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G�8B{

·�^NL«g,ê8{0, 1, 2, . . .}. ^Z+L«��ê

8{1, 2, 3, . . .}.

êÆ8B{´'ug,êXÚ�Peano�âÊ^ún��§

´�~k^�óä"

G�8B{. ?�'ug,ên���úªP(n). b�P(0)¤

á§�é?Ûn ∈ NdP(0), . . . ,P(n)Ñ¤á��P(n + 1)¤á§

Ké¤kn ∈ NÑkP(n).

y²: én ∈ N4ψ(n)L«P(0) & · · · & P(n). Kψ(0)¤á§

�kψ(n)⇒ ψ(n + 1). u´�êÆ8B{�é¤kn ∈ NÑ
kψ(n), l�kP(n).
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��ê�n

éug,êm, n, XJ∃d ∈ N(m + d = n), K`m�u½�

un, P�m 6 n. �y6´Nþ��5S£�S¤§=§÷vg�
5!�é¡!D45!�'5"

��ê�n. g,ê8N�?����f87k���"

y²: ��kN���f8SØ¹���§·�5y?Ûg

,êØáuS , lgñ"

w,0 6∈ S , Ø,0´S����
"

b�n ∈ N�0, . . . , nÑØáuS . XJn + 1 ∈ S , Kn + 1Ø

´S����§lkm 6 n¦�m ∈ S , ù�8Bb�gñ"Ï

dn + 1 6∈ S .

dþ§�G�8B{§?Ûg,êÑØáuS , ù�S��g

ñ"
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§1.1 �Ø5��ê

·�^ZL«�ê8{0,±1,±2, . . .}.

½Â. éua, b ∈ Z, XJkq ∈ Z¦�aq = b, K¡a�Øb,

P�a | b. d��`b�a�Ø§a´b�Ïf£½Ïê¤(divisor),

b´a��ê(multiple). a�ØbØ¤á�§·�`aØ�Øb, P

�a - b.

~fµ−3 | 15, 4 - 6, 0 - 1, −5 | 0.

�2�Ø�ê�óê(even number), Ø�2�Ø�ê�Û

ê(odd number).

g,ê8Nþ��Ø'X´��S§=÷vg�5!�é¡
�D45"
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Zþ�Ø'X�Ä�5�

(1) ±1�±aÑ�Øa.

(2) a | b ⇐⇒ |a| | |b|.

(3) a | 0, a 6= 0�0 - a.

(4) a | b�b 6= 0�, |a| 6 |b|.

(5) (a | b & b | a) ⇐⇒ |a| = |b|.

(6) (a | b & b | c)⇒ a | c .

(7) ac | bc ⇐⇒ (a | b ½ c = 0.

(8) (a | b & a | c)⇒ a | b ± c .
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��IScêK

~K (2007cIScêK). �a, b���ê

�4ab − 1 | (4a2 − 1)2, y²a = b.

y²µdu(4a2 − 1)b − (a− b) = a(4ab − 1), ·�w�

4ab − 1 | (4a2 − 1)2b2 − (a− b)2.

4ab − 1 | (4a2 − 1)2, �4ab − 1 | (a− b)2.

bXkØÓ���êa, b¦�4ab − 1 | (a− b)2. �ù���é��

ê(a, b) (a > b)¦�a����. �(a− b)2 = (4ab − 1)q (Ù¥q ∈ Z+),

Kx1 = a÷v�g�§x2 − (4q + 2)bx + b2 + q = 0. d�§,���

�x2 = (4q + 2)b − a = (b2 + q)/a ∈ Z+, �(x2 − b)2 = (4x2b − 1)q.

�a�À��x2 > a, lq = ax2 − b2 > a2 − b2. u´

(a− b)2 = (4ab − 1)q > (4ab − 1)(a2 − b2),

la− b > (4ab − 1)(a+ b) > a+ b > a− b. gñ"
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�ê�Üê

�n > 1��ê§w,1�n�n�£²�¤Ïf"XJ��

êd�Øn�1 < d < n, K¡d�n�ýÏf(proper divisor). X

JnkýÏf§=k�u1��êc , d¦�cd = n, K¡n�Ü

ê(composite number)§nÃýÏf�¡n��ê½�ê(prime).

2´=k�ó�ê§Ï�éu�ên > 1óê2n = 2× n�Ü

ê"

100±e��ê�g�

2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47,

53, 59, 61, 67, 71, 73, 79, 83, 89, 97.

�Øn��ê�n��Ïf(prime divisor). ~Xµ3�5Ñ

´45��Ïf"
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~K

~1.1. éu�ên > 1, n4 + 4�Üê"

y²: w,

n4 + 4 = (n2 + 2)2 − (2n)2 = (n2 + 2n + 2)(n2 − 2n + 2),

�

n2 ± 2n + 2 = (n ± 1)2 + 1 > 1.

�n4 + 4�Üê"
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~K

~1.2. y²Ã¡�êS�

10001, 100010001, 1000100010001, · · ·

¥z��Ñ´Üê"

y²: dS��

1 + 104, 1 + 104 + 108, 1 + 104 + 108 + 1012, . . . .

-x = 102 = 100, KÄ�1 + x2 = 73× 137�Üê"éun > 2,

1 + x2 + x4 + · · ·+ x2(n−1) =
(x2)n − 1

x2 − 1

=


xn+1
x+1 ·

xn−1
x−1 XJ 2 - n,

(xn + 1) (x
2)n/2−1
x2−1 XJ 2 | n.

