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ABSTRACT. An integer-valued polynomial P(z,y,z) is said to be universal
(over Z) if each nonnegative integer can be written as P(z,y, z) with z,y, 2z € Z.
In this paper, we mainly introduce a new technique to determine the universal-
ity of some sums in the form z(a1z+a2)/2+y(b1y+b2)/2+z(c12+c2)/2 (with
a1 —az, b1 —ba, c1 —c2 all even) conjectured by Sun, using various identities of
Ramanujan’s theta functions. For example, we prove that z(3z + 1) + y(3y +
2)+22(3z+42) and z(4z+7r)+y(3y+1)/2+2(7z+1)/2 (r = 1, 3) are universal.

1. Introduction. Let N = {0,1,2,...} and Z* = {1,2,3,...}. For an integer-

valued polynomial P(z1,...,x,), we call it universal (over Z) if
{P(z1,...,2p): T1,...,0p €L} =N,
and call P(x1,...,2,) universal over N if

{P(z1,...,2n): ®1,...,2, € N} = N.

When
N\ {P(z1,...,2n): x1,...,2, € L}
is finite, we say that P(z1,...,z,) is almost universal (over Z).
For each integer m > 3, the numbers

—2)n?— (m—4
Pm(n) = (m2)(;‘> P il . m=4n 0 _o,12,..)
are called m-gonal numbers, and the numbers p,,(z) with = € Z are usually called
generalized m-gonal numbers. Note that

pm(_x):x((m—2);c+m—4). (1)

2020 Mathematics Subject Classification. Primary: 11D72, 11E20, 11E25; Secondary: 05A30,
11F27.

Key words and phrases. Ramanujan’s theta functions, sums of squares, triangular numbers,
ternary quadratic forms.

The initial version of this paper was posted to arXiv in 2024 as a preprint with the ID
arXiv:2410.14605.

The second author is supported by the Natural Science Foundation of China (grant no.
12371004).

*Corresponding author: Nasser Abdo Saeed Bulkhali.

68


http://dx.doi.org/10.3934/fcnt.2026022
mailto:nassbull@hotmail.com
mailto:zwsun@nju.edu.cn

UNIVERSAL SUMS VIA PRODUCTS OF RAMANUJAN’S THETA FUNCTIONS 69

In particular,

@) =@ /2 [ B =a@ -2
pa(z) = 2? pa(—z) = 2°
ps(x) =x(Bx —1)/2 | ps(—2x) =x(3z+1)/2
pr(x) = 2(5z — 3)/2 | pr(—x) = (52 + 3)/2
ps(z) = 2(3z — 2) ps(—z) = z(3x + 2)

Obviously,
{ps(x): x€Z}y={zx2x+1): x €Z}={ps(x): v €Z}={ps(n): neN}. (2)

Fermat claimed that p,,(z1) + -+ + pm () is universal over N. This was con-
firmed by Lagrange, Gauss, and Cauchy for the cases m = 4, m = 3, and m > 5,
respectively. In 1862, Liouville (cf. [8, p. 23]) determined all universal sums
aps(z)+bps(y)+eps(z) with a, b, ¢ € ZT, namely, those triples (a, b, c) witha < b < ¢
such that aps(x) 4 bps(y) + cps(z) is universal are

(1,1,1), (1,1,2), (1,1,4), (1,1,5), (1,2,2), (1,2,3), (1,2,4).

In 2007, Z.-W. Sun [19] initiated the study of universal sums of the types az? +
by? + cp3(2) and ax? + bps(y) + cps(z) with a,b,c € Z*, and the investigations were
finished via the three papers [19, 11, 18].

In 2010, B. Kane and Sun [16] used modular forms and the theory of ternary
quadratic forms to characterize those tuples (a,b,c) € (Z1)? such that ax? + by? +
cps(2) is almost universal; they also investigated those tuples (a,b,c) € (Z*)? such
that az?+bps(y) +cps(z) is almost universal, as well as those tuples (a, b, c) € (Z1)3
such that aps(x) + bps(y) + cps(z) is almost universal. Via solving a conjecture of
Kane and Sun [16], W. K. Chan and B.-K. Oh [5] gave a complete characterization of
those triples (a,b,c) € (Z1)3 with ax?®+bps(y) +cp3(2) (or aps(x) +bps(y) +cps(2))
almost universal.

In 2015, Sun [20] investigated universal sums of the type ap;(z)+bp;(y) + cpr(2)
with a,b,c € ZT and 4,5,k € {3,4,5,...}. In particular, for k € {4,5,7,8,9,...}
and a,b,c € ZT with a < b < ¢, Sun [20] showed that if apy(x) + bpg (y) + cpr(2) is
universal, then k =5, a = 1, and (b, ¢) is among the following 20 ordered pairs:

(1, e) (e € {L,..., 10} \{T}), (2,¢) (¢ €{2,3,4,6,8}),(3,¢) (¢ = 3,4,6,7,8,9).

For these ordered pairs (b, ¢), it is now known (cf. [12, 20, 17]) that ps(z)+bps(y) +
¢ps(z) is indeed universal.

In 2017, Sun [22] proved that, for integers 0 < b < ¢ < d < a with a > 2, the sum
z(ax +b) + y(ay + ¢) + z(az + d) is universal if and only if the quadruple (a, b, ¢, d)
is among

(3’07 172)7 (3’ 17 172)7 (3’ 172) 2)7 (37 1’2)3)7 (47 1’273)'
Sun [22] also proved that xz(ax + 1) + y(by + 1) + z(cz + 1) is universal if (a, b, ¢) is
among the following seven triples:
(1,2,3), (1,2,4), (1,2,5), (2,2,4), (2,2,5), (2,3,3), (2,3,4).
J. Ju and Oh [14] showed that z(ax + 1) +y(by + 1) + z(cz + 1) is also universal for
(a,b,c) =(2,2,6), (2,3,5), (2,3,7) as conjectured by Sun [22].

For convenience, for any aq,bi,c; € Z1 and as,by,co € Z with a; — ag,b; —

ba, c1 — co all even, whenever
b b
x(a1x2+ az) , y( 1y2+ 2) | 2(0132+ c2) 3)
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is universal (resp., almost universal), we call the tuple (a1, az, b1, ba, ¢1, c2) universal
(resp., almost universal). For any a € Z*, by (2) we have

{aps(z) : er}:{x(az;a): er}:{W: er}.

Sun [23, 24] investigated those standard universal tuples (ay,as, by, b2, c1,c2) € N6
with a; — ag,bl — b2,61 —C2 € QZJr, aq = b1 = C1 2 2, and as 2 b2 if a; = bl, and
by > co if by = c¢1; he showed that such tuples (ai,as, b1, ba,c1,c2) are among the
12082 tuples listed in [23, Appendix]. Those tuples in the list marked with * have
been proved to be universal, and Sun [23, 24] conjectured that all the remaining
tuples in the list are indeed universal. In this direction, H.-L. Wu and Sun [25]
made certain progress. As Sun [22] proved that z(2x +1) +y(3y+ 1)+ z(4dz + 1) is
universal, the tuple (8,2, 6,2,4,2) not marked with * in the list is indeed universal.
Note that all previous works in this direction depend heavily on the theory of ternary
quadratic forms.

