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A FAMILY OF POLYNOMIALS
AND RELATED CONGRUENCES AND SERIES

ZHI-WEI SUN

ABSTRACT. In this paper we study a family of polynomials

S,gm)(:r) — i (?)m(?)mc—:])le” (m,n=0,1,2,...).
Q=

For example, we show that

ii)s]gm(x) =5 <1+ (1—4952)) (mod p)

p

for any odd prime p and integer x #Z 1/2 (mod p), where (;) denotes the
Legendre symbol.

We also formulate some open conjectures on related congruences and series
for 1/m. For example, we conjecture that

%) 2
Sk + 1)s,§ )(1/11) _ 5445
= ok 104v39m
and @
i(1365k + 181)m = E
pr 16* V2

1. INTRODUCTION

The Apéry numbers given by

An:i@)g(nzkf (neN=1{0,1,2,...})

k=0

play important roles in R. Apéry’s proof of the irrationality of {(3) (cf. [1, 11]).
The author [13] conjectured that for any odd prime p we have

pz_:l _ {4x2 —2p (mod p?) if p =22+ 2y? (z,y € Z),
k= 2 . _
Pt 0 (mod p?) if p=5,7 (mod 8).
This was confirmed by C. Wang and the author [21] via the p-adic Gamma function.
The author [13] introduced the Apéry polynomials

An(z) = zn: (Z>2<" ’ ’“)ka (neN),

k=0

Key words and phrases. Binomial coefficients, congruence, polynomial, g-log-convexity, series
for 1/m.

2020 Mathematics Subject Classification. Primary 11B65, 11A07; Secondary 05A19.

Supported by the Natural Science Foundation of China (grant no. 12371004).

1
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and investigated their arithmetic properties. For example, Sun [13] proved that
1 n—1
=3 (2k+ 1) Ak(z) € Z[z] forall n € Z" ={1,2,3,...}.
n
k=0
V.J'W. Guo and J. Zeng [6] confirmed a conjecture of Sun [13] which states that

n—1

1

- > 2k +1)(~1)FAy(z) € Z[z] for all m € Z7.
k=0

For m,n € N, we introduce the polynomial

oSS

i=0 j=0
This is motivated by A. Labelle’s conjecture (cf. [7]) that
S3 (1) = A, forallneN, (1.2)

which has been confirmed by H. Rosengren, M. Alekseyev and A. Labelle in three
different ways (see the answers in [7]).
Our first result is as follows.

Theorem 1.1. Letn € N.
(i) For any m € Z*, we have the identity

S ol L N G & R

k=0 j=0
Also,

k=0
and the recurrence
(n+2)S)s () = (2n 4 3) (222 + 22 + 1)S') | (2) — (n + 1) (2 + 1)25V(z). (1.6)

Remark 1.1. By the Chu-Vandemonde identity (cf. [5, p. 22, (3.1)]) and Theorem
1.1(i), it is easy to see that

S(1) = A, and SO(1) = (2<n ++11>) L
n

A sequence (P,(q))n>0 of polynomials with integer coefficients is said to be ¢-
log-convex if for each positive integer n all the coefficients of the polynomial

Py—1(q)Pat1(q) — Pula)? € Zg]
are nonnegative. In 2010, W.Y.C. Chen, R.L. Tang, L.X.W. Wang and A.L.B.

Yang [2] proved that the sequence (}°}_, (Z)qu)nzo is g-log-convex, which was a
previous conjecture of L.L. Liu and Y. Wang [8]. This, together with (1.5), implies

that the sequence (Sﬁl)(q))nzg is g-log-convex. For f3,(¢) = >}, (2)2("?“) q"*, the
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author’s conjecture (cf. [17, Conjecture 4.7]) on the g-log-convexity of the sequence

(Bn(q))n>0 remains open.
Based on our computation, we formulate the following conjecture.

Conjecture 1.1. (i) The sequence (>_;_, (2)3(]’“)”23 is g-log-convezx. Also, for
n+k

each integer m > 2, the sequence (3 _, ( i )mqk)nzo is q-log-conver.
(ii) The sequences (S,(LQ)(q))nZO and (57(13)(q))n22 are both g-log-convez.
Now we state our second result.

Theorem 1.2. Let p be any odd prime, and let x € Z. If x # 1/2 (mod p), then

:z_:::&(co)(:v) = 2;; 1 (1 + (1 _p4x2)> (mod p), (1.7)

where () denotes the Legendre symbol. When x =1/2 (mod p), we have

p—1

3750 (@) = 6,5 (mod p). (1.8)

k=0
Theorem 1.2 with z € {(p — 1)/2,2} yields the following corollary.

Corollary 1.1. Let p be an odd prime. Then

oo 1) 1
0 —
];)Sk <2> = 7 (mod p). (1.9)
If p > 3, then we have
p—1
0) /oy _ 2 P\ (P
> 5@ =3 (1 + (g) (g)) (mod p). (1.10)

Now we give our last theorem.

Theorem 1.3. (i) For any n € Z*, we have

1 n—1

EZS,@(@ € Zlz(z +1)] (L.11)
k=0
and
[CRDES
" Z kS, (x) € Zx(x + 1)), (1.12)
k=0

where (6,mn) is the greatest common divisor of 6 and n.
(ii) Let p be any odd prime. Then

p—1
%ZSIS)(@ =1— (@' = D((@+ 1P = 1) (mod pZ,[a]), (1.13)
k=0

where Zy s the ring of p-adic integers.