�Ï�1 + 104 + 108 + · · ·+ 104(n−1)�Üê"
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���Ïf

Ún1.1. �n > 1��ê§Kp = min{d > 1 : d | n}7��
ê£§�n����Ïf¤"

y²µXJp�Üê§KpkýÏfd , l1 < d < p�d | n,
gñ"

éu�ên > 1, ·�^p(n)L«n����Ïf"
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�êkÃ¡õ�

½n1.1 (Euclid). �êkÃ¡õ�"

y²µ���ê�kk��§d����g´p1, . . . , pn.

-N = p1 · · · pn + 1, Kp(N) ∈ {p1, . . . , pn}, lN�p1 · · · pnÑ
´p(N)�ê"ù�

1 = N − p1 · · · pn

�7L´p(N)�ê§gñ�
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Eratosthenesç{

½n1.2 (O.÷ÚZ). �m,N ∈ Z+�m ∈ (
√
N,N], Km�

�ê��=�Ø�L
√
N��êÑØ�Øm.

bXm��ê§éu�êp 6
√
N, w,p < m, lp - m.

XJm�Üê§Kk�êq > 1¦�m = p(m)q, u

´m > p(m)2, lp(m) 6
√
m 6

√
N, u´p(m)´m�Ø�

L
√
N��Ïf"y."

O.÷ÚZç{�^5E�êL"

~fµ10 < m 6 100�§m��ê��=�mØ�2, 3, 5, 7

£10±e��ê¤¥?��¤�Ø"
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Fermatê

�a > 1��ê"XJn ∈ Z+kÛ�Ïfp,

Kan + 1 = (an/p)p + 1kýÏfan/p + 1. Ïdan + 1��ê�§

n7�2��g"

1640cFermatÚ\8U¤`�Fermatêµ

Fn = 22
n
+ 1 (n = 0, 1, 2, . . .).

Fermat*	�

F0 = 3, F1 = 5, F2 = 17, F3 = 257, F4 = 65537

Ñ´�ê§u´¦ßÿFn[�´�ê"

1732cEuleruyF5´�Üêµ

F5 = 232 + 1 = 641× 6700417.
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Fermatê(Y)

Pepin�O{£1877¤: FermatêFn = 22
n
+ 1��ê��=

�Fn�Ø3(Fn−1)/2 + 1.

¦^Pepin�O{�y�O�Å§®�F6, . . . ,F32�F5@�Ñ

´Üê"<�vkuycÊ��	�Fermat�ê"8c®���

��FermatÜê�F2747497 (2013cuy).

Gauss: �n ≥ 3>/�^�5�º�Ñ��=�n´�
Ø

ÓFermat�ê�2�g(�)20 = 1)�È"AO/§�17>/�^

�5�º�Ñ.
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FermatêüüÃú��Ïf

Ún1.2. FermatêüüÃú��Ïf"

y²µ?���ên, ·�k

n−1∏
k=0

Fk =(22
0 − 1)(22

0
+ 1)F1F2 · · ·Fn−1

=(22
1 − 1)(22

1
+ 1)F2 · · ·Fn−1

=(22
2 − 1)(22

2
+ 1)F3 · · ·Fn−1

= · · · = (22
n−1 − 1)(22

n−1
+ 1) = 22

n − 1 = Fn − 2.

XJFk�Fn (0 6 k < n)kú��Ïfp, Kp�

ØFn − F0F1 · · ·Fn−1 = 2, ù�Fn�Ûêgñ"ÏdFermatêü

üÃú��Ïf"
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1n��ê�þ.

½n1.3. éu��ên, k���ü��1n��êpnØ�

L22
n−1

.

y²µw,p1 = 2 6 22
1−1

. e�n > 2. dþ¡Ún§Ã

2, p(F0), p(F1), . . . , p(Fn−2)

�üüØÓ��ê�ÑØ�LFn−2. Ïd

pn 6 Fn−2 = 22
n−2

+ 1 6 22
n−2+1 6 22

n−1
.
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Mersenne�ê

�a > 1�n > 1��ê"XJa > 2, Kan − 1kýÏfa− 1.

XJnkýÏfd , K2n − 1 = (2d)n/d − 1kýÏf2d − 1. ¤±§

an − 1��ê�7½a = 2�n´��ê"

�p��ê�§Mp = 2p − 1�rÜ(Mersenne)ê"�ÔV

{I<Mersenne(1588-1648)ïÄN��ù�ê´�ê"

Mp = 2p − 1��ê�§K¡Mp´�rÜ�ê£Mersenne prime¤

.

rÜ5¿�p = 2, 3, 5, 7, 13, 17, 19, 31�Mp��ê"

�Mersenneê¿Øo´�ê, ~Xµ

M11 = 211 − 1 = 2047 = 23× 89.
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Mersenne�ê£Y¤

1876cE. Lucasy²
M127´��ê§¦¦^
eã�O

{"

Lucas�O{: �S1 = 4, Sn+1 = S2
n − 2 (n = 1, 2, 3, . . .). é

u�êp, Mp��ê��=�Mp | Sp−1.

