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ABSTRACT. Let hy,--- , hy be positive integers. We study new sums

hi—1  hp—1

m(hi, - hn) = Z Z min{%’...7%}

7’120 rn=0

and
h1—1  hp—1 - ”
M(hy, - hn) = max<{ —, -+, — %
(1 ) rlz:O rnZ:O X{hl hn}

the first of which times hj ---hy is the number of lattice points in a pyramid of
dimension n + 1. We show that

mhi, - he) 14 Z (1)l m({hitier)

(hl - 1) T (hn - 1) 0£IC{1,---,n} HiEI(hi - 1)
if h1,-+- ,hn > 1, and that
M(hi,--+ ;hn) —h1--hn+1 _ Z (_1)|I| M({hi}ier)

(h1+1)"'(hn+1) 0#AIC{1,- ,n} Hie[(hi+1).

The sums m(hi, h2) and M (h1, ha) are closely connected with the reciprocity law for
Dedekind sums. The values of m(hi, ha, hs), M(hi,h2,h3) and m(h1,ha, h3, ha) +
M(hi,ha,hs,hs) are determined explicitly in the paper.
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1. INTRODUCTION

Let x be any real number. By {z} we mean the fractional part of x. Also we set
[x] = 2 — {x} and

(1.1) (2) = { {z}—1/2 ifz ¢ Z,

0 otherwise.

Let h and k be positive integers. In 1892 R. Dedekind introduced the classical
Dedekind sum

(19 i =3 (1) ().

This sum arose naturally in the study of the functional equation of Dedekind’s eta

function
_ 7rz7'/12 H 2777,717'

where 7 is in the upper half plane. When h and k are coprime, Dedekind was able
to express s(h,k) 4+ s(k,h) as an explicit rational function in A and k; the result
is now known as the reciprocity law for Dedekind sums. (Cf. H. Rademacher and
E. Grosswald [RG].) In 1931 Rademacher [R] proved Dedekind’s reciprocity law by
associating it with the sums

0= 3 (8] [5] wa s =32 ]+ 5[],

which have geometric interpretations.
For a finite sequence {h;}}_; of positive integers, we define

H-1

(1.3) A(hy, -+ h) = AR} ,) Z {’““] {%} where H = hy - -+ i,
and
(1.4) Blhy,---  hn) = B({hs}",) = Znhr:ifi[%ﬂ.

In addition we let A()) =1 and B(0) = 0. Inspired by Rademacher’s work, we are
led to study these two kinds of sums.
For a positive integer h we put

(1.5) th{0<:c<1:h:ceZ}:{Z

h:r:QLuwh—l}
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If k£ is also a positive integer, then
DpoNDry={0<z<1:hz,kx€Z}={0<z<1:(hk)x €Z}= Dy,

because the greatest common divisor (h, k) can be written in the form hu+ kv with
u,v € Z. For a vector & = (x1,- - ,x,) in the Euclid space R", we let

(1.6) min & = min{zy, -+ ,x,} and maxZ = max{zy, - ,z,}.

For a finite sequence {h;}?_; of positive integers, we define

(1.7) m(hy, - hy) =m({hi} ) = > min

fGDhl X'“XDhn
and

(1.8) M(hy, - hp) = M({h}1,) = > max .

fEDhl X"'XDhn

For convenience, we set m(f)) =1 and M (0) = 0 additionally.
The sums m(hy, -, hy,) and M(hqy,--- ,hy) have not been studied before. The
only known related result is the following one: If 0 < 29 < 1 < --- < ap_1 < 1

then
h—1

h—1 h—1
Z Z max{T,,, -, &y, } = er((r—i— " —rm).
r1=0 rn=0 r=0
This was first obtained K. Nagasaka and J. S. Shiue [NS], and then reproved by
T. W. Leung [L] in 1994. The identity is almost apparent since |{(ri, - ,r,) €
{0,1,--- ,r}™ :max{ry, - ,rp} =71} =(r+1)"—r

In this paper we mainly investigate the sums m(hy,--- , h,) and M (hy,--- , hy)
and their relations to A(hq,--- ,hy,) and B(hy,--- , hy). These four sums are differ-
ent from higher dimensional Dedekind sums introduced by D. Zagier [Z]. Through-
out the paper an empty product takes the value 1 while an empty sum vanishes.
When positive integers hq,--- ,h, are given, for I C [1,n] = {1,--- ,n} we let
I=1,n]\1I

Now we introduce our results.