In Section 2, we will confirm that some open tuples listed in [23, Appendix] are
indeed universal by using the theory of ternary quadratic forms.

Ramanujan’s general theta function is defined by

f(a,b) == Z am D /2pn(n=D/2 ith [ab| < 1. (4)

n=—oo

In particular, Ramanujan [1, Entry 22] introduced ¢(q) and ¢ (q) for |g| < 1:

o) = fla.a) =Y. ¢, (5)

U(g) = flg, %)= Y "t =3 gtV (6)
n=—00 n=0

For various formulas of Ramanujan’s theta functions, one may consult the excellent
introductory book of B.C. Berndt [3, Chapter 1].

In this paper, we find that many universal sums can be studied via identities
of Ramanujan’s theta functions. We establish the following theorem connecting
universal sums with Ramanujan’s theta functions.

Theorem 1.1. Let i,j,s,t,u,v € Z with i+ j,s +t,u + v positive. Suppose that

k
£ @) f(aa) (g, q") =D meg ™ F(g" ¥ ) (g, ") F(gh, gFe),
r=1

) (7)
where a1, azp, b1y, bar, C1r, Cor € Z and k, my, a1, + a2y, b1y + bop, c1p +cop € Zt.
(i) The tuple (i+ j,i — j,s +t,8 — t,u+v,u —v) is universal if and only if

(alr + A2, Q1y — A2, blr + b2ra blr - b27‘7 Cir + Cor, C1r — 027‘)

is universal for all v =1,... k.
(ii) The tuple (i+j,i—j,s+1t,s —t,u+v,u —v) is almost universal if and only
if the tuple

(a1r + agr, arp — a2y, b1y + by, by — bor, C1p + C2py €1y — Cop)

is almost universal for allr =1,... k.
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Utilizing the above theorem and some known identities on the theta functions,
we establish the following theorem whose results were conjectured by Sun [23].
Theorem 1.2. All the tuples

(8,2,5,1,3,1), (8,2,5,3,4,2), (8,2,6,2,3,1), (8,2,6,4,4,2), (8,2,6,4,6,2),
(8,2,7,1,3,1),(8,4,4,0,3,1), (8,4,6,4,4,0), (8,6,5,1,3,1), (8,6,6,4,4,2),
(8,6,6,4,6,2), (8,6,7,1,3,1), (9,5,4,2,2,0), (9,5,6,2,3,1), (9,5,8,4,3,1),
(9,7,6,4,3,1),(9,7,8,4,4,2), (9,¢,3,1,2,0) (¢ =1,5,7),
(9,¢,5,d,3,1) (c € {1,5,7}, d € {1,3}), (12,6,6,4,2,0), (12,6,6,4,4,2),
(12,6,8,4,6,4), (12,6,9,¢,3,1) (¢ =1,5,7), (12,8,4,2,3,1), (12,8,6,4,6,2),
(12,8,9,3,3,1), (12,8,12,6,3,1), (16,8,6,2,2,0), (16,8,8,4,6,4)
are universal. In other words, the sums
y(3y+1) n z(5z+1)
2 2
2B2+41)
2

z(5z 4+ 3)
2 )

(4w + 1) + s x(dr +1) +yy+ 1)+

, 2(2e 4+ 1) +y(By +2) + 2(4z + 1),

y(3y + 1) n 2(7z+1)
2 2 ’

r(dr+1) +yBy+1)+

z(dr+1)+yBy+1)+232+2), z(dxc+1)+

2(3z+1)
2

y(By+1) N 2(5z2+1)

20 +y(y+1) + 22 +y(y+1) + 2(32 + 2),

z(dx +3) + 5 5 z(2x+ 1)+ y(3y +2) + 2(4z + 3),
23z +1) +y(By +2) + 2(42 + 3), z(dz +3) + y(3y2+ D, z(7,22+ 1)’
224 y(y; D Z(9z2+ ) Gr+1)+ y(3y2+ b, 2(92; 5).
z(x+1)+ y(3y2+ ) + 2(92;_ 5)7 2(3z +2) + y(3y2+ 1) n Z(9z2—|— 7),
oz +1)+ y(y; D, 2(92; D2y y(3y2+ D, 2(92; ) (e=1,5,7),
x(3x2+ 1) n y(5y2+ d) n z(922+ c) (cc {157}, de {13},

22+ 3y(2y + 1) + 232 + 2), x(az +1) +3y(2y +1) + 2(32 +2) (a = 1,2),

1 1
Sm(x;— ) N y(3y2+ ) n z(922+ c) (c=15.7).

1 1
re+1)  y@y+1) +22(3242), 2(3z + 1) +y(3y + 2) + 22(3z + 2),

2 2
y(3y + 1) (Bz+1) _z(z+1) n y(3y + 1)
2 2 2 2

22+ 2y + 1) + 282+ 1), z(z+1)+2y(y + 1)+ 2(32 +2)

are all universal.

22(3x + 2) + +32 +22(32+2),

.3

Remark 1.1. It seems that it is almost hopeless to prove Theorem 1.2 completely
via the theory of ternary quadratic forms. For example, the tuple (12,8,12,6,3,1)
is related to the ternary quadratic form 22 4+ 9y? + 1622. There are four classes in
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the genus of 22 4 9y? + 1622, and the three classes not containing x2 + 9y? + 1622
have representatives

2 +y? + 14422, 222 + 2% +372% — 2yz + 22z, 42% + 5y + 1022 + 2yz + 4z + 4oy
respectively. Also, the tuples (8,2,7,1,3,1) and (8,6,7,1,3,1) are related to the
ternary quadratic form 622 + 1432 + 2122, There are three classes in the genus

of 622 + 14y + 2122, and the two classes not containing 622 4 14y? + 2122 have
representatives

322 4+ 14y? + 4222 and 52% + 17y% + 2122 — 16yz + 42 + 2y
respectively.

In view of the corollary in [9, p.56], for a particular polynomial P(z,y,z) =
a1z + az) + y(bry + ba2) + z(c1z + ¢2) € Z[z,y, 2], it is easy to check whether
P(z,y,2) is almost universal by the theory of ternary quadratic forms.

Using the second part of Theorem 1.1, we deduce the following new result on
almost universal sums.

Theorem 1.3. All the sums
(y+1) 2382+1) _z(z+1) yBy+1)
2 * 2 > 3 2 + 2
2(3z+1) y(3y +1)
2 2

322 4 3Y

+2(3z + 2),

2% +2y(y +1) +

z(3z+1)
2

, 2x(z+1) +

y(3y +1)
2

+2(3z + 2),

, 212 +

x(x+1)+y(3y+1)+@

232+ 1)
2

222 + 3y* + +2(32 + 2),
3z+1

, x(z+1)+3y(y+1)+%,

2(3z+1)

;227 4+ 3y(y + 1) + 5

202 +y(3y + 1) +
are almost universal.

We will prove Theorems 1.1-1.3 in Sections 3-5 respectively.

