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ON COVERING MULTIPLICITY

ZHI-WEI SUN

ABSTRACT. Let A = {as —I—nSZ}’;Zl be a system of arithmetic sequences which forms
an m-cover of Z (i.e. every integer belongs at least to m members of A). In this
paper we show the following surprising properties of A: (a) For each J C {1,--- ,k}
there exist at least m subsets I of {1,---,k} with I # J such that >  .;1/ns —
Y oscyl/ns € Z. (b) If A forms a minimal m-cover of Z, then for any t = 1,--- |k
there is an ay € [0,1) such that for every » = 0,1, - ,nt — 1 there exists an I C

{1, ,k}\ {t} for which [}° .;1/ns] Z2m —1and {3 ,;1/ns} = (vt +7)/n¢.

1. INTRODUCTION

For integer a and positive integer n we call
an)={x€Z: r=a (modn)} =a+nZ

an arithmetic sequence with common difference n or a residue class with modulus
n. For a finite system

(1) A= {GS(HS)}Igzl

of such sets, we define its covering multiplicity by

(2) m(A) = inf [S(z)]

TE€Z

where S(z) ={1 < s<k: z=as (mod ny)}. It is easy to show that

1
(3) > L m(4),
s=1 "%
and the equality holds if and only if (1) covers each integer exactly m times for
some m = 1,2,3,---. (Cf. [S2,54].)
Let m be a nonnegative integer. If system (1) has covering multiplicity at least
m then we call (1) an m-cover (of Z). A minimal m-cover (of Z) is an m-cover
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whose proper subsystems are not. If |S(x)| = m for all x € Z then we say that
A forms an ezact m-cover (of 7). Notice that an exact 1-cover is a partition of Z
into (finitely many) periodic sets. The Chinese Remainder Theorem tells that the
intersection of residue classes aj(ny),- - ,ax(ng) is empty if and only if two of them
are disjoint. So, as a dual question, when (1) forms a 1-cover is fundamental and
important. In fact, 1-covers and exact m-covers (especially exact 1-covers) have
been investigated for many years, also some famous conjectures remain open. (See
R. K. Guy [G].)

Now we introduce some notations. As usual, if m and n are integers then (m,n)
represents the greatest common divisor of m and n. For a real number x, we set
(5) =1 and let (7) = H?:_()l i—:z for n = 1,2,3,---, also [z] and {z} denote the
integral and the fractional parts of x respectively.

In this paper we study the covering multiplicity of a general system of residue
classes. Our main result is as follows.

Theorem 1. Let (1) be a system of arithmetic sequences, and J a subset of
{1,--- k}. Put J- ={1,--- Jk}\ J.

(i) For any my,--- ,my € Z we have
(4) ‘{Ig{l,---,k}:I%J&{Z%}z{z%}}‘mm)-
sel s sed s

(i) Suppose O # J C S(x) for some x € Z with |S(x)| = m(A). For each s € J~
let mg be a positive integer prime to ng. Then there ezists an « € [0,1) such that

({5 e [52]omn- vl

(5) sel 8 sel

;{N?J):ogmzvu), {a}:a},

where N(J) denotes the least common multiple of those ng with s € J.

In view of Theorem 1, an m-cover A = {a,(n,)}*_, possesses the following
properties:

(a) For each J C {1,--- ,k}, there exist at least m subsets I of {1,---,k} with
I # Jsuch that ., 1/ns—3  ;1/ns €Z.

(b) If A forms a minimal m-cover of Z, then for any ¢ = 1,--- |k there is an
oy € [0,1) such that, for every r = 0,1,--- ,n;—1, thereexistsan I C {1,--- , k}\{t}
for which [} .;1/ns] >m —1and {3 ., 1/ns} = (ar +71)/ny.

Part (i) of Theorem 1 can be strengthened in the case J = (). By Theorem 1, if
(1) forms a 1-cover then ) _; 1/n, € Z for some nonempty subset I of {1,--- ,k},
which is the main result of M. Z. Zhang [Z] obtained by means of the Riemann
zeta function. For an exact m-cover (1), the author proved in [S1] that for each
n =0,1,--- ,m there exist at least ('7’:) subsets I of {1,--- ,k} with ) __,1/n, =n.
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When (1) is an m-cover and my,--- ,my are positive integers, it was shown in
[S3] that there are at least m positive integers in the form ) __; ms/ns where
I C{1,---,k}, we even conjecture that there exist nonempty subsets I, - - , I, of

{1,---,k} for which Iy C--- C I, and ) ., ms/ns € Zforallt =1,--- m.
The first part of Theorem 1 yields

Corollary 1. Let (1) be an m-cover of Z and mq,--- ,my any integers. Then

B (R

Proof. By part (i) of Theorem 1, for any J C {1,--- ,k} there are at least m + 1
subsets I of {1,---,k} with {>_ ., ms/ns} = {D>_,c;ms/ns}. Since {1,---,k} has
exactly 2% subsets, Corollary 1 follows immediately.