8c®�k51�rÜ�ê§�����M82589933

£2018c12�uy¤k24862048 §ù�´8c®�����ê"

GIMPS (Great Internet Mersenne Prime Search)´|^pé

�;�|¢rÜ�ê��8§���https://www.mersenne.org/
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§1.2 �âÄ�½n

½n2.1 (�âÄ�½n§Gauss). ?Û�ên > 1�L¤k�

��ê�¦È§ØOÏf^S�{ù��©)�´���"

y²µ·�¦^G�8B{"

XJn´��ê£Xn = 2¤§Kn´���ê�¦È§�ØU

�¤��ü��ê�¦È"

e�n�Üê�2, . . . , n − 1Ñ���©)¤�ê�¦È"

�n = n1n2, ùpn1�n2��u1��ê"�8Bb�§n1�n2Ñ

��¤k���ê�¦È§u´n = n1n2�´k���ê�¦

È"
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��5�y²

2yn©)¤�ê¦È��ª��"b�

n = p1 · · · pr = q1 · · · qs , p1 6 · · · 6 pr , q1 6 · · · 6 qs ,

ùpÃpi�qjþ��ê§�p1 > q1. ·��

yr = s�pi = qi (i = 1, . . . , r).

bXp1 > q1, K

m := (p1−q1)p2 · · · pr = q1 · · · qs−q1p2 · · · pr = q1(q2 · · · qs−p2 · · · pr )

kü«ØÓ��ê©)�ª§�«¹q1, ,�«Ø¹q1. (5

¿q1 - p1 − q1�q1 < p1 6 p2 6 . . . 6 pr .) m < n, �ù�8B

b�gñ"

dþp1 = q1, lp2 · · · pr = q2 · · · qs = n/p1. �8Bb�,

n/p1 < n��ê©)�ª��§�r = s�pi = qi (i = 2, . . . , r).

�âÄ�½n8By." 21 / 1



IO�ê©)ª

éu�ên > 1, ��n = p(n)q, Ù¥q ∈ Z+. XJq > 1, K

�rq�¤�ê�¦È"Ïdp(n)7Ñy3n��ê©)ª¥"

�ên > 1���/�¤

pa11 · · · p
ar
r

�/ª§ù�p1 < . . . < pr�ØÓ�ê§a1, . . . , ar ∈ Z+. ù

�n�IO�ê©)ª"p1¢SþÒ´n����Ïfp(n).

~f:

360 = 23 × 32 × 5.
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�ê���A�5�

íØ2.1. �p��ê§a1, . . . , an ∈ Z. K

p | a1 · · · an ⇐⇒ p | a1½p | a2½ · · ·½p | an.

y²µ⇐µd��w,"

⇒µXJ{a1, . . . , an}¹0, K(Øw,"e�a1, . . . , anÑ�

"§Ø�b½§�Ñ´��ê"dup | a1 · · · an, m = a1 · · · ank
��ê©)ª¹p. bXa1, . . . , anÑØ�p�Ø§KÃai > 1��

ê©)ª¥ÑØ¹p, lm = a1 · · · ank��ê©)ªØ¹p.

mkü«ØÓ��ê©)�ª§ù��âÄ�½ngñ"

5Pµp��ê�k ∈ {1, . . . , p − 1}�,

dp | k!
(p
k

)
= p(p − 1) · · · (p − k + 1)��p |

(p
k

)
.
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4k − 1/�êkÃ¡õ�

íØ2.2. 4k − 1 (k ∈ Z+)/�êkÃ¡õ�

y²µbX�kk��4k − 1/�ê§¦��g

�p1, . . . , pn. ��âÄ�½n§

N = 4p1 · · · pn − 1

�L¤�
Û�ê�¦È"N©)ª¥�êØ�UÑ´4k + 1/

£ÄKN�´4k + 1/
¤§�k4k − 1/�êp�ØN.

Ïp ∈ {p1, . . . , pn}, qkp | p1 · · · pn. u´1 = 4p1 · · · pn − N

�p�ê§gñ"

aq�y6k − 1/�ê�kÃ¡õ�"
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�ê3�ê?��

�p��ê§a��"�ê"w,p0 | a, �nv
�

�pn > |a|lpn - a. �k���n ∈ N¦�pn | a�pn+1 - a. d
�§·��pn‖a, ¿¡n�a3�êp?��(order), P

�n = ordpa. ��BÏm§·��½ordp0 = +∞.

½n2.5. �p��ê§a, b ∈ Z. K

ordp(ab) = ordpa+ ordpb.

y²µa, b���0�þªü>Ñ´Ã¡�"

e�ab 6= 0, α = ordpa�β = ordpb. �a = pαc , b = pβd ,

ù�c , d ∈ Z+. w,p - c�p - d , u´p - cd . 5¿ab = pα+βcd .

�

ordp(ab) = α+ β = ordpa+ ordpb.
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íØ2.3

íØ2.3. �n = pa11 · · · parr , ù�p1, . . . , pr�ØÓ�ê§

a1, . . . , ar ∈ N. K

ordp1n = a1, . . . , ordprn = ar .

y²µ1 6 i 6 r�

ordpin =
r∑

j=1

ordpi (p
aj
j ) =

r∑
j=1

ajordpi (pj) = ai .

âdíØ§·���Ð/n)�âÄ�½n§�5n©)ª

¥�êp^õ�gdordpnû½"
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n
√
m�Ãn5

~Kµ�m, nÑ´�u1��ê§�mØ´�ê�ng�§Á

y n
√
m�Ãnê"

y²µbX n
√
m = a/b, ùpa, b ∈ Z+. Kan = bnm. p��

ê�§

ordpm = ordp(a
n)− ordp(b

n) = n(ordpa− ordpb).

dd�m��ê©)ª/X

pna11 · · · pnarr = (pa11 · · · p
ar
r )n,

Ù¥p1, . . . , pr�ØÓ�ê§a1, . . . , ar ∈ N. ù�mØ´�ê

�ng�gñ"

dd~K�§
√
2,
√
3, 3
√
6��Ñ´Ãnê"
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���9Ãnê�~K

~Kµy²k�Ãnêa�b¦�ab�knê"

y²µ®�
√
2�Ãnê"XJ

√
2
√
2
�knê§K�

�a = b =
√
2.

bX
√
2
√
2
�Ãnê§K��a =

√
2
√
2
�b =

√
2, Ï�(√

2

√
2)√2

=
√
2

√
2×
√
2
=
√
2
2
= 2.
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Ã²�Ïf��ê

éu�êm, XJvk�êd > 1¦�d2 | m, ·�Ò`m Ã

²�Ïf(squarefree). �ên > 1Ã²�Ïf��=�§´ØÓ�

ê�¦È"

50±e�Ã²�Ïf��êµ

1, 2, 3, 5, 6, 7, 10, 11, 13, 14, 15, 17, 19, 21, 22, 23,

26, 29, 30, 31, 33, 34, 35, 37, 38, 39 41, 42, 43, 46, 47.