2. Universal sums via the theory of quadratic forms. For two integer-valued
polynomials P(x1,...,2,) and Q(x1,...,2,), if
{P(x1,...,2n): X1,...,¢n €Z} ={Q(x1,...,Zn): T1,...,Ty €L}

then we say that P and @ are equivalent and denote this by P(z1,...,z,) ~
Q(z1,...,%,). For ay,by,ci,al,b),c¢) € Z1 and ag, bs, ca,ab,bh,ch € Z with a1 —
ag,by — ba,c1 — co,a} —ab, b — b, ¢} — ¢ all even, if
z(arr +az)  ylbiy+ba) z(ciz+c2) x(ajz+ay)  ybly+b5)  z(chz+c))

+ + ~ + + :

2 2 2 2 2 2

then we say that the two tuples (a1, as,b1,ba,c1,c2) and (a},al,b), b, ], ) are
equivalent, and denote this by

/ / / / / /
(a17a27b17b27C1702) ~ (a17a27b17 2701702)'

As Euler observed,
p3(x) +ps(y) ~ a? + 2p3(y) (8)
(cf. [8, p.11]). H.-L. Wu and Z.-W. Sun [25, (1)] proved that

p3(z) + ps(y) ~ ps(x) + 3ps(y)- (9)
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Lemma 2.1. (Sun [24, Theorem 1.9]) (i) For any a € Z* and b € N with b < a/2,
we have

rlaz+B) + ylay + a— b) ~ apy(a) + LUTEZ2) (10)
In particular,
2ps(x) + ps(y) ~ 3ps(x) + ps(y).- (11)
(ii) We have

2 4 p3(y) ~ ps(z) + 2p5(y), (12)
p3(z) + 2p3(y) ~ ps(x) + ps(y), (13)
@? + 4p3(y) ~ 4ps(x) + ps(y), (14)
po(a) + poly) ~ LD WOU D) (15)

Remark 2.1. We can also deduce Lemma 2.1(i) by using the identity
f(a,ab®) f(b,a®b) =f(a,b)i(ab) (16)

in [1, Entry 30 (i)].
For convenience, for a,b,c € ZT we define
E(a,b,c) =N\ {az? + by® + c2* : x,y,2 € Z}.

Dickson [7, pp. 112-113] listed 102 regular ternary quadratic forms az? + by? + cz?
for which the structure of E(a,b,c) is known explicitly.

Theorem 2.2. All the tuples
(8,2,3,1,2,0), (8,2,3,1,3,1), (8,2,4,2,2,0), (8,2,4,2,4,0), (8,2,5,1,4,2),
(8,2,5,3,5,1), (8,4,6,4,6,2), (8,4,8,2,3,1), (8,4,8,4,6,4), (8,6,3,1,2,0),
(8,6,4,2,4,0), (8,6,4,2,4,2), (8,6,5,1,4,2), (8,6,8,4,3,1)

are universal.

Proof. (a) To prove the universality of (8,6,4,2,4,2) (or the sum z(4x + 3) +y(y +
1)/2 + z(z + 1)/2), we observe that

yly+1) N z2(z+1)
2 2
< 16n+13= 8z +3)* +2(2y + 1)* + 2(2z + 1)°.

n=z(dx + 3) +

As E(1,2,2) = {4°(8t + 7) : s,t € N} by Dickson [7, pp.112-113], for each n € N
we can write 16n + 13 = w? + 2u? + 2v? with w,u,v € Z. As 2 { w, we have
2(u? +v?) =13 —w? =13 — 1 = 4 (mod 8), and hence 2 { uv. Thus, u = 2y + 1
and v = 2z + 1 for some y, z € Z. Since
w? =13 - 2(u? +v*) =13 - 2(1 + 1) = 3% (mod 16),

we have w # +1 (mod 8), and hence we can write w or —w as 8z + 3 with x € Z.
Thus, 161 + 13 = (8x + 3)% +2(2y + 1)? + 2(2z + 1)? as desired.

Similarly, (8,2,4,2,4,2) (or z(2z+1)+y(2y+1)+2(4z+1)) is universal, as pointed
out in [22]. Since (8,2,5,3,5,1) ~ (8,2,4,2,4,2) by (15), the tuple (8,2,5,3,5,1)

is also universal.
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(b) To prove the universality of (8,2,3,1,2,0) (or the sum x? +y(4y+1)+2(3z+
1)/2), we note that

z(3z+1
n:x2+y(4y+1)+y

2
< 48n+5 =482 + 3(8y + 1)® + 2(62 + 1)%.

As

E(2,3,48) = | J {8k + 1,8k +7,16k +6, 16k + 10,64k + 24} U{9°(3t +1) : s,t € N}

keN
by Dickson [7, pp. 112-113], for each n € N we can write 48n + 5 = 4822 + 3u? + 2v?
with o, u,v € Z. Clearly, 2 { v and 2v?> = 5 — 3u? = 2 (mod 8), and thus 2 { uv.
As 3u? =5 - 202 =5—2 = 3 (mod 16), we can write u or —u as 8y + 1 with
y € Z. Since ged(v,6) = 1, we can write v or —v as 6z + 1 with z € Z. Hence,
48n + 5 = 4822 4+ 3(8y + 1) + 2(62 + 1)? as desired.
Similarly, by using F(2, 3,48), we can prove the universality of (8,6,3,1,2,0).
(c) By Dickson [7, pp. 112-113], we have
E(2,2,3)={8k+1: ke N}U{9°(9t+6): s,t €N},
E(1,2,16) = | J {8k + 5,8k + 7,16k + 10} U {4°(16t + 14) : s,t € N},
keN

B(1,2,32) = | J{16k + 14,8k + 5,2(8k + 5),4(8k + 5)} U{4°(8t +7) : s,t € N},
keN
E(2,3,12) = {§6k +6: keNPU{9°(8t+1): s,t € N},
E(2,3,8) = | J{8k+ 1,8k + 7,32k + 4} U{9°(9t +6) : s,t € N},
keN
E(2,5,10) = {8k +3: ke N}U | {25°(5t +1),25°(5¢ + 4)},
s,teN
B(3,3,4) = {4k +1: ke NJU{9°(3t+2): st €N},

In view of this, we can easily prove that all the tuples
(8,2,3,1,3,1),(8,6,3,1,3,1),(8,2,4,2,2,0),(8,2,4,2,4,0), (8,6,4,2,4,0),
(8,2,5,1,4,2),(8,6,5,1,4,2),(8,4,6,4,6,2),(8,4,8,2,3,1),(8,4,8,4,6,4),
(8,6,8,4,3,1)

are universal. This concludes the proof. O

Lemma 2.3. (Sun [20, Lemma 3.2]) Let w = 22 + 3y*> = 4 (mod 8) with z,y € Z.
Then, there are odd integers u and v such that w = u? + 3v2.

Lemma 2.4. (F. Ge and Sun [10, Lemma 2.2]) Let w = 22 + 3y? with x,y odd and
31 x. Then, there are integers u and v relatively prime to 6 such that w = u? + 3v2.

Theorem 2.5. All the tuples
(9,1,4,2,3,1), (9,3,9,1,3,1), (9,5,4,2,4,2), (9,5,5,3,5,1),
(9,5,8,4,2,0), (9,5,9,3,3,1), (9,7,4,2,4,2), (9,7,5,3,5,1),
(9,7,8,4,2,0), (9,¢,3,1,3,1) (¢c=1,5,7), (10,6,10,2,6,4)

are universal.
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Proof. In view of (15) and the universality of (8,4, 8,4,6,4) mentioned in Theorem
2.2, we have the universality of (10,6, 10,2,6,4).

