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GENERALIZATIONS OF KNOPP’S IDENTITY

BEIFANG CHEN AND ZHI-WEI SUN
(Communicated by D. Goss)

ABSTRACT. For integers a,b and n > 0 we define

Setabm = 5 (<)) e ({2])

r=0
ntbr

and

abm) = S (@) LUbr/n)
Tr(a, b, n) %O((n)) r({br/n})’

which are similar to the homogeneous Dedekind sum S(a,b,n). In this paper we
establish functional equations for St and Tr. Moreover, by means of uniform function
(introduced by Sun in 1989) we are able to extend Knopp’s identity on Dedekind sums
vastly.

1. INTRODUCTION
For a real number z, we use {x} to denote its fractional part, and define

(2)) = { {z}—-1/2 ifzgZ,

(1.1) .
0 otherwise.

Given m € Z and n € ZT = {1,2,3,...}, in 1892 R. Dedekind introduced the
classical Dedekind sum

02 sm =3 (1) ()

in his study of the functional equation of Dedekind’s eta function

n(t) = emiT/12 H (1 —e**7) (7 is in the upper half plane).
k=1
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When m,n € Z* are relatively prime, Dedekind determined S(m,n) + S(n,m)
explicitly. The result is now known as the reciprocity law for Dedekind sums. (See,
e.g. W. S. Anglin [A], Z. W. Sun [S5] and D. Zagier [Z].)

By means of n’s functional equation and Hecke operators, in 1980 M. 1. Knopp
[K] established the following arithmetic identity:

d—1
(1.3) Z Z S(ac+rn,dn) = o(m)S(a,n)

cd=m r=0

where a € Z, m,n € Z" and o(m) denotes the sum > djm @ of (positive) divisors
of m. We can view this identity as a functional equation of Dedekind sums. For
a,b € Z and n € Z*, the sum

» st =3 (%)) (%))

r=

is called a homogeneous Dedekind sum. In 1996 Z. Y. Zheng [Zh] proved the fol-
lowing extension of Knopp’s identity:

(1.5) Z Z S(ac+ rin,bc + ran,dn) = mo(m)S(a,b,n)

cd=m r1,79€d,
where a,b € Z, m,n € Z* and
de ={r€7Z:0<r<d}.

In this paper we will make a further generalization.

Definition 1.1. For a function F' of two complex variables into the complex field
C, if for any ordered pair (z,y) in the domain Dom(F") of F' we have

(1.6) {<x1—r,ny>:7‘€n*} C Dom(F) and nle(xj;Tny> = F(z,y)

r=0

for every n =1,2,3,..., then we call F' a uniform function (into C).

The concept of uniform function was first introduced by the second author in
[S1] where he showed that, among functions F' of two complex variables into C
with {(Z- ny): r € n,} € Dom(F) for all (z,y) € Dom(F) and n € Z™, uniform
functions are those F' such that whenever

Z Asg = Z Lt for all z € Z

1<s<k 1<t<l
z=as (mod ng) z=by (mod my)
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(where 0 < a5 < ng, 0 < by < my and A, iy € C) we have

k l
T+ ag x + by
1.7 A F ,NsY | = F ,m for all (z,y) € Dom(F).
10 AT ) = S (T ) ol 1.0) € Dom(r)

See also Theorem 2.1 of [S3] and Corollary 2 of [S4].
A uniform function F' is said to be periodic if

(1.8) (x,y) € Dom(F) = (xr+1,y) € Dom(F) & F(x+1,y) = F(z,y).

We use PUF to denote the class of all periodic uniform functions. It is easy to see
that the function D on R x R given by

(1.9) D(z,y) = ((x))

belongs to PUF where R is the field of real numbers. Generalizing the homogeneous
Dedekind sums, we introduce the following definition.

Definition 1.2. Let F,G € PUF, (z,y) € Dom(F') and (u,v) € Dom(G). For
a,b € Z and n € Z* we set

Fix,y T+ ar w+ br
(1.10) [G;u,v] (a,b,n) ZF( y)G( - ,'rw>.
Now we give our extension of Knopp’s identity.

Theorem 1.1. Let a,b € Z, m,n € Z*, F,G € PUF, (x,y) € Dom(F) and
(u,v) € Dom(G). Then we have the identity

F F
(1.11) Z Z [ o y} (ac+rin,bc+ron,dn) :mZd[ ,x/d,dy} (a,b,n).
d|m

G;u/d,dv

cd=m ri,r2E€d

Definition 1.3. For a,b € Z and n € Z* we define

w1 sstom =3 () wr ({})

r=

nibr

and

119 o = 3 () Tty
nibr

where I'(z) is the well-known gamma function.
By applying Theorem 1.1 to certain periodic uniform functions involving I'(z),
we can deduce the following result.
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Theorem 1.2. Let a,b € Z and m,n € Z™*.
(i) For the function Tr we have the following functional equation:

1
(1.14) Z p Z Tr(ac + rin,bc + ron,dn) = md(m)Tr(a,b,n)

cd=m  ri1,r9€d,

where d(m) is the number of positive divisors of m.
(ii) For Sr we have

Z Z Sr(ac + rin, be + ron, dn) — mo(m)Sr(a, b, n)

cd=m ri,r2€d.

