,n) are incongruent quadratic residues modulo p. Thus

1 1 1
per |::| = 7per |::|
PAHdk? | ren e B0 [1+dR2/52 ] pcn

1 1
(n!)Qper [1 + dQQ(j_kJ 1<j,k<n
= (_1)n—1 ﬁ <1n_(zil)d?;n + ’l“) (HlOd p)

by (2.4) and [9, Theorem 1.3(i)]. As (—=d)” = (=2) = —1 (mod p), from the
above we get

1
per [ ]
3+ dk? |1 ren

If p=1 (mod 4), then r +1/4 = 0 (mod p) for r = (p — 1)/4. When
p =3 (mod 4), we have

n (p—3)/4
1\ _ (p-1 1 1\ (p—1 1
H(es)= (2 ed) T 0ea) ()
(p1)/4 P23/ 2
= VT 1) H <r+ 1) (mod p).

Therefore (2.8) implies the desired congruence (2.7). O
The following result due to Borchardt can be found in [5].

=(-1)"! f[ (r - i) (mod p). (2.8)

Lemma 2.4. We have

1
det [ = det [ ] per [ ] .
Tj+ Ykl 1< ksn Tj + Yk 1<) k<n

(2.9)

(x5 + ykﬁ} 1<j,k<n

Proof of Theorem 1.2(ii). Combining (1.6), and Lemmas 2.3 and 2.4, we
immediately get the desired results. O
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3. Two AUXILIARY THEOREMS
Our first auxiliary theorem is as follows.

Theorem 3.1. Let p be an odd prime, and let k,m € Z+ = {1,2,3,...} with
km =p—1. Let G be the multiplicative group {r +pZ: r=1,...,p— 1}
and let H be its subgroup {z"™ +pZ: x=1,...,p—1} of order k. Suppose
that all the m distinct cosets of H in G are

with 1 < a; < ... <aj < —lfor alli=1,...,m. Then

m
II II (ai—a)
=1 1<s<t<k

p+l p—1

{(—1)2 a5 221 (mod p)  if p=1 (mod 2m),

= ptl p—1—-m

(=1)=2  2m  (mod p) if p=14+m (mod 2m).
Proof. Set

Ry ={1<r<p-1: 2™ =r (modp) for some x =1,...,p—1}.
Then H={r+pZ: r € Ry} and |H| = |Ry,| = (p — 1)/m = k. Note that

p—1
H H a'Lt - azs = H de,
=1 1<s<t<k d=1
where
=H{l<z<p-—d: {z,z+d} C{aj,...,a;} for somei=1,...,m}|
= ‘{1 <z<p-—d: vtd = r (mod p) for somerERm}‘.
Clearly,
p—1 (p—1)/2 12, (p—1)/2
[Tae= TI dto—ayr= ()= s T et (mod p).
d=1 d=1 d=1

For any d € {1,...,p — 1}, obviously

—d
ep—d = { r<d: % =r (mod p) for some r € Rm}’

{p d<y<p: +Hzr(m0dp)f0rsomer€Rm}‘
pP—Yy
d
{p d<y<p:y+:r(modp)forsomereRmH
Yy

and hence

d
ed+ep_d:‘{1<:c<p: 1+§Er(modp) forsomerGRmH
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=H{l<y<p: y=r (mod p) for some r € R, }|

= |Rp| - 1=k —1.
Observe that
(p—1)/2 (p—1)/2 d— 2z
; ep—d = dz:l {1<:U<d: . E—r(modp)forsomereRmH

coincides with

T

-1
{(a:,y)e(Z+)2: x+y<p2 and 2 = —¢ (mod p) forsomerERmH.

As H is a multiplicative group, given z,y € {1,...,p — 1} we have
x

LA (mod p) for somer € R,, <= — = —r (mod p) for some r € R,,.

x y

Therefore, ép: _11)/ 2 ep—q has the same parity with

-1
HxEZJF: a:+$<p2 and = = —r (mod p) forsornerERm}'
x

p—1 ERmH = Hl <z < b (—1)P=D/m — 1}‘

— 1<z <
Hx A

P
1
flo-1)/a) 2]k,
0 if 21k,
and hence
(p—1)/2
d=1

(-1) €p—d (_1)(7“1)[1)%”_

Combining the above, we see that
m b1 (»-1)/2
H H (air — ais) = (—1)* D H d*~" (mod p).

i=11<s<t<k d=1
Recall that

N2
(p 5 1!> = (—1)®*Y/2 (mod p)

by Wilson’s theorem. So, by the last two congruences we immediately obtain
the desired congruence (3.1). O
Theorem 3.1 in the case m = 2 yields the following result.