To prove the universality of (9,1,3,1,3,1) (or z(3z+1)/24+y(By+1)/2+ 2(92+
1)/2), we note that

_z@Br+1)  y@By+1)  2(92+1)
B 2 + 2 + 2
= 20+ 7=3(6x+1)>+3(6y +1)? + (182 + 1)%.

As E(1,3,3) = {9°(3t+2) : s,t € N} by [7, pp. 112-113], for each n € N we can write
72n+7 = w2+ 3u?+3v? with w, u,v € Z. Asw? # 7 (mod 4), u or v is odd. Without
loss of generality, we assume that v is odd. Since w? + 3u? =7 — 3v%2 = 4 (mod 8),
by Lemma 2.3 we can write w? +3u? as w + 3u? with wy and uy odd integers. Note
that 72n + 7 = wg + 3u + 3v%. As 3{wp, by Lemma 2.4 we can write w3 + 3u3 as
w? + 3u? with wy,u; € Z and ged(wyug,6) = 1. As 24 wyv and 3§ wy, by Lemma
2.4 we can write w? + 3v? as w3 + 3v? with wq,v1 € Z and ged(wavy,6) = 1. Write
uy or —uy as 6x + 1 with x € Z, and write v; or —v; as 6y + 1 with y € Z. Then,
2n 4+ 7 = w3 + 3(6z + 1)%2 +3(6y + 1)%. As w2 =7—-3 -3 =1 (mod 36), we can
write wg or —wg as 18z + 1. Thus, 72n + 1 = 3(6z + 1)? + 3(6y + 1)? + (182 + 1)?
as desired.

By similar arguments, we can show that both (9,5,3,1,3,1) and (9,7,3,1,3,1)
are also universal.

To prove the universality of (9,1,4,2,3,1) (or z(x +1)/2+y(By+1)/2+ 2(92 +
1)/2), we note that

zz+1) yBy+1) 2(92+1)
2 T 2 T
& T2n+ 13 = 9(22 + 1) + 3(6y + 1)? + (182 + 1)2.

As E(1,1,3) = {9°(9t + 6) : s,t € N} by [7, pp.112-113], for each n € N we can
write 72n+13 = u? +v? 4+ 3w? with u,v,w € Z. As 3w? # 13 (mod 4), u or v is odd.
Without loss of generality, we assume that 2 { u. As v?+3w? = 13—u? = 4 (mod 8),
by Lemma 2.3 we may write v? +3w? = v?+3w? with v; and w; odd integers. Thus,
72n + 13 = u? + v} + 3w? and 2 f uvywy. As u? + v} =13 =1 (mod 3), u or vy is
divisible by 3. Without loss of generality, we assume that v = 3(2z+ 1) with z € Z.
Since 2 { v1w; and 3 { vy, by Lemma 2.4 we can write v? + 3w} as v3 + 3w3 with
vg,we € Z and ged(vaws, 6) = 1. We may write wy or —wsy as 6y + 1 with y € Z.
Thus, 72n+13 = 9(22+1)2+3(6y+1)?+v3. Asv3 = 13—9—3 = 1 (mod 36), we may
write vg or —vg as 18241 with 2z € Z. So, 72n+13 = 9(22+1)%+3(6y+1)2+(182+1)?
as desired.

In view of (9), from the universality of (9,1,4,2,3,1), we deduce that the tuple
(9,3,9,1,3,1) is universal. The tuple (9,5,4,2,3,1) is known to be universal (cf.
[23, Theorem 1.2(ii)]), so (9,5,9,3,3,1) is also universal with the aid of (9).

To prove the universality of (9,5,4,2,4,2) (or x(z+1)/24y(y+1)/2+2(92+5)/2),
we note that

rx+1) yly+1) 2(92+5)
T T T
& T2n+43 = 9(22 + 1)> + 92y + 1)? + (182 + 5)%.

As E(1,1,1) = {458t +7) : s,t € N} (cf. [7, pp.112-113], for each n € N we can
write 72n + 43 = u? +v? + w? with u,v,w € Z. As u? +v? +w? = 43 = 3 (mod 8),
we have 2 f uvw. Since u?+v%+w? =1 (mod 3), without loss of generality we may
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assume that both v and v are divisible by 3. Thus, u = 3(2x+ 1) and v = 3(2y +1)
for some z,y € Z. As w? =43 — 9 — 9 = 52 (mod 36), we may write w or —w as
18z +5 with z € Z. So, 72n +43 = 9(22 4+ 1)? + 9(2y + 1)® + (182 + 5)? as desired.
Similarly, we can prove that (9,7,4,2,4,2) is universal.
For ¢ = 5,7, we have

(9,¢,5,3,5,1) ~ (9,¢,4,2,4,2) ~ (9,¢,8,4,2,0)
by (15) and (8). Since (9,5,4,2,4,2) and (9,7,4,2,4,2) are universal, the tuples
(9,5,5,3,5,1), (9,5,8,4,2,0), (9,7,5,3,5,1), (9,7,8,4,2,0)

are also universal.
In view of the above, we have completed the proof of Theorem 2.5. O
The following known lemma can be found in [20, Lemma 2.1].

Lemma 2.6. Let w = 2%2+my? be a positive integer withm € {2,5,8} and z,y € Z.
Then, we can write w in the form u? + mv? with u,v € Z such that v or v is not
divisible by 3.

The following lemma follows from [21, Lemma 2.2(i)] (or the comments around

[20, (1.4))).
Lemma 2.7. If x,y,2 € Z are not all divisible by 3, then 9(x? + y? + 22) =

u? + 0% + w? for some u,v,w € Z not all divisible by 3.
Theorem 2.8. All the tuples
(127 4’ 3’ ]‘) 27 0)7 (12’ 4’ 6) 47 67 2)’ (12’ 8) 37 17 3’ 1)7
(12,6,8,2,3,1), (12,6,8,6,3,1), (12,8,3,1,2,0), (12,8,5,3,5,1),
(12,8,4,2,4,2), (12,8,8,4,2,0), (12,8,8,4,3,1), (12,8,12,4,2,0)
are universal.
Proof. To prove the universality of (12,4,3,1,2,0) (or 2% +2y(3y+1)+2(32+1)/2),
we observe that
z2(3z 4+ 1)
2
<= 24n + 5 = 242 + 4(6y + 1)® + (62 + 1)°.
By Dickson [7, pp. 112-113],

n=a2%4+2yBy+1) +

E(1,4,24) = | J{4k + 2,4k + 3} U{9°(9t + 3) : s,t € N}.
keN

Thus, for each n € N we can write 24n + 5 = 2422 + 4u? + v? with z,u,v € Z.
Clearly, 2 1 v. As 4u? = 5 — v? = 4 (mod 8), u is also odd. Since u? + v? =
4u? +v? =5 = 2 (mod 3), we have 3 { uv. As uv is relatively prime to 6, we can
write u or —u as 6y + 1, and write v or —v as 6z + 1, where y and z are integers.
Now, n = 2422 + 4(6y + 1)? + (62 + 1)? as desired.

