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ABSTRACT. In this lecture note we develop the theory of Bernoulli and Euler poly-
nomials in an elementary way so that middle school students can understand most
part of the theory.

1. BASIC PROPERTIES OF BERNOULLI AND EULER POLYNOMIALS

Definition 1.1. The Bernoulli numbers By, By, Bo, - -+ are given by By = 1 and the

recursion
n n—1
n-+1 1 n+1
B, =0, ie. B, = — B =1,2,3,---). 1.1
;(,{) nﬂlgo(k)k(n ) ()

The Euler numbers Fy, E1, Es, - -+ are defined by Ey = 1 and the recursion

n n—1
n . n
E (k)Ekzo, ie. B, =— E (k)Ek (n=1,2,3,---). (1.2)
2|ln—k 2|ln—k

By induction, all the Bernoulli numbers are rationals and all the Euler numbers

are integers. Below we list values of B,, and FE,, with n < 10.

n |0 1| 213 415 6|7 819 10
Bo| 1] -1/2|1/6 | 0| —1/30|0|1/42 |0 | —1/30 | 0 5,66
E,| 1 0| —11]0 5/0[ —61 | 0| 1385 |0 | —50521
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Definition 1.2. For n € N ={0,1,2,---}, the nth Bernoulli polynomial B,,(z) and

the nth Euler polynomial E,, (z) are defined as follows:

n n

Bu) =Y (Z) By and En(z) =3 (Z) % (x - %)H. (1.3)

k=0 k=0
Clearly both B,,(z) and E,,(x) are monic polynomials with rational coefficients.
Note that B,,(0) = B,, and E,(1/2) = E, /2.

Here we list B, (x) and E,,(z) for n <5.

0 1 2 3 4 )
By(z)| 1| az—% | 2?—z+¢ | 23—322+%2 | 2t —223 +2? — & | 2°— 52+ 323 - &
E,(z)| 1| 2z-1 -z | 2% — 32?4+ ¢ gt =223 + 2o | b — Sat 4 527 — ]

Lemma 1.1. Let k,l € N and k > 1. Then
T\ (k\  [(x\[x—1
EJ\t) \1)\k—-1)

Proof. Clearly

k—1 Il (k=)
:Hogr<£!(x . l!(kki N (i) (?)

(az) <a: — l) :Hogm(ﬂ? =) Tlogjar(@=1-17)

This ends the proof. [J

Lemma 2.2. Letn € N, and 0, , be 1 or 0 according as m = n or not. Then

Bn(1) = By(0) = 6,1 and E,(1) + E,(0) = 26,.0. (1.3)

Proof. By Definition 1.2,
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and

We are done. [

Theorem 1.1. Let n € N. Then we have

n

Bu(x+y)=)_ (Z) By(2)y" ", and E,(z+y) = 3 (n> Ep(z)y" " (1.4)

Also,

Bu(z+1) = B,(z) =nz" ' and E,(z+1)+ E,(z) = 22" (1.5)

Proof. By the binomial theorem and Lemma 1.1,

- (e (o

=0 =0

n\ [n—1 n\ [k
— B k—1 n—k: B k—1l n—k
DGoymetrr= 5 () () mey
0<i<k<n

0<i<k<n

()5 (e = (e

k=0

EEO0 -2 E o

In view of the above and Lemma 1.2,

Bu(w+1) = Ba(z) = Y (”> (Bu(1) = By(0)) "% = na™!

k
k=0
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and

n
n

E.(z+1)+ E,(x) = Z (k) (Ex(1) + Ex(0)) 2"k = 2™,
k=0
This concludes the proof. [

Theorem 1.2. Let n € N. Then we have the recursion

i (nzl) By(z) = (n+1)z* and kz: (Z) Ep(z) + By(x) = 22" (1.6)

k=0
Also,

B,(1—2)=(-1)"By(z) and E,(1—z)=(-1)"E,(z). (1.7)