The classical Ramanujan-type series for 1/ (cf. [12]) have the form

- . Vd
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where a,b and m # 0 are integers, d is a positive rational number, and ¢ (with
k € N) is one of the following products:

2k\* (26\? 3K\ [2k\? [4k\ (2K (3K [6k

k) \k k) \ k 2k)7 \ k k)\3k/)"
One may consult S. Cooper [3] for an introduction to Ramanujan-type series. In
1997 van Hamme [20] realized that classical Ramanujan-type serie have correspond-
ing p-adic congruences.

The Apéry numbers are related to series for 1/7. In 2002 T. Sato announced the
identity

- Ay _20v/3+49v15
kZ:O(QOk +10 —3v5) e = .

Motivated by this and the fact that S (1) = A,, we seek new series for 1/ in the
form

o @)
> (ak+ b)L,EC) = @,

k
m ™
k=0

where a,b, m are integers with m # 0, and ¢ and d > 0 are rational numbers. For
this purpose, we utilize the author’s philosophy for series for 1/7 stated in [14] and
[18]. As a result, we make the following conjecture.

Conjecture 1.2. We have

> s /11 5445 1815v/39
> (k4 1)=E ék/ ) _ YN 135\2ﬁ (1.14)
k=0 T T
and
> sP1/18) 1
> (1365k + 181) =~ (1/18) _ 1377 (1.15)

= .
k=0 16 V2

Remark 1.2. The identities (1.14) and (1.15) are motivated by Conjectures 4.20
and 4.21 respectively, and we have checked them numerically via Mathematica.

We are going to present our proofs of Theorems 1.1-1.2 and Theorem 1.3 in
Sections 2 and 3, respectively. In Section 4, we collect our conjectures on p-adic
congruences involving the polynomials Sflz)(x) (n e N).

2. PROOFS OF THEOREMS 1.1 AND 1.2

As noted by Labelle [7], the Chu-Vandermonde identity yields that

Z+] min{4,5} i j
= fi 114,75 . 2.1
(EO0 e

k=0
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Proof of Theorem 1.1. (i) Let m € Z*. In light of (2.1), we have

wo-S50"0E OO
S () (56" ()-
SEETOC )

SO0

This proves (1.3). Similarly, by using (2.1) we get

Mz

n

ST 00
sy

k=0 i=k =k
n

n

> (S (711

J

and hence (1.4) holds.
(ii) Now we come to prove (1.5). Applying (1.3) with m = 1, we get

S (z) = kg_; (Z)szk (g_f (">%) z) - kz_o <Z>2x2k<1 ),

The Legendre polynomial of degree n is given by

ma=3 () (5

It is well known (cf. [5, p.38, (3.134)]) that

2" P, ( i<>z+1@mk

k=0
Thus

2¢% +2x 41
2 ne,| ————
(22 +1) ( 27 + 1 )

_ z41)" Z”: (n)2 ( (x +1)?

2n k 2z +1

k 2:1;2 n—k
20+ 1

= zn: (Z)Q(x+ P2y =Y (Z>2x2k(1 )2,

k=0 0

v

k=0

e
I
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Note that

2z +1)"P, (%) = (2z + 1)"zn: (Z) (nzk> <2xxi 1>k

k=0
_ "\ (n+k ok ek
—kZJ)(k)< i )x 2z +1)"7".

Combining the last two paragraphs, we immediately obtain (1.5). Applying the
Zeilberger algorithm (cf. [10]), we get the desired recursion formula (1.6) from (1.5).
This ends our proof. O

For any odd prime p, we have

2% ~1/2
= (—4)k
()=
for every k = 0,...,(p — 1)/2. Thus the following lemma follows easily from the
binomial theorem.

(—4)* <<p _kl)/2> (mod p) (2.2)

Lemma 2.1. Let p be an odd prime. Then

p1)/2 o0
Z <k )xk = (1 —42)?=Y/2 (mod p) (2.3)
k=0
and
=72 o
> k:( . )ﬁ = 22(1 — 42)P~¥/2 (mod p). (2.4)
k=0

Lemma 2.2. Let k € ZT. Then
2 Ak _ 2|k/2
e X ()= (i) (25)
k/2<i<k
Proof. Observe that

[k k—1 E—1
)2 x ()2 x ()
<i<k L(k—1)/2]<j<k—1

k/2<i<k k/2<i

()

j=1(k-1)/2]

- Z () G =2 ()

1=

EEN

This proves the desired (2.5). O
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Proof of Theorem 1.2. Observe

S s0w=5 3 ()

n=0 n=01,j=0

p—1 . .
=2 (l * ]) z't
i

i,j=0

that
it+j
p—1 p—1 . .
G+ .
2 1= 2 g e medin g
n=max{%,j } 4,7=0

-5 ("7 )+ max(ig) (mod )

Hrljjézpfl
Thus
p—1 p—1 k k
k=0 k=1 =0

For any positive integer k, we have

Ek: (’f) max{i, k — i}

=0

Combining this with (2.6) and (2.
p—1
(s
k=1

= -z Z k(2x)*~
k=1

modulo p. Note that

=0

= > () 2 (L)

k/2<i<k k/2<j<k
k(k :
vt N 0 if 21 k.