Theorem 1.1. Let hy,--- , h, be positive integers. Let P denote the integral point
(0,-++,0,H) in the Buclid space R"™* where H = hy -+ h,,. For I C[1,n] let P =

(I) (I (I)

(77, ,xn ), 0) where x;”’ = h; or 0 according to whether i € I or not. Denote by

N(hy,- -+ ,hy) the number of lattice points (z1, -+ ,Tn, Tni1) with 0 < x4 < H
in the pyramid with vertices P and Pr (I C [1,n]). Then
(1.9) m(hy, - hp) = A(hy1,-+ ,hp) = N(hy,--- ,hy)/H.

How can we determine the values of m(hq,--- ,hy,) and M(hy,--- ,hy)? In the

case n = 2 we do this in Section 3 and relate it to the reciprocity law for Dedekind
sums. For the case n = 3, we have the following result.
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Theorem 1.2. Let h, k,l be positive integers. Then

hkl — hk+hl+kl  h+k+1-1

h,k,l
m( )= 4 6 + 8
(1.10) h+k—2hk+h—|—l—2hl+k+l—2kl
' 241 24k 24h
(h_l)(kal)2 + (k_ 1)(h7l)2 + (l_ 1)(h7 k)2
24kl 24hl 24hk
and
M) =g~ TR AR Rkl

) b _4 8

(1.11) h+k+2hk h+1+2hl k+1+4+ 2kl

241 + 24k + 24h
(DD (kDAY (L D (k)
24kl 24hl 2hk

In terms of those m({h;};cr) or M ({h;}icr) with I C [1,n], we can determine
m(hla U 7hn) + M(h17 e 7hn) in generala and m(hlv e 7hn) and M(h17 U 7hn)

in the case 21 n. Namely we have the following theorem.
Theorem 1.3. Let hy,--- , hy, be positive integers. Then
m(hlv"' ahn)+M(h17 7hn>
=hy by — Y m({hitier)
(1.12) IC[1,n]

ﬁ hi—1) = Y ()" MM ({hi}ier).

IC[1,n]

We also have

m(hy, - hn) = (=DM m({hitier) [T (hs = 1)
(113) IC[1,n] jel
= (=D=M ({hiYier) [T 2
PAIC[1,n] jeT
and
M(hy, -+ ho) =hy by — 14+ Y (=DM ({Ri}ier) [[ (R +1)
(114) IC[1,n] jel

= > O m{hidien [T by

0AIC[1,n] jel
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Remark 1.1. Let hq,--- , h, be positive integers. If I = {1 <i<n:h; = 1} 7é 0,
then m(hy, -+, hp) =0 and M(hy,--- , hy) = M({h;},cr). In the case hy =--- =
h, = h, we have

R —1 n _
m{hiYiy) = AR = hiz{h ] _%Z - Bost)— Fuss)

where B,,11(z) is the Bernoulli polynomial of degree n + 1.
The following is a remarkable consequence of Theorems 1.2 and 1.3.

Corollary 1.4. Let h,k,l,n be positive integers. Then m(h,k,l,n) + M (h,k,l,n)
equals

hkl + hkn+ hin+kln  h+k+1+n

hkln — 1 — g
hk + hl + ki N hk 4+ hn + kn N hl + hn +In N kl + kn +In
(1.15) 12n 12] 12k 12h
' ChHk (Ln)? htl (kn)? htn (kD)2
24 In 24 kn 24 kl
Ck+l (hn)? ktn (BD? l+n (B k)
24 hn 24 hl 24 hk
For the average A(hy,--- ,h,) we have the following result.

Theorem 1.5. Let hy,--- , hy, be positive integers. Then

n (hi)ier—1 o
(1.16) A(hy,--- ,hy) :H(hi—1)+ Z (=) Z ; l( ; ]

=1 P£IC[1,n] r=0 (hiier s hi)ier

~i

where (h;);cr denotes the greatest common divisor of those h; with i € I.