Proof. By Theorem 1.1,

n

L

k=0

and

n n

3 (Z) (@) + Eo(e) = 3 (Z) ()17 4 B (2) = By (24 1) 4 By () = 227
k=0 k=0
In view of the above and Theorem 1.1,

> (") -0 - (1))

k=0

= kio (" ’ 1) Be(l— )+ (-1)" 3 (” : 1) Bu(a) (—1)"+1

k=0
=(n+ 1)1 =2)" + (=1)" (Buyi(z — 1) = Buya(2))

(~1)" (0 + (@ = 1" = Buga (@ — 1) + 1) = Byia(w — 1)) = 0.

Similarly,
Xn: (Z) (Ep(1 —2) — (-1)"Ex(2)) + E,(1 —z) — (—1)"Ey,(2)
k=0
:é (3) Bt =)+ Bu(1 =) - <—1>”(k§nj:0 (}) B+ 2o

=2(1 — 2)" — (=1)" (Ep(z — 1) + Ep(z — 1 + 1)) = 0.

On the basis of these two recursions, (1.7) follows by induction. [



INTRODUCTION TO BERNOULLI AND EULER POLYNOMIALS 5
Corollary 1.1. Let n > 1 be an integer.
(i) When n is odd, we have B,(1/2) = E,, =0, and B, =0 if n > 1.

(ii) If n is even, then E, (0) = 0.

Proof. When n is odd, taking z = 1/2 in (1.7) we find that B,(1/2) = E,,(1/2) = 0.
Recall that E,, = 2"E, (1/2).

By (1.7), B,(1) = (-1)"B,(0) and E,(1) = (—=1)"E,(0). This, together with
(1.3), shows that B, =0 if n > 1 and 2{n, and that E,(0) =0if 2| n. O

2. ON THE sUMS Y. "—  7F anD 3020 (—1)"rk

For ke N={0,12,---} and n € Z* = {1,2,3,--- }, we set

n—1 n—1
Se(n) =Y ¥ and Ti(n) =) (-1)"r" (2.1)
r=0 r=0
It is well known that
n(n n(n—1)(2n —1)

n{n—1) and Sa(n) =

So(n) =n, Si(n) = 5

6

In 1713 J. Bernoulli introduced the Bernoulli numbers, and used them to express
Sk(n) as a polynomial in n with degree k + 1. Later Euler introduced the Euler

numbers to study the sum T (n).

Theorem 2.1. Let k and n be positive integers. Then

_ Biyi(n) = By oMt b kB ki1
Sik(n) = k1 =1 st 2 o) (2:2)

1<i<k
2|1

and

To(n) = 2O = CU"E(M) _ g, ({” * 1D CSun).  (2.3)
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Proof. By Theorem 2.1, Byy1(z + 1) — Bry1(z) = (k + 1)z*. Therefore
n—1

(k+1)Sk(n) =Y (Brs1(r+1) = Brya(r))
r=0

k

k+1 _

=Bjy1(n) — Bry1 = Z ( ] >Bmk+1 :
1=0

k
—pktl _ n- k & k=141
=n (k—|—1)2+(k+1)z (l—l)ln :
1<i<k
By Corollary 1.1 B; =0 for I = 3,5,---, so (2.2) follows.

In view of Theorem 2.1, Ey(x + 1) + Ex(z) = 22%. Thus

n

I
i

2Tk (n)

(=1)"(Ek(r) + Ex(r + 1))

3 3
Il
[ )

(=1)"Bx(r) = (=1)"" By (r +1)) = Ex(0) — (=1)" B (n).