5), we see that S"P_1 S(O)( ) is congruent to

(2&://2? )) i Z 3 <k];2)

2|k

S () ()

zpj ka (2 ka// ;J) (p_zl)/Q (2:) (2k2® + (2k + 1)x 1)

k=0

Therefore, with the aid of Lemma 2.1, we have

p—1 p—1
Z S,(Co)(x) +x Z k(2z)F1
k=0 k=1

k=0

— (22 +1)22%(1 — 42?)(P=3)/2

(p—1)/2 ok (p—1)/2 o
2%k 2%k
—(2z+1) Z k:(k)x —x Z (k>x

k=0
1 — 4x2)(17*1)/2

—0p,3 (mod p)

x(
{(2.2751_2)155)(1_;12)% 1(1 w)(mOdp) if x 2
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If  =1/2 (mod p), then
p—1 p—1 )
k(2 = k= =0 (mod p).
=1 k=1

b

Since

-1 ptP~1 1
ktk 1 tk - _ _
Z dtz 1) T
when z # 1 (mod p) we obtain that

= L po)Pt (2z)P —1 1
D ka)t! = p;x )— 1 sz)— 0z = gy (medp)

b

=1
with the help of Fermat’s little theorem. So, by the above we have the desired
result. a

3. PROOF OF THEOREM 1.3

For n € N, we define the generalized central trinomial coeflicient

T (b, c) = Lnf (%) (2:)1)" 2%k ¢ 7, d, (3.1)

k=0

which is the coefficient of 2" in the expansion of (22 + bx + ¢)". It is known (cf.
[9]) that

(n+2)Tpi2(b,c) = (2n 4 3)bTy41(b,¢) — (n+ 1)(n? — 4¢)T,, (b, c)

for all n € N. For congruences involving T, (b, ¢), the reader may consult [15] The
author [16, 18, 19] found nine types of series for 1/m involving generalized central
trinomial coefficients.

Lemma 3.1. For any n € N, we have
S (z) = T, (227 + 22 + 1,2%(x + 1)?) € Z[z(z + 1)). (3.2)

Proof. For a polynomial P(z) in z, let [2"]P(z) denote the coefficient of 2" in the
expansion of P(z). Then

kzn% <Z> <n ﬁ k)x%((l + )2k

= MA+ %) (1 + 1+ 2)y)"

= [y"](1 + (22° + 22 + 1)y + 22 (z + 1)%y*)"

= [y"(y~" + (222 + 2¢ + 1)y~ + 2?(z 4+ 1)%)y™"
= [2"(2% + (22% + 22 4+ 1)z + 2%(x + 1)?)
T,(22° + 2z + 1,2%(z + 1)?

> (22) (2:) (2a(z+1) + 1" (a(x + 1)
k=0

Combining this with (1.5), we immediately obtain the desired (3.2). O

(]
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Lemma 3.2. Letn € Zt. Then

n—1
2
N (b, )b - 20" = —T (b, ) + (b +20)Tor (b,P) (33)
n

k=0

and
12¢? = 2 1—k 2n71 2 1—k
— kT (b,c?)(b—2¢)" " 7% —4c Tp(b,c?)(b—2¢)" "~
" kZ:O i (b, ¢”)( ) kZ:O (b, ¢*)( ) (3.4)

= (b+4¢)Ty (b, ¢*) — (b+2¢)*Ty_1(b, c).

Proof. By Lemmas 3.1 and 3.2 of [15], both (3.3) and (3.4) hold for all b,c € Z. As
Ty (b, c®) with k € N is a polynomial in b and ¢, we do have (3.3) and (3.4) with b
and c as variables. This ends the proof. g

Proof of Theorem 1.3. (i) Let n € Z*. In view of Lemma 3.1 and (3.1), by taking
b=222+2r+1and c=2z(z + 1) in (3.3) we get

2x(x +1) i,
— Z Sz(cl)(if)
k=0
= 2+ 12T 12z(z+ 1)+ 1,2%(x + 1)%) — To(2z(x + 1) + 1, 2%(z + 1)?)
and hence

QIE(CE —+ 1) nil (1)
— 2 S (@)
n k=0

ln=1)/2) ,
= e+ 1)+1) ) <”2k 1) (2:> (2z(z + 1) + 1)" 1 2F (2(z + 1))
k=0

- Lnf (2@) (%f) (2u(z + 1) + 1) (@(z + 1),

k=0
(3.5)
Thus (1.11) holds provided that

21y(t<n§:)/% (nz_k1> (2:) S Lan <;€> <2kk) y%) e Zjyl. (3.6)

k=0 k=0
Since (%) = 2(% ') for all k € Z*, we see that (3.6) does hold. So we have (1.11).
Similarly, by taking b = 222 + 22 + 1 and ¢ = z(z + 1) in (3.4) we obtain

122%(x + 1) (= o) ) 2% )
) kS @) @+ 1)? Y5 ()
k=0 k=0
= (6x(z+ 1)+ )T, (2x(x + 1) + 1,2%(x + 1)?)

