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SUPERCONGRUENCES FOR CENTRAL TRINOMIAL COEFFICIENTS

HAO PAN AND ZHI-WEI SUN

ABSTRACT. For each n =0,1,2,... the central trinomial coefficient T, is the coefficient of z"
in the expansion of (2 4+ 2 + 1)™. In 2016 the second author conjectured that for any prime
p > 3 and positive integer n the quotient (T, — T,,)/(pn)? is a p-adic integer. In this paper
we confirm this conjecture and prove further that

Ton — T, _ Tho1 (p 1
p(pn)2 =5 (5) B, <3) (mod p),

where (%) is the Legendre symbol and B, _»(z) is the Bernoulli polynomial of degree p — 2.

1. INTRODUCTION

Let b,c € Zandn € N={0,1,2,...}. Asin [I3][14], we denote by T,,(b, ¢) the coefficient of
2" in the expansion of (? + bz + ¢)". It is easy to see that

To(b,c) = %:m (27;) (i’“) pr2k k. (1.1)

k=0

When b? — 4c # 0, it is known that

T,(b,¢) = (VI — 4c)" P, (ﬁ) , (1.2)

ro =S ()("1) ()

is the Legendre polynomial of degree n.

Those T, := T,,(1,1) (n € N) are called central trinomial coefficients. Such numbers play im-
portant roles in enumerative combinatorics; for example, T;, is the number of lattice paths from
the point (0,0) to (n,0) with only allowed steps (1, 1), (1,—1) and (1,0) (cf. [12, A002426]).
For some known congruences involving central trinomial coefficients or their generalizations,
the reader may consult [I], 3, 8, O} 3], 14} [18].

where

2020 Mathematics Subject Classification. Primary 11B65, 11B68; Secondary 05A10, 11A07.
Key words and phrases. Central trinomial coefficients, supercongruences, binomial coefficients, Bernoulli
polynomials.
The paper was first posted to arXiv in 2020 as a preprint with the code arXiv:2012.05121. Both authors are
supported by the National Natural Science Foundation of China (grants 12071208 and 12371004 respectively).
1



2 HAO PAN AND ZHI-WEI SUN

In 2016 the second author conjectured (cf. [15, A277640]) that for any prime p > 3 and
neZt=1{1,2,3,...} we have
Tpn - Tn
(pn)?
where Z, denotes the ring of p-adic integers. In this paper we confirm this conjecture and
establish the following further result.

€ Zy, (1.3)

Theorem 1.1. Let p > 3 be a prime and let n be a positive integer. Then
Tpn - Tn Tnfl <p> 1
= —)B, 5| = d 1.4
(pn>2 6 3 p—2 3 (mO p)? ( )
where (£) is the Legendre symbol and B,_»(x) is the Bernoulli polynomial of degree p — 2.

This theorem has the following consequence.
Corollary 1.1. For any prime p > 3 and a € ™", we have
Tpa — Tpa—l o 1 Y% a 1
=% (§> B, s <§> (mod p). (1.5)
Remark 1.1. By Corollary [1.1], for any prime p > 3 and a € Z* we have
Ty =Tpa-r = -+ =Ty =1 (mod p?).

In 2016, the second author conjectured (cf. Comments in [12, A002426]) that for any integer
n > 3, the congruence T;, = 1 (mod n?) holds if and only if n is prime. This conjecture, if
true, provides an interesting characterization of primes via central trinomial coefficients.

Forn=0,1,2,..., we define

000
Y :0 (n 2+k k) <n - k:) (2:) _ kz; (n ; k:> (3:) (2:) w
()

2 ()
2> ()0 ”“Z(?””@ |
>

Note that

n/2

o3 (D)) -
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So the sequence (a,),>o coincides with [5, A208425]. Our second theorem on this sequence
confirms a conjecture of the second author (cf. Comments in [5, A208425]) formulated in 2016.

Theorem 1.2. Let p > 3 be a prime and let n be a positive integer. Then

We are going to prove Theorem [1.1] and Corollary [I.1]in the next section. Theorem [1.2] will
be proved in Section 3. Our proofs involve the cubic root

—1+V=3
- —

of unity:.
The reader may consult [2, [10, [I7] for some other similar known supercongruences, and [16],
Conjecture 82| for some conjectural supercongruences.

2. PrRooOFs oF THEOREM [[.1] AND COROLLARY [L.1]

Lemma 2.1. For any n € N we have

(—1)"T, = i (Z) ko i (Z) ko, (2.1)

k=0 k=0

Proof. For n € N it is known (cf. [4], (3.134)]) that

ro- () (5 ()

Combining this with ([1.2)) we see that

o () TR (43 (45)

S0 () (57

Clearly,

So, from the above we obtain
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Taking conjugates of both sides, we get

T, (—1)”2n: (Z)Qw%’f.

k=0
As 2n — k = 2k — n (mod 3), we see that (2.1]) holds.