Remark 1.2. Let h, k,[ be positive integers. By Theorem 1.5 we immediately have

(1.17) A(h,k) + B(h,k) = (h—1)(k — 1) + (h,kQ)—l

and

A(h k1) + B(h, k1) — (b= 1)(k — 1)(I = 1) + %

(1.18) (h,k)—1 (k,)—1

=2 (hfk:){(hl,rk)]Jr z_: (hfl) [(:—Tl)]Jr z_: (":l)[(:’z)}

r=0
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Theorem 1.6. Let hy,--- , hy, be pairwise coprime positive integers. Then
(1.19) A(hy, -+ hn) 4+ B(ha, -+ hy) = [J(hi — 1),
i=1

(1.20) m(hy, -+ hp) == Y (=D B({hi}Yier) [[(hi — 1)

IC[1,n] jeI

and

(1.21) M(hy, hn) = > B({hi}ic1).

IC[1,n]

By (1.9), (1.10) and Theorem 1.6 (or (1.18)), we immediately have
Corollary 1.7. Let h,k,l be positive integers with (h,k) = (h,l) = (k,l) = 1.

Then
-5 (3]3Sl S I
(1.22) 3 5

:thl—6(hk+hl+k:l)+g(h+k+l—1)

+2hk—h—k+2hl—h—l+2kl—k—l_h2+k2—|—l2—h—k—l
241 24k 24h 24hkl

In the next section we will investigate general relations among the symmetric
sums

m(hy, -+ hyn), M(hy,-+ hy), A(hy, -+ ,hy) and B(hy, -+, hy).

In Section 3 we are going to compute their values in the cases n = 2,3 and prove
Corollary 1.4. We conjecture that if hq,--- , h, are pairwise coprime then the four
sums are rational functions in hq,--- , h,.

2. RELATIONS AMONG m({h;}I;), M({h:}7—1), A({hi}!~1) AND B({h;}]~,)

Proof of Theorem 1.1. For any x1,--- ,x, € Z and h € {1,--- , H — 1}, the point
Q with coordinates (xy,- - ,z,, H —h) in R"™! belongs to the pyramid if and only
if there are 1 € (0,h1], -+, 1, € (0, hy] such that

X1 Tn

1 n
I L, H
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Thus
N(hy, -+ ha) = Y Hm L E) €T 0<m < b foriel n]}'
Y Y n Y Y n 1 H (2 Y
0<h<H
hih hoh]
— Z {f]"'{f}—[{fl(hl,“whn)-
O0<h<H

On the other hand,

(2

hy . I
N(hy, -+ ,hy) {hGZ:H>h>Faciforz'€[1,n]H

I
I
— =
> 8
3
L M
—

> 8

|
X
M

< H
. {hGZ:H>h>H—FT¢f0ri€[1,n]}‘

7'1:0 T'nIO v
hi—1  h,—1 I
= a€Z:0<a< min —r; | =Hm(hy, -, hp).
1<ign hz
7’1:0 TnIO

So (1.9) holds. O
The following lemma is well known, it can be verified directly.

Lemma 2.1. Let S be a finite set, and f,g be functions from the power set of S
to an additive abelian group. Then

(2.1) F)=>(-)Vlg(s)  forallICS

JCI

if and only if

(2.2) g =>_(-)VIf(1)  forall ICS.

JCI

Remark 2.1. If hq,--- , h, > 1 are integers, then by (1.13) we have

(2.3) FI) = _(-)MIf(7)  forall T C[1,n]
JCI
where f(I) =m({hi}ticr)/[1;e;(hi — 1)
Lemma 2.2. Let hy,--- , h, be positive integers and ci,--- ,c, compler numbers.
Then
H—-1 n hr—1
1 hia [lerei < hia
g2 (xm—[HD—Zh—IZHc@— I
a=0 i=1 IC[1,n] a=0 iel
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where H = hy ---h, and hy = [],c; hi.