Remark 1. A conjecture of P. Erdos proved by R. B. Crittenden and C. L. Vanden
Eynden [CV] states that (1) forms a 1-cover of Z if it covers 1,---,2%. In [S2,53]
the author showed that (1) forms an m-cover of Z if there exist W consecutive
integers each of which lies in at least m members of (1), where W is the least
integer equal to the left hand side of (6) for some integers my,--- ,mj prime to
ny, -+, Ny respectively.

As for part (ii) of Theorem 1 we should mention the following result obtained
by the author ([S4]) recently: Let (1) be an exact m-cover of Z , and J a nonempty
subset of {1,---,k} with (ngs,n:) | as — a; for all s,t € J (i.e. 0 # J C S(x) for
some = € Z). Then

frer S} -l

for every a =0,1,--- ,N(J) — 1, and

HIQ R N?J>H g ([a%%])

sel

foralla=0,1,2,--- if |J| = 1.

Corollary 2. Let (1) be an m-cover of Z with n; < -+ < ng_1 < ng. Suppose
that B = {as(ns)}"Z} fails to be an m-cover of Z. If 25;11 1/ns = m, then
Ne—1 = ng > 1 and

(7) {Zni:Ig{1,--.,k—1}}g{nik:r:o,1,.-.,nk—1}.

sel %

Proof. Assume that le;ll 1/ns = m. By part (ii) of Theorem 1 there exists an
a € [0,1) such that

{{Znis}:fg{1,...,k—1}, [Zﬂ >m—1}2{%:0<a<nk, {a}:a}.

sel sel %
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Thus

{Zi~ JC{l,-- k—1} Zigz}

ns' —_ b b ) ns

seJ sedJ

k—1 1 1 k—1 1
>\ - - - - - = -
_{Z : : IC{l, - k—1}, m—1<)_ ~<m n}

s=1 cl sel s=1

1 1

={1-— —bt.rc{, k-1 —l>m-1 1

DS} e [ e

;{1_ﬂ; 0<a< n, {a}:a}\u}:{i: 0<b<ny, {b}={—a}}-

ng ng

Observe that (7) follows if & = 0. Since B doesn’t form an m-cover of Z, we cannot

have n; = --- =ng_1 = 1 (otherwise k — 1 = Z’:;il 1/ng =m). Song > ng_1 > 1,
hence by the above for some nonempty J C {1,--- ,k — 1} we have
1 1 1 l—« 1 1
< min — < — = < — < .
Nk—1 seJ Ng = Ng Nk Nk Nk—1

Therefore n, = np_1 and o« = 0. We are done.

Remark 2. Let (1) be an m-cover of Z with ny < -+ < ng_1; < ng. By part (iv)
of Theorem I of [S3], Z]:;ll 1/ns > m. In view of Corollary 2, if {a,(ns)}*=1 fails
to be an m-cover of Z, then Z’;;ll 1/ns must be greater than m. This extends and

improves a confirmed conjecture of Erdos which states that 25:1 1/ns > 1 for any
l-cover (1) with 1 < ny <--- <ng_1 < ny (see [E] and [G]).

Corollary 3. Let (1) be an m-cover of Z, and J a nonempty subset of {1,--- ,k}
with [{s € J~ : x € as(ns)}| =m — |J| for some x € Z. Let e5 € {1,—1} for those
se€ J~. Then

{5z} et

Proof. This follows immediately from the second part of Theorem 1.
Remark 3. With the help of a local-global result proved in [S2], in 1994 the
author found Corollary 3 in the case |J| = 1 (see Section 3 of [S3]).

