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UNDECIDABILITY ON DIOPHANTINE EQUATIONS
OVER Z[i| WITH 20 UNKNOWNS

YURI MATIYASEVICH AND ZHI-WEI SUN

ABSTRACT. It is known that Hilbert’s Tenth Problem over the
Gaussian ring Z[i] = {a + bi : a,b € Z} is undecidable. In this
paper we obtain the following further result: There is no algo-
rithm to decide whether an arbitrarily given polynomial equation

P(z1,...,290) = 0 (with integer coefficients and 20 unknowns) is
solvable over Z[i]. This improves the previous record involving 52
unknowns.

1. INTRODUCTION

Hilbert’s Tenth Problem (HTP in short) over a ring R asks for an
algorithm to test whether an arbitrary polynomial Diophantine equa-
tion

P(ZL‘l,...,.fEn) =0
with coefficients in R has solutions over R. This was posed in 1900
by D. Hilbert when R is the ring Z of integers. In 1961, M. Davis,
H. Putnam and J. Robinson [3] proved that the solvability of ex-
ponential Diophantine equations over N is undecidable. The origi-
nal HTP over Z was finally solved by Y. Matiyasevich [7] negatively
in 1970, see also the book [8]. In this direction, the second author
[14] proved further that there is no algorithm to decide for any given
P(xy,...,211) € Z[x1, ..., x11] whether the equation P(z1,...,211) =0
has integer solutions, which is usually called the 11 unknowns theorem.

Let K be any number field (which is a finite extension of the field Q
of rational numbers), and let O be the ring of algebraic integers in K.
What about HTP over Og? If Z is Diophantine over Ok, i.e., there is a
polynomial P(zg,x,...,x,) over Ok such that a € Ok lies in Z if and
only if P(a,z1,...,x,) = 0 for some z1,...,x, € Ok, then HTP over
Ok is undecidable via Matiyasevich’s theorem. J. Denef [4, 5] proved
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that if K is an imaginary quadratic field or a totally real field then
Z is Diophantine over O and hence HTP over O is unsolvable (see
also [12, pp. 98-100]). Recently, P. Koymans and C. Pagano [6], as well
as L. Alpoge, M. Bhargava, W. Ho and A. Shnidman [1] successfully
proved that Ok is always Diophantine over Z and hence HTP over O
is unsolvable.

In view of the second author’s 11 unknowns theorem for the ring Z
of integers, it is natural to ask for similar undecidable results involving
few unknowns over the ring O of algebraic integers in any number
field K. To achieve this goal is a hard task which needs long-term
study.

Surely, K = Q(i) = {r +si: r,s € Q} is the most famous number
field different from @, and its ring Ok is the Gaussian ring Z[i] =
{a+bi: a,b € Z}. The authors [10] proved that there is no algorithm
to decide whether for any P(x1,...,252) € Z[z1, ..., x5] the equation
P(zy,...,x5) = 0 is solvable over Z[i]. In this paper we make further
progress by establishing the following result.

Theorem 1.1. There is no algorithm to decide for any P(z, ..., z90) €

2|z, . .., ze0| whether the diophantine equation
P(Zl,...7220> =0
with 20 unknowns has solutions with zy, . ..,z € Z[i].

The following auxiliary theorem plays an important role in our proof
of Theorem 1.1.

Theorem 1.2. Let d be a squarefree positive integer. Let K be the
imaginary quadratic field Q(v/—d), and let O be the ring of algebraic
integers in K. Let xy,...,x, € Ok and sety = 2]} _,(3x,+1). Then
we have

"
Y+ E —ZE@ = T1,...,%, € L.
Yy
k=1

We are going to prove Theorem 1.2 and Theorem 1.1 in Sections
2 and 3, respectively. Although we have Theorem 1.2 for a general
imaginary quadratic field, our proof of Theorem 1.1 depends heavily
on a particular result for Z[i] (cf. Lemma 3.3 in Section 3) established
in [10] via using some special properties of Z[i]. To obtain undecidable
results similar to Theorem 1.1 for all other quadratic fields is our goal
in the future, which needs further studies and many technical things.

In 1934 T. Skolem [13] used a simple trick to reduce any polynomial
diophantine equation over Z to one with degree 4. The basic idea is
to introduce more unknowns to lower the degree of the equation. For
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example, y = 2° for some x € Z if and only if there are u,v,w,z € Z
satisfying the fourth equation

(y —uz)*+ (u —vz)* + (v — wz)* + (w — 2°)* = 0.

By the same trick and Lemma 3.2, we can reduce any polynomial dio-
phantine equation over Z[i] to one with degree 4. Thus the solvability
of a general polynomial equation of degree four over Z[i] is undecidable.

In 1972 C. L. Siegel [11] proved that the solvability of a general
quadratic equation (with integer coefficients) over Z is decidable! Now
it is natural to ask the following question which might have a negative
answer.

Question 1.1. Whether the solvability of a general quadratic equation
over Zli] is decidable?