Corollary 3.1. Let p =2n+ 1 be an odd prime, and write
{1,...,p—=1}={a1,...,an,} U{b1,...,bn}

with a1 < ... < a, and by < ... < b, such that a1,...,a, are quadratic
residues modulo p, and by, ..., b, are quadratic nonresidues modulo p. Then

N py— )0t (modp) ifp=1 (mod 4),
Kjgcgn(ak T = {1 (mod p)  if p=3 (mod 4). (32)
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For any odd prime p and integer a # 0 (mod p), we define
sp(a) = (—1D)HkE: 1< <k<(p—1)/2 and {aj}p>{ak?}p}]
where {m}, denotes the least nonnegative residue of an integer m modulo p.
The author [8, Theorem 1.4(i)] determined s,(1) in the case p =3 (mod 4).
When p = 1 (mod 4), H.-L. Wu [11] deduced a complicated formula for s, (1)
modulo p, which involves the fundamental unit €, and the class numbers of

the quadratic fields Q(y/£p).
Based on Corollary 3.1, we get the following result.

Lemma 3.1. Let p be an odd prime, and let a,b € Z with (%) =1 and
(%) = —1. Then

(=1)@*3/6(ab,p) if p=1 (mod 4),
b) = 3.3
Sp(a)sp( ) {(_1)(p3)/4 ipr 3 (mod 4). ( )
Proof. Let n = (p—1)/2, and write {1,...,p—1} = {a1,...,an }U{b1,..., by}
with a1 < ... < a, and b; < ... < b, such that ay,...,a, are quadratic
residues modulo p and by, ..., b, are quadratic nonresidues modulo p. As
Hai®yp: j=1,....n} ={a,...,a,}
and
{bi*y,: G=1,...,n} = {b1,..., by},
we have
k? _ -2 bk2 _ -2
sp(a)sp(b) _ H {a }P {aj }P > H { ip ({)aj }P
1<j<k<n @k~ 1<j<k<n ko
and hence
sp(@)sp(®) [ (ar —a;)(bx — b))
1<j<k<n
= [ (ak®—aj*)(bk* —bj%) = (a0)"" D2 T (¥* - j*)? (mod p).
1<j<k<n 1<j<k<n
Note that

By (2.6) we have

Therefore
sp(a)sp() [ (ar — aj)(bx — ;)
1<j<k<n
(=1)™21(ab)™? x (=1) (mod p) if p=1 (mod 4),
(_1)(71—1)/2 x 1 (mod p) if p=3 (mod 4).
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Combining this with (3.2), we obtain that

5, (a)sp(b) = (=1)"2(ab)™?/(—n!) (mod p) if p=1 (mod 4),
PR (=)= D/2 (mod p) if p=3 (mod 4).
In the case p =1 (mod 4), we have

(ab)" = —1 = (n!)? (mod p)

and hence
(ab)"? = +n! (mod p),
therefore
sp(a)sp(b) = (—1)"2T5(ab, p) = (—1)P+/45(ab, p).

This concludes our proof. ([
Now we are ready to present another auxiliary theorem.

Theorem 3.2. Let p be a prime with p = 1 (mod 4), and let ¢ = e*™/P.
Let a,b € Z with (“7}’) = —1. Then, we have

[T @ ™) =) = —sabpp " (3.4)

1< <k<(p—1)/2

aj? ak? bj? bk?
H cot W? — cot 7T7 cotm— —cotm—

1<i<k<(p—1)/2 p p

and

(3.5)

2p—1 (p—3)/4
= 5(ab, p)(—1)WP+H/* <p> :

Remark 3.1. For any prime p > 3 with p = 3 (mod 4) and integer a #
0 (mod p), the author [7, part (ii) of Theorems 1.3-1.4] obtained closed
forms for the products

2 2
H (eQﬂi“jQ/p - ezﬂiakQ/p> and H (cot 7 cot 7rak> .