\3
Il
=

We also have

n—1 n—1 [(n—1)/2]
. n—+1
Te(n)=2) v =3 b =21 37 - 5i(n) =2, ({ > D — Si(n).
r=0 r=0 7=0

2|r

This ends our proof. [

Example 2.1 As By(z) = 2* — 223 + 22 — 1/30, we have
By(n) — By n*—2n+n?  n?(n—1)>

83(77,) = 1 = 1 = 1 = Sl (n)2
Similarly,
Bs(n)—Bs Bs(n) n® n* nd n
S pu— pu— = —_-—— _——
a(m) 5 5 5 2 73 30

Since F3(r) = 2% — (3/2)2? + 1/6 and Ey(x) = 2* — 223 + (2/3)x, we have
:ES(O) — (=1)"E5(n) _ i . = (n3 _§ 24 1>

2" T

2 12 2

_1 B (_1)71 nn2
= - ()20 - 3)

T3 (n)

and

1) = SO CD B gyt (-0 4 20)
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Corollary 2.1. For any k € N we have

Bulo) = 2t (B (S5) - Bea (5) ). (2.4

Proof. Whenever n € {2,4,6,---} we have

Ey(0) — Ex(n) _ 284183 (n/2) — Sk(n)

=T;

2 k(n) k+1
2" By (n/2) = Biya(n) + (1 = 28 Byyy
N k+1 '

Since both sides are polynomials in n, it follows that

Ey(0) = Bg(z) _ 2" Brya(@/2) = Bpa(2) + (1 =21 By

2 k+1 (+)

Ifne{l1,3,5---}, then

Er(0) + Ex(n)
2

k1 n — Si(n
:Tk(n) _ 2 Sk(( 2’_}1_)1/2) Sk( )

2B 1((n+1)/2) — Brgi(n) + (1 — 2841 By
N kE+1 '

So

E(0) + Ex(z) _ 2 Bepa((+1)/2) = Bpga (@) + (1= 2871) Byyy

2 k+1 (+)

(%) minus (x) yields (2.4) immediately. O

3. RAABE’S THEOREM AND ITS APPLICATIONS

The following theorem of Raabe plays important roles in the theory of Bernoulli

polynomials.

Theorem 3.1. Let m > 0 and n > 0 be integers. Then

[y

m—

Y B, (w il T) — M B, (). (3.1)

m

r=
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Proof. For any k=0,1,2,--- we have
m—1 m—1
1)Z(x+r Z (Bks1(z+7r+1) — Brrq(z + 1))
r=0 r=0

k
k41 _
=Byy1(z+m) — By () = ) ( l )Bl(ﬂﬂ)ﬂ”LkJrl g
=0

This, together with Lemma 1.1 and the recursion for Bernoulli numbers, yields that

mian (x:f) :mz_:li Z)%(mﬁ—r)k

_|_
This completes the proof. [J

Corollary 3.1. Forn € N we have

B (z) = niﬂ <Bn+1(sc) ~ 2B, (3) ) (3.2)

Proof. Applying Theorem 3.1 with m = 2, we obtain that

rz+1 B, i1(x
e () (212) - gt

On the other hand, by Corollary 2.1,

r+1 x n-+1
B”“( 2 >‘Bn+l (3) = g @),
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The first equation minus the second one yields that

T 2B, 11(x) — (n+ 1)E,(x
23n+1<§>: +()2n(+1+) (z)

which is equivalent to (3.2). O

From Theorem 3.1 we can deduce the following result.

Theorem 3.2. Let n € N. Then

B, (%) = (27" 1) Bn (3.3)

When 2 | n, we have
n()on()-rt o
(o)
B, (5) =8 (5) — @ - nE - (3.

Proof. Taking x = 0 and m = 2 in (3.1), we find that

B, (g) + By, (%) =2""RB,(0), ie. B, (%) =" - 1)B,.

Now we let n be even. Note that B, (1 —x) = (—1)"B,(z) = B,(z). (3.1) in

the case x = 0 and m = 3, yields that

1 2
Bn(o) + Bn (3) + Bn (g) = 317”Bn7

which is equivalent to (3.4). Taking z = 1/2 and m = 2 in (3.1), we get that

5, (1/2; 0) s <1/22+ 1) _ginp (%) |
B, G) = B, @) =2""B, (%) =27"2'"" —1)B,.