2. PROOF OF THEOREM 1.2

Let d be a squarefree positive integer, and set K = Q(v/—d). For
a € K, we write a = r(a) + s(a)v—d with r(a), s(a) € Q, and the

norm of « is given by N(a) = r(a)? + ds(a)?. It is well known that

N(aB) = N(a)N(p) for all o, 8 € K. Note that
|s(a)| < Nie) for any a € K.

Vd

It is well known that
{a+bV/—d: a,beZ} if d £ —1 (mod 4),
Ok =9 [atby/=d -
= : a,bcZand2|a—0b} ifd=—1(mod4).

For x € Ok, we clearly have N(z) € N = {0,1,2,...}, and N(z) =0
if and only if z = 0.

Lemma 2.1. For any x € Ok we have N(3z + 1) > N(x).
Proof. Write x = (a+bv/—d)/2 with a,b € Z and @ = b (mod 2). Then
3a+2+ Sb\/—_d) _ (3a+2)*+d(9?) . (Ba+ 2)? + db*
2 4 g 4 '
So it suffices to prove the inequality (3a + 2)? > a®. Note that
(Ba+2)?—a*=4(a+1)(2a+1) =0
since a ¢ (—1/2,—1). This ends our proof. O

N(3z+1) = N <

Lemma 2.2. Let 1,...,x, € O and y = 2z [[,_,(3zx + 1) with
z9 € O \ {0}. Let z € O with z+ Y ;_, x/y* € Q. Then z € Z.
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Proof. Let Z = > ,_,xi/y". As z+ Z € Q, we have s(z) = —s(Z).
Note that N(xg) € Z* = {1,2,3,...}. For each k = 1,...,n, clearly
N(Bzp+1) € ZT and

1< N3z, + 1) < N(zo) ﬁN(?)xj +1)=N (g) = M,

=1
hence N(z;) < N(y)/4 by Lemma 2.1. Observe that

%&)ki N(ze/y") 1 < [N(aw)

n

s()] = 1s(2)] <

k k
k=1 Yy k=1 d d k=1 N(y)
(2.1)
and thus
Vi - 1 "1 =1
ds(z)] <Y ———5 <) <Y =1 (2.2)

=1 2/ N(y) o1 2 2

Note that z € Ok and 2s(z) € Z. We want to show z € Z = QN Ok
(i.e., s(z) =0). If d > 5, then by (2.2) we have

2[s(2)| < Vd|s(z)| < 1
and hence s(z) = 0. For d € {1,2}, by (2.2) we have
[5(=) < Vd|s(2)] <1

and hence s(z) = 0 since s(z) € Z.

Now we handle the case d = 3. Without loss of generality, we may
simply assume that zi,...,x, are nonzero. Let w denote the cubic
root (—1+ 4/=3)/2 of unity. Then 41, 4w, +w? are the only units in
Ok ={a+bw: a,be Z}. For « =a+ bw # 0 with a,b € Z, clearly
3a+1=3a+1+3bw & {+1, +w, +w?} and hence N(3a+1) # 1. Since
Z1, ..., Ty € Ok \ {0}, we have N3z +1) > 2 for all k = 1,... n.
Thus, for each 1 < k£ < n, we have

N <%> = N(zo)N(3zp+1) H N(3z;41) > 2" 'N(Bzp+1) = 281N (2)
o

and hence N(y) > 287N (z),) > 2", Combining this with (2.1), we

obtain that
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and hence
49 1

ls(z)| < PYW <3

Thus s(z) = 0 since 2s(z) € Z.
In view of the above, we have completed the proof of Lemma 2.2. [

Proof of Theorem 1.2. Set Y = >, z4/y".
Ifxy,...,z, € Z, theny = 2[[,_,(3zx+1) € Z and hence y+Y € Q.
Now suppose y + Y € Q. By Lemma 2.2, y € Z and thus Y € Q.
We want to use induction to show that z,, € Z for all m = 1,... n.
Fix m € {1,...,n}, and assume that x; € Z for all 0 < k < m. Then

n

> Y- Y e

k=m Yy 0<k<m Yy
and hence
T m - T
mt Y B oY Beg 23
m<k<n Yy k=m Yy

Observe that y = 2z [ [,,, .4, (37% + 1) with 2o = [, (3z + 1) €
Ok \ {0}. In view of (2.3), by applying Lemma 2.2 we obtain z,, € Z.
This concludes the induction step.

By the above, we have completed the proof of Theorem 1.2. O

3. PROOF OF THEOREM 1.1

Motivated by the Matiyasevich-Robinson Relation-Combining Theo-
rem (cf. [9]), the second author [15, p. 69] deduced the following lemma
for the rational field Q. We now extend it to any number field.

Lemma 3.1. Let K be a number field, and let Ay, Ay, S, T € Ok with
AL # Ay and S # 0. Then

A edNA eOANS|T
if and only if for some m € Ok we have
f(A1, Ay, S, Tym) =0 (3.1)
where O = {a*: a € Ok} and

(AL, Ay, S, T,m) := (T—mS)* —2(A1+A2)S*(T—mS)*+ (A, —A;)*S*.
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Proof. Observe that
S_4f(A17 A27 57 T7 m)

(o) e o
S (CE T T

If Ay = o? and Ay = o2 with oy, a0 € Ok, and S | T, then m =
T/S —a; —as € Ok and

((g —m)2 4 +A2)>

= ((a1 +a2)? —aF —a3)? = (2a100)* = 44, Ay,

thus f(Ay, A2, S,T,m) = 0.

