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ABSTRACT. A famous unsolved conjecture of P. Erdés and J. L. Selfridge
states that there does not exist a covering system {as(mod ns)}*_, with
the moduli ni1,... ,n, odd, distinct and greater than one. In this pa-
per we show that if such a covering system {as(mod ns)}¥_, exists with
ni,...,ng all square-free, then the least common multiple of ni,... ,ng
has at least 22 prime divisors.

1. INTRODUCTION

For a € Z and n € {1,2,3,...}, we simply let a(n) denote the residue
class
a(mod n) ={a+nz: z € Z}.

In the early 1930s P. Erdos called a finite system

k
A ={as(ns) o= (*)
of residue classes a covering system if Ul::1 as(ns) = Z. Clearly (x) is
a covering system if and only if it covers 0,1,... ,Nq — 1 where Ny =
[1,...,nk] is the least common multiple of the moduli nq,... ,ng.

Here are two covering systems with distinct moduli constructed by
Erdos:

{0(2), 03), 1(4), 5(6), 7(12)},
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{0(2), 0(3), 0(5), 1(6), 0(7), 1(10), 1(14), 2(15),
2(21), 23(30), 4(35), 5(42), 59(70), 104(105)}.

Covering systems have been investigated by various number theorists
and combinatorists, and many surprising applications have been found.
(See [3], [4] and [7].)

A covering system with odd moduli is said to be an odd covering system.
Here is a well-known open problem in the field (cf. [3]).

Erdos-Selfridge Conjecture. There does not exist an odd covering sys-
tem with the moduli distinct and greater than one.

In 1986-1987, by a lattice-geometric method, M. A. Berger, A. Felzen-
baum and A. S. Fraenkel ([1] and [2]) obtained some necessary conditions
for system (%) to be an odd covering system with 1 < ny; < -+ < ng, one
of which is the inequality

™

S —1 1
—
- > 2,
bt =2 = py—2
where p1, ... ,p, are the distinct prime divisors of N4. They also showed
that if (x) is an odd covering system with nq, ... ,n; square-free, distinct

and greater than one, then the above inequality can be improved as follows:

T T

Py
_ > 2
tzlpt—l = pr— 1

and consequently r > 11. This was also deduced by the second author [6]
in a simple way.

In 1991, by a complicated sieve method, R. J. Simpson and D. Zeilberger
[5] proved that if () is an odd covering system with ny, ... ,ny square-free,
distinct and greater than one, then N4 has at least 18 prime divisors.

In this paper we obtain further improvement in this direction by a direct
argument.

Theorem 1. Suppose that (x) is an odd covering system with 1 < ny <
oo <ng. If Na = [nq,... ,ng| is square-free, then it has at least 22 prime
divisors.

In contrast with the Erdds-Selfridge conjecture, recently the second
author [8] showed that if (%) is a covering system with 1 < n; < --- < ny
then it cannot cover every integer an odd number of times.
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2. PROOF OF THEOREM 1

For convenience we let [a,b] = {z € Z: a < z < b} for any a,b € Z.
Assume that N = Ng = py---p, where p; < --- < p, are distinct odd
primes. For each ¢ € [1,7], we set

d = E(t_ 1)J

(where |-| is the greatest integer function), and define

{{pipt:1<i<dt} if

M, = o .
{pipe = 1 <i < di} U{pipape, prpspe}  if

Note that d; = dy = 0 and hence M; = My = ().
For s € [1, k| let
/ { pt  if ng € M, for some t,

n, = )
ns otherwise.

Since n’, | ns, we have as(ns) C as(n)). Thus A'={as(n’)}*_; is also an
odd covering system. Let

I= [1,k]\UIt where I; = {1 < s < k: n, =p}.
t=1

Then
UM%DWW—mULNWQ:ﬂ(MNﬂhU%%O-
sel t=1sel, t=1 sely

For each t € [1,7], clearly |I;| < di +1 < p;if t <8, and |[¢| < d; + 3
otherwise. Observe that d; < 3(p; —1)/5 <py —3if t > 9. So there is a
subset R; of [0, p; — 1] satisfying the following conditions:

(a) |[Rel =pr —1—dpif t <8, and |Ry| =pr —3—di if t > 9;

(b) © # as(mod p;) for any x € R; and s € I;.

Define

X ={z €[0,N —1]: the remainder of z mod p; lies in R; for ¢t € [1,r]}.