1<j<k<(p—1)/2 1<j<k<(p—1)/2 P P

Proof of Theorem 3.2. Set n = (p —1)/2 and ¢ = >™/P. By [8, (4.2) and
(4.3)], we have

o .\ n(n—1)/2 .2 )
H Sin7_r61,(/-€2 j2) _ (_1)a(n+1)n/2 <Z> H (C(lj o Cak )

2
1<j<k<n p

and

a(k?—j?)
p

H1<j<k<nsm7r _( P )(n—l)/2(_ u 1)n/26(%)(17n)h(p)
: = - P .
H1<j<kgn(COt7Ta,]T2 —cot7r“%2) 2r-1
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Therefore
aj? ak? n—
1 cot e —cobwe <2”>( V2 e U)o
aj? ak? —\ P ' ’
1aren 6 P
Similarly,
b'2 2 n—
cot mH= —cot i 2\ e () -mh() .
H ijz - Cbk2 = 1 Ep . (3.7
1<j<k<n P

Combining (3.6) with (3.7), and noting (%) + (%) = 0, we deduce that

.9 2 b,z 9 B
(cot 4= — cot ﬂ%)(cot T2 — cot ko) _ Ly <2n>n 1'
p

P
S (G
(3.8)
So (3.4) and (3.5) are equivalent.
By [8, Theorem 1.3(i)],

ayh
(5)"4>

T[T (%" = ¢™) = ty(a)in/pn-1/1e,

1<j<k<n

for some t,(a) € {£1}. Combining this with (3.6) we see that ¢,(a) coincides
with the sign of the product

2

aj ak?
H cotm— —cotm—
p p

1<j<k<n
which should be

(_1)|{1<j<k<n: {aj?}p>{ak?}p}| _ sp(a).

Thus
[T (€ =) = sylayin/2pr e e
1<j<k<n
Similarly,
TT (€ = %) = symizp-0ic s
1<j<k<n
Therefore

H (Caj2 _ Cak2)(cbj2 _ Cbk2)

1<j<k<n
= sp(a)sy(b)(—1)"*p" D72 = —g(ab, p)p® =/,

This proves (3.4).
In view of the above, we have completed our proof of Theorem 3.2. I
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4. PROOF OF THEOREM 1.3
The following lemma is a known result (see, e.g., [8, (1.12)]).

Lemma 4.1. For any prime p =1 (mod 4) and integer a # 0 (mod p), we
have

v 1)/2 - —(2)h(p)
H (1 — 2riak /p) =.pep ¥ . (4.1)
k=1

Lemma 4.2. Let m,n € Z* = {1,2,3,...} with 2 {n. Let ag, by € Z for
k=0,1,...,m. with ag + by = 0. Then

aj+0b a; +0b
det [x + tan 7TJk:| — det [tan 7I']k:|
n 0<j,k<m n 0<j,k<m
a; +b o a b a b
= zdet [tanﬂj—i_k’l X H (tanﬂ ko X tanwm> .
o igGksm 5 "

(4.2)

Proof. Let aj, = tanm(a; + by)/n for j,k =0,...,m. By [10, Lemma 2.1],
we have

det[z + ajpfocje<m — detlajrlocsiam = @ det[bjr]i<jk<m, (4.3)

where b, = aji — ajo — aor + ago. Note that agp = tan0 = 0 and recall the
known identity

(1 —tanz; X tanzg) tan(zy + x2) = tanx; + tan xa.

Then we have

a; + by, a; + by —tanﬂa0+bk

bjr = tanm —tanm

aj + bo ag + b a; + by,
nmT—-— m—

= ta X tan X tan

Thus

m

a; +b ag + b ap+b
det[bjk]1<jr<m = det [tanﬂ it k} | | (tanw k50 X tan ot k> .
n 1<, k<m j—1 n n

Combining this with (4.3), we immediately obtain the desired identity (4.2).