(1.15) m a.b.n n
:mdlzmA(d)a (E) <S( Zjl)/’(d{g? ) — S(a,b, n)) ,

where (d,n) is the greatest common divisor of d and n, and the Mangoldt function
A is given by

Inp ifd=p* for some prime p and o € ZT,

(1.16) A(d) = {

0 otherwise.

Actually there are lots of examples of periodic uniform functions (see [S2,53,54]),
so we can apply Theorem 1.1 to obtain many other results.

2. PrROOF OF THEOREM 1.1

Lemma 2.1. Leta € Z, n € Z*, F € PUF and (z,y) € Dom(F). Then

(2.1) nfp(f” Z‘”’,ny) — (a,n)F (mx—n) (a,n)y) .

r=0

Proof. Let d = (a,n). Then o’ = a/d is relatively prime to n’ = n/d. Each r € n,
can be written uniquely in the form sn’ 4+ ¢ where s € d, and t € n’,. Thus

n—1 . . ’
ZF <x+w,ny) = Z Z F<z + a—/(sn'+t),ny)
r=0 n s=0 t=0 n n
n'—1 n'—1
4y F(Z4 L) =a ST E(E T ) —dF(fd)
= n o [ Yyl = an’ Yy) | = d’ Y-
t=0 r=0

We are done. [
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Proof of Theorem 1.1. Suppose that ¢,d € Z™ and cd = m. Then

F.
W{(e,d) := Z {G, z’ Z] (ac + rin, bc + ron, dn)

r1,r2€d

dn—1
B Z Z (9:+ (ac+ rin)r dny)G(u+ (bc+r2n)r7dm))
dn dn

r=0 ri,r2€d,

dn—1 d—1 d—1
_ Z ZF( x + acr /n+rr1 )ZF((u+bcr2j/n+rr2 dm;>

r=0 r1=0 ro=0

dn—1
(x + acr)/n (u+ ber)/n
= ~ 2 (d G| ——+FF—,(d
I e ) L G e
where we apply Lemma 2.1 in the last step. For the Mobius function p, it is well
known that }_,, p(r) equals 1 for k =1, and 0 for k= 2,3,.... Thus

t best
RIS F<“4,my)g(“+ﬁ,m)
n n

tld  0<s<nd/t
(d,st)=t

= Z t? Z Z (—x a CZCSt nty) G (u t;;CSt , ntv)

t|d 0<s<nd/t r|(s,d/t)

x + acrs't u + bers't
ST T (e o( )

tld 0<s’<nd/(rt)
and hence
d —1n-1
t(k l bert(k l
W d) ZN )2 Z ZF(x—i—acr n+1) nty)G(u+ crng5 n+ )77”&?5?))
rt|d k=0 1=0
d < :c/t—i—acrl u/t + berl
_ 2
—E:MVV7T§:F( ) )6 (L )
rt|d
Fiz/t ty
_ 2 ) ’
= Tstz_du(r)st [G; ult, tv} (acr,ber,n).

In view of the above, we have

_ J[Fix/tityl ( om o m
Z Wie,d) = Z ulr)st [G; u/t, tv (arrst brrst’n)

cd=m rstlm

YOI A [ %

st=d r|Z%

- Z [Z Zﬁ iﬂ bim) =m md{G;u/d,dv}w’b’n)'
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This concludes the proof. [

3. PrROOF OF THEOREM 1.2

For a uniform function F with Dom(F) C RxR, the function F(z,y) = F({z},y)
obviously lies in PUF.
Let Rt = {x € R: > 0}. Define I'*: (RT U{0}) x RT — R as follows:

I (2. y) { D(z)y*/\2my if x>0,
:,U, = .
Y V2Ty if x=0.

By Example 2.2 of Sun [S2], the function InI'*(z,y) is a uniform function. The

reader can verify this by means of the following famous multiplication formula of
Gauss (cf. [E]):

(3.1)

n—1
H r <z + %) = (2m) (" V/2p1/2= D (nz) (n e ZF and nz #£0,—1,...).
r=0

So the function I'y(z,y) = InI'™*({x}, y) belongs to PUF.
Let f(0) = —v (where ~ is the Euler constant 0.577...), and f(z) =I"(z)/I'(x)
for > 0. By sections 1.7 and 1.7.1 of [E|, we have

for any z € R™ and n € Z™. Observe that
t@) =10 -2 (1(2)-1(2))
:k;o(kil _kix) _%kzzo(kil k+1x/n)
:1_%+§:((1_%) k—lk1+kn1+:c_k%1—x)

tends to zero as x — 0. So f(z) = %Z:}:—& f(EL) +1Inn for all 2 > 0. For z >0
and y > 0 let

(I'(x)/T(z) + Iny)/y if z >0,
(—y+Iny)/y if z = 0.