óê2m�2m + 2�mk���Ûê2m + 1. Ûê/

X2m + 1 (m ∈ Z).

d�âÄ�½n´�§�"�ê���/L¤ab2�/ª§

ù�a´Ã²�Ïf�ê§b ∈ Z+. ~Xµ

2400 = 25 × 3× 52 = (225)2 × 2× 3 = 202 × 6.
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1n��êØ�L4n

éx > 0, 4π(x)L«Ø�Lx��ê�ê
∑

p6x 1¦ÚÒ

¥p����ê"du�êkÃ¡õ�§x → +∞�π(x)→ +∞.

½n2.6. π(n) > 1
2 log2 n�pn 6 4n, ùppnL«1n��ê"

y²µØ�Ln��ê�p1, . . . , pr , ùpr = π(n).

1 6 k 6 n�k�L¤m2
k

∏
∈I pi�/ª§ù

�mk ∈ Z+�I ⊆ {1, . . . , r}. w,mk 6
√
k 6
√
n. Ïd

|{1, . . . , n}| 6 |{m ∈ Z+ : m 6
√
n}|×|{I : I ⊆ {1, . . . , r}}| 6

√
n2r ,

l2r >
√
n, π(n) = r ≥ 1

2 log2 n.

A^þã(J�§n = π(pn) > 1
2 log2 pn, lpn 6 22n = 4n.
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n!3�ê?��

éu¢êx , /�¼êbxcL«Ø�Lx����ê£��x�

�êÜ©¤§Us�¼êdxeL«Ø�ux����ê"

½n2.7. �n ∈ Z+�p��ê§K

ordp(n!) =
∞∑
i=1

⌊
n

pi

⌋
.

y²:

ordp(n!) =
n∑

k=1

ordp(k) =
n∑

k=1

k∑
i=1
pi |k

1

=
n∑

i=1

n∑
k=1
pi |k

1 =
n∑

i=1

⌊
n

pi

⌋
=
∞∑
i=1

⌊
n

pi

⌋
.
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~K

~K. 100!��?�L«¥��këYõ��"?

): 10 = 2× 5. dþã½n,

ord2(100!) =
6∑

i=1

⌊
100

2i

⌋
= 50 + 25 + 12 + 6 + 3 + 1 = 97,

�

ord5(100!) =

⌊
100

5

⌋
+

⌊
100

25

⌋
= 20 + 4 = 24.

Ïd

1024 = 224524

�Ø100!, �1025 - 100!, ��Y�24.
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Legendre½n

½n2.8 (Legendre). éu�êp�n ∈ Z+, ·�k

ordp(n!) =
n − σp(n)
p − 1

,

ùpσp(n)´n�p?�L«¥� ê�Ú.

y²: �n =
∑k

i=0 aip
i , Ù¥ai ∈ {0, 1, . . . , p − 1}. é

ui = 1, . . . , k , ·�k

n = pi
k∑
j=i

ajp
j−i + ri , Ù¥ ri =

i−1∑
j=0

ajp
j 6

i−1∑
j=0

(p − 1)pj = pi − 1.

Ïd

ordp(n!) =
k∑

i=1

⌊
n

pi

⌋
=

k∑
i=1

k∑
j=i

ajp
j−i

=
k∑

j=1

aj

j∑
i=1

pj−i =
k∑

j=1

aj
pj − 1

p − 1
=

n − σp(n)
p − 1

.
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Kummer½n

�p��ê. éa, b ∈ N, ·�4τp(a, b)L«p?��a�b�\

��c? � �ê"~Xµτ2(9, 3) = τ2(10012, 112) = 2.

½n2.9 (E. Kummer). �p��ê§a, b ∈ N. K

τp(a, b) = ordp

(
a+ b

a

)
=
σp(a) + σp(b)− σp(a+ b)

p − 1
.

y²µ�½i ∈ N¿�

a = pi+1

⌊
a

pi+1

⌋
+ a′, b = pi+1

⌊
b

pi+1

⌋
+ b′,

ùpa′, b′ ∈ {0, . . . , pi+1 − 1}. p?��a�b�\�3mêi 

£�m>�10 ¤�c? ��=�a′ + b′ > pi+1

(=b(a′ + b′)/pi+1c = 1). 5¿

a+ b

pi+1
=

⌊
a

pi+1

⌋
+

⌊
b

pi+1

⌋
+

a′ + b′

pi+1
.
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Kummer½n�y²

u´ ⌊
a′ + b′

pi+1

⌋
=

⌊
a+ b

pi+1

⌋
−
⌊

a

pi+1

⌋
−
⌊

b

pi+1

⌋
.

dþ��§

τp(a, b) =
∞∑
i=0

(⌊
a+ b

pi+1

⌋
−
⌊

a

pi+1

⌋
−
⌊

b

pi+1

⌋)

=
∞∑
i=0

⌊
a+ b

pi+1

⌋
−
∞∑
i=0

⌊
a

pi+1

⌋
−
∞∑
i=0

⌊
b

pi+1

⌋
=ordp((a+ b)!)− ordp(a!)− ordp(b!) = ordp

(a+ b)!

a!b!