O
Proof of Theorem1.3(i). Let n = (p—1)/2, and let aj), = tanm(aj?+bk?)/p
for j,k=0,...,n. Set ¢ =n!l. By (2.4) we have P =— (mod p). Thus
7O (a,b) = det {tama(qj) + b(gk) }
p 0<j,k<n
aj? + bk?
= det {— tan 7T:| — _T;SO)(CL, b)
p 0<j,k<n

and hence Téo)(a, b) = 0 (which also follows from [10, (1.3)]).
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In view of the above and Lemma 4.2, we have

a k2 bk
TISO)(a,b7 x) = xTél)(a,b) H (tanrrap X tanﬂp) .
k=1

For any z € Q with odd denominator, clearly

¢ 2sin Tz (eiﬂx _ efiﬂx)/i '1 o e27rim (1 _ 627Ti33)2
= Qcosmx €T Le—imz ] 4 e2mix 1 — e2mi(2z)

In view of this and Lemma 4.1, we deduce that

P =t HZ:I(l _ e271'1'(2(1)l€2/p)

~(2)h(p)
(ig)m(\/ﬁep )R :(_1)(p_l)/4\/}3€;(§>—2><g>h<p>.

\/ﬁ&_%%)h(p)
p

[T tonn % o Tl (1= 27y
anmT—— =
k=1

Similarly,

n 9 ooy
H tanw% = (_1)(10*1)/4\/]—)81()(;,) 2)(p)h(p).
p
k=1

If (%’) = —1, then

= 2 bl?
H (tanwa X tan7r> = \/132 =p.
p

k=1 p
When (2) = 1, we have

P
n
k2 bk? 2((2)-2)(%)h

11 <tama y tam) _ e XGr2m),

el p p
Combining the above with (1.12), we see that it suffices to prove (1.14)

in the case (%’) = -1

Now assume (%’) = —1 and set ¢ = €*>™/P. By the proof of [10, Theorem

1.1(1)], Tél)(a, b) is the real part of

2
Dp(a, b) :=det |:€aj2+bk2 + 1:| I<jken )
and
Dyla,b) = (122" T (¢ = ¢y = ¢,
1<j<k<n
Since

(5)-(2)
p ) \p) 7
by Theorem 3.2 we have
[T € =) (%" = ¢7*) = —5(—ab, p)p®=3)/4

1<j<k<n
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and hence
Dyla,b) = (~1)"/22%x (— 1)1 5(ab, p)pP=3/4 = —6(ab, p)2=1/2pr=3)/4,
Therefore

TV (a,b) = R(Dy(a, b)) = —d(ab, p)2P~1/2p@=3)/4,

This proves the desired (1.14).
By the above, we have completed our proof of Theorem 1.3(i). O

Lemma 4.3 (Sun [8]). Let p > 3 be a prime with p = 3 (mod 4). Let
¢ =e*? and a € Z with pta. Then

(p—1)/2 ) a
T[ (=) = (c1)tmnye () Vi, (4.4)
k=1 p
and
[T @ =
1<j<k<(p—1)/2
4.5
B (—p)P—3)/8 if p=3 (mod 8), (45)
- (_1)(p+1)/8+(h(—p)—1)/2(%)p(P—fi)/SZ‘ if p="T7 (mod 8),
where h(—p) denotes the class number of the quadratic field Q(\/—p). Also,
[I @+ =1, (4.6)

1<j<k<(p—1)/2
The following result can be found in [10, Lemma 2.5].

Lemma 4.4 (Sun [10]). Let p > 3 be a prime with p = 3 (mod 4). Let
¢ =e¥™? and a,b € 7 with (%’) = 1. Then

(p—1)/2 (p—1)/2
T I (- ¢ = (cpyten-nr (a) POV (47
j=1 k=1 P

Proof of Theorem 1.3(ii). By [10, Lemma 2.1],
TISI)(@, bz) =c+dx
for some real numbers ¢ and d not depending on z. So, it suffices to deter-

mine the value of T,El)(a, b,i).
Let n = (p—1)/2 and ¢ = €™/, Then [[}_, ¢F =1 since

= p =0 (mod p).

zn:kQ_n(n+1)(2n+1) p?—1 _
P N 6 24

For any integer r, clearly
(e’iﬂ'?”/p _ efiﬂr/p)/(22‘) . .gr -1 2%
- - =1—1 = .
(emr/p + efmr/p)/Q r+1 r+1

r
1+ tanm— =1+
p
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Thus, with the aid of Lemma 2.2, we have
21

T (a,b,i) = det [}
( ) Caj2+bk:2+1 I<jken

p
1
N H Cbk2 [Ca] +( bkqu k<n

202 Thgaenl€ = ¢F)(E - )
(bim k2 [T TTre (C99° + ¢70k%)

and hence
i ak2 a2 112
)(p—3)/42(p—1)/2 % H1<j<k<n<< 7 — C b )(C bi _C bk )

TW (a,b,i) = i(—1 A :
| R R (i )

p

(4.8)
By Lemma 4.3,

[I ¢
1<j<k<n
If (%’) = —1, then (9)

n o n
HHCCL] +bk2+1

j=1k=1

e C_W) _ p(P=3)/4 if p=3 (mod 8),
(%’)p(p—S)/‘l if p=7 (mod 8).