So



10 ZHI-WEI SUN

(3.1) in the case x = 1/3 and m = 2, gives that

1 1 1 1
B, /340 + B, /3+ =217"B. (= ];
2 2 3
therefore

B, (g) =B, (é) =2'""B, (é) — B, (%) =@ —1nEt - 1)%.

This completes the proof. [J

Corollary 3.2. Letn € N. Then

B
E,(0) = 2(1 — 2nthy=ntl 3.7
(0) = 2( )n+1 (3.7)
If n is odd, then
1 2 B
E,(=)=-E,(2) =" -1)3"-1)=2 .
(3) =5 (3) @ -vem -0 (3.5

Proof. Taking x = 0 in (3.2) we obtain (3.7).
Now let n be odd. Then E,(2/3) = (-1)"E,(1/3) = —E,(1/3). By Corollary

3.1 and Theorem 3.2, we have

1 2 1 1
E,(=]= Bpii|=)—-2"""B, 1 | =
O CRO R )

2 -1 B,
(3 By — 227" - )@ 1) “)

Tn+1 2

B
=2t —1)(37" — 1)
( )(3 )1

Theorem 3.3. Let m € ZT and n € N. If 2 | m then

B e B ] (3.9
if 24 m then
> (1, (E) < Eel) (5.10)
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Proof. We use Corollary 2.1 and Theorem 3.1. When m is even, we have

x+r
-1)"B,
(1) B (52
m/2—1

T+ 2s r+1+4+2s
=3 B (L) X B (T

m—1

s=0 s=0
—milB x/2+ s _mfle (x+1)/2+s
B — " /2 — el m/2

=(5) "B (5) - (5) "B ()
(B () e (72 -t

If m is odd, then

m—1

" > (-UE, (50)
() e (527)

So (3.10) also holds. O

4. NUMBER-THEORETIC PROPERTIES OF BERNOULLI

NUMBERS AND BERNOULLI POLYNOMIALS

Let p be a prime. A rational a/b with a,b € Z and (b,p) = 1, will be called a
p-integer. We let Z,, denote the set of all p-integers. For z,y € Z, and n € N, by

z =y (mod p") we mean that x —y € p"Z,.

Lemma 4.1. Let k be a positive integer and p be a prime. Then pBy, € Z, and

S —pB
5u(p) ~ B ngk;—l (mod p). (4.1)

k
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Furthermore, if p > 3 then

Sk(p) —pBr _ p
2

) pBi-1 (mod p?). (4.2)

Proof. By Theorem 2.1,

k+1
Bk+1<])> — Bk_|_1 1 k +1 j
= = E B —9

k k
= By = B-i-g ——pBk_;.
k+1l:O(l—|—1)p kel = PPk — l l+1p e

Clearly p' > (1+1)! > 1+ 1 and hence p'/(l + 1) € Z,. So pBy, € Z, by induction
on k.

Observe that

k

Sk(p) — ka 1 k pl k—1 pl
oK) =PSB _1 P B, = P B
K P ) B =2 11+ )Pk

=1

P E—1\ p'—!
~Lyp,_ L B
pP k1P (l—l)l(l-l—l)pkl

Obviously p*~1/(2-3) = p/6 € Z,, and p/6 € pZ, if p > 3. When [ € {3,4,---},

we have p'~t > (1+ 1)\ >1+(1—-1)+1=1+1, and
PP (1+4) 2 >14+4(1-2)>1+1

providing p > 5. Thus, ifl € {3,4,---}, then p'~1/(I(I+1)) = p =1 /(I+1)—p'~ L/l €
Z,, moreover p'~1/(I(l + 1)) € pZ, providing p > 3. In view of the above, (4.1)

holds, and (4.2) is also valid if p > 3. O

Theorem 4.1 (von Staudt-Clausen). We have

1
Bi+ Y, —€Z fork=2,4,6,--. (4.3)
p—1|k
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Proof. Let k > 0 be an even integer. Recall that By_; =0 if £ > 2. So, by Lemma
4.1, we have

Sk(p) — pBi = 61,2p° B1 = 0 (mod p).