=
a+ b − σp(a+ b)

p − 1
− a− σp(a)

p − 1
− b − σp(b)

p − 1

=
σp(a) + σp(b)− σp(a+ b)

p − 1
.
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§1.3 ChebyshevØ�ª

�ê½n(The Prime Number Theorem).

π(x) ∼ x

log x
, = lim

x→+∞

π(x)

x/ log x
= 1.

d(JdLegendre�Gauss�gÕáßÑ§1896c

�Hadamard�Poussin�gÕá/$^EC¼êØ¤y²"

1949cSelberg�Erdősuy
Ð��Ø^EC¼ê�y²"

½n3.1 (i) (Chebyshev, 1852) k�~êc1�c2¦�é?

Ûx > 2kØ�ª

c1
x

log x
6 π(x) 6 c2

x

log x
.

(ii) (Bertrandb�§dChebyshev¤y²). ?�x > 1, «

m(x , 2x ]¥7k�ê"
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Erdős���(J

½n3.2 (Erdős). éun = 2, 3, . . ., Ø�Ln��ê�

È
∏

p6n p (Ù¥p��ê)�u4n.

y²µn = 2�§
∏

p6n p = 2 < 42.

�n > 2�ém = 2, . . . , n − 1®k
∏

p6m p < 4m. XJn�Ü

ê§K
∏

p6n p =
∏

p6n−1 p < 4n−1 < 4n.

e�n��ê"ù�2 6 m = n+1
2 < n. �8Bb�,∏

p6m p < 4m = 22m = 2n+1. XJ�êp÷vm < p 6 n, Kp�Ø

n(n − 1) · · ·m =
n!

(m − 1)!
=

n!

(n −m)!
= m!

(
n

m

)
,

lp |
(n
m

)
. Ïd∏

m<p6n

p 6

(
n

m

)
=

1

2

((
n

m

)
+

(
n

n −m

))
=

1

2

n∑
k=0

(
n

k

)
= 2n−1.

u´
∏

p6n p =
∏

p6m p ×
∏

m<p6n p 6 2n+12n−1 = 4n.
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Chebyshev θ-¼ê

1852c§ChebyshevÚ\θ-¼ê

θ(x) =
∑
p≤x

log p (p��ê),

¿y²
�ê½n�duθ(x) ∼ x .

íØ3.1. x > 2�θ(x) < (2 log 2)x�π(x) ≤ 5 x
log x . d	§

1n��êpn�u
n
5 log n.

y²µ ∏
p6x

p =
∏

p≤bxc

p < 4bxc 6 4x = 22x ,

�éê�

θ(x) =
∑
p6x

log p < (2 log 2)x .
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UYy²

du

θ(x) >
∑

√
x<p6x

log p > (π(x)−π(
√
x)) log

√
x > (π(x)−

√
x) log

√
x ,

·�k

π(x) 6
√
x +

θ(x)

log
√
x
6
√
x +

(2 log 2)x

(log x)/2
.

Ïe
√
2x > (

√
2x)2/2! = x , ·�k

√
2x > log x , l


√
x 6
√
2x/(log x). Ïd

π(x) 6 (
√
2 + 4 log 2)

x

log x
< 5

x

log x
.

d

n = π(pn) < 5
pn

log pn
6 5

pn
log n

,

·���pn >
1
5n log n.
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�°[�Ø�ª

�ê½nπ(x) ∼ x
log x��dupn ∼ n log n, ù�pnL«

1n��ê"

P. Dusart [Math. Comp. 68(1999)]: (i) é?Ûx > 1k

π(x) 6
x

logx

(
1 +

1.2762

log x

)
.

é?Ûx > 599k

π(x) >
x

log x

(
1 +

0.992

log x

)
.

(ii) n > 2�pn > n(log n + log log n − 1). �n > 6�§

pn 6 n(log n + log log n).

(iii) é?Ûx > 3275, 7k�êp¦�

x 6 p 6 x +
x

2 log2 x
.
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Legendreß��Redmond-Sunß�

Legendreß�. ?���ên, n2�(n + 1)2�m7k�ê(ù

��du
√
pn+1 −

√
pn < 1).

·�^f (x) = O(g(x))(½f (x)� g(x))L«k~êC > 0¦

�|f (x)| 6 C |g(x)|. 2001cR.C. Baker, G. Harman�J. Pintzy²


pn+1 − pn = O(p0.525n ).

Legendreß��Catalanß�Ñ´eãß��AÏ�/"

Redmond-Sunß� (2006). /X[xm, yn]

(x , y ,m, n ∈ {2, 3, . . .}�xm < yn)�«m¥¹k�ê§Ø
k�

�~	"äN`5§ù
~	«mXeµ

[23, 32], [52, 33], [25, 62], [112, 53], [37, 133],

[55, 562], [1812, 215], [433, 2822], [463, 3122], [224342, 555].

dßÿ®��y�4.5× 1018, ë�http://oeis.org/A116086.
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§1.4 ��úÏê���ú�ê

½n4.1 (Zþ��{Ø{). �a, b ∈ Z�b 6= 0, Kk�

���é�êq�r¦�a = bq + r�0 6 r < |b| (Ù¥r�

a�bØ¤�����K{ê).

y²µx�bÓÒ�|x |¿©��§bx > |a|. Ïd8Ü
S = {a + bx : x ∈ Z}�¹g,ê"�S¥���g,ê�

r = a − bq, ù�q ∈ Z. XJr > |b|, Kr0 = r − |b| ∈ S�

0 6 r0 < r , ù�r�À�gñ"Ïd0 6 r < |b|.