— 2z + DT 1 (22(x + 1) + 1,2%(x + 1)?)

ln/2]
= (6z(z+1)+1) > (;) <2:> (2z(z+1) + )" 2 (x(x 4+ 1))%*

k=0

Ln=1)/2) ,
NS ("% 1) (2:> 2a(z + 1) + 1) (2 + 1)),
k=0
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Note that
2z 4+ 1)* = dz(z+ 1)+ 1) =162%(x + 1)® + 8x(z + 1) + 1

and
(3) (@(x + 1))

222(z + 1)2 € Zlz(z +1)] forall ke Zt.

Also,
(6x(z+ 1)+ 1)(22(x + 1) + )™ — 8x(z + 1) + 1)(22(z + 1) + 1) !
=6x(z+ 1)(2z(x + 1)+ 1)" — 6z(x + 1)(2z(x + 1) + 1)1
= 22%(z + 1)2P(z(x + 1))
for some polynomial P(z) € Z[z]. Thus, by the above, we see that

nl

kaS —27535,9)(95) € Zlx(x +1)).
k=0

Combining this with (1.11) we obtain
6 n—1
- > kS () € Zlx(x +1)).
k=0

By Lemma 3.1, S,gl)(x) € Zlxz(z + 1)] for all k € N. Note also that (6,n) = 6a + nb
for some a,b € Z. Therefore we have the desired (1.12).
(ii) Taking n = p in (3.5) we get the identity

1% o)
*ZSk (z)
p k=0

(r-1)/2

ST S, hikr () €@nto 1+ 177 ala + )

where
folk,x) = (da(z + 1) + 1)( %1) 2z(z+1) +1) (2k>

Note that f,(0,2) =4z(z+1)+1— 2z(z+1)+1) =2z(z+1). So

ZS(” (2z(z+ 1)+ 1)P~

(p 1)/2 (

Z folk, )

If1 <k<(p—1)/2 then (%,") = (-1)** =1 (mod p) and (£,) = 0 (mod p),
hence fp(k: x) =4x(x+ 1)+ 1 (mod pZ[z(xz + 1)]). Recall that (2.2) holds for each
k=1,....(p—1)/2. So

p—1
LS 50 - (e + 1)+ 17 = 2TV oa pzfae + 1)),

k=0

) (2x(x +1) + 1)P172F (p(x +1))2F L,
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where

(p—1)/2
= kz: <(p _k].)/2> (—4)k((21'($ + 1) + 1)p7172k(x(x + 1))2k71
=1

(r=1)/2
_ % Z ((p — 1)/2) ((Qx(x F1)+ 1)2)(p—1)/2—k (74352(% + 1)2)k

r(z+1) = k
= ﬁ (((233($ +1) 4+ 1) — 42 (x + 1)2)(10—1)/2 — (2a(z+1)+ 1)p—1)
= gy (B D+ DR = Cae + 1)+ 177 ) € 22fa(e+ 1)
Therefore
- ZS(l) T+ 1) + 1)17 1 ; :E )2) ((2:17 + 1);071 _ (QI(I + 1) + l)pfl)
Pi=
_ Qe+ )PH - Qu(e+1) +1)7
2x(x +1)
_ 2z + )P — 2z(z + 1)) — 17
B 2e(x +1)
Gz -1

— 2Pz + )P (mod pZ[z(x + 1)]).

2z(x + 1)
Observe that

WM:(H ! )(:c+(:1:+1))p+ S
(

z(z+1) x xz+1 z+1 =z

1
x
11\ /p) . 11
+<+ ) ()x(m+1)p + - =
f k z+1 =z

zP 4+ 1 r+1)P -1
CES)

z+1 T
1
=2P (1P 4 1 (mod pZ|x])
and
L, p—1 L, 2P +1
p—1 _ k — _\k —
(x+1) < k )x = Z( x) 1 (mod pZlx]).
k=0 k=0
Therefore
ZS 1) =Pt (z+ )P — P (2 4+ )P

=1— (2" = 1)((z+1)*" = 1) (mod pZ,[x]).

This proves (1.13).
In view of the above, we have completed the proof of Theorem 1.3. g
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Let p > 3 be a prime. We can also determine % Zi (l)kS(l () modulo pZ,|[x].
In fact, taking n = p in the second paragraph of our proof of Theorem 1.3(i), we
get

a2 (x + 1) pi kS (x) — 42®( + 1) pi SV ()
= k=0
= (6z(z+1)+1D)2x(z+1)+1) — 2z + 1)) (2x(z + 1) + 1)P~!
(-1/2
! Z < ) 2u(x +1) + 1P (e + 1)) gy (K, )

=1

and hence
p—1

ZkS(l )= Y5 (@) + (2z(x +1) + 1) (3.7)

k=0
coincides with
(p—1)/2 (2k—1
> (k21)(2x(sx +1) + 1P (e + 1) Vg, (k,2),

k=1
where
-1
gp(k,z) = (6z(z+ 1)+ 1)2x(x + 1) + 1) <2k) — 2z +1)* (ka )
-1
= 1— 2+ 1)4) (7
()~ (o) r0meeen (")
= (2k—1) —(dz(z+1) +1)2
=p— (4z(z + 1) + 1)? (mod 2pZ[z(z + 1)])
for each k = 1,...,(p — 1)/2. (Note that (/") = £=%(/~2) is an even number
congruent to (—1)2*=! = —1 modulo p.) It follows that o, is congruent to
(p—1)/2 (2k)
(p—Qe+1Y Y HFQe(e+1)+ )P (a(e + 1))
k=1

modulo pZ[z(z + 1)]. Recall that (2.2) holds for all k =1,...,(p — 1)/2. Thus o,
is congruent to