Now assume that (3.1) holds for some m € Og. Set x = T/S—m. As
(22 +A;—Ay)?—4A,2% = 0, z is an algebraic integer and hence r € Ok-.
Thus S| T. Since A; # Ay, we have x # 0. For y = (A4; — Ay)/z € K,
we have (z+y)? = 4A; and hence y is an algebraic integer. Asx,y € O
and (¥)? = A; € Ok, =¥ must be an algebraic integer. Note that

2 2 2
r+y r—y r+y
Ay = A; — = — = = — )
== () = () = ()
SOAl,AQED.

By the above, we have finished the proof of Lemma 3.1. O
The following lemma is an easy fact, see, e.g., [10, Lemma 2.4].

2

Lemma 3.2. For any z,y € Z[i], we have
1=0Ay=0 < 2> +2y*=0.
Lemma 3.3. A number t € Z[i] is a rational integer if and only if
there are v, x,y € Z[i] with v # 0 such that
42022t + 12 +1) —y)? = 3y* —1=0 (3.2)
and
32t +1—ay)* +1 e, (3.3)

where O = {a? : « € Z[i]}. When t € Z, we can actually require
further that v, x,y € Z.

Remark 3.1. Lemma 3.3 follows from [10, Theorem 1.1] and its proof
in view of Lemma 3.2.
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We also need the following result observed by S. P. Tung [16],

Lemma 3.4. An integer m is nonzero if and only if m = (2r+1)(3s+1)
for some r, s € 7.

Proof of Theorem 1.1. Let A be a subset of N which is recursively
enumerable but not recursive. (The existence of such a set is well
known, see, e.g., N. Cutland [2, pp.140-141].) By Sun [14, Theorem
1.1(ii)], there is a polynomial Q(zo,...,210) € Z[z0, ..., z10] such that
a € N belongs to A if and only if
Q(a,zl,...,zw) =0 (34)

for some z1, ..., 219 € Z with z19 # 0.

Let y = 2]]}2, (32, + 1). By Theorem 1.1, when z,..., 2z € Z]i],
we have

21,...,210 € 7
0,
k

— y+27€@
P

B 10
— ez t%OAt(y%—ZZ—Z) EZ]
y
k=1

10 10
_ 2k
— JteZ t7é0/\ty10|§ 2yt 0 F AL y+§ Zlez|.
k=1 k:lyk

Let O = {a® : « € Z[i]}. Suppose that t € Z[i] and ty'® |
110:1 2,y'°7%. By Lemma 3.3, t € Z if and only there are vy, zo,vo €

Z[i] with vy # 0 such that
4(2up(2(2t + 1) +1) —yo)* = 3ya — 1 =0 (3.5)
and
Ay = 903ys (2t + 1 — moy)* + 1) € 0, (3.6)

and t(y + 37,2, z/y*) € Z if and only if there are vy, x,,y; € Z[i] with
vy # 0 such that

4201 22ty + 219"+ - -+ 2100°) 4102+ 4%) —11y™0)? = (3P + 1)y

(3.7)

and
Ay =37 2ty + 219+ 2100°) Y — )+ € O, (3.8)
Moreover, when z1, ..., 219, t € Z, we can require further that vy, zg, yo €

Z, and also that vy, zy,y1 € Z if t(y + S 10y 2/y*) € Z. Note that
Ay # Ay since A; =0 (mod 3) and Ay = y?° = 22° =1 (mod 3).
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Let a € N. By the above, a € A if and only if there are
Zlyee 2107t7v07$07 Yo, V1,21, Y1 € Z[Z}

with zjgtugu; # 0 such that (3.4), (3.5) and (3.7) all hold and also

10
Al cedA AQ cedA tylo | szyIO—k'
k=1
Note that when a € A we can actually find

Zlye e z107tavo7x07y0avlaxl7y1 S/

to meet the requirement. When zjptvgvy € Z \ {0}, there are r,s € Z
such that zjptvory = (2r + 1)(3s + 1). If the last equality holds for
some r, s € Z[i], then we obviously have zjgtvgv; # 0. Thus, in view of
Lemma 3.1, a € A if and only if there are

2155 210, M, T S, T, Vo, To, Yo, V1,1, Y1 € Z[Z]
such that (3.4), (3.5), (3.7), and the equalities
Zlotl}ovl = (27" + 1)(38 + ].)

and

10
f (Alu A2a ty107 Z Zkylo_k7 m) =0

k=1
all hold. Therefore, by using Lemma 3.2 we see that a € A if and only
if
F(a,z,...,210,m,7,8,t,00, %0, Yo, v1,21,41) = 0
for some

Z1y.+-5%10, M, T, Sat>U073707?JO;U17371791 € Z[l]v

where F' is a suitable polynomial with integer coefficients in 21 vari-
ables.

As A is not recursive, by the conclusion in the last paragraph we do
have the desired result. This completes our proof of Theorem 1.2. [J
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