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ON DIOPHANTINE EQUATIONS OVER Z]i]
WITH 52 UNKNOWNS

YURI MATIYASEVICH AND ZHI-WEI SUN

ABSTRACT. In this paper we show that there is no algorithm to de-

cide whether an arbitrarily given polynomial equation P(z1,. .., z52)
= 0 (with integer coeflicients) over the Gaussian ring Z[i] is solv-
able.

1. INTRODUCTION

The original HTP (Hilbert’s Tenth Problem) asks for an (effective)
algorithm to test whether an arbitrary polynomial Diophantine equa-
tion with integer coefficients has solutions over the ring Z of the in-
tegers. This was finally solved by Yu. Matiyasevich [5] negatively
in 1970 based on the work of M. Davis, H. Putnam and J. Robinson
2]. Z.-W. Sun [10] showed further that there is no algorithm to de-
cide for any given P(xq,...,211) € Z[x1,...,211] whether the equation
P(xq,...,x11) = 0 has integer solutions.

Let K be a number field which is a finite extension of the field Q of
rational numbers. It is natural to ask whether HTP over the ring O of
algebraic integers in K is unsolvable. Clearly, if Z is Diophantine over
Ok then HTP over Ok is undecidable with the aid of Matiyasevich’s
theorem. It is known that Z is Diophantine over Ok if [K : Q] = 2
or K is totally real (cf. J. Denef [3, 4]), or [K : Q] > 3 and K has
exactly two nonreal embeddings into the field of complex numbers (cf.
T. Pheidas [7]), or K is an abelian number field (cf. H. N. Shapiro and
A. Shlapentokh [8]).

In this paper we study Diophantine equations with few unknowns
over the Gaussian ring

Z[i] = OQ(i) ={a+bi: a,beZ}.
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Our main results are as follows.

Theorem 1.1. A number z € Zl[i] is a rational integer if and only if

there are v,w,z,y € Zi] with v # 0 such that
(420(2(22 + 1) + 1) — y)* — 3y* — 1)°
+2(w? =1 —3y*(2z + 1 — 2y)*)* = 0.

(1)

Theorem 1.2. For any r.e. (recursively enumerable) set A C N =
{0,1,2,...}, there is a polynomial P(zy,z1,. .., z52) with integer coeffi-
cients such that for any a € N we have

ac€ A <<= Pla,z1,...,25) =0 for some z1,...,z5 € Z[i]. (2)

It is well known (cf. N. Cutland [1]) that there are nonrecursive r.e.
subsets of N. Thus Theorem 1.2 has the following corollary.

Corollary 1.1. There is no algorithm to decide for any polynomial
P(z1,...,25) with integer coefficients whether the equation

P(Zl,...,Zg,Q) =0
has solutions in Z][i].

We will provide some lemmas in the next section and then show
Theorems 1.1-1.2 in Section 3.

2. SOME LEMMAS

For A, B € Z, the Lucas sequence (u, (A, B))n>0 is given by ug(A, B) =
0, u1(A,B) =1, and

Un+1(A, B) = Aun(A, B) — Bu,—1(A,B) (n=1,2,3,...).

Sun [9] studied arithmetic properties of such sequences as well as related
Diophantine representations over Z.

Lemma 2.1. Let A, B € 7Z.

(i) For any k,n,r € N, we have the identity

n n o
Uknr(A, B) =) (;) (ups1(A, B) — Aug(A, B))" ulu,.,.
§=0

(ii) Let A, B, M € Z with M # 0. Then B is relatively prime to M
if and only if u,(A,B) = 0 (mod M) and u,+1(A, B) = 1 (mod M)
for somen € Zt = {1,2,3,...}.

(iii) If A> B >0, then (A — B)" < un11(A, B) < A" for allm € N.

Remark 2.1. Parts (i)-(iii) are Lemmas 2, 6, 8 of Sun [9].
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Lemma 2.2. Let A€ {2,3,...}. Then
2 — Avy+vy* =1 withz,yeNandx >y
iof and only of
r=un1(A, 1) and y = u,(A,1) for some n € N.
Remark 2.2. This is a known result, see, e.g., Sun [9, Lemma 9.
Lemma 2.3. If v,y € Z[i]| and 2* — 4dxy +y* =1, then z,y € Z.

Remark 2.3. This follows from a more general result of Denef [3]; a
proof for this particular case was also presented in Matiyasevich |6,
Section 7.3].

Lemma 2.4. For x,y € Z[i|, we have
r=0ANy=0 < 22 +2y°=0.
Proof. Though the result is known, here we provide a simple proof.
Suppose that 22 +2y? = 0 but 2 # 0 or y # 0. Then zy # 0 and
x/y € {V2i,—v2i}. Asx/y € Qi) = {r+si: r,s € Q}, and V2 is

irrational, we obtain a contradiction. This ends the proof. O

Lemma 2.5. An integer m is nonzero if and only if m = (2x+1)(3y+1)
for some x,y € 7.