I
—
I
=l

) and hence

(¢ =R 1) = TT TT(¢™" + ¢

Jj=1k=1

H
=

<
Il
—
e
Il
—

()< T (4 W) =200

1<j<k<n

by (4.6). If (%) = 1, then by Lemma 4.4 we have

T LG (B)
1_[1_[(CJ o +1):HH 1 ca+bk® (%) = (p> = (—1)l+hA,

j=1k=1 j=1k=1

Il
=

el
Il
—

Combining (4.8) with the last paragraph, we see that if (%’) = —1 then

o \(-3)/4
(0 by — (1Y) /Ag-1)/2  (FPIPT sy
c+di =1T,"(a,b,i) =i(-1) 2 X ez =P

and hence
m(a b,x) = c+ dx = pP~3/ g

Similarly, when (22) =1 we have

0
pr=3)/4

_ - —-1)/2 —3)/4
W_%(p )23/

Ceri:T}Sl)(a,b,z) i(—1)P=3)/49(=1)/2

and hence
Tél)(‘% br) =c+dr = —2(P=1)/2,(p=3)/44,
This concludes our proof of Theorem 1.3(ii). 0
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5. PROOFS OF THEOREMS 1.4 AND 1.5

Proof of Theorem 1.4. Note that T,(a,b,x) = det[t;i]o<jk<n, Where n =

(p—1)/2 and
P 1 if j =0,
A P —|—tan777aj2;bk2 if j > 0.
Let k € {1,...,n}. Clearly, to, — too = 0. Let ¢ = e>™/P. As
. _ 2sinmy (MY —e ) /i 2 ,
Ty = 2cosmy €Y ety e2miy 4] !
for all y € R with 2y ¢ {2m +1: m € Z}, for each j = 1,...,n we have
2i 2i 1— (o %
tik = tjo

= Caj2+bk2 +1 o Can 41 - 14+ C—aj2 X Caj2+bk2 +1
1—¢9%)(1 - ¢ 2 + bk?
= ( 1< 2(2an€ ) X <z + tan Wiaj * ) .

In view of the last paragraph, via all the columns (except for the first
column) of T, (a, b, x) minus the first column, we see that

SO s [t S NP Y

Tp(a,b,x) = detltr —tjoli<jk<n

[Tj=i (1 = ¢27) ?
(5.1)
Case 1. p=1 (mod 4).
In this case, by Lemma 4.1 we have
—(=2)p —(&y
(=) (A=) ey, » " e, Y
[Tj= (1 —¢2a%) \/ﬁgg(*,?“)h(p)
_ \/1381(0(%“)—(%) (2)h(p)
2)((2)-2)h
\/]55;")((1’) )h(p) ’ (%) —1,
= 2a
JBeo? " if (2) = 1.

Combining this with (5.1), (1.12) and Theorem 1.3(i), we obtain the desired
result concerning the exact value of T (a, b, z).
Case 2. p=3 (mod 4).
In this case, by Lemma 4.3 we have
[Ty (1= %) (1 - ¢
[Tj-1 (1 = ¢72a7%)

— (—1)" <Z> JPi X ((_z;)) — ()" <2pb> N

Combining this with (5.1) and (1.17), we obtain the desired (1.23).
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In view of the above, we have completed the proof of Theorem 1.4. [

Proof of Theorem 1.5. Set n = (p —1)/2. Let k € {1,...,n}. Clearly,
cor —coo = 0. Let ( = e2mi/P As

2 cos Ty ey + e~y . 2i
cot Ty = 2sinmy = (i — o= /i =1+ Somiy 1 for all y e R\ Z,
for each j =1,...,n we have
B 2i 2i  1-¢* 2i
Cik — Cj0 = Caj2+bk2 1 - Can 1 - 1— C_an X Caj2+bk2 1
1— bk? -2 bk‘2
= 15%!32 X (i+cot7ra‘7+> .

