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ON SOME DETERMINANTS
ARISING FROM QUADRATIC RESIDUES

CHEN-KAI REN AND ZHI-WEI SUN

ABSTRACT. Let p > 3 be a prime, and let d € Z with p { d. For
m € Z with (p—1)/2 < m < p—1, Sun considered the determinant

Sm(dap) = det [(7’2 + de)m]lgi,jg(pfl)/Q )

and determined S,,(d,p) modulo p when m € {p — 2,p — 3} and
(’Td) = —1. In this paper, we obtain S,_3(d,p) modulo p in the

remaining case (_Td) = 1, and determine the Legendre symbols

(Se=2ldb)) ang

Sp—a(d,p) .
(=2 ‘;( ’p)) in some special cases.

1. INTRODUCTION

Let p be an odd prime, and let (;) be the Legendre symbol. In
1959, Carlitz [3, (4.9)] proved that the characteristic polynomial of the

R (O
e @)

In 2004, via quadratic Gauss sums Chapman [4] showed that for p > 3
we have

18

ot (z +j— 1)' (—1)P=D/42=D/2y - if p =1 (mod 4),
(§ _— = )
i p li<ij<p-n2 |9 if p=3 (mod 4),
and
det (z +j— 1>' _ (—1)®F3/420-D/2g  if p =1 (mod 4),
L p Ji<ij<(p+1)/2 2(-1)/2 if p =3 (mod 4),
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where a, and b, are rational numbers given by 5’,}(” ) = ap + by+/p, and
e, and h(p) denote the fundamental unit and the class number of the
real quadratic field Q(,/p) respectively. During 2012-2013, Vsemirnov
[12, 13] confirmed a challenging conjecture of Chapman which states

that
det [(Z—]):| _ ) q %fpzl (mod 4),
P 0<i j<(p—1)/2 1 if p=3 (mod 4),

2—(2)n
where we write 55; R as a,, + b,\/p with ajp, b, € Q.

Let d be any integer not divisible by an odd prime p. Sun [9] studied
the determinant

.2 d-2
S(d, p) = det KZ 4 )} ,
p 1<i,j<(p—1)/2

and proved that (=242)) = 1 if (¢) = 1, and S(d,p) = 0 if (£) = 1.
Grinberg, Sun and Zhao [6] showed that if p > 3 then
.2 d.2
det [(22 + dj?) (Z + 49 )] =0 (mod p). (1.1)
p 0<i,j<(p—1)/2

For any integer m in the interval ((p —1)/2,p — 1), we have from [11]
that

det[(i* + &*)"Jo<ij<(p-1)/2 = 0 (mod p),
which extends (1.1). For each m = (p —1)/2,...,p — 1, Sun [11]
introduced the determinant

S(d, p) = det [(i* + d5*)" ], _; ;1))

Let d be any integer not divisible by an odd prime p. In 2022, Wu,
She and Wang [15] confirmed [9, Conjecture 4.5(ii)] which states that
when p > 3 we have

(S(p+1)/2(d7p)) _ (%)@4)/4 if p=1 (mod 4),
p N (%)(p+1)/4(_1)(h(—p)—1)/2 if p=3 (mod 4),

where h(—p) denotes the class number of the imaginary quadratic field
Q(v/=p). Sun [11] proved that if (=?) = —1 then

Sp—2(d,p) = det {—}
P P+ <o)

_ J =7 (mod p) if p=1 (mod 4),
(—=1)®P+1/4 (mod p) if p =3 (mod 4),
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and

1 [p/4] 1\ 2
- = r+ -] (mod p).
(2> + dJQ)Q} 1<ij<p-ne 4 H ( 4)

In this paper, we obtain some further results along this line. Our
method is different from that of Sun [11].
We first present a general result.

SP—3(d7p) = det [

r=1

Theorem 1.1. Let p be a prime with p =1 (mod 4). For any integer
d with (%) =1 and any odd integer m € ((p —1)/2,p — 1), we have

(442)

Our following three theorems deal with S,,(d,p) for m =p —2,p —
3,p — 4. For convenience, we define n!l = [],_;_, »(n — 2j) for any
positive integer n.

Theorem 1.2. Let p be an odd prime, and let d € Z with (%l) =1.
Then
S o(d.p) = (—1)e+/Agr-D/4(2=311)2 (mod p) if p=1 (mod 4),
2P =19 (mod p) if p=3 (mod 4).
(1.2)
Remark 1.1. Let p be a prime with p = 1 (mod 4), and write p =
22+ y? (z,y € Z) with z = 1 (mod 4) and y = 2231z (mod p).
(Note that (22!z)? = —2? (mod p) by Wilson’s theorem.) As 2z =

(Egjgﬁ) (mod p) by Gauss’ congruence (cf. [1, (9.0.1)] or [5]), we have

2y = 1%1!(2:0) = EE:;E = (2%1]%3!!)2 = (g) <p%3u)2 (mod p).

