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Ó{ªÄ�5�

�m���ê"éu�êa, b, XJa− b�m��ê§K

¡a�b�mÓ{(a is congruent to b modulo m)§P�a ≡ b

(mod m), m��ù�Ó{ª��(modulus).

�mÓ{'X´Zþ��d'X§=§÷vg�5!é¡5�D4
5:

a ≡ a (mod m); a ≡ b (mod m)⇒ b ≡ a (mod m);

a ≡ b ≡ c (mod m)⇒ a ≡ c (mod m).

�mÓ{ª����ª@��mü>©O�\~½�¦"

a ≡ b (mod m) � c ≡ d (mod m)

⇒ a± c ≡ b ± d (mod m), ac ≡ bd (mod m),

ù´Ï�

(a± c)− (b ± d) = (a− b)± (c − d), ac − bd = (a− b)c + b(c − d).
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�?�ê�9�A:

~Kµ�n ∈ N��?�L«�akak−1 · · · a0 (Ù

¥a0, . . . , ak ∈ {0, . . . , 9}), K

n ≡
k∑

i=0

ai (mod 9).

AO/, 9 | n ⇐⇒ 9 |
∑k

i=0 ai , �k3 | n ⇐⇒ 3 |
∑k

i=0 ai .

y²µ10 ≡ 1 (mod 9), ü>g¦ig�

10i ≡ 1i = 1 (mod 9).

Ïd

n =
k∑

i=0

ai10i ≡
k∑

i=0

ai (mod 9).
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¤ê�½n

½n1.1 (¤ê�½n, Fermat’s little theorem). �p��ê§

a��ê"Kap ≡ a (mod p), ½=p - a �ap−1 ≡ 1 (mod p).

y² (Euler): p�Øap − a = a(ap−1 − 1)�p - a�7ap−1 ≡ 1

(mod p). ���yap ≡ a (mod p). XJnp ≡ n (mod p),

K(−n)p = (−1)pnp ≡ −n (mod p).

e¡��én = 0, 1, 2, . . .y²np ≡ n (mod p). w,0p ≡ 0

(mod p). bXnp ≡ n (mod p), K

(n + 1)p = np +

p−1∑
k=1

(
p

k

)
nk + 1p ≡ n + 1 (mod p),

Ï�1 6 k 6 p − 1�p�Øk!
(
p
k

)
= p(p − 1) . . . (p − k + 1)l
p |

(
p
k

)
.
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Fermatû

~K. ¦22024�37����K{ê"

)µ�Fermat�½n, 236 ≡ 1 (mod 37). ��{Ø

{2024 = 36× 56 + 8, u´

22024 = (236)56×28 ≡ 28 = 25×23 ≡ −5×23 ≡ −3 ≡ 34 (mod 37).

��êpØ�Ø�êa, ·�rqp(a) = (ap−1 − 1)/p ∈ Z ��
±a�.�Fermatû. XJ�êa�bÑØ�p�Ø, K

qp(ab) = bp−1
ap−1 − 1

p
+

bp−1 − 1

p
≡ qp(a) + qp(b) (mod p).
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LucasÓ{ª

½n1.2 [E. Lucas, 1878]. �p��ê. é

uk , n ∈ N�s, t ∈ {0, . . . , p − 1}, ·�k(
pn + s

pk + t

)
≡
(
n

k

)(
s

t

)
(mod p).

�d/, XJai , bi ∈ {0, . . . , p − 1} (i = 0, . . . , k), K(∑k
i=0 aip

i∑k
i=0 bip

i

)
≡

k∏
i=0

(
ai
bi

)
(mod p).

y²: (1 + x)p = 1 + xp +
∑p−1

k=1

(p
k

)
xk ≡ 1 + xp (mod p).

Ïd

(1 + x)pn+s ≡ (1 + x)s(1 + xp)n (mod p).