_ o U ORE 0= 1/2Y (o) 1) 0 gty
( )

da?(x +1)° k=1 k
= — m (((%(m +1)+ 1)2 — 4x2(x + 1)2)(p_1)/2 _ Qu(at 1)+ 1)p_1)
_ (2z +1)* b -~
= —m ((Qx—i—l) 1 (2x(x—|—1)_|_1) 1)

modulo pZ [z(z + 1)]. Combining this with (1.13), we get

T p+3 x(x
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4. CONJECTURES ON CONGRUENCES INVOLVING S (x)

Conjecture 4.1. Let p be an odd prime.
(i) We have

S 12 k@ <_1> _ J42* —2p (mod p?) if p=2a+y? (x,y € Z) with 21 =,
—0 |0 (mod p?) if p=3 (mod 4).
(11) We have

pi:l(?)k +2)2+5 (_D =2p (2 - (;)) (mod p?).

k=0
Moreover, when p = +1 (mod 8) we have
1 pn—1 n—1 1
—( S Br+22557 (-5 ) —p > Bk +2)2" P (-5 ) ) €2,
(pn) 5—0 k=0 2

Remark 4.1. By elementary number theory, each prime p = 1 (mod 4) can be
written uniquely as #2 4+ y? with z,y € Z*, 2t 2 and 2 | y.

Conjecture 4.2. Let p > 3 be a prime.

(i) We have

p—1 5(2)( 1) 42? — 2p (mod p?) if p=ax® +y* with 3tz and 3 | y,
](C_W =  4zy (mod p?) if p= a2+ y* with v =y Z 0 (mod 3),

k=0 0 (mod p?) if p=3 (mod 4),

where x and y are integers.
(ii) We have the congruence

p—1

3 (28K +17) ’% ;) D p<11+6(§)) (mod p?).

k=0
Moreover, when p =1 (mod 3), for any positive integer n we have

pn—1 ( n—1 (
12< 3 (28k + 17)’55}))) - p];)(28k v 17)’553))) €z,

(pn)?\ =
Remark 4.2. S{%(=1),..., 5 (~1) take the values 1, 1, 9, 73, 361, 5001, 35001,
348489, 3693033, 31360681, respectively.

Conjecture 4.3. Let p be an odd prime.
(i) We have

p—1 9 p—1 4
k o(2) _ ka(2)
9k S, (3) => 9", (3)
k=0 k=0

42 —2p (mod p?) if p=a%+y?® with3{x and 3 | y,
=1 4ay (mod p?) if p=a?+y? withx =y £ 0 (mod 3),
0 (mod p?) if p=3 (mod 4),

where x and y are integers.
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(ii) For any n € Z" we have

n—1

2 2
=3 @k+2)978Y (L) ez
- (3k 4 2)9" S, 3) €

k=0
and
1 pn—1 b o(2) 9 n—1 k() 2
— 2 - — 2 - L.
(pn)2< kzzo(sk+ )9k S, (3) ka:O(?)k—i- )9k S, <3)> €Z,

When p =1 (mod 4), we also have

p—1

4
> (24k +19)97 5V <3) = p (mod p?).
k=0

Remark 4.3. For a € Z and n € N, we clearly have
n 2 2
gng(2) (E) _ n n i+jg2n—i—j c 7.
=2 )G )

Conjecture 4.4. Let p > 5 be a prime.
(i) We have

172125 5(2)< >

422 — 2p (mod p?) ifp=2*+y? (z,y€Z, 5tz & 5]vy),
=1 4ay (mod p?) ifp=a2?4+y? (v,y€Z & 2=y #0 (mod 5)),
0 (mod p?) if p=3 (mod 4).

(i) For any n € Z* we have

1A ) = Ko@) (4
1 125)2 — 1 125)2 — Z,.
(pn)z( 3" (168K + 125)25* S, (15> pk§=0( 68k + 125)25"S (15>) €,y

k=0

Remark 4.4. For any prime p = 22 + y? > 5 with 2,y € Z and 5 { xy, either
22 =92 =1 (mod 5) or 22 = y? =4 (mod 5), and hence x is congruent to y or —y
modulo 5.

Conjecture 4.5. Let p > 7 be a prime.

(i) We have
S50
k
par
4z* —2p (mod p*) ifp=1a>+y® (z,y €Z, 5z &5 |y),
=1 4ay (mod p?) ifp=a2?+y? (v,y€Z & 2=y #0 (mod 5)),
0 (mod p?) if p=3 (mod 4).
(ii) We have the congruence
p—1 (2)
Sk (1/7) _ p 2
> (124k +43)E 2 = p (53 ~10 (5)) (mod p?).

k=0
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Moreover, when p = 1,4 (mod 5) for any n € Zt we have

e Cam S s/
(pn)z(kz_o(124k+43) =7 ’;(124k+43) =5 )ezp.

Remark 4.5. This is similar to Conjecture 4.4.