To prove the universality of (12,6,8,2,3,1) (or 3z(z+1)/2+y(3y+1)/2+2(4z+
1)), we note that

z(x+1) n y(3y+1)
2 2
<= 48n + 23 = 18(2x + 1)* + 2(6y + 1)* + 3(8z + 1)*.

n=3 +z(4z+1)




UNIVERSAL SUMS VIA PRODUCTS OF RAMANUJAN’S THETA FUNCTIONS 7

By Dickson [7, pp. 112-113],

E(2,3,18) = | J{3k + 1,8k + 1} U{9°(9t +3) : s,t € N}.
kEN
Thus, for each n € N, we can write 48n + 23 = 18u? + 2v? + 3w? with u,v,w € Z.
Clearly, 2 w. Since 2(u? + v?) = 23 — 3w? =4 (mod 8), we have 2 { uv. Note also
that 31 v. So, we may write u = 2z + 1 with € Z, and v or —v as 6y + 1 with
Yy €7Z. As 3w? =23 —2u? — 202 =23 —2—2 =3 (mod 16), we may write w or —w
as 82 + 1 with 2z € Z. Thus, 48n + 23 = 18(2x + 1) + 2(6y + 1)? + 3(8z + 1)? as
desired. Similarly, (12,6,8,6,3,1) is universal.
By similar arguments, we can prove that (12,8,3,1,2,0) is universal by using

E(1,16,24) = | J{4k + 2,4k + 3,8k + 5,64k + 8} U {9°(9t + 3) : s, € N}
keN
(cf. [7, pp.112-113]). We can also prove that (12,8,8,4,3,1) is universal by using
E(1,6,16) = | J {8k +3,8k + 5,16k + 2, 16k + 14,64k + 8} U{9°(9¢ +3) : 5,1 € N}
keN
(cf. [7, pp. 112-113]), and that the three tuples

(12,8,5,3,5,1), (12,8,4,2,4,2) and (12,8,8,4,2,0)
(which are equivalent in view of (8) and (15)) are universal by using
E(3,8,12) = | J{4k + 1,4k + 2} U{9°(3t + 1) : s,t € Z}
keN
(cf. [7, pp.112-113]). Also, we can prove that (12,8,12,4,2,0) is universal by using
BE(1,4,6) = {16k +2: ke NyU{9°(9t+3): s,t € N}
(cf. [7, pp. 112-113]).

To prove the universality of (12,4, 6,4,6,2) (or 22(3x+1)+y(3y+1)+2(32+2)),
we note that

n=2zxBzx+1)+yBy+1)+2(32+2)
<= 12n+7=2(6x + 1)? + (6y + 1)> + 4(3z + 1)°.

As E(1,2,4) = {4°(16t + 14) : s,t € N} (cf. [7, pp.112-113]), for each n € N we
can write 12n+7 as u? + 2v% +4w? = u? +2(v? + 2w?) with u, v, w € Z. By Lemma
2.6, without loss of generality, we may assume that w or v is not divisible by 3, and
also v or w is not divisible by 3. If 3 | v, then 3 t uw, and also

2=v*+w?=v?+4w? =7=1 (mod 3).

Therefore, we must have 3t v. As u? +w? = u? + 4w? =7 — 2v? = 2 (mod 3), and
we also have 31 uw. As u is relatively prime to 6, we may write u or —u as 6y + 1
with y € Z. Note that 20?2 = 7 — u? = 2 (mod 4). So, we may write v or —v as
6z + 1 with z € Z. Clearly, we may write w or —w as 3z + 1 with z € Z. Therefore,
12n 47 =2(6z +1)% + (6y + 1)? + 4(32z + 1)? as desired.

To prove the universality of (12,8,3,1,3,1) (or 2¢(3z+2)+y(3y+1)/2+ 2(32+
1)/2), we note that

y(By+1) n z(3z+1)
2 2
<= 24n + 18 = 16(3x + 1)* + (6y + 1)* + (62 + 1)

n=2x(3x+2)+
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As E(1,1,1) = {458+ 7) : s,t € N} (cf. [7, pp.112-113]), for each n € N
we can write 24n + 18 as a sum of three squares. In view of Lemma 2.7, we
may write 24n + 18 = u? + v? + w? with u,v,w € Z not all divisible by 3. As

u? +v? +w? = 0 (mod 3), we must have 3 { uvw. Without loss of generality, we
may assume that w is even. As u?+v? = 18 = 2 (mod 4), we have 2 { uv. Note that
w? =18 —u? —v? =0 (mod 8) and hence w = 0 (mod 4). We may write w or —w

as 4(3z+1) with « € Z. Also, we may write u or —u as 6y + 1 with y € Z, and write
vor —v as 6z + 1 with 2 € Z. Thus, 24n + 18 = 16(3z +1)® + (6y + 1)* + (62 + 1)?
as desired. This ends the proof. O

Theorem 2.9. All the tuples
(16,8,6,4,4,0), (16,8,6,4,4,2), (18,6,6,4,6,2),
(20,10,5,1,4,2), (20,10,5,3,4,2), (24,12,6,2,2,0)
are universal.

Proof. In view of (8), we have (16,8,6,4,4,0) ~ (8,4,8,4,6,4). As (8,4,8,4,6,4)
is universal by Theorem 2.2, the tuple (16,8, 6,4, 4,0) is also universal.

To prove the universality of (16, 8,6,4,4,2) (or z(x+1)/2+2y(y+1)+2(32+2)),
we note that

1
n:%+2y(y+l)+z(32+2)

= 24n +23 = 3(2x + 1)? + 12(2y + 1)* +8(3z + 1)*.

As
E(3,8,12) = U {4k + 1,4k + 2} U {953t + 1) : s,t € N}
keN

by [7, pp. 112-113], for each n € N we can write 24n + 23 as 3u? + 12v% + 8w? with
u,v,w € Z. Clearly u is odd. As 12v? = 23 — 3u? = 20 # 0 (mod 8), v is odd. So,
u=2x+1and v = 2y+1 for some z,y € Z. Since 8w? = 23 (mod 3), we can write w
or —w as 3z+1 with z € Z. Therefore, 24n+23 = 3(22+1)%>+12(2y+1)?+8(32+1)2
as desired.

By (9), we have (18,6,6,4,6,2) ~ (8,4,6,4,6,2). Since (8,4, 6,4, 6,2) is universal
by Theorem 2.2, the tuple (18,6,6,4,6,2) is also universal.

To prove the universality of (20,10,5,1,4,2) (or the sum z(z + 1)/2 + 5y(y +
1)/2 4 2(5z+ 1)/2), we note that

1
po et oyly+1) 2B+ 1)
2 2 2
<= 40n + 31 =5(22 + 1) +25(2y + 1) + (102 + 1)°.

By Dickson [7, pp. 112-113],

E(1,5,25) = | J {5k + 2,5k + 3,25k + 10,25k + 15} U {4*(8¢ + 3) : s,t € N}.
keN

Thus, for any n € N we can write 40n + 31 as w? + 5u? + 25v? with w,u,v € Z. If
w is even, then

u? +v? = 5u? + 250% = 31 — w? = 3 (mod 4)

which is impossible. Note also that w? = 31 = 1 (mod 5) and hence w = +1 (mod 5).
Thus, w or —w can be written as 10z + 1 with z € Z. As v? + 02 =31 —w? =
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2 (mod 4), we have 2 { uv. Thus, u = 22+ 1 and v = 2y + 1 for some z,y € Z.
Therefore,

40n + 31 = w? + 5u® + 2502 = 5(22 + 1)? + 25(2y + 1)? + (102 + 1)?

as desired.