'�ù��ªü>Ðmª¥xpk+t¥Xê, ·���(
pn + s

pk + t

)
≡
(
s

t

)(
n

k

)
(mod p).
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Euler¼ê�{z�{X

éu��êm, 1, . . . ,m¥�mp��ê�êP�ϕ(m). ϕ�

�Euler¼ê(Euler’s totient function).

~Xµϕ(1) = ϕ(2) = 1, ϕ(3) = ϕ(4) = ϕ(6) = 2.

m > 2�ϕ(m)�óê§Ï�m/2Ø´�mp���ê§

�(a,m) = 1 ⇐⇒ (m − a,m) = 1.

éu�êp9��ên,

ϕ(pn) = |{1 6 a 6 pn : p - a}| = pn−|{1 6 a 6 pn : p | a}| = pn−pn−1.

éua, q ∈ Z, w,(a + mq,m) = 1 ⇐⇒ (a,m) = 1.

XJ�êa1, . . . , am���êmüüØÓ{§K

¡{a1, . . . , am}��m����{X.

XJ�êa1, . . . , aϕ(m)Ñ���êmp���müüØÓ{§

K¡{a1, . . . , am}��m�{z�{X.
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'uEuler¼ê�~K

~Kµéu��êny²∑
d |n

ϕ(d) = n �
n∑

d=1

ϕ(d)
⌊n
d

⌋
=

n(n + 1)

2
.

y²µz�m/n (1 6 m 6 n)���/L¤Q�©êc/d

(1 6 c 6 d�(c , d) = 1)�/ª§ù�d | n. Ïd⋃
d |n

{ c
d

: 1 6 c 6 d & (c , d) = 1
}

=
{m
n

: m = 1, . . . , n
}
.

ü>O�Äê�
∑

d |n ϕ(d) = n.

n∑
d=1

ϕ(d)
⌊n
d

⌋
=

n∑
d=1

ϕ(d)
n∑

k=1
d|k

1 =
n∑

k=1

∑
d |k

ϕ(d) =
n∑

k=1

k =
n(n + 1)

2
.
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Eulerí2Fermat�½n

½n1.3 (Euler½n). ��êa���êmp�§K

aϕ(m) ≡ 1 (mod m).

y²µ�{a1, . . . , aϕ(m)}��m���{z�{X"é

u1 6 i 6 m, aai��mp�"5¿

aai ≡ aaj (mod m) ⇐⇒ m | a(ai−aj) ⇐⇒ m | ai−aj ⇐⇒ i = j .

Ïd{aai : i = 1, . . . , ϕ(m)}�´�m�{z�{X"u´

ϕ(m)∏
i=1

aai ≡
m∏
x=1

(x,m)=1

x ≡
ϕ(m)∏
i=1

ai (mod m),

l
m�Ø(aϕ(m) − 1)a1 · · · aϕ(m). 
a1 · · · aϕ(m)�mp�§

�m | aϕ(m) − 1.
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�5Ó{�§

éu��êm��Xêõ�ªP(x1, . . . , xn), q1, . . . , qn ∈ Z�

P(x1 + mq1, . . . , xn + mqn) ≡ P(x1, . . . , xn) (mod m).

Ó{�§P(x1, . . . , xn) ≡ 0 (mod m)�)ê�

|{〈x1, . . . , xn〉 : 0 6 x1, . . . , xn 6 m−1� P(x1, . . . , xn) ≡ 0 (mod m)}|.

?�a1, . . . , an, b ∈ Z,

a1x1 + · · · anxn ≡ b (mod m)k�ê)

⇐⇒ a1x1 + · · ·+ anxn + mxn+1 = bk�ê)

⇐⇒ b ∈ a1Z + · · ·+ anZ + mZ = (a1, . . . , an,m)Z

⇐⇒ (a1, . . . , an,m) | b.