Conjecture 4.6. Let p be an odd prime.
(i) We have

216’“5(2 ( ) 281 5(2)< )

_ ()42 — 2p) (mod p?) if p = x* + 2y* with x,y € Z,
] 0 (mod p?) if p=5,7 (mod 8).

If p#£5, then

leS(g) ( > _ (g)(4x2 —2p) (mod p?) if p= a2+ 2y? with x,y € Z,
5 0 (mod p?) if p=5,7 (mod 8).

(ii) When p =1,3 (mod 8), we have

p—1

480k + 377)81F5® (B = 122p (mod p?).
9
k=0

Ifp>3andn €Z", then

1o ko (3 = kq@ (3
(pn)2< > (32k +23)16% 5, (8> —p Y (32k + 23)16* S}, (8>> €7Z,

k=0 k=0
Ifp#5 and n € Z*, then

A @) « @)
W( I;(104k+69)5 ( > pkzzjo (104k 4 69)S, <5)> €7Zy.

Remark 4.6. It is well known (cf. [4]) that any prime p = 1,3 (mod 8) can be
written uniquely as x2 + 2y? with z,y € Z*.

Conjecture 4.7. Let p be an odd prime.

(i) We have

p—1 422 — 2p (mod p?) if p=1,9 (mod 20) & p = 2% + 5y2,
Z 5’,22)(2) = (222 —2p (mod p?) ifp=3,7 (mod 20) & 2p = 22 + 5y?,
k=0 0 (mod p?) if p=11,13,17,19 (mod 20),

where x and y are integers. Also,
p—1
kq(2) E

> 81ks, ( 5 >

k=0
()42 — 2p) (mod p?) ifp=1,9 (mod 20) & p = x? + 5y,

= 1 (5)(2p —22?) (mod p?) if p=3,7 (mod 20) & 2p = x* + 5y?,

0 (mod p?) if p=11,13,17,19 (mod 20),

where x and y are integers.
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(ii) If(—f) =1 (i.e., p=1,3,7,9 (mod 20)), then

p—1

14
Z(Sk + 5)5,22)(2) =3P (mod p?).
k=0
Also, we have

= 10 ~15
> (15K +13)81F 5 (9) = 1% (43 +165 ()) (mod p?).
P

k=0

Moreover, when ( ;5) =1, for any n € Z™ we have

1 R ko (10 — k@ (10
2( > (15k +13)81% 5 <9> —p Y _(15k +13)81% 5] <9)> € Zp.

(pn) =0 k=0

Remark 4.7. It is known (cf. [4]) that any prime p = 1,9 (mod 20) can be written
uniquely as 2% + 5y? with z,y € ZT, and for any prime p = 3,7 (mod 20) we can
write 2p as 2% + 5y? with x,y € ZT in a unique way.

Conjecture 4.8. Let p > 3 be a prime with p # 11.
(i) We have
p—1 5 422 —2p (mod p?) if p=1,9 (mod 20) & p = 2% + 5y?,
ZS,(f) (—11> =1 222 —2p (mod p?) if p=3,7 (mod 20) & 2p = 2% + 5y?,
=0 0 (mod p?) if p=11,13,17,19 (mod 20),

where x and y are integers.
(ii) We have the congruence

= 2 p 3

§ : ) — 2
(1 +61)S —— | =—=(826(-) -1 .
00k + 6 ( 11) 11 (8 6( ) 55) (mod p?)

k=
Moreover, when (;) =1 (i.e., p=+1 (mod 12)), for any n € Z* we have

1 prl 2) 2 ) 2
(1371)2( Z (100k + 61)Sk ( 11> pz 1001{? + 61)5 (—11> > € Zp.

k=0
Remark 4.8. This is similar to Conjecture 4.7.

Conjecture 4.9. Let p > 3 be a prime.
(i) We have

422 — 2p (mod p?) zf(%):(g)—l&p:xQ—i-lOy )
=< 822 — 2p (mod p?) zf(%)z(%):—l&p—ln + 5y,
0 (mod p?) if (210) = 1,

where x and y are integers.
(ii) We have the congruence

p—1
> (60K + 31)SL” (;) =p (41 ~ 10 (g)) (mod p?).

k=0



A FAMILY OF POLYNOMIALS AND RELATED CONGRUENCES AND SERIES 17

Moreover, when p = 1,4 (mod 5), for any n € Z" we have

(]3,11)2(%:1(6076%1) ( > kz_: (60k + 31) >(;>) €z,

k=0
If(_TlO) =1, then

p—1
4\ 245
S (25K +13)S)7 (3) = 5, P (mod p°).
k=0

Remark 4.9. The imaginary quadratic field Q(1/—10) has class number 2.

Conjecture 4.10. Let p > 3 be a prime.

(i) We have
p—1 9 p—1 9 p—l 1/2 p—1
S5 <3) =) 95 <3> = Z 16"5,” ( )
k=0 k=0 k=0

422 — 2p (mod p?) zf(Tl) () =1 &p=$2+13y2,
=< 222 — 2p (mod p?) if (%
0 (mod p?) if (52

where x and y are integers.