Remark 2.4. This is a useful observation of S.-P. Tung [11].
3. PROOFS OF THEOREMS 1.1 AND 1.2

Proof of Theorem 1.1. (i) We first show the “if” direction.
Suppose that there are v, w, z,y € Z[i] with v # 0 satisfying (1). In
view of Lemma 2.4, we have

4020222 + 1> +1) —y)* =3y =1 =0 (3)
and
w? —1-3y°(2z4+ 1 —ay)* = 0. (4)
Let y. = 4v(2(22 + 1)? + 1) and w, = w + 2(22 + 1 — xy)y. Then
vi— Ay +yt = (v - 29) - 3yt =1
and
w? — 4w,y(2z + 1 — 2y) + > (22 + 1 — zy)?
=(w, —2y(2z + 1 —2y))? — 3y*(22 + 1 — y)?
=w? — 3y*(2z + 1 —zy)* = 1.
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Applying Lemma 2.3, we see that y, y., w.,y(2z + 1 — zy) € Z. Thus
both 22 + 1 — zy and w are rational integers.

Note that
%22]22—1—1\2—1:|22—|—1|(2|22—|—1]—1)+(|2z+1|—1)>|2z—|—1\
and

v (7
(y—2y*)2=3y3+1<3yf+%=(Zy*) .

If (y — 2y.)* = (£y.)?, then we must have |y.|/4 =1 = |2z + 1|, hence
z € {0,—1} and |y.| = |12v]| > 4. Therefore

||
1

Recall that 22z + 1 — xy € Z, and write x = a + bi with a,b € Z. Then

7
ly| >2!y*|—1\y*|= > 2z 4 1].

lyl> > 1224+ 1 = |(2z+1—zy) + (a+bi)y|* = (22+1—zy+ay)’+b*y?,
hence b=0 and x € Z. Thus 2z +1 € Z and hence z € Z.

(ii) Below we show the “only if” direction. For n € N we simply
write u,, to denote u, (4, 1).

Let z € Z and k = |2z 4+ 1]. By Lemma 2.1(ii), for some n € N we
have u,,1 = 0 (mod 4(2k*+1)). In view of Lemma 2.1(iii), ug, > 3!
and U, 1 = 3" Write u, 1 = 4(2k* + 1)v with v € Z* and set y = u,,.
Then

40202k +1) —y)? = (Uny1 — 2u,)? = 3u> +1 =3y + 1
with the aid of Lemma 2.2. By Lemma 2.1(i),
Ung = k(U1 — 4u,)  u, (mod u?).
Let ¢ = ugp/u, € Z*T. Then
q=ku!” ! =k (mod u,)

since k =1 (mod 2) and uZ,; = 1—uZ +4u,uy,+1 = 1 (mod w,). Define
e=1if2z2>0,and e = —1if 2 < 0. Then cug, = u,(ck — zu,) =
y(2z + 1 — zy) for some x € Z. Let w, = euppy1 and w = w, — 28Upy,.
Then

w? = 3y° (22 + 1 — 2y)® = (Wpnt1 — 2upn)® — 3uj,, =1

by Lemma 2.2. Now it is clear that (1) holds.
In view of the above, we have completed the proof of Theorem 1.1.
O
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Remark 3.1. In view of Lemma 2.5 and the proof of Theorem 1.1,
a number z € Z[i| is an rational integer if and only if there are
s,t,w,x,y € Z[i] such that (1) holds with v = (2s + 1)(3t + 1).

Proof of Theorem 1.2. By Sun [10, Theorem 1.1(ii)], there is a polyno-
mial f(zo,...,210) € Z|z0,. .., 210] such that a € N belongs to A if and
only if f(a,z1,...,210) = 0 for some 21, ..., 219 € Z with 21y # 0.

Let F(v,w,x,y,z) denote the left-hand side of (1). For z, € Z]i],
by Theorem 1.1, z; € Z if and only if F'(vy, wg, Tk, Yg, 2x) = 0 for some
Uy Wy Tk, Yr € Z[1] with v, # 0. Thus, a € A if and only if there are

Vg, Wy Tiey Ykey 2k € Z[l] (k = 1, RN 10)

with F'(vy, wy, Tk, Yk, zx) = 0 for allk = 1,... 10 such that 219 H}CO:I v #
0 and f(a,z1,...,210) = 0. By the proof of Theorem 1.1, when a € A
we can actually choose z1g,v1,...,v10 € Z \ {0} to meet the require-
ments. Therefore, in view of Lemma 2.5, a € A if and only if there
are
Vg, Wy, Ty Yies 2 € Z[i]) (b =1,...,10)

such that f(a,z1,...,210) = 0, F(vg, wg, T, Y, 2x) = 0 forall &k =
1,...,10, and 210 [0y v = (254 1)(3t + 1) for some s,¢ € Z[i]. Thus,
in light of Lemma 2.4, (2) holds for some polynomial P(zg, 21, . .., 25) €
Z|zo, 21, - - ., z52]. This concludes the proof. O
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