(a,m) = 1�b ∈ Z�,

ax ≡ b (mod m) ⇐⇒ x ≡ aϕ(m)−1b (mod m). 11 / 1



�5Ó{�§|

Ó{�§|å
u¥IH���Ï£ú�Ê­V¤�

Í�5�f�²6¥��¶Kµ/8kÔØ�Ùê§nnê

���§ÊÊê��n§ÔÔê���§¯ÔAÛ"0dK

��u�¦)Ó{�§|
x ≡ 2 (mod 3),

x ≡ 3 (mod 5),

x ≡ 2 (mod 7).

3Ü�§Ó{�Vg��17­Vâ3Fermat�½n(ë

w1�Ù15ù)¥Ñy§y361�Ó{ªPÒ´Gauss

319­VÚ\�"
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¥I�{½n

½n1.4 (¥I�{½n, Chinese Remainder Theorem). ��

�êm1, . . . ,mnüüp�"?�a1, . . . , an ∈ Z, Ó{�§|
x ≡ a1 (mod m1)

· · · · · · · · · · · ·

x ≡ an (mod mn)

��êÏ)�

x ≡
n∑

i=1

aiMiM
∗
i (mod M),

ù�M =
∏n

i=1mi , Mi = M
mi

, M∗i ∈ Z�MiM
∗
i ≡ 1 (mod mi ).

¥I�{½ny3ù���/ª9Ùy²ÄgÑyuHyê

Æ[�Ê�(1202-1261)�¶Í5êÖÊÙ6(1247cÑ�)§3Ü

�ù(J���Ê­VâdGauss�<uy"

5êÖÊÙ6¥�Äg^05L«êi"§¿�¹��pg

�§�ê�){"�Ê��5êÖÊÙ6´­.êÆ¤þÍ¶Ö

7§�LX¥I��êÆ�p¤Ò"
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|^¥I�{½n�~K

~Kµ¦)Ó{ª|
x ≡ 3 (mod 5),

x ≡ 4 (mod 7),

x ≡ 5 (mod 9).

)µ5, 7, 9üüp�, M = 5× 7× 9 = 315.

M1 = 7× 9 = 63 ≡ 3 (mod 5), M1x ≡ 1 (mod 5)k)x = 2, �

�M∗1 = 2. M2 = 5× 9 = 45 ≡ 3 (mod 7), M2x ≡ 1 (mod 7)k

)x = −2, ���M∗2 = −2. M3 = 5× 7 = 35 ≡ −1 (mod 9), M3x ≡ 1

(mod 9)k)x = −1, ���M∗3 = −1. ¤¦Ï)�

x ≡ 3M1M
∗
1 + 4M2M

∗
2 + 5M3M

∗
3

≡ 3× 63× 2 + 4× 45× (−2) + 5× 35× (−1)

≡ 63− 45 + 4× 35 = 158 (mod 315).

14 / 1



Wilson½n

½n1.5 (Wilson½n). éu�êp > 1,

p��ê ⇐⇒ (p − 1)! ≡ −1 (mod p).

y²µ⇐: �(p− 1)! ≡ −1 (mod p), K((p− 1)!, p) = (−1, p) = 1,

u´1 < d < p�(d , p) = 1l
d - p. ÏdpÃýÏf, =p��ê"

⇒: p = 2��ê�(2− 1)! = 1 ≡ −1 (mod 2).

e�p�Û�ê"éua ∈ {1, . . . , p− 1}, k���1 6 x 6 p− 1¦

�ax ≡ 1 (mod p), rù�xP�a∗, ��a�p�£¦{¤_�"5¿

a∗ = a ⇐⇒ a2 ≡ 1 (mod p) ⇐⇒ p | (a−1)(a+1) ⇐⇒ a ∈ {1, p−1}.

Ïd�r{2, . . . , p − 2}©¤(p − 3)/2�p_é{xi , x∗i } (i = 1 . . . , p−32 ).

u´

(p − 1)! = 1× (p − 1)

(p−3)/2∏
i=1

xix
∗
i ≡ −1 (mod p).
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��íØ

íØ1.1. �p�Û�ê, K(
p − 1

2
!