Corollary 4. Let (1) be a minimal m-cover of Z, and my,--- ,my any positive in-
tegers prime to ny,--- ,ni respectively. Then for everyt =1,--- , k all the numbers
0,1/ng, -+, (ny —1)/ny lie in the set

9) {{Z:Z——ZTZ—} LJC{L - kI {t} & Z%,Z%}m—l}.

sel % seJ sel S seJ
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Proof. By part (ii) of Theorem 1 there is an oy € [0,1) such that

{{Zﬁ} TC{l,-- k}\ {t}, {ZZ_} >m_1}

sel % sel %

contains Sy = {a/n: : 0 < a < ny, {a} = a4}. Asr/ng = (ar +7r)/ny — ay/ny for
each r =0,1,--- ;ny — 1, the desired result follows.

Remark 4. In [S3] the author was able to prove Corollary 4 with ) ., mg/ns >
m — 1 in (9) replaced by » .., ms/n, = m — 2.

2. PROOF OF THEOREM 1
Let’s recall a key result given by the author in [S2].

Proposition 1. Let A = {a, + BsZ}*_, where ay,--- , . are real numbers and
b1, , Bk are positive reals. Let m be a positive integer. Then A forms an m-cover
of Z (i.e. {1 <s<k: (v —as)/Bs €LY =m for all x € Z) if and only if

(10) Z (_1)|]| ([ZSEI 1/63])627Ti2861045/ﬁs — 0
{Xer 1/Bs}=0

holds for all 0 € [0,1) and n =0,1,--- ;m — 1.

Lemma 1. Let k,m,n be positive integers with k > m —n > 0. Then (1) forms
an m-cover of Z if and only if for each I C {1,---  k} with |I| = m — n system
A = {as(ng)}ser- forms an n-cover of Z.

Proof. If (1) is an m-cover of Z and I is a subset of {1,--- ,k} with [I| = m —n,
then for any integer x we have

Hs el : x=as (mod ng)} =>m—|I| =n,

therefore Ay is an n-cover of Z.

Now suppose that A; forms an n-cover of Z for all I C {1,--- ,k} with |I| =
m — n. Let’s show that A = Ay forms an m-cover of Z. Assume on the contrary
that for some integer = set J = {1 < s < k: x = as (mod ny)} has cardinality
I < m. Choose a subset I of {1,---,k} with cardinality m — n such that either
I C Jor I D J. Observe that x belongs to less than n members of A;. This
contradiction ends our proof.

Remark 5. Apparently for (1) to be an m-cover of Z it is necessary that k > m.

Proof of part (i) of Theorem 1. It suffices to handle the case m = m(A) > 0.
k
1/ns <

At first we let that nq,--- ,ny are all greater than one. Since m < ) ._;

k/2, either J or J~ has cardinality not less than m.
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Casel. |J7| =Zm. Among I C {1,--- ,k} with {d __; ms/ns} = {D> ,c,ms/ns},
we select a Jy with the least cardinality. Apparently |J; | > |J~7| > m. Let

= {s1," -+ ,8m_1} be a subset of {1,--- ,k} with [Io| = m — 1 and Iy N Jy = 0.
By Lemma 1 and Remark 5, system {as(n)},. ;- forms a 1-cover of Z and hence
so does Ay = {as + (ns/ms)Z}selo_. As Jy C I;, by Proposition 1 or Theo-
rem 2 of [S2] there is a J; C Ij for which J; # Jy and {ZseJl ms/ns} =
{2 scs, ms/ns}. According to the choice of Jy we must have J; € Jy. Choose
t1 € J1\ Jo and put Iy = {t1,82, -+ ,8m—1}. Observe that Iy N Jy = (. Since
A = {as + (ns/m8>Z}seI; forms a 1-cover of Z, there exists a Jo C I; with
Ja # Jo such that {} ., ms/ns} = {>,c;, ms/ns}. Choose ty € Jy \ Jp and put

Iy = {t1,t2,83, -+ ,Sm—1}. Then continue this procedure to find
Jé,tg,[g;"' ;*Ln—lymn—la]ﬁr—l;*anmn
in the same way. Apparently Jy,Jo, -, J,, are all different from Jy. If 1 <17 <

j<mthent; € J;\Jj because t; € [;_; and J; NI = (). So the m + 1 subsets
Jo, J1,J2, o I of {1,--- Kk} are distinct, therefore

mg
C : —
HI_{L LEREEE DV Z GZH
>{Ji: 0<i<m& Ji #£J}=m

Case 2. |J| = m, ie. |(J7)"| = m. It follows from the above that

Hfg{l, kY T4 J7 &Z Z—ez}'

s€I seJ—
Thus

{ C{l,- k}: I'£J & st Ts ¢ H
SEI/ S S

:{I—: IC{l,-- kY, I"#£J& Z Z—EZH

sel—

:{fg{1, Ky I# &Z st }’ m.

sel eJ—nS

So far we have proven (4) in both cases.