Then |X| = [],_, |R¢| by the Chinese Remainder Theorem, also

xe (o8- U at)) € Yot = Yo

sely sel sel
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and hence X =, ; X5, where

sedJ

Xs=XnNas(ns) and J={sel: X, #0}.

For each s € J, the set X, consists of those = € [0, N — 1] for which
x = as (mod py) if p | ng, and = 7, (mod p¢) for some r, € Ry if py f ns.
Thus, by the Chinese Remainder Theorem,

| Xs| = H |Re| = | X H |R;|~! forall s € J.
ISNAN 4 1<t<r
ptf’n‘s pt'ns

Let ag € X, ng = p1p2 and Xg = X Nag(ng). Again by the Chinese
Remainder Theorem,

| Xo| = H |Re| = | X]| H |Ry| ™"

2<tLr 1<t£r
pt|no

Let j =0if ng € {ns: s € J}, and let j be the unique element of J with
n; =mngif ng € {ns: s € J}. Set Jy ={s € J: (ns,ng) =1}. Then

U x

seJU{j}

[ X| =

< Z ‘Xs’—F’XjU U X

seJ\(JoU{s}) s€Jo

< D)L XX+ D IXAX]

seJ\(JoU{s}) s€Jo

= D XX+ DX - XN X))
s€J\(JoU{s}) s€Jo

and so

|X|< Z ’Xs|_Z‘Xszj"

seJU{j} s€Jo

If s € Jo, then XN X, consists of those z € [0, N — 1] for which z =
a; (mod nj), * = as (mod ny), and = r; (mod p;) for some r; € Ry if
pt { njns, therefore

[ Xs N X;| = H |Re| = |X| H |R| ™"

1<tLr 1<t<r
pen nsg pt|nons

Set

Dy ={d>1: d|N}\({p1,... ,pr}uth),
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and
Dy={ns: se JU{j}} and D3 ={d € Dy : (d,ng) = 1}.

If s € J, then n!, # p; for any ¢t € [1,7], and thus ny = n), € D;. Since
dy = 0, we also have n; = pips € Dy. Therefore Dy C Dy, and so Dy N D3
coincides with Dy = {ns : s € Jy}.
Let
v =|Re|7' <1 fort=1,...,r

and
I(d) ={1<t<r:p|d;
for any positive divisor d of N. Observe that

> le-an ¥ lx

deD1\Ds tel(d deD3\Dy tel(d)
R S| T | B
deD1\(D2UD3) tel(d) deD3\D4 tel(d)

Thus

X[< Y X =D XX

seJU{j} s€Jo
:Z\X| H xt—Z|X|x1x2 H Tt
deDa tel(d) deDy tel(d)
(X I oe-me X T o).
deD; tel(d) deD3 tel(d)

Since d; = dy = 0 and d; < 3 for t < 6, by the above we have

1< Z Hsct—z Z TiTy — Z (1222t + T123T4)

IC[1,r] tel t=11<i<d, 9<t<r

[I|>1

— T1T2 ( E H Tt — E E xixt)
IC[3,r] tel 3<t<r 3<i<dy
[I|>1

r T r o dt

= H(l +ax)—1— 5 Ty — 5 E TiTy — 5 (1222t + T12324)
t=1 = t=3 i=1 9<t<r

—xle(H(th —l—ixt izx xt)

t=6 i=3
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It follows that f(z1,...,2,) > 2, where

' ™
flxy,yxy) =14+ x4 —1—332)1_[ (1+ zy) th+x1x2—ZZx Tt

t=3 t=3 1=1

,
+$1$QE Ty — X173 E $t+$1$2§ E T;T¢

I<tLr t=6 =3

can be written in the form > . Ciy .. ZE? . -xff with ¢;, . ;. = 0.
11yeee 329 ’ 3 X28
Let 3 =3 < -+ < g, be the first r odd primes. For each ¢t € [1,7], as

pt = q¢ we have z; < z, where

-

, {(Qt—dt_l)_l if1<t<8,

T, =

' (qp —dy —3)71 ifo<t<r
Thus

F@h 2l > flan, o) 32

By computation through computer we find that
flzh, ... xh) =1.995-- <2,

therefore r # 21. (This is why we define d; and M; in a somewhat curious

way. )
In the case r < 21, we let p,41 < --- < p9; be distinct primes greater
than p,, and then

A={ai1(n1),...,ax(nk),0(prs1),...,0(p21)}

forms an odd covering system with N 4 square-free and having exactly 21
distinct prime divisors. This is impossible by the above.
Now we can conclude that » > 22 and this completes the proof.
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