In view of the last paragraph, via all the columns (except for the first
column) of Cy(a, b, z) minus the first column, we see that

_ noo(1 _ cbk? .
Cp(a, b, x) = det[cjr — cjoli<jken = 1_11["16_1((1 — Ccan)) x Cp(a,b,—i). (5.2)
j=1

Case 1. p=1 (mod 4).
In this case, by Lemma 4.1 we have

. —(&)htp)
a0 -¢™) _ s " 2me)
[ (1—¢ %) ﬁg—(%“)h(p) P ‘
p

Combining this with (5.2) and (1.20), we obtain
20=D/2 3(2)n(p)
€p .
VP

Cyla,b,z) = (—1)PT3/45(ab, p)

Case 2. p=3 (mod 4).
In this case, by Lemma 4.3 we have

[T}, (1 - ¢™) <§>) _ (—ab) _

(1 (o)~ (= p

Combining this with (5.2) and (1.19), we obtain
_ h—p—1 [ a\ 2@—1)/2
Cyla,b,x) = (—1)" 2 - .
o) = (=) (p> VP

In view of the above, we have completed the proof of Theorem 1.5. [

6. SOME CONJECTURES

Let p be an odd prime, and let d € Z with p { d. We first show that the
determiants

i2 2

>] 3% + dk?
p 1<5,k<(p—1)/2

and det [:c + < ﬂ
p 0<j,k<(p—1)/2
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can be expressed in terms of x, S(d,p) and T'(d, p).
Suppose that (%) =1. Forany k=1,...,(p—1)/2, we have

(p—1)/2 ) 2
-1 2
S ((FEE)+ ) — et
o P p—1 2 p—1

with the aid of (2.1). Thus

-2 2 2
det [(‘7 +dk>+ } =0,
p P =1k
and hence

-9 2 _
det [g; + <”+ dk >] _ (1 P 1x> S(d,p).  (6.1)
p 1< k<(p—1)/2 2

by [10, Lemma 2.1]. Recall that T'(d,p) = %S(d,p) by [7, (1.20)]. Thus,
by applying [10, Lemma 2.1] we get that

2 dk2
det [ (FEIE))
p 0<jk<(p—1)/2

j* + dk?

= T(d,p) + x det K >—2}
p 1<5,k<(p—1)/2

~1 —1
_ p25(d,p)+:v<1—2>< p2 >S(d,p).

Therefore

-2 dk‘2
dap+(f+)}
p 0<4,k<(p—1)/2

- <p:1; + p;l> S(d,p) = <1 + 2p$1> T(d,p).

p_

(6.2)

Now we assume that (%) = —1. Then S(d,p) = 0 by [7, (1.15)], and hence
i2 4 dk2
det [SU + <‘7+ ﬂ
p 0<j,k<(p—1)/2
with the aid of [10, Lemma 2.1]. Note that

2 2 2 2 —
1+<O+dO):1and l—i—(M{:):Oforaﬂk:l,...,le'
D p

=T(d,p) + S(d,p)x =T(d,p) (6.3)

Thus

-2 2 -2 2
det [1 N <J+dk>] — det [1 N (def)] ,
p 0<j,k<(p—1)/2 p 1<5,k<(p—1)/2
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and hence

-2 2
det [ﬁ (J+ K )}
p 1<5,k<(p—1)/2

6.4
32 + dk? (64

= zdet |1+ [ — = 2T'(d, p)

p 1<5,k<(p—1)/2
in light of [10, Lemma 2.1] and (6.3).
Let p > 3 be a prime, and let d € Z with (g) = —1. By (1.3),
—1\? 2 + dk?

T(d,p) = <p> det [<J+>} . (6.5)

2 p 2<,k<(p—1)/2

If p =3 (mod 4), then T(d,p) = T(—1,p) by [7, (1.14)], and T(—1,p) is
an integer square by Cayley’s theorem (cf. [6, Prop. 2.2]) since it is skew-
symmetric and of even order.