Similarly, we can prove that the tuple (20, 10,5, 3,4, 2) is universal.

In view of (11), we have (24,12,6,2,2,0) ~ (12,8,12,4,2,0). As (12,8,12,4,2,0)
is universal by Theorem 2.8, the tuple (24,12,6,2,2,0) is also universal.

In view of the above, we have completed the proof of Theorem 2.9. O

3. An approach via Ramanujan’s theta functions. Now we turn to a new
approach to universal sums via Ramanujan’s theta functions.

Proof of Theorem 1.1. Let |q| < 1. For a,b € Z with a + b > 0, clearly |¢%¢®| < 1
and

f(qa,qb) _ Z qax(w+1)/2+ba:(m—1)/2 _ Z qw((a+b)m+a—b)/2.
For any n € N, let R(n) denote the number of triples (z,y, z) € Z? satisfying the
equation
(i +j)e+i—j)  yl(s+ty+s—t) z2((utv)z+u—v)
2 M 2 M 2 -

and let R,(n) (with 1 < r < k) denote the number of ways to write n as

z((a1r + a2r)x + a1r —azr)  Y((bir + b2r)y + bir — b2r)  2z((c1r + c2r)z + c1r — C2r)
2 + 2 + 2

with (z,y,2) € Z3.

For any fixed n € N and r € {1,...,k}, by comparing coefficients of ¢*"*"~1 on
both sides of (7), we obtain
R(kn+r—1) = m,R,(n). (17)
Thus, for any ng € N, we have
R.(n)>0forallr=1,...,k and n =ng,no + 1,. .. as)

<= R(n) > 0 for every integer n > kny.

When ng = 0, this yields part (i) of Theorem 1.1. As (18) holds for any ng € N, we
also have part (ii) of Theorem 1.1. This concludes the proof. O

Remark 3.1. In view of (17), |{n € N : R(n) = 0}| = 1, if and only if for
certain 1 < rg < k we have [{n € N: R, (n) =0} =1 and R.(n) > 0 for all
re{l,...,k}\{ro} and n € N.

In 2023, Ju [13] classified all almost universal sums of triangular numbers with one
exception. Furthermore, he provided an effective criterion for almost universality
with one exception of an arbitrary sum of triangular numbers, which might be
considered as a natural generalization of the 15-theorem of Conway, Miller, and
Schneeberger (cf. [6]).
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4. Proof of Theorem 1.2. To apply Theorem 1.1, we need to make certain prepa-
rations.

Let a and b be complex numbers with |ab| < 1. The Ramanujan theta function
f(a,b) satisfies the following basic properties [1]:

fla,b) = f(b,a) (19)
and
f(1,a) = 2f(a,a®). (20)
The functions ¢(q) given by (5), ¥(q) given by (6),
X(q) = flg,¢*) = > ¢"®=H/2 (21)
and |
Y(q) := f(a,q Z g" 32 (22)

are related to the squares, the triangular numbers, the generalized pentagonal num-
bers, and the generalized octagonal numbers, respectively. In general, the theta
function f(g,q™3) with m > 3 is related to the generalized m-gonal numbers
pm(z) (2 € Z).

Let |ab|] < 1. The following general formula is due to Ramanujan (cf. [1, Entry
31]:

Ul,‘/i ZUf< n-‘rT n 7‘)’ (23)

Uy = a*BHD/2pk6=1/2 anq Y, = gbk=1/2pk(k+1)/2

where

This result implies the following lemma.

Lemma 4.1. For |q| < 1, we have

p(a) = ¢ (¢*) +2q9 (¢°) , (24)
W(q) = f(a%a") +af (¢, ¢"), (25)
Y(g) = X (¢®) +q¥ (¢), (26)
X(q) = f(¢"%,4d") +af (¢°, ") +*f (¢, ¢*) . (27)
Let |q| < 1. In [2, (50)], setting k = 3, [ = 2, and &1 = €3 = 1, we obtain
2

X(9)X(¢%) = ¢(¢") X (¢*) + aX (¢*)Y (¢°) + 2¢*¢ ()Y (¢°). (28)
In [2, (15)], setting k =3,1=2,g=5,h=1,u=2,v=1,and g1 = &2 = 1, we
obtain
X ()Y (q) = X(¢*)X(¢°) +2q0(¢°) X (¢°) + 2¢°¢(¢"*) X (¢*). (29)
Lemma 4.1 and the identities (28) and (29) will be used later.
Proof of Theorem 1.2. Let |q| < 1. Multiplying both sides of the identity (25) by
f(@® a*) fa*,¢%), we get

1@ aV (@t ) @ a) = F@'°, ) f(a® a") fla*, a*) + af (@, a*) F(@® a*) fa", q2)(- |
30
Thus, (7) holds with
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a1 =95, a1 =3, b11 =3, ba1 =2, c11 =2, co1 =1,
a2 =17, aga =1, bja =3, bas =2, c19 =2, cog = 1.
Since the tuple
(it+j,i—j,s+t,s—t,ut+v,u—v)=(10,2,6,2,4,2)
(or the sum z(2x + 1) + y(3y + 1) + 2(5z + 1)) is universal as was conjectured by
Sun [22] and confirmed by Ju and Oh [14], by applying Theorem 1.1(i), we get that
the tuples
(@11 + a1, a11 — a1, b11 + ba1, bi1 — ba1, c11 + co1, c11 — c21) = (8,2,5,1,3,1),
and
(a12 + agz, a1z — aza, bia + baz, bia — baa, c12 + ca2, c12 — c22) = (8,6,5, 1,3, 1),

are universal.
Using (25), we find that

W)@ F(@? q®) = £ (% d") 0 (& ) + af (% d") v(d) F(dP, ¢),
which can be written in the form

F(&® ) (@) (0 = f(d" %) £ ) f(d° d%) 31)

+qf (@) £, ) (% @)

Thus, (7) holds with
i=8, j=2 s=6t=2 u=3 v=1, k=2,

a11 =09, ag1 =3, by =4, boy =1, c11 =3, ca1 = 1.

Sun [20] determined the universality of the tuple (i+7j,i—j, s+t,s—t, u+v,u—v) =
(10,6,8,4,4,2) (or the sum p3+2p3+2p7). Thus, using the first term of the identity
(31) with the help of Theorem 1.1(i), we see that the tuple

(@11 + a21, @11 — @21, bi1 + ba1,bi1 — ba1, c11 + ca1, 11 —c21) = (8,2,5,3,4,2)

is universal.
From (25), we obtain

D)X (¢%) F(°¢°) = X (&) [ (a°a") [ (a°,0°) +aX (¢°) f (¢*.q") f (q67q(8) :
32
Ju and Oh [14] proved that the sum z(2x + 1) +y(3y + 1) + 2(7z + 1) (or the tuple
(14,2,6,2,4,2)) is universal as conjectured by Sun [22]. Thus, the identity (32)
with the help of Theorem 1.1(i) yields the universality of the tuples (8,2,7,1,3,1)
and (8,6,7,1,3,1).
By (25), we have

V(@)X (@)X (") = X (@)X (g")f (¢° ¢"°) + aX (@)X (¢")f (. ¢").  (33)

Sun [19] proved that the tuple (8,4,4,2,4,0) is universal. As (8,4,4,2,4,0) ~
(12,4,6,2,4,2) by (12), the tuple (12,4, 6,2,4,2) is universal. Combining this with
the first term of (33) and Theorem 1.1(i), we obtain the universality of the tuple
(8,2,6,2,3,1).