4
Thus, for any d € Z with (%) =1, by (1.2) we have
S,_o(d,p) = —2yd®V/* (mod p).

With the aid of [1, Theorem 6.2.9, p. 190], this implies Sun’s conjecture
(cf. [11, Conjecture 6.2]) that

(»-1)/2 9
k(k”+ s
Sp—Q(lvp) = _2y - 25(87])) Z (%

k=1

) (mod p),

where s is any quadratic nonresidue modulo p, and

f g(p—1)/4 = p—1)
5(5p) = 1 ifs = (mod p),
—1 otherwise.
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Theorem 1.3. Let p > 3 be a prime with p =1 (mod 4), and let d be
any integer with p{ d. Then

6Sp—3(d7p)>
—_— —1.
(25
Moreover, if (%) =1 and p=>5 (mod 12), then
(5103—@17)) — (—1)eH/,
p

Theorem 1.4. Let p > 3 be a prime, and let d be any integer with
(ﬁ) = 1. Then

(Sp—42§d’p)) = —1 if and only if p=3,7 (mod 20). (1.3)

We are going to provide some auxiliary results in the next section,
and prove Theorems 1.1-1.4 in Section 3.

To end this section, we mention that there are some other works
inspired by Sun [11]. For example, Conjectures 6.3-6.5 in [11] have
been confirmed by Chaliha and Kalita [2], and also Ren and Luo [§]
independently.

2. SOME AUXILIARY RESULTS

For any odd prime p, by Wilson’s theorem we have

2 (p=1)/2
(—1)tD/2 (%') =— H k(p—k)=—(p—1)!=1 (mod p).

(2.1)
We need the following auxiliary result (cf. [14, Lemma 2.2]).

Proposition 2.1. Let p be an odd prime. Then
9 . 11
I @ (5 %) =0 modp).  (22)
1<i<j<(p—1)/2
Remark 2.1. Actually,
I[I @-7=ED"2 (mod p)
1<i<j<(p—1)/2
by [10, (1.5)] and the congruence (2.1). Thus it remains to prove

I[I @)= E=0P2 (mod p).

1<i<j<(p—1)/2
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For any positive integers m and n, we clearly have

M o= I I

1<i1<...<im<n AC{l,...n} k€A
|Al=m

_ Hk,|{Ag{1 ..... n}: k€A & |A\{k}=m—1} _ (n!)(,’;*_ll).
k=1

Thus we have an alternate proof of (2.2).

We also need the following known lemma [7, Lemma 10] on determi-
nants.

Lemma 2.1. Let R be a commutative ring with identity, and let P(z) =
S aiat € Rlx]. Then we have

reigen = @00t [ X=X =),

1<i<j<n

det [P(X,Y))]

Now we state our second auxiliary proposition.

Proposition 2.2. Let p =2n+1 > 3 be a prime. For d,m € Z with
pfdand (p—1)/2<m < p—1, we have

Sm(d,p) = an(d, p)*bym(d, p) (mod p), (2.3)

where
[(m—n—1)/2] m d m
it = 0 ((0) () (o)
m
! R PRy
O<h<ni—|ms2] V0" +1+k
and
(a2 (1+ (2 ) () (1) if 2| m and 2| n,
m/2
(—1)(n=0/2 (d (,7,) if 2| m and 21 n,
bm(da p) = <p> (m—{)2/2
(—1)n/2+1gn/2 (p) if 2tm and 2 | n,
(=1)(=1)/ ( (%)) ((m_";)ﬂ) if 24m and 21 n.

\

Remark 2.2. Proposition 2.2 clearly implies the following result: Let
p > 5 be a prime, and let d be an integer with (g) = —1. If m be an
integer in the interval ((p —1)/2,p — 1) with m = (p — 1)/2 (mod 2),
then S,,(d,p) =0 (mod p).
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Proof of Proposition 2.2. Observe that

::]:

™ x det [(%72+d)" ]
=1
= (n!)*™ det [( 2572 + d) }1<i,j<n'
By (2.1),

(n))>™ = (=1)™* (mod p).
For i,j € {1,...,n}, clearly

(252 +d)" = zm: (7:) dmr (i2572)"

0

3 m m
dm—k + ( >dm—k—n) (
() (1
m m— 9 .ok
Y (e
m—n+1<k<n

f(i2572) (mod p),

Bl )

i

where

m
dn—l—k m—n—&-l—‘rkz‘
> (m —n+1+ k) v

0<k<p—2—m

Combining the above, we obtain

S(d, p) = (=1)™"*V det[f (%) ~*)hi<ijen (mod p).

By Lemma 2.1 and the congruence (2.2), we have

det[f(iZj_z)hgz,jgn

m 11—
= (—1)lP/4 H (m—n+1—|—k>dn 1—k

0<k<p—2—m

x ﬁ ((72) +d (m _TZ - k)) d™* (mod p).