(ii) Let n € Z*. Then

(p;)z (pil(?)% +25) 817 <—§> ~ p§(39k +25)5 <_§> ) ez,

k=0 k=0

CAD ~—
I
—~
;\ﬁ
|
|
—_
&
DN
S
|
&
+
—
w
<

and

]. ! () 2
il kg [ _= +
E (6k +5)9" Sy ( )EZ .

k=0
When ( 3) = 1, we also have

1 2 (9
= > (1872k + 1387)16" S} <8> €7,
k=0

Remark 4.10. The imaginary quadratic field Q(1/—13) has class number 2.

Conjecture 4.11. Let p > 3 be a prime.
(i) We have

Z S (2)
k
k=0 9

422 — 2p (mod p?)  if 1 & p=ax?+21y2,

'@‘L
S~—
I
—
ol
SN—
I
—
Qrs
—
Il

(
222 — 2p (mod p?)  if (8) =1, (_?1) =(8)=—1 & 2p=a? + 21y,
=14122° = 2p (mod p*) if (§) =1, (51) = (§) = -1 & p=32" + 77,
622 — 2p (mod p?)  if (’71) =1, (§) =(5) =-1 & 2p = 32> + Ty,
0 (mod p?) if (534) =1,

where x and y are integers.
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(ii) For any positive integer n, we have

pn—1 )y n=l )
12(2(7k+3)5 2) pZ(7k+3)Sk (2)) €7,

k
(pn) k=0 k=0 9

Remark 4.11. The imaginary quadratic field Q(v/—21) has class number 4.

Conjecture 4.12. Let p > 3 be a prime.
(i) We have

L5 () ”le,i%/(s)
81k - 4k
k=0 k=0

422 — 2p (mod p?) if(%): (Z)=1& p=a?+22y%
=q82% —2p (mod p?*) if (2) = ({) = —1 & p = 22° + 11y,
0 (mod 5?) i (2) = -1,
where x and y are integers.
(ii) For any positive integer n, we have

1 (R SN S<2( 4)
Q(Z(llkJrG)prllkJrﬁ o1F ) Zyp.

(pn) k=0 k=0

Remark 4.12. The imaginary quadratic field Q(v/—22) has class number 2.

Conjecture 4.13. Let p > 5 be a prime.
(i) We have
p1 . 42® = 2p (mod p?) if (2) = (f7) =1 & p =2 + 227,
Zs}f) (15> = {822 —2p (mod p?) if (2) = (&) =—1& p=22°+ 119>,
= 0 (mod p?) i (22) = -1
where x and y are integers.
(ii) For any positive integer n, we have

\’u\w"e\m

l\')

9

S @) - 2 (8
W(Z(2244k+1147)5 ( ) 22244k+1147)5k (l5>>ezp.

k=0
Remark 4.13. This is similar to Conjecture 4.12.

Conjecture 4.14. Let p > 3 be a prime.
(i) We have

p—1

@2 (_4
s (-3)
k=0

da? —2p (mod p?)  if (2) = (§) — (§) =1 & p=a® + 3097,

8z% — 2p (mod p?)  if (%) =1, (§) =(5) = -1 & p=2z* + 1532,
=q122% = 2p (mod p?) if (§) =1, (2) = (8) = -1 & p= 32> + 1097,

2p — 2022 (mod p?) if (8) =1, (%) =(5) =—-1& p =522 + 6y,

0 (mod p?) if (220) = —1,

where x and y are integers.
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(ii) We have the congruence

pi(l%k +179)5,” (—;1) =p <47 +32 (;)) (mod p?).

k=0
Moreover, when p = +1 (mod 8), for any n € Z* we have

1R 1 = 4
o8 ( 3" (120k + 79)S7 (—3) —p Y (120k + 79)S” (—3) ) €z,
p k=0 k=0

Remark 4.14. The imaginary quadratic field Q(1/—30) has class number 4.
Conjecture 4.15. Let p > 3 be a prime with p # 11.

(i) We have
S50
=
d2® —2p (mod p?)  if (F1) = (§) = (§) =1 & p=a? + 33y
222 — 2p (mod p?)  if (771) =1, (§) = (&) =—-1 & 2p =2+ 337,
=< 1222 — 2p (mod p?) if (&) =1, (_71) =(8)=—-1& p=32+11y?%
622 — 2p (mod p?) if (§) =1, (_71) = (&) =-1& 2p =32 + 1132,
0 (mod p?) if (52) =1,

where x and y are integers.
(ii) For any positive integer n, we have

1 A 5@ (—4) 33) 2 S (—yg)

— 8k +5)—E—— —p (= 8k+5) "k ——) €7,

(pn)z(z( R p(zo)Z( BT )E 3
k=0 k=0

Remark 4.15. The imaginary quadratic field Q(1/—33) has class number 4.

Conjecture 4.16. Let p > 5 be a prime.

(i) We have
-1 -1
T 5008 _ 5 5006/5)
625% 81k

k=0 k=0

422 — 2p (mod p?) (71) (£)=1& p=2a®+37y°,
=922 =2p (mod p*) if (5) = (§5) = —1 & 2p = 2® + 3Ty,

0 (mod 7?) (2 =,

where x and y are integers.