XJ�ka = bq′ + r ′ (Ù¥q′, r ′ ∈ Z�0 6 r ′ < |b|), K
|b(q − q′)| = |r ′ − r | < |b|, lq = q′�r = r ′. y."

5P. a ∈ Z�b ∈ Z+�§��{Ø{a = bq + r (Ù

¥q ∈ Z�r ∈ {0, . . . , b − 1})§K
a

b
= q +

r

b
,
⌊ a
b

⌋
= q,

{ a
b

}
=

r

b
.
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ýé���{

íØ4.1. �a, b ∈ Z�b 6= 0, Kk���q0, r0 ∈ Z¦
�a = bq0 + r0�−|b|/2 < r0 6 |b|/2.

5P. díØ¥�r0��a�bØ¤��ýé���{"

íØ4.1�y²µ��{Ø{a = bq + r , ù

�q ∈ Z�0 6 r < |b|.

XJr 6 |b|/2, ��q0 = q, r0 = r .

XJr > |b|/2, ��q0 = q + |b|/b, r0 = r − |b|. w
,a = bq0 + r0�−|b|/2 < r0 6 |b|/2.
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ýé���{

2y��5"b½�kq1, r1 ∈ Z¦
�a = bq1 + r1�−|b|/2 < r1 6 |b|/2, K

r1 − r0 = (a − bq1)− (a − bq0) = b(q0 − q1).

XJ|r0| = |r1| = |b|/2, Kr1 = r0 = |b|/2. XJ|r0|�|r1Ø�
´|b|/2, K

|r1 − r0| 6 |r1|+ |r0| <
|b|
2

+
|b|
2

= |b|,

l�kr1 = r0. Q,r1 = r0, g,�kq1 = q0.
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~K

~Kµ¦−2�7�4Ø¤�����K�{�ýé��

�{"

)µ−2 = 4× (−1) + 2, �−2�4Ø����K�{�

��ýé�{Ñ´2.

7 = 4× 1 + 3 = 4× 2− 1, �7�4Ø����K�{�

��ýé�{©O�3�−1.

~Kµ¦Ûê�²��8Ø¤�����K{ê"

)µ?��êm, w,m(m + 1)�óê§n�

êTm = m(m+1)
2
∈ Z. u´

(2m + 1)2 = 4m2 + 4m + 1 = 4m(m + 1) + 1 = 8Tm + 1

�8Ø{1.
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��úÏê���ú�ê

�a1, . . . , an��ê.

XJd ∈ Z�Øa1, . . . , an¥z��§K¡d�a1, . . . , an �ú

Ïê (common divisor). XJd ∈ N�a1, . . . , an�úÏê

�a1, . . . , an�?ÛúÏêÑ�Ød§K¡d�a1, . . . , an ���ú

Ïê (greatest common divisor).

XJm ∈ Z�a1, . . . , an¥z��¤�Ø§·�Ò¡m�

a1, . . . , an �ú�ê. XJm ∈ N �a1, . . . , an�ú�ê�§�

Øa1, . . . , an�?Ûú�ê§K¡m�a1, . . . , an ���ú�ê

(least common multiple).
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��úÏê���ú�êÄ�5�

½n4.2. ?��êa1, . . . , an, §����úÏê�3���£P

�(a1, . . . , an)), §����ú�ê��3���£P�[a1, . . . , an]).

a1Z+ · · ·+ anZ = {a1x1 + · · ·+ anxn : x1, . . . , xn ∈ Z}

�u(a1, . . . , an)Z, �a1Z ∩ · · · ∩ anZ = [a1, . . . , an]Z.
y²µ·���é��úÏê5y²¤�(Ø"w,8

ÜS = a1Z+ · · ·+ anZ�¹0. XJS¥vk�"ê§KS = 0Z. b
½S¥k�"�ê§KÙ¥7k��ê£Ï�a ∈ S�−a ∈ S¤"4dL

«S¥�����ê§KdZ ⊆ S . ?�s ∈ S , ��{Ø{s = dq + r , Ù

¥q ∈ N�r ∈ {0, . . . , d − 1}. dus, d ∈ S , ·�kr = s − dq ∈ S . X

J0 < r < d , K�d�S¥���gñ"Ïdr = 0, d = dq ∈ dZ.

dþ§kd ∈ N¦�dZ = S . 1 6 i 6 n�ai ∈ S = dZ, l

d�a1, . . . , an�úÏf"XJc�a1, . . . , an�úÏê§KS¥z�

�(�)d)Ñ´c�ê"ÏddT�a1, . . . , an���úÏê"XJd ′�

´a1, . . . , an���úÏê§Kd | d ′�d ′ | d , ld = d ′. 47 / 1



��úÏê���ú�êÄ�5�

(aa1, . . . , aan) = |a|(a1, . . . , an),

[aa1, . . . , aan] = |a|[a1, . . . , an].

(a1, . . . , an, 0) = (a1, . . . , an) � [a1, . . . , an, 0] = 0.

(a1, . . . , an) =((a1, . . . , ak), (ak+1, . . . , an)),

[a1, . . . , an] =[[a1, . . . , ak ], [ak+1, . . . , an]].

[(a, b), c] = ([a, c], [b, c]),

([a, b], c) = [(a, c), (b, c)].
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�ê�p�

XJ1´a, b ∈ Z���úÏf§=aZ+ bZ = Z, K¡a�bp

�(coprime½örelatively prime).

½n4.3. (i) �a, b, c ∈ Z, �a�bp�§@o(a, bc) = (a, c),

AO/a | bc ⇐⇒ a | c .