)2

≡ (−1)(p+1)/2 (mod p).

y²µ

(p − 1)! =

(p−1)/2∏
k=1

k(p − k)

≡
(p−1)/2∏
k=1

(−k2) = (−1)(p−1)/2
(
p − 1

2
!

)2

(mod p).

2(ÜWilson½n=�¤�(J"
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§2.2. ÄT�n9Ù¦E|

|Ü¥�ÄT�n(q¡|<�n)äórn + 1�ÔN�

\n�ÄT¥�7k��ÄT�¹��ü�ÔN. d�n3êÆ

þ�Äg¦^ÑyuDirichleteã(J�y²¥.

½n2.1 (Dirichlet) ?�Ãnêθ, kÃ¡õ�Q�knê x
y

(Ù¥x ∈ Z, y ∈ Z+ �(x , y) = 1) ¦�∣∣∣∣θ − x

y

∣∣∣∣ < 1

y2
.

y²µ?�����ên0, «m[0, 1)´n0�üüØ�����
1
n0

��«m [
0,

1

n0

)
,

[
1

n0
,

2

n0

)
, · · · ,

[
n0 − 1

n0
, 1

)
�¿. é¢êα, ¡{α} = α− bαc�α��êÜ©. 0, {θ}, · · · , {n0θ}á

\þãn0��«m¥, �ÄT�nk0 6 k < l 6 n0 ¦�{kθ}�{lθ}á

\Ó���«m¥.
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UYy²

u´

|lθ − blθc − (kθ − bkθc)| = |{lθ} − {kθ}| < 1

n0
,

½= ∣∣∣∣θ − blθc − bkθcl − k

∣∣∣∣ < 1

n0(l − k)
.

-

x0 =
blθc − bkθc

(l − k, blθc − bkθc)
, y0 =

l − k

(l − k , blθc − bkθc)
.

K(x0, y0) = 1, 0 < y0 6 l − k 6 n0, 
�∣∣∣∣θ − x0
y0

∣∣∣∣ < 1

n0(l − k)
6

1

n0y0
6

1

y20
.
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UYy²

���ên1 > 1/|θ − x0
y0
|. �þ{, qkQ�knê x1

y1
(Ù¥x1 ∈ Z,

y1 ∈ Z+�(x1, y1) = 1), ¦�∣∣∣∣θ − x1
y1

∣∣∣∣ < 1

n1y1
6

1

y2
1

.

2���ên2 > 1/|θ − x1
y1
| �Q�knê x2

y2
(Ù¥x2 ∈ Z, y2 ∈ Z+�

(x2, y2) = 1), ¦� ∣∣∣∣θ − x2
y2

∣∣∣∣ < 1

n2y2
6

1

y2
2

.

5¿ ∣∣∣∣θ − x0
y0

∣∣∣∣ > 1

n1
>

∣∣∣∣θ − x1
y1

∣∣∣∣ > 1

n2
>

∣∣∣∣θ − x2
y2

∣∣∣∣ .
UY?1e�, ·�Òé�
Ã¡õéQ�knê x0

y0
, x1

y1
, x2

y2
, · · · ¦�

éi = 0, 1, 2, · · ·Ñk∣∣∣∣θ − xi
yi

∣∣∣∣ < 1

y2
i

�

∣∣∣∣θ − xi
yi

∣∣∣∣ > ∣∣∣∣θ − xi+1

yi+1

∣∣∣∣ .
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Pell�§

íØ2.1. �d ∈ Z+Ø´��²�§Kk�"�êm¦�

§x2 − dy2 = mkÃ¡õ|�ê).

y²µ
√
d�Ãnê"�½n2.1, kÃ¡õ�kS

é(x , y) ∈ Z× Z+ ¦�∣∣∣∣√d − x

y

∣∣∣∣ < 1

y2
, = |x −