(i) If (=7) = 1, then

p—1 (2)
S, (18) 386918 9
263736k + 173561 = d p?).

kEZO( + )& o5k =P (mod p7)

For any positive integer n, we have
1A 5P 16/5) w2 2)(16/5)

— E 2k420157) F——L—2 _ E 2k+20157)t———= Ly,
(pn)2< (53872k +20157) S (53872k+20 57) 31 ) € ZLy

k=0 k=0
Remark 4.16. The imaginary quadratic field Q(1/—37) has class number 2.



20 ZHI-WEI SUN

Conjecture 4.17. Let p be an odd prime.
(i) We have

p—1
Ko@) (4
281 Sk (9>

422 — 2p (mod p?) zf(_?g) =(5)=(5) =1&p=a?+42),
807 2p (mod 1) if () =1, (32) = (2) = —1 & p= 22 + 2142,
=< 1222 — 2p (mod p?) if(%):l, (B) =(5) = -1 & p=32® + 1432,
242% —2p (mod p?) if (§) =1, (32) = (§) = -1 & p= 62" + Ty,
0 (mod ?) if (222) = -1,

where x and y are integers.
(ii) We have the congruence

p—1
4 6
> (252k + 185)815 5,7 (9) =p (17 + 168 ()) (mod p?).
k=0 p
Moreover, when (g) =1, for any n € Z* we have
L pil(%zk +185)81%5Y i 252k + 185)81%5(% €z
(pn)? 9 "
k=0 k=0
Remark 4.17. The imaginary quadratic field Q(1/—42) has class number 4.

Conjecture 4.18. Let p > 3 be a prime with p # 7.

(i) We have
—1
pz S (2/7)
9k
k=0
422 — 2p (mod p?)  if %)z(%):(%)zl& =22+ 57y?,
22% —2p (mod p?)  if (1) =1, (§) = ({f5) = -1 & 2p = 2* + 57y,

622 — 2p (mod p?)  if

(

(

={ 1222 — 2p (mod p?) if (
(

0 (mod p?) if

where x and y are integers.
(ii) We have the congruence

= sPe/m  p 57 )
> (133k + 48)’“T == (1185 —513 (p)) (mod p?).

prd 14
Moreover, when (%) =1, for any n € ZT we have
A <2/ )= $2(2/7)
— 133k + 48 133k +48) kL2 ) c 7,
(pn)g ( kZ:O( + ) I;O( + ) 9k ) € p

Remark 4.18. The imaginary quadratic field Q(1/—57) has class number 4.
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Conjecture 4.19. Let p > 3 be a prime.

(i) We have

ORI

—\81) "* 8
12% —2p (mod p2) if (2) = (2) = (2) = 1 & p = a® + 702,
8z —2p (mod p?) if (B) =1, (%) = (&) =—-1& p =227+ 35y°,

=4202% = 2p (mod p?) if (B) =1, (2) = (%) = -1 & p= 52> + 147,

2p — 2822 (mod p?) z'f(%) =1, (&) =(5) =—-1 & p =72+ 10y,
0 (mod p?) if (520 = -1,

where x and y are integers.
(ii) We have the congruence

p—1

16\" 5
(560k + 303) ( 81) 52 (—8> = 303p (mod p?).
k=0

Remark 4.19. The imaginary quadratic field Q(1/—70) has class number 4.

Conjecture 4.20. Let p > 3 be a prime with p # 11.
(i) We have

Z st (1/11)

9k
k=0

da® —2p (mod p*)  if (2) = (§) = (f5) = 1 & p=a® + 787,

8z% — 2p (mod p?)  if (%) =1, (§)=(&)=—1& p =227+ 397
=q122% = 2p (mod p?) if ({3) =1, () = (§) = —1 & p = 327 + 267,

2422 — 2p (mod p?) if (8)=1, (%) =(H)=-1&p= 622 + 13y2,

0 (mod p?) if (518) = -1,

where x and y are integers.
(ii) We have the congruence

p—1 (2)
1/11) 39 13
7]€+1(7/E£ 35 -9 (mod p?).
26 p P
k=0
Moreover, when p =1 (mod 3), for any n € Z* we have
S SO py A s (/1)
W( > Tk )2 — - p (E> Sk + 1)9k> €z,
k=0 k=0
Remark 4.20. The imaginary quadratic field Q(1/—78) has class number 4.

Conjecture 4.21. Let p > 3 be a prime.
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(i) We have
”Z‘:l S7(1/18)
= 16%
da? —2p (mod p?)  if () = (§) = (f5) = 1 & p =27 +130y°,
822 — 2p (mod p?) zf(%) =1, (5) = (&) = -1 & p= 22" + 6597,
=4202% = 2p (mod p?) if (§) =1, (32) = (f5) = —1 & p = 5z’ + 26y°,
4022 — 2p (mod p?) if (&) =1, (_72) =(8)=—1& p =10z + 1342,
0 (mod p?) if (F10) — 1,

ere © and y are integers.
(ii) We have the congruence

1§(1365k + 181)5152))1((;1]{1& —»p (221 (;2) _40 (2)) (mod p?).

k=0
=10

Moreover, when (T) =1, for any n € Z* the number

(pn)?

LN SP0/18) (-2 5 5701/18)
( > (1365k + 181) p ( 5 ) > (1365k + 181) )

k k
P 16 P 16

is a p-adic integer.

Remark 4.21. The imaginary quadratic field Q(1/—130) has class number 4.
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