(ii) éua, b ∈ Z, ·�k

(a, b)[a, b] = |ab|.

(i)�y²µù´Ï�

aZ+ bcZ = (aZ+ acZ) + bcZ = aZ+ (aZ+ bZ)c = aZ+ cZ.

u´

a | bc ⇐⇒ (a, bc) = |a| ⇐⇒ (a, c) = |a| ⇐⇒ a | c .
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1�Ü©�y²

(ii)�y²µXJa = b = 0,

K(a, b)[a, b] = (0, 0)[0, 0] = 0× 0 = |ab‖.
e�a, bØ��0, u´d = (a, b) > 0. w,

ab

d
= a

b

d
=

a

d
b

´a, b�ú�ê"XJm ∈ Z´a�b�ú�ê§Kab�

Øam�bm, u´ab�Øam, bm��úÏfdm, lab
d | m. Ï

d|ab/d | = [a, b], =(a, b)[a, b] = |ab|.
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��~K

~K. �a�b�p����ê§�ab = zn, ù�z ∈ Z+. y

²kp����êx�y¦�a = xn, b = yn, �xy = z .

y²µ?��êp, XJp - a, Kordpa = 0�n�ê"X

Jp | a, Kp - b, l

ordpa = ordpa+ ordpb = ordpab = n ordpz .

��okn | ordpa. Ón, n | ordpb.

-x =
∏

p p
(ordpa)/n, y =

∏(ordpb)/n
P , Kx , y ∈ Z+, xn = a,

yn = b. du(x ,yn) = (a, b) = 1, ·�k(x , y) = 1. �Ä

�(xy)n = ab = zn, qkxy = z .

5Pµdd~K�y�§x2 + y2 = z2 (2 | y)��êÏ)�

x = k(m2 − n2), y = 2kmn, z = k(m2 + n2) (Ù¥k ,m, n ∈ Z).
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|^�ê©)ª¦ü��ê��úÏê

½n4.4. �ai = pai11 · · · pairr (i = 1, . . . , n), ù�p1, . . . , pr�

ØÓ�ê§ai1, . . . , air ∈ N. K

(a1, . . . , an) =
r∏

j=1

p
αj

j , [a1, . . . , an] =
r∏

j=1

p
α′j
j ,

Ù¥αj = min{a1j , . . . , anj}, α′j = max{a1j , . . . , anj}.
y²µβ1, . . . , βr ∈ N�§

∏r
j=1 p

βj
j �a1, . . . , anúÏf��=

�éi = 1, . . . , nÑkβj 6 aij , l��=

�βj 6 αj (j = 1, . . . , r). Ïd(a1, . . . , an) =
∏r

j=1 p
αj

j . aq�

y[a1, . . . , an] =
∏r

j=1 p
α′j
j .
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|^�ê©)ª¦ü��ê��úÏê

~Kµ¦36�40���úÏê���ú�ê"

)µ36 = 22 × 32, 40 = 23 × 5. ½=

36 = 22 × 32 × 50, 40 = 23 × 30 × 5.

�

(36, 40) = 2min{2,3}3min{2,0}5min{0,1} = 22 × 30 × 50 = 4,

[36, 40] = 2max{2,3}3max{2,0}5max{0,1} = 23 × 32 × 51 = 360.
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��{IcêK

~Kµéu�êa, b, c , y²

[a, b, c]2

[a, b][b, c][c , a]
=

(a, b, c)2

(a, b)(b, c)(c , a)
.

y²µ�

a = pa11 · · · p
an
n , b = pb11 · · · p

bn
n , c = pc11 · · · p

cn
n ,

Ù¥p1, . . . , pn�ØÓ�ê§Ãai , bi , ci��K�ê. K

[a, b, c]2

[a, b][b, c][c , a]
=

n∏
i=1

(p
max{ai ,bi ,ci}
i )2

p
max{ai ,bi}
i p

max{bi ,ci}
i p

max{ci ,ai}
i

=
n∏

i=1

p
2max{ai ,bi ,ci}−(max{ai ,bi}+max{bi ,ci}+max{ci ,ai})
i

54 / 1



UYy²

Ón,

(a, b, c)2

(a, b)(b, c)(c , a)
=

n∏
i=1

p
2min{ai ,bi ,ci}−(min{ai ,bi}+min{bi ,ci}+min{ci ,ai})
i .

���éi = 1, . . . , n`²

2max{ai , bi , ci} − (max{ai , bi}+max{bi , ci}+max{ci , ai})

= 2min{ai , bi , ci} − (min{ai , bi}+min{bi , ci}+min{ci , ai}).

dé¡5§Ø��ai > bi > ci , u´þªz�

2ai − (ai + bi + ai ) = 2ci − (bi + ci + ci ).

ù´w,�"
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Î=�Ø{

½n4.5. ?�r0 ∈ Z�r1 ∈ Z+, 3�Î=�ØXeµ

r0 =q0r1 + r2, 0 < r2 < r1;

r1 =q1r2 + r3, 0 < r3 < r2;

· · · · · · · · · · · ·

rk−2 =qk−2rk−1 + rk , 0 < rk < rk−1;

rk−1 =qk−1rk + rk+1, rk+1 = 0.

Krk´r0�r1���úÏê§�|^ri = ri−2 − qi−2ri−1

(k > i > 1)�é��|x , y ∈ Z¦�rk = r0x + r1y .

56 / 1



½n4.5�y²

y²µdur1evkÃ¡õ���ê§Î=�Øo3

?1k¡Ú�(å"

?�1 6 i 6 k , duri−1 − ri+1 = qi−1ri , ·�k

ri−1Z+ riZ = riZ+ ri+1Z.