Using (25), we find that

Vv ()Y (%) =v ()Y (&%) f (% d"°) +av () Y () £ (.q") . (34)
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As conjectured by Sun [20, Conjecture 1.13] and confirmed by Ju, Oh, and Seo [15],
the tuple (12,8,8,4,4,2) is universal. Combining this with the identity (34) and
Theorem 1.1(i), we get the universality of the tuples (8,2,6,4,4,2) and (8,6, 6,4,4,2).

In view of (25),
V(@)X (¢) Y (¢®) = X (¢") Y (%) £ (¢° ") +aX (¢") Y (¢°) f (¢*,¢™) - (35)
It is known (cf. [23]) that the tuple (24,12, 6,2,4,2) is universal. By (11),
(24,12,6,2,4,2) ~ (12,8,12,4,4,2).

Thus, the tuple (12,8,12,4,4,2) is also universal. Combining this with (35) and
Theorem 1.1(i), we obtain the universality of (8,2,6,4,6,2) and (8,6,6,4,6,2).
Using (24), we find that

¢(@) ¢ (@®) X (") = ¢ (a") ¢ (¢°) X (¢") + 249 (¢°) ¥ (¢°) X (¢*)

F 2t (0) 6 (0 X (69 + 0% (@) 6 (@) X (¢8).

Thus, (7) holds with

i=8 =4, s=2 t=2 u=1,v=1, k=4,
a12 =06, ag2 =2, big =2, byo =2, c12 =2, caa =1,

a14 =12, ags =4, b1y =6, boy =2, c1a =2, cog = 1.

By Sun [23, Theorem 1.2(i)], the tuple (12,4,4,0,2,0) is universal. Thus, by apply-
ing Theorem 1.1(i) on the identity (36), we see that the second term and the fourth
term yield the universality of the tuples (8,4,4,0,3,1) and (16,8,8,4,3,1).

From (26), we have

e () () Y()=¢ () v () X (¢®) +ae (@) ¥ ()Y (¢*). (37

Since the tuples (12,4,4,2,2,0) and (12,8,4,2,2,0) are universal (cf. [23]), by
applying Theorem 1.1(i) to the identity (37), we obtain the universality of the tuple
(8,4,6,4,4,0).

From (27), we obtain

o () v () X(a) = o () ¥ (*) f (a"%.¢"°) +ae () ¥ (&) f (¢, ")
+ 0 () (¢*) f (¢® ). (38)

Thus, (7) holds with

1=9,7=3,s=3,t=3, u=2,v=1, k=3,

a2 =17, aza =2, bia =3, boo =1, ci2=1, co2 = 1.

As the sum 322 4+ y(3y + 1) + 2(32 + 2) (or the tuple (6,4,6,2,6,0)) is universal by
Sun [22], with the aid of (11) the tuple (12,6,6,0, 3, 1) is also universal. Thus, using
the second term of (38) with the help of Theorem 1.1(i), we get the universality of
the tuple (9,5,4,2,2,0).

In a similar way, using (27) and Theorem 1.1(i), we determine the universality
of the tuples listed in the last column of the following table:
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The product The tuple used | found in | term/s used | universal tuple/s

(9,1,5,1,3,1)

X)X (¢®) f(¢°¢%) | (15,3,9,3,3,1) [23] all terms (9,5,5,1,3,1)
(9,7,5,1,3,1)

(9,1,5,3,3,1)

X)X (%) f (¢*%,¢%) | (15,9,9,3,3,1) [23] all terms (9,5,5,3,3,1)
(9,7,5,3,3,1)

X ()X (¢*) X (¢°) (18,6,9,3,3,1) [12] second term | (9,5,6,2,3,1)
¥ (¢°) X(9)X (¢°) (24,12,9,3,3,1) [23] second term | (9,5,8,4,3,1)
XX (A Y (&) (18,12,9,3,3,1) 23 third term | (9,7,6,4,3,1)
U (®) ¥ (%) X(g) [(24,12,12,6,3,1) 23 third term (9,7,8,4,4,2)
(9,1,3,1,2,0)

¢ (¢®) X(9)X (¢%) (9,3,6,0,3,1) [23] all terms (9,5,3,1,2,0)
(9,7,3,1,2,0)

(12,6,9,1,3,1)

¥ (¢°) X(9)X (¢*) (36,18,9,3,3,1) [15] all terms (12,6,9,5,3,1)
(12,6,9,7,3,1)

The universality of (36,18,9,3,3,1) in the above table follows from the univer-
sality of the tuple (36,18,4,2,3,1) (or the sum ps + 9ps + p5) (which was con-
jectured by [20, Conjecture 1.13] and confirmed by Ju, Oh, and Seo [15]), since
(36,18,4,2,3,1) ~ (36,18,9,3,3,1) by (9).

Using (28), we have

0(*) X ()X (¢°) = ¢(¢*) ()X (¢*) + q(¢*) X (¢*)Y (¢*) + 267 e(¢*)¥(¢°) Y (¢?).
(39)
Sun [23, Section 3] showed the universality of the tuple (6,2,6,0,3,1) over Z. Com-
bining this with the third term of (39) and Theorem 1.1(i), we get the universality
of the tuple (12,6,6,4,2,0).
Again, using (28), we find that

W(@*) X (9)X(4°) = o(a”)0(a*) X (6*) + qv(6*) X ()Y (¢°) + 2¢°¢(¢*) ¥ (¢°)Y (¢%).
(40)
By [11], 2% + p3(y) + 3p3(2) is universal. So, the tuple (12,6,6,2,3,1) is universal
over Z with the aid of (12). Combining this with the third term of the identity (40)
and Theorem 1.1(i), we obtain the universality of the tuple (12,6, 6,4,4, 2).
From (28), we obtain

P(@®)X ()X (¢%) = o(d”)P(®) X (¢%) + av(¢®) X ()Y (¢%) + 2¢°¢(¢®)(¢*)Y (¢°).
(41)
As 22 + p3(y) + 6p3(2) is universal by [11], the tuple (24,12,6,2,3,1) is universal in
view of (12). This, together with the third term of the identity (41) and Theorem
1.1(i), yields the universality of the tuple (12,6,8,4,6,4).
Using (26), we find that
U (6*) X (¢°) Y(a) = (¢*) X (¢*) X (&) +av (¢*) X () Y () - (42)
By [20, Theorem 1.11], the tuple (12,6,8,4,3,1) is universal over Z. In view of
(11), this is equivalent to the universality of (8,4,6,4,6,2). Combining this with
the second term of (42) and Theorem 1.1(i), we see that the tuple (12,8,4,2,3,1)

is universal.
From (26), we obtain

X(@)Y(@Y () =X (¢") X ()Y () +aX (¢) Y (¢*) Y (¢").  (43)
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Since (24,12,6,4,6,2) is universal by Sun [22], with the aid of (11) we see that
the tuple (12,8,12,4,6,4) is also universal. Combining this with the second term
of the identity (43) and Theorem 1.1(i), we obtain the universality of the tuple
(12,8,6,4,6,2). Hence, (16,8,8,4,6,4) is also universal in light of (13).