Proof. For I C [1,n], clearly
H-1 hrhy—1
2 (o= [5]) o 3 T [3])
T (o [ = 3 T (e [
H =il H hthr = il h/h;
_ihl 1H <C'_ [hlql)
I q=0 i€l h
Therefore
H-1 n H-1
1 hia 1 hia
7 2 (oo 7)) - 1 (e~ %)) =
a=0 =1 a=0 IC[1,n] i€l jeI
H-1
_ jelrLj hia
R e NI(CR)
IC[1,n] a=0 i€l
HJEI Ly iy ( |:hia:|)
= 3 Mers S0y (- [ 2],
IC[1,n] hr = icl h
We are done. [
Proof of Theorem 1.3. Let H = hy - --h,. Observe that
Hm(hy,--- z_: z_: a€Z:0<a< min Hri
b X . 1<i<n  h;
o =
H—-1 n a r
= H{nez E<E<1}'
a=0 =1
H-1

Also,
hi—1  hp—1 b
H — M(hy, ,hn)—z min ———
7”1:0 ’I”n:0 1<Z<n v
hi hn
1 Hx;
=— a€Z:0<a< min :
H &~ 1<i<n hy;
1— n—
L { a T
(3
==Y J[l{zi ez —<—<1H
H a=0 i=1 H hi
H-1
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Thus, by Lemma 2.2 we have
m(hy, o hn) =y (=)MA{hidier) [ [ (hy = 1)
IC[1,n] i
and
H— My, ha)= > (DMAGRien) [[hi= Y m(hitier):
IC[1,n] jel IC[1,n]
(Note that h; — [h;a/H] =1+ (h; — 1 — [h;a/H]).)
Clearly [[;cqhi — M(0) =1 = > ;cgm({hi}ier). Applying Lemma 2.1 we get

that
(=1)"m(hy, -+ hy) = Z |I|(Hh — M({h; }Zel))
IC[1,n] i€l

n

(1=h) = > (DM ({hi}ier).

i=1 IC[1,n]
So (1.12) holds. Since m({h;}icr) = A({hi}ticr) for all I C [1,n], the first equality
n (1.13) follows from the above. As

Mhla"'yhn m hz =
1 — ( 7 ): Z (_1)|I\ l(—ie‘,}h;)a

IC[1,n]
by Lemma 2.1 we have

m(hy, - hn) (1 M{hitier)
H Z( 1) (1 Hielhi )

IC[1,n]

SIES (=) MQhikier)

[g[l,n} HiEI hz
Thus (1.13) is valid.
Observe that
M(hla"' 7hn)
=H— > (~D)m{htien) [[hi = D, D" m{hidien) [ A
IC[1,n] jer P#IC[1,n] jeI
= Z (_1)|I|_1(H(hi_1>_2( )III IJIM ({h; }9€J>Hh
P£I1C[1,n) iel JCI jeI
h; —1
=—a Y )I[=—+ X CoMnhen Y TN
P£IC[1,n] iel hi JC[1,n] JCIC[1,n] jeT
=H-H Y H<—_1) > M hsYien) D T i
IC[1,n] i€l hi JC[1,n] I'CJjer

=H -1+ >  (~D)"M{hitier) [ (h; +1).

IC[1,n] jeTI
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This proves (1.14). O

Proof of Theorem 1.5. Let ¥ € D = Dh1 - X Dhn and J(@) ={1<j<n:z; =
maxZ}. If ) #1 C J(Z), then max Z € ﬂzEI = D(n,),,- Note that
Z (=)=t = (=110l Z (—D=1—@1-1)@ =1,
0AICT(F) ICJ(&)

Let D* ={Z¥€ D :x;---x, # 0}. For any nonempty I C [1,n] we have

Z max ¥ = Z Z x

TeD” €D (), o1 ;E€Dp . N(0,z] for jEI
J(@)DI idiel *J hj (0,2]
= E xH]{rEZ:O<T<hj:B}\: E xH[hja:].
xGD(hi)iEI jel weD(hi)ieI jer
Therefore,

- (_1>‘I|_1 Z maxx
Q);AIQ[Ln} reD*
J(Z)DI
(hi)iefl , H .
- (-1)‘”71 [ J }
0£IC[1,n] = (hi)ier el (hi)ier