Lemma 2.2. Let p > 3 be a prime. Then

=5 (5) 52 () ten

0<k<p
3|k+p

Proof. Note that

Y oEt Yt Y e Z—E (mod p)

0<k‘<p O<l€<p 0<k<p
3|k+p 3lk—p 3|k

by Wolstenholme’s congruence [19]. As

Y Ec Y oo X

0<k<p 0<k<p 0<j<p j
3lk—p 3lp—k 3li
by the above we obtain
L(»—1)/3]
1 1 2 1
E EE ::——2 E EE ::——5 'E ;5 (HlOd.p).
0<k<p 0<k<p 7=1
3|k+p 3|k

By [7, (9)],

L(p—1)/3] L(p—1)/3]

-2
Jj=1 J= p

where {p/3} is the fractional part of p/3. Note that

5ea({51) = (5) 5= ()

since

(cf. [6, p.248]). Therefore

Z j_iz 1 jp—3;—L 2 ({g}) (mod p),

(2.2)
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and hence by ([2.3) we have
> =
k29

0<k<p j=1 J
3|lk+p

[(p—1)/3] 1
)

)8 () ot

This concludes the proof.
Proof of Theorem . Let k € {0,...,pn} with pt k. Then

(pn> pn pn — J
O<]<k

:% H pn—.pix H (]ﬁ—l>

o<i<i-1)/p) D' o<j<k N J
plj

_pnf n-1 1Y% (mod g2
_k<L(/~c—1>/pJ)( L) (mod )

where 6 ;== {0 <j<k: p{j} and vp(n) := max{a € N: p® | n}. It follows that

0<k<pn 0<k<pn
ptk ptk

By Lemma

k=0 —0
As p=+£1 (mod 3), we get

- n—1\2
Z wp(Qk—n-‘rl) ( L ) — (—].)n_lTn_l.
k=0

Therefore

okz % (L(’fn—_l)l/pj)2

ptk

nolpol 2(pks) (n 1

2 i 2p*1w
=S
7j=1

n—1\22 w L W
=w™P Z wPk=n+1) < i ) — = w P (=), Z —5 (mod p).
— J
= J=1

S (1) e X (g ) e

(2.4)
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In light of this and the equality w + @& = —1, we get

R (uk"—li/m)z

0<k<pn
ptk

E(_1>”—1Tn_1§w5< - 1( Z A >

0<J<P 0<J<P
pl2j—p 3t2j—p

ST (X 53 5 ) =80 Y o

0<j<p
3|2j—p 3|i+p

Combining this with (2.4) and Lemma 2.2 we obtain

0<k<pn
ptk

In view of Lemma and ([2.5)), we have

pn 2 9k—pn —2k—pn n 2 9k-n -n
B
k=0

k=0

2 2k—pn —2k—pn
pn\ " w + @ o nln—1 (D 1 e (n
5 () 2 e (2) i (£) ot

B n n wp(2k n) + wp(2k: n) n n 2w2k‘ noy o2k
N pk 2 k 2
k=0 k=0

2 2k—pn 2k—pn
Y\ w +w
L ()

0<k<pn
ptk

_ n pn 2_ n 2 ka—n_i_@Qk—n
= \\pk k 2

(1 T () (0B (3 ) (vod 500

%_

6 \3 3
since p = £1 (mod 3). For each k € {0,...,n}, it is known (see, e.g., [11]) that

()~ (Joswoon

for some ¢, € Z,, hence

(2.6)

)/~ - () st
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since (Z’)k’ = n(Z:}g) and (Z)(n — k)= n("gl) So we finally get

Tn* 1 vp(n
Ton = T =~ (g) (pn)*By—2 <§> (mod p**2»("))

which is equivalent to (|1.4)). O
Proof of Corollary 1.1. Applying Theorem with n = p*~!, we get

Ta — Ta—l Ta—l_l p 1
et T (B (1) oot

So it suffices to prove

a—1
Ty = (g) (mod p). (2.7)
Clearly (2.7) holds for a = 1. Below we assume a > 1. For each k =1,...,(p"' —1)/2, we
have
a—1 2k a—1
pr =1 p _ 2k
(%)H(] ) = (=17 =1 (wod )
and
((pa‘lk—l)ﬂ) H ( p!
= 1— = )El(modp).
~1/2
V) e\ HHI
Thus

priol 2% k) 2%k k
k=0 k=0
(°1-1)/2

((pa— k_ 1)/2) (_4)k =(1- 4)(}0‘17171)/2 _ (_3)% Socrcar D"

()

with the aid of the theory of quadratic residues. This proves the desired (2.7)).
In view of the above, we have completed the proof of Corollary [L.1] O

3. PROOF OF THEOREM

Lemma 3.1. For any n € N we have

=3 (1) o =30 (1) o (3.0

k=0
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Proof. Recall MacMahon’s identity |4} (6.7)]

()0 (5 (o)

Putting # = w? and noting (z + 1)? = z, we get
n 3 n

W\ o s (nH R (2K (3K

> (1) = () () 5
k=0 k=0

> (1) o=

k=0
by (1.7]). Taking conjugates of both sides of the last equality, we obtain

En: (Z)g(—a;)%—” = a,.

k=0

So (3.1)) is valid. O
Proof of Theorem 1.2. For k € {0,...,n}, we have (2.6) for some g € Z,, hence

(iz)g - (Z>3<1 +p'nk(n —k)g)* = (Z)S (mod p*(m)
since k(") = n (") and (n— £)(") = n("7"). Thus

and hence

— - pn 3(_ )2pk—pn + Z <pn)3 pn — 1 3(_ )Qk—pn
R k=0 pk ’ 0<k<pn k? k—1 ’
Ptk

3
TL) (_w(g))zkfn = a, (HlOd p3+3up(n))

and hence (|1.8]) follows. O
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