Next let’s consider the situation in which K = {1 < s < k: ny = 1} is nonempty.
If |[K| < m, then {as(ns)}sex- forms an m — |K|-cover of Z with all the moduli
greater than one, hence by the above

My Mg
IC K™ : — = E —cZl=2m-— K|+ 1.

s s€J\K s
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Therefore

My My
IC{1.... . s N IS
{retm: oy ieez)]
sel seJ
—rur.1ck rcrg & S s
{rorirck e Yo 3 Teen
sel’ seJ\K
>{rur: ICK 4 - Ms _ ms
{ CK,|I|I<1, I'CK &Zns ZnSEZ
sel’ seJ\K
m m
> K "C K™ 5 5
/rwq{z_x > §:7%eZH
sel’ sEINK

>|K| 4+ max{m — |[K|+ 1,1} >m+ 1.

This completes the proof.

Lemma 2. Let (1) be a system of arithmetic sequences, and J a nonempty subset
of {1,--+ ,k} with |J| < m(A) and Nscjas(ng) # 0. For each s € J~ let ms be a
positive integer. Let 0 < a < N(J) and

(11) C(a) = Z (_1)|I| (L%Zjl_rg_f;]‘)QZMZsel T(as—ay)

ICJ~
{Zsel %}:ﬁ

where ay is the unique integer in Nscyas(ng) with 0 < ay < N(J). Then C(a) =

C({a}).

Proof. Apparently it suffices to show C'(a) = C(a — 1) providing a > 1.

Let m = m(A). Observe that the sequences as + (ns/ms)Z (s € J~) together
with ay + N(J)Z form an m — |J| 4 1-cover of Z. In view of Proposition 1,

Z (_1)|I| <[ZS€I 73_38])627”2561 aSnY:s

g m—1J
IcJ
{ZSEI %}:ﬁ
me 1 .
* 2 FDM«EME+MMFMQQ%”WQ
ICJ~ m — |J|

{ZSGI 77?55 + N(lJ) }:N?J)
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vanishes. So

627rian/N(J)C(a)
— Z (_1)\I| ([Zsel Zl_f])ezmzsa asm
_ m — |J
ICJ

{Zier Rt l=vtn

_ Z (1) (stel o]+ N(J)])€2m'(zsel Gems y LIS

-1

a—1
{Zsel e =N

—e2mias/N(J) 3 (—1) ([Zsefﬁ ])62“25@ e

ICJ_
{Zﬁ€1 ns ;\l’%})
:€2ﬁiaJ/N(J)€27m(a 1)aJ/N(J)C(a . 1) _ 627Tian/N(J)C(a . 1)

Therefore C'(a) = C(a —1). We are done.

Remark 6. If we replace m(A)—|J| in (11) by a smaller nonnegative integer n then
the new C(a) will equal zero by Proposition 1, because system {as+(ns/ms)Z} ¢ j-
forms an m(A) — |J|-cover of Z.

Proof of part (ii) of Theorem 1. Since |{s € J~ : x € as(ns)}| = m(A) —|J| for
some integer x and (mg,ng) = 1 for all s € J~, system {as + (ns/ms)Z}sc - fails
to form an m(A) — |J| + 1-cover of Z as well as {as(ns)}scj—. As & € Nsegas(ns),
there is a unique integer a; with 0 < ay < N(J) such that a; = as (mod ny) for
all s € J. By Proposition 1 and Remark 6 there exists a 6 € [0,1) such that

2mia 0 _ _ 1\ [ZSEI 7:_58] 27”.Z:SEI asn?s
C(N(J)0)e ICZ;_ (—1) (m<A)_|J|)e £ 0.

{ZSGI ns} 0

Put a = {N(J)0}. If 0 < a < N(J) and {a} = «, then a — N(J )HEZand hence
C(a) = C(N(J)f) # 0 by Lemma 2, therefore {}_ ., 7=} = 55y for some I C J~

with [>°, ;7] > m(A) — [J|. This concludes the proof.

Acknowledgement. The author is indebted to the referee for his comments.
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