Z - Z Z Si
maxaxr = e max =
1<i<n h;
reD* 0<s1<hy 0<sp<hy
r
= E e E max 1 — =~
1<ign hz
0<ri<hy 0<rp<hy
h1—1 hp—1

[t 33 min o

=1 r1=0 rn=0

So we have (1.16) with the help of (1.9). O

Proof of Theorem 1.6. Since (h;);e;r = 1 for any I C [1,n] with || > 1, (1.19) follows
directly from (1.16). By (1.9) and (1.19), for any I C [1,n] we have B({h;}ic1) =
[Lic;(hi = 1) = m({hi}icr). Using this we can easily deduce (1.20) and (1.21) from
(1.13) and (1.12). O
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For @ = (zq, -+ ,zn) € R", if x;;, <y, < -+ < @y, where {iy,--- i} = [1,n],
then we let
(2.4) miny ¥ =xz;, fort=1,--- n.

Let {h;}I ; be a finite sequence of positive integers. For ¢ € [1, n] we define

(2.5) my(hi, - hy) = my({hi}oy) = > min, &

CEEDhl ><~~-><Dhn

Clearly, m(hy, - ,hyp) = myi(hy, -+ ,hy) and M(hy, - ,hy) = my(hy, -+, hy).
Note that

n hl—l hn—l r r

Bi e B = Ay n
S i) = 3 3 (e )
nhlfl hnfl nhk_l

- hi—1 hy---hy,
PIPIED I EDID I | ED Dl T

k=171=0 rr=0

So we have

- hi-hy N |
(26) th<h17..- ,hn):T(’I’L— h_k)

t=1 k=1
If hqy,---, h, are pairwise coprime, then we can show that

n—t |I| 1
ELITA KRS DIV E1) DY Cul [CEV D DI § (DR}
IC[1,n] =0 JCI  j&d
|J|=n—t—s

3. COMPUTATIONS OF SOME EXPLICIT VALUES

Let h be a positive integer. Clearly
(3.1) m(h) = M(h) = A(h) = B(h) =

Theorem 3.1. Let h and k be positive integers. Then

hk  htk—1 h2+k2— (hk)?

2 h+k+1 h2+k*—(hk)?
: M = “hk —
(3.3) (h, k) 3hk 1 onk
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and
2 3(h+k)—1  (hk) h*+k>—(hk)?
(3.4) B(h,k) = ghk’ — 1 + 5 + ohk
Proof. Observe that
hk—1 h—1k-1
B afay kq+r (kq+r
F(h’k)_ZE{E}_Z h { k }
a=0 q=0 r=0
k—1  h—1
r kq+r r ( h—1 )
_yryhatr e phot
r=0 k q=0 h r=0 k 2
h—1e2 18, h=1 k(k—1) (k—1)(2k—1)
= r4+ — Tt = . + .
2 k 2 2
r=0 r=0
Similarly,
Pk h) = h(h—1)(k—1) n (h—1)(2h — 1).
4 6
Let d = (h,k), b’ = h/d and k' = k/d. Obviously (h’,k’) = 1. When v runs

from 0 to k" — 1, h'v + r runs over a complete system of residues modulo & where
r is an arbitrary integer. Thus

a=0 r=0 q=0
_h_lzd_lk/_l{h(k’u—i—v)—i—r} _h_lik_ {h’v—l—[r/d]—i—{r/d}}
r=0 h u=0 v=0 k r=0 h v=0 K
h—1 E'—1 h—1
r s+ {r/d} r (K -1 r h—1 k—d ,
= —_ —_— = —_ — _ —_— e F
2w ;h'< —{a)) - 7 e
h=1 k—d h-d d—1 (d-1)@d—1) (h-1D(k-1) d®—1
o Ty T T 6 B 4 T
Note that
Ml a a a
WA K) = D G- G-
=
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In view of the above, we can compute m(h, k) = A(h, k) and verify (3.2). As

h—1k—1 h—l—k
M(h, k) +m(h, k) = ZZ( —)—hk—T,

r=0 s=0

(3.3) follows from (3.2). Combining (3.2) with (1.17), we then obtain (3.4). O

Remark 3.1. Let h,k be positive integers, and a, € [0,1). That G(h,k) =
(h—1)(k —1)/4+ ((h,k)* —1)/12 can be extended as follows:

PR S VI NS T T

a=0

Dedekind’s reciprocity law is the following consequence in the case (h, k) = 1.