Ïd

r0Z+r1Z = r1Z+r2Z = · · · = rk−1Z+rkZ = rkZ+rk+1Z = rkZ,

lrkÒ´r0�r1���úÏf"

rk�L¤rk−1, rk−2��5|Ürk−2 − qk−2rk−1.

rk−1 = rk−3 − qk−3rk−2, �rk�L¤rk−2, rk−3��5|Ü"

Xd���X|^ri = ri−2 − qi−2ri−1 (k > i > 1)§�ª�

òrkL¤r0�r1��5|Ü§=é�x , y ∈ Z¦r0x + r1y = rk .
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~K

~Kµ¦�ê771�426���úÏê±9�

§771x + 426y = (771, 426)��|�ê)"

)µ�Î=�ØXeµ

771 =1× 426 + 345, 426 = 1× 345 + 81,

345 =4× 81 + 21, 81 = 3× 21 + 18,

21 =1× 18 + 3, 18 = 6× 3 + 0.

�(771, 426) = 3.

3 =21− 18 = 21− (81− 3× 21) = 4× 21− 81

=4(345− 4× 81)− 81 = 4× 345− 17× 81

=4× 345− 17(426− 345) = 21× 345− 17× 426

=21(771− 426)− 17× 426 = 21× 771− 38× 426.

��§771x + 426y = 3k)x = 21, y = −38. 58 / 1



am − 1�an − 1���úÏf

½n4.6. �a ∈ Z, m, n ∈ N. K

(am − 1, an − 1) = |a(m,n) − 1|.

y²µmn = 0�(Øw,. ~X§

a(0,n) − 1 = an − 1´a0 − 1 = 0�an − 1��úÏf"

e�r0 = m�r0 = nÑ´��ê"�Î=�ØXeµ

ri−1 = qi ri + ri+1 (i = 1, . . . , k),

Ù¥q1, . . . , qk , r2, . . . , rk ∈ N�

r1 > r2 > · · · > rk > rk+1 = 0.
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UYy²½n4.6

5¿

(x − 1)(xq−1 + · · ·+ x + 1) = xq − 1 (q = 1, 2, 3, . . .).

�1 6 i 6 k�

ari−1 − 1 =aqi ri+ri+1 − 1 = ari+1((ari )qi − 1) + ari+1 − 1

=(ari − 1)? + ari+1 − 1,

l

(ari−1 − 1)Z+ (ari − 1)Z = (ari − 1)Z+ (ari+1 − 1)Z.

u´

(am − 1)Z+ (an − 1)Z = (ar0 − 1)Z+ (ar1 − 1)Z

= · · · = (ark − 1)Z+ (ark+1 − 1)Z = (a(m,n) − 1)Z,

Ïd|a(m,n) − 1|Ò´am − 1�an − 1���úÏê" 60 / 1



íØ

éu�êa > 1�m, n ∈ N,

am − 1 | an − 1 ⇐⇒ (am − 1, an − 1) = am − 1

⇐⇒ a(m,n) − 1 = am − 1

⇐⇒ (m, n) = m

⇐⇒ m | n.
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2!Mersenneê

½n4.7. (i) Mersenneêüüp�"

(ii) éu�êp, Mp = 2p − 1��Ïf�pØ{1.

y²µ(i) �p�q�ØÓ��ê§K

(2p − 1, 2q − 1) = 2(p,q) − 1 = 21 − 1 = 1.

(ii) �q�Mp��Ïf§Kq�Ø2p − 1. 5¿

2q − 2 = (1 + 1)q − 1− 1 =

q∑
k=1

(
q

k

)
∈ qZ,

q�Ûê§�q�Ø2q−1 − 1. u´q�Ø

(2p − 1, 2q−1 − 1) = 2(p,q−1) − 1,

l(p, q − 1) > 1, p | q − 1.
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ó��ê��x

��ên���ê(perfect number)�§�ÏfÚσ(n) = 2n,

= ∑
d|n

16d<n

d = n.

~Xµ6 = 1 + 2 + 3, u´6´��ê"

½n4.8. ��ên�ó��ê⇐⇒ n/X2p−1Mp, ù

�p�Mq = 2p − 1��ê"

y²µ⇐ (Euclid): �p�q = 2p − 1��ê§n = 2p−1q�¤

kÏfÚ�

σ(n) =1 + 2 + 22 + · · ·+ 2p−1 + q + 2q + · · ·+ 2p−1q

=(1 + 2 + · · ·+ 2p−1)(q + 1) = (2p − 1)2p = 2n.

�n�ó��ê"
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,����y²

⇐ (Euler): �n = 2am�ó��ê§ù�a ∈ Z+, m��Û

ê"5¿

σ(n) =
a∑

b=0

∑
d |m

2bd =
a∑

b=0

2b
∑
d |m

d =
2a+1 − 1

2− 1
σ(m).

u´

2a+1m = 2n = σ(n) = (2a+1 − 1)σ(m),

kd ∈ Z+¦�σ(m) = 2a+1d , lm = (2a+1 − 1)d . 5¿

σ(m) = 2a+1d = m + d ,

ld ,m´m=k�ØÓÏf"Ïdm��ê�d = 1.

d2a+1 − 1 = m��ê�p = a+ 1��ê

�m = Mp�Mersenne�ê"5¿n = 2am = 2p−1Mp.
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Grahamß�

R. L. Graham (1935-2019) 31970cJÑXeßÿ"

Grahamß�µ?�ØÓ���êa1, . . . , an, 7

k1 6 i , j 6 n¦�
ai

(ai , aj)
> n.

1986c§Szegedyy²
n¿©��¤á"

1996cSoundarajan��.y¢
ù�ß�"
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