It is easy to see that

H dn—l—k > ﬁdm—k _ dn(2m—n+1)/2'
k=0

0<k<p—2—m

Z2j_2

)k

(2.4)
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Note also that

O (i) =Gome) I (0
0<k<p—2—m m—n+1+k Omm /2 m-n+1+k

0<k<n—1—|m/2]

where 0,, = (1 4+ (=1)")/2. Asd™ = (%) = +1 (mod p), for each
k=0,...,m —n we have

()G ) (G ) e ()
() () + G o)) o
Therefore
det[f (%77 1<ij<n

2
= (_1)lp/4) gn(@m—n+1)/2 m m
( ) 5mm/2 HLm/2J m—-—-n+1+Ek

0<k<n—1—

d\ Lm—n+1)/2] [(m—n—1)/2] m d m 2
m d7 - -
<ot ;) ()G )

= (_1)Lp/4j dn((2m—n+1)/2— L(m—n-i—l)/?])am(d’ p)2 ( )cm(d,p) (mod p)7

m
dmm /2

where

otherwise.

em(d, p) = {51 + G nye) i m=mn (mod 2),

Combining this with (2.4), we obtain the desired (2.3) since

)DL/ gr(@ment1) /2= [mont)/2)) (T ) g
(-1) 5.my2) m(@:7)

is congruent to b,,(d, p) modulo p. This ends our proof. O

3. PROOFS OF THEOREMS 1.1-1.4

Proof of Theorem 1.1. Since (’71) = 1, by Proposition 2.2 we obtain

(£5)-()"
Thus
(402) - (=2 (42) (2 o

).



8 CHEN-KAI REN AND ZHI-WEI SUN

O

Proof of Theorem 1.2. Set n = (p—1)/2. When p = 3 (mod 4) and
d

(5) = —1, we have
Sp—Q(dap) =0 (mOd p)
by Remark 2.2.
Now we assume p = 1 (mod 4). Then (;—j) = 1and 2 | n. By

Proposition 2.2, we have
Sp72(d7p) = apr(d7 p)szfQ((i p) (mOd p)7

where
n/2—1
p—2 p—2
_o(d,p) =
ot =TT ((7) = (. 2720)
and
bp—a(d,p) = (=1)"/*T1d"?,

Since

)= ()

for each r = 0,1, 2, ..., we can verify that

(1) () = () ()
= (—1)*(2k —n +1) (mod p).

Combining the above, we obtain

Sp-a(d, p) = (=1)"*1a"/? n:lj: ((p f 2) +d (n fi k))2
= (—1)n/H g2 n/ﬁl (—1)*@2k —n+1))*
k=0

—3\?
(_1)(p+3)/4d(p71)/4 <pT”) (mod p).

This concludes the proof. O
Proof of Theorem 1.3. Set n = (p — 1)/2. By [11, Theorem 1.2], if

(¢) = —1, then
(42)
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Below we assume that (%) = 1. By Proposition 2.2,

Sp-3(d, p) = ap3(d, p)*b,—3(d, p) (mod p), (3.1)
where
i (07)+(,230)
and

e [

Case 1. a,_3(d,p) =0 (mod p).
In this case we have S,_3(d,p) =0 (mod p) by (3.1).

Case 2. a,_3(d,p) Z 0 (mod p).
Observe that

(8 )
() ()

n/Qn n+1)(n+2)

_6(=1)"”

(-7 ()-)

Thus, applying (3.1) we obtain

(SSstdn)y

In view of the above, we get
(6Sp—3(d>p)) 7& —1.
P
Suppose that p =5 (mod 12) and (

(mod p),

and thus

4y = 1. We claim that

() (550)

bS]



10 CHEN-KAI REN AND ZHI-WEI SUN

for any integer k with 0 < k& < n/2 — 2. Note that

(2 (it en( ()

(_;)k (k+1)(k+2) + (k—n)(k—n+1)

(G

Since (%) = —1, the claim holds.
In view of the above discussion, we obtain

(=) () -

This ends the proof. 0

—~

Proof of Theorem 1.4. Set n = (p —1)/2.

It
(Setan)
P

then p = 3 (mod 4) by Theorem 1.1. Below we suppose p = 3 (mod 4).
In light of Proposition 2.2, we have

Sp—4(d7p) = ap—4(d7 p)pr—4(d7 p) (mOd p)a (32)

and

beatep) =202 P78

If p | ap_4a(d, p), then

by (3.2).
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Now assume that p { a,_4(d, p). Clearly,

2 y2) =2 _ay) =20 (")

(=12 y n+3 Jntl o n—1
n 3 2 2 2

_ 5=y
and thus
5\ _ (P
(=)= ()-6)
Combining this with (3.2), we obtain
5\ _ (P
( ) -()-6)

Suppose that (Ze=442) 2)) = —1. Then p = +2 (mod 5). Asp = 3 (mod 4)

p
and p = £2 (mod 5), we get p = 3,7 (mod 20). This proves one
direction of (1.3).
Now suppose that p = 3,7 (mod 20). We claim that

() (05 0) -

for any integer k with 0 < k < (n — 5)/2. Note that
() (5
_ Ly (k : 3> s L1y (n - k)
_ <_61)k ((k:+1)(k:+2)(k+3) - (m%) (mg) (k:+g))
- <_41)k ((k: + Z)z - %) (mod p).

Since (g) = —1, we do have (3.3). In view of this, using previous

arguments we obtain

(422 - ()

So the other direction of (1.3) also holds.
In view of the above, the proof of Theorem 1.4 is now complete. [
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