Conjecture 6.1. Let p be a prime with p = 1 (mod 4). Then, there is a
positive integer t, with (%) = 1 such that for any d € Z with (%) =—1, we

have
(p—1)/2
_ -1 2 z(z? +d
T(d,p) = 9(p—3)/2 (p4tp> E <(p)> ’ (6.6)

x=1

which has the equivalent form

-2 dk2
det [(H

(p-1)/2
>:| — 2(p—7)/2t2 pz (CU(«'LQ + d)) ) (67)
p 2<5,k<(p—1)/2 P

p

r=1

Remark 6.1. For any prime p = 1 (mod 4) and d € Z with (%) = —1, by
Jacobsthal’s theorem (cf. Theorem 6.2.9 of [1, p.195]) we have

(8 () ) (55 )

r=1 r=1

So Conjecture 6.1 is a refinement of [7, Conjecture 4.2(ii)]. We have verified
Conjecture 6.1 for all primes p < 1000 with p =1 (mod 4), and found that

ts =t13 = tir = 1, tag = 13, t3y = 3%, t41 = 2 x 3%,
tss = 131, tg1 = 2% x 3 x 112, t73 = 2% x 3% x 19 x 109,
tsg = 109 x 199 x 8273 and tg7; = 2° x 32 x 472 x 79.

Let p be an odd prime, and let d € Z with (%l) = —1. For the matrix
Ap = [ajklocjk<(p-1)/2 With

o if j = 0,
V12 +dk?) if 5 >0,
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we have

det A, = (—d)P~1/2 det [}
P 3%+ dR? |1 <) ko) 2

= det [ , (mod p);

J2+ dk2] 1<5,k<(p—1)/2

this can be seen by considering each column (except the first column) minus
the first column and noting that

1 1 —dk? forall i k1 P—1
Prdk? 24d? T 2 takz) M PET e
Thus, with the aid of (1.6), we get
dot A = —d®=D/4 (mod p)  if p=1 (mod 4), (6.8)
P71 (=1)®@=3/% (mod p) if p=3 (mod 4), '
and hence A
det p> _ -2
det 4, :_4L@$ML:<>. 6.9
("5%) = - ) (6.9
Conjecture 6.2. Let p be a prime with p =1 (mod 4), and let d € Z with
(%) = —1. Then
(r—1)/2
_ d
35, 2(1,) = Spa(1,p) = 26(d,p) 3 ( s )) (mod p), (6.10)
r=1

where Sp—2(1,p) = det[sjr]o<jk<(p—1)/2 With

N ifj =0,
FZNG2 k2P 2 if >0,

Remark 6.2. Let p = 1 (mod 4) be a prime, and write p = 22 + y? with
x,y € ZT and 2 | y. Then, for any d € Z with (;%l) = —1, we have
Z(p /2 <@) = +y by Jacobsthal’s theorem. Let ¢ = %!. Then
(y/z)? = —1 = ¢® (mod p) and hence

(2)=(5) =)0 -6)

with the aid of [7, Lemma 2.3]. Thus Conjecture 6.2 implies that

<Sp—2(1jp)> _ <3SP—2(1’p)> = 1. (6.11)

p p
Let m,n € Z* with n odd. For the determinant

2 72
D™ = det [(j2 — k2ym <‘7 i ﬂ , (6.12)
n 1<Gk<(n—1)/2
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clearly
k2 Y
ng) — det |:(]€2 _j2)m < J

n ﬂ 1<j,k<(n—1)/2

~1\\ (»=1)/2
= <(_1)m ()) ng) — (_1)(m71)(n71)/2D7(1m)7

n

andhenceDSLm):OWhen2]mand4\n—3. If 2¢m and 4 | n — 1, then

ng) is skew-symmetric and of even order, hence it is an integer square by
Cayley’s theorem.

Conjecture 6.3. For any prime p =1 (mod 4), we have
DY

= N ] (6.13)

3

Remark 6.3. We have verified (6.13) for all primes p < 1000 with p =
1 (mod 4).

Conjecture 6.4. For any prime p =1 (mod 4), we have

Dy’ {o<k<: (£)=—1}| p
= (— 4° p
; (~1) <4+(_1)(p_1)/4>. (6.14)

Remark 6.4. We have verified (6.14) for all primes p < 1000 with p =
1 (mod 4).

Conjecture 6.5. For any positive odd integer m, the set
E(m) = {p: p is a prime with 4 | p — 1 and p | ngm)}
is finite. In particular,
E(5) = {29}, E(7) = {13, 53}, E(9) = {13, 17, 29}, E(11) = {17, 29}.

Remark 6.5. This is based on our computation. For m = 5,7,9,11, we
find those primes p < 1000 in E(m) via Mathematica. We also note that
{p € E(13) : p <1000} = {17, 109, 401}.
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