(32) w(e.p) = {

Then ¥ is a uniform function. (In fact, ¥(z,y) + v/y is just the uniform function
G(z,y) given in Example 2.3 of [S2].) Thus the function ¢ (z,y) = ¥(z,y) also lies
in PUF.
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Lemma 3.1. Let a,b € Z and m,n € Z". Then

D;0,m B
(3.3) [F*; 0. m] (a,b,n) = Sr(a,b,n)+In(mn)S(a,b,n)
and
D:0,m Tr(a,b,n)
4 _ Ir(a,b,n)
(3.4 i oy = T

Proof. We first claim that both

= Y () and ma= Y ((4)

TEN TEN
nlbr nfbr

vanish. In fact, by Lemma 2.1 we have

E
—

((CL_};)) = (a,k)((0)) =0 forevery k=1,2,3,....

0

%
I

So Ry + Ry =0. Let d = (b,n), b/ =b/d and n’ =n/d. Then

ne X (E)-S () -S ()
n'[b'r

In view of the above,

n—1

Lo mf@rm =3 () (%)
=3 () (mr({5)) + ({5 - 2) o - 57)
L TZ;* (( )) In( 27rmn)

=Sr(a,b,n) + In(mn)S(a,b,n)
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and

Fron]esn =S () (Fom)

:;n:* <<%>) T;n (Fr(({{:://:}})) * ln(m”))

+ Z (% )) (—y + In(mn))

We are done. [J
Proof of Theorem 1.2. i) By Theorem 1.1,

Z Z KZ 8 ﬂ (ac + rin,bc + ron,dn) = mZmd{Z;g:s] (a,b,n).

cd=m ri,r2€d,

In light of Lemma 3.1, this says that

1 Tr(a,b,n
Z Z %Tp(ac+r1n,bc+r2n,dn):mZdM,

dn
cd=mri,r2€d, d|m

which is equivalent to (1.14).
ii) If ¢,d € Z* and ¢d = m, then by Lemma 3.1 we have

D;0,1
Z {F ’ 0’ 1] (ac + rin,bc + rom, dn)

71,72 Ed

= Z Sr(ac + rin,be + ron,dn)

r1,7oEdy
+ In(dn) Z S(ac+ rin,bc+ ron,dn).

71,72 Ed

This, together with (1.5), yields that

D:0,1
Z Z {I‘*,O 1] (ac + rin, bc + ron, dn)

cd=mri,r9E€d

— Z Z Sr(ac+ rin, be + ron, dn)

cd=m ri,r2Ed,

:Z(lnd—f—lnn) Z S(ac+ rin,bc + ran,dn)

cd=m 1,72 Edx

=(Inn)mo(m)S(a,b,n) + %
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where

D;0,1
Y= Z Ind Z {D g J (ac+ rin,bc + ron,dn).

cd=m 1,72 Ed,

It is well known that }_;, A(d) = Ink for k € Z*t. (See, e.g. [A].) By Mobius’
theorem, this implies that

:Zu( ln—: Zu YInd for any k € Z™.
d|k d|k
By the proof of Theorem 1.1,
D;0,t m m
— 2 )
Y= Z In(rst)u(r)st [D;O,t] <a7"@,b7“§,n>

rst|m

D:;0,t
_Zdz Z,u ) In(rd) [D;O,t] (a%,b%,n)

st=d r|%

and hence

=Zd<2u(7“)lnd+z/*( W)DS( g bgn)

dlm r|% r|%

=3 d(nd)o(d)s (a%, b n) - ZdA <E> o(d)s (a7, b n)

d=m

d
m o m
ot ()5 (20).
mo(m)(Inm)S(a,b,n) Zda a bd n
In view of Lemma 3.1,

Zd{f ?)//(fz Cﬂ bm) =3 d(Sr(a,b,n) + In(dn)S(a, b, n))
* dlm

=o(m)Sr(a,b,n) + S(a,b,n) (a(m) Inn + Z dln d) :

dlm

Thus, by Theorem 1.1 and the above,

mo(m)Sr(a,b,n) +msS(a,b,n) (a(m) Inn + Z dIn d>

dlm
—Z Z Sr(ac+ rin,be + ron, dn)

cd=mri,ro€d,

=mo(m)(Inn + Inm)S(a,b,n) — Zda < ) (a%,b%,n).

dlm
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Therefore

o(m)Sr(a,b,n) — Z Z Sr(ac+ rin,be + ron, dn)

cd=m r1,r2E€d

:m<z dlnm -y dln d)S(m bon)— Y %a (%) A(d)S(ad, bd, n)

d|m dlm dlm
:mZdln%S(a,b,n mZA S(ad, bd Slad,bd,n) (%)
dlm

B m S(ad, bd,n)
—mdz:A(d)a <E> (S(a, b,n) — T)
where in the last step we note that

de— DAY AB =D AW d=Y AW ().

dim  t|Z tlm d| 2 tlm
Fix d € Z* and let d = d/(d,n) and n’ = n/(d,n). Evidently,

S(czcé:l;i,n _ Z Z (<ad’ sn —|—t))> ((bd’(szl’%—t)))

s=0 t=0

-S () ((bffit)) -5 (@) (%) s

By the above we finally get (1.15). This concludes the proof. [
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