In view of (26), we have

X(@*) X (@)Y () =X () X (¢°) X (") +aX () X (°) Y (¢") . (44)
Since the tuple (18,6, 6, 4, 6, 2) is universal by Theorem 2.9, applying Theorem 1.1(i)

to the second term of (44), we get the universality of the tuple (12,8,9,3,3,1).
To determine the universality of the tuple (12,8,12,6,3,1), using (26) we have

V(d®) X ()Y (q) = ¥(¢°) X (¢*) X (¢°) + qv(¢°) X (¢*)Y (¢*). (45)

Sun [22] proved that the sum z(3x+1) +y(3y+2) +2(32+3) (or (24,12,6,4,6,2)) is
universal. Thus, in light of the second term of (45) and Theorem 1.1(i), we obtain
the universality of (12,8,12,6,3,1).

Using (24), we have

e(@)¥ (q*) X () = ¢ (¢*) ¥ (¢*) X (¢*) +2q¢ (¢*) ¥ (¢®) X (¢%) . (46)

By the paragraph containing (36), the tuples (8,4,4,0,3,1) and (16,8,8,4,3,1) are
both universal. Thus, applying Theorem 1.1(i) to the identity (46), we get the
universality of the tuple (16,8, 6,2,2,0).

In view of the above, we have completed the proof of Theorem 1.2. O

The tuples (20,10,5,1,3,1) and (20,10,5,3,3,1) were proved to be universal in
[24, Theorem 1.1(iv)] via the theory of ternary quadratic forms. Now, we give a new
proof by using our approach via theta functions. Let |¢| < 1. Using [4, Corollary
2.11] with a = ¢, b = ¢*, ¢ = ¢?, and d = ¢*, we obtain

Ha, a6 =", ¢"°) + af(d"°, ") f(6*°, ) + 2 (d*, )
+2¢°0(¢*°) £ (¢, ") + 24" (¢*) f (¢, ¢°),
and hence
X (@) f(a. )@, d*) = X(@) (@0, ¢"°) + aX (@®) f(d"°, a") f(¢*°, ¢°)
+ X () (0, ) + 2% (") X (¢*) f(¢"°.¢"°)  (47)
+2¢" X (") (@) f(¢*,¢°),

Wu and Sun [25] showed that the tuple (15,5,4,2,4,2) is universal. Thus, the
tuple (15,5,5,3,5,1) is also universal with the aid of (15). Therefore, in light of
the last two terms of the identity (47) and Theorem 1.1(i), we see that the tuples
(20,10,5,1,3,1) and (20, 10,5,3,3,1) are universal.

5. Proof of Theorem 1.3. (i) Kane and Sun [16] showed that the sum

1 1
224 y(y2+ ) +9Z(22+ )
is almost universal. Note that
+1 +1 3z+1
2+ y(y2 ) +9z(z2 ) 0n(2r 1)+ y@y+1) + 282D > )

by (12) and (2). So, the tuple (36,18,6,2,3,1) is almost universal.
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Let |g| < 1. Multiplying both sides of (28) by ¥(¢?) = f(¢°,¢*"), we find that
F@® @) (a4 f(@*q")
= f(@*, ) (", a*) (@ d°) +af (@, a°T) F(a®, a°) F(a®. ™) (48)
+26°f(4°,a°")* (4%, ™).
As the tuple (36,18,6,2,3,1) is almost universal, applying Theorem 1.1(ii) to the
identity (48) and recalling (2), we find that the sums
(y+1) N 2(3z+1) z(x+1)  yBy+1)

2
5 5 and 3 5 + 5 + 2(32 4+ 2),

are almost universal in view of the first and second terms of the right-hand side of
(48).
(ii) Kane and Sun [16] showed that the sums

Az+1)

342 + 34

z2(z+1)

and z? + 6y* + 5

22 +6y(y+1) +

are almost universal. By (12) and (2),

z2(z+1)

3z+1
I2+6y(y+1)+T~12x(2x+1)+y(3y+1)+u

2
and ) 5 )
x2+6y2+@ ~6x2+y(3y+1)+¥.
So, the tuples (24,12,6,2,3,1) and (12,0,6,2,3,1) are almost universal.
Let |q| < 1. Multiplying both sides of (28) by v¥(¢'?) = f(¢'2, ¢*¢), we obtain
the identity

F@?.a°°) f(a,6*) f(a* q")
= f(@*,a")f(¢%,a*) f(a®.d°) + af(a".¢*) f(a®,a°) f(¢*, a) (49)
+2¢°f(¢°,¢*) F(a*%,4*) f(¢%4"°).
As the tuple (24,12,6,2,3,1) is almost universal, applying Theorem 1.1(ii) to the
identity (49) and recalling (2), we see that the sums
z(3z 4+ 1) y(3y +1)
2 2
are almost universal in light of the first and second terms of the right-hand side of
(49). Similarly, as the tuple (12,0, 6,2,3,1) is almost universal, applying Theorem
1.1(ii) to the identity (28) multiplied by ¢(¢%) = f(q%, ¢%), we deduce that the sums
1 1
23241 4 g2, YYD

A 2
5 + 5 +2(32+2)

327 4+ 2y(y + 1) + and 2z(x+1)+ +2(32+2)

222 + 3y +

are both almost universal.
(iii) Kane and Sun [16] proved that the sums

+1 +1
3x(z+1)+yly+1)+ 7'2(22 ) and 6z +y(y+1)+ 7z(z2 )
are almost universal. By (13) and (2), we have
+1 3y +1
3x(x+1)+y(y+l)+% ~6x(2x+1)+%+z(3z+2)
and . _—
6x2+y(y+1)+7z(z+ )~6x2+7y( v+t )+z(3z+2).

2 2
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Thus, the tuples (24,12,6,4,3,1) and (12,0,6,4,3,1) are almost umversal
Let |g| < 1. Multiplying both sides of (29) by %(¢°%) = f(¢% ¢*®), we get the
identity

f(d®a®) fla. ) f (g, 4°)
= f(d® a"*) f(@®.®) F(@®. ") + 20 (d°, d"®) F(d°, ) F(d®. ¢"2) (50)
+2¢°F(¢°,¢"®) F(a"®, ") F(¢*, &°).

As the tuple (24,12,6,4,3,1) is universal, applying Theorem 1.1(ii) to the identity
(50) and recalling (2), we find that the sums
z2(3z+1) z(3z+1)

2 2
are almost universal in view of the first and third terms of the right-hand side of
(50). Similarly, as the tuple (12,0, 6,4,3,1) is almost universal, applying Theorem
1.1(ii) to the identity (29) multiplied by ¢(¢°) = f(¢% ¢°) we deduce that the sums

z(x+1)+yBy+1)+ and z(z+1)+3y(y+1)+

z(3z+1 z(3z+1
222 +y(3y +1) + % and 22?2 +3y(y + 1) + %
are both almost universal.
In view of the above, we have completed the proof of Theorem 1.3. O
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