Corollary 3.2. Let h and k be positive integers. Then

(3.6) s(h, k) + s(k by = 4 £ (BT

1
12k ' 12h ' 12rk  4°

Proof. Write d = (h, k) and k' = k/d. For s'(h, k) = Zf_é Z[2r], we have

r=0
k|hr
kol k=1 k-1
h 1 1 k-1 g1
r= r— 7];:/:|r
Similarly,
(hoh)+ (ko ) = "L (e — 2k — 30y + =2
T 12h —
Since
()60 = Bk = Sk = D £ A
S ) S 9 - ? - 3 4 2 12hk ,

we can obtain (3.6) from the above. [

Proof of Theorem 1.2. By (1.13) we have

m(h, k1) =m(@)(h—1)(k — 1)l — 1) + dy + d3 + d5 — m(h, k, 1)
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where
dy = —m(h)(k— 1)1 —1) +m(k,l)(h — 1),
do = —m(k)(h —1)(I = 1) + m(h,l)(k — 1),
ds =—-m(l)(h—1)(k—1)+m(h,k)(l —1).

In view of Theorem 3.1, d; coincides with

(h—1)(k—1)(1—-1) (k—1(1-1) (K*-1*>-1)+(k1)* -1
2 +(h_1)< 4 i 12kl )

— (h— )(k—l)(l—l)(%—i)%—(h—l)%—k;l

_ (h_l)(k_l)(l_l)(% - é) (h_l)%—kz_l

Similarly,

d2:(h—1)(k—1)(5—1)(%—%) +(k—1)(h’1l;—hl_1

and h+k+1 1 h,k)? —1
R+ )4_([_1)L.

d?’:(h_l)(k_l)(l_l)( 12hk 6 12hk
Therefore

am(h, k1) =(h — 1)(k = 1)(I — 1)+ ds + do + ds
WhAhl+k 1 h+k+l

_(h_l)(k_l)(l_l)( okl 2" 12hkl>

(k, )2 -1 (h,[)2 -1

o T DT

+(h—1)

and hence (1.10) follows.
By (1.12), (3.1) and (3.2),

m(h, k1) + M(h, k, 1)
=hkl — m(0) — m(h) — m(k) — m(l) — m(h, k) — m(h,l) — m(k,1)
h—1 k=1 1—1 hk+hi+ki 2h+2k+2—3

s S 2 3 * 4
W UK — 1, K)? 4 kD2 4 K — E(h, 1) 4 BR? 4 BI? — bk, ])?
121kl
h+k h+l k+1 (k)2 (B2 (k1)
g MEEBER L bk bl kel (hRP (DR (kD
3 47 120 " 126 T 12h 0 12hk 12h0 12Kk
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This together with (1.10) yields (1.11). O
Remark 3.2. Let h,k,[ be positive integers. Recall that
hkl

3
m%$w+mwmn+Mwhozzymmhoz7(3 —————— )
t=1

Using the explicit formula for m(h, k,1) + M (h, k, 1), we find that mo(h, k, 1) equals

hkl  hk+hli+kl 1 h+k h+l k+1  (hk)?2 (D2  (k1)?
- - — - + + +

2 6 4 121 12k 12h 12hk 12hl 12k1

Proof of Corollary 1.4. By (1.12),

hkin — m(h,k,l,n) — M(h,k,l,n)

=m(0) +m(h) + m(k) + m(l) + m(n)
+ m(h, k) + m(h,l) + m(h,n) + m(k,1) + m(k,n) +m(l,n)
+m(h,k, 1) + m(h,k,n) +m(h,l,n) + m(k,l,n).

Thus, we can calculate m(h, k,l,n) + M (h, k,l,n) with helps of Theorems 1.2 and
3.1. The desired result then follows. [
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