If p— 1| k, then by Fermat’s little theorem

p—1 p—1
:Zrk EZl = —1 (mod p)
r=1 r=1
and hence By+1/p € Z,. If p—11 k, then there is a g € Z such that g¥ # 1 (mod p),
as (g" —1)Sk(p) = S2P_1 (gr)* = S2PZ1 ¥ = 0 (mod p) we have p | Si(p) and hence
By € Zp.
By the above, By + Zp_1|kp_1 € Z4 for any prime q. So By, + Zp_1|k p~teZ.

We are done. [

Theorem 4.2 (Beeger, 1913). Let p > 3 be a prime. Then
(p—=D!=pBy-1 —p (mod p?). (4.4)

Proof. Wilson’s theorem asserts that w, = ((p — 1)! +1)/p € Z. For any integer

a # 0 (mod p) let gp(a ) denote the Fermat quotient (a?~ —1)/p. Then

p—1
(pwp — 1)P~ = [+ pap(r) —1+p2qp ) (mod p?)
r=1

i ::]hS

and hence

p—1

1—(p—Dpwy = (pwp — P =14 ("' =1) =5, 1(p) —p+2.
r=1
By Theorem 4.2, S,_1(p) = pBp—1 (mod p?). So (p — 1)! = pw, — 1 = pBy_1 —
p (mod p?). O
Theorem 4.3. Let p be a prime and n > 0 be an even integer.

(i) (E. Kummer) Ifp—11n, then B, /n € Z,, moreover By, /m = B,,/n (mod p)
whenever m =n (mod p — 1).

(ii) (L. Carlitz) If p# 2 andp — 1 | n then (B, +p~ ' —1)/n € Z,.
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Theorem 4.4 (Voronoi, 1889). Letn > 0 be even, p € Z*, m € Z and (p,m) = 1.

Then

(m™ — 1) B, = nm"~! pg::i ! [%m] (mod p). (4.5)

Theorem 4.5 (L. Euler). We have

N 22m(22™ — 1) By T
_ m—1 m _2m—1
tanx = mE:1(—1) @m)! x for x € (—5, 5) ,
and
=1 _, (2n)?m
— = (=)™ _ By, =1,2,3,---.
2w = 0" gy e Jor

Theorem 4.6 (Kummer, 1847). Let p > 3 be a prime such that p does not divide
the numerator of By, Ba,--- ,Bp—3. Then xP 4+ y? = 2P has no integer solutions

with p 1 xyz.

Theorem 4.7 (A. Granville and Z. W. Sun, 1996). Let p be an odd prime relatively
prime to a fived q € {5,8,10,12}. Then we can determine B,_1(a/q) — Bp—1 mod

p (with 1 <a<q and (a,q) = 1) as follows:

Byr (£) = By = §< () Ly R u) (mod p):

5 4 5/ p P P
a 2\ 2 or—1 _ 1
Bp—l <§) - Bp—l = (a_p> 5Pp—(%) —+ 4 . T (mod p),
a 15 /apy 1 5 5Pl 1 2(2071 1)
B_<—>—B_E—<—>—F,§ - ;
p—1 10 p—1 1 5) ' (p)+4 » + » (mod p)
a 3\ 3 3(2rt—-1) 3 3 t-1
Bp-1 (E) —By1 = (E) Z;Sp_(%) + T + 3" T (mod p);

where (—) is the Jacobi symbol, and we define the following second-order linear

recurrence sequences:

Fo=0, Fi=1,and Fhio=Fri1+ F, foralln>0
PO = O, Pl = 1, and Pn_|_2 = 2Pn+1 + Pn fOT’ all n 2 0

So=0, S1=1, and Sy42 =4S,+1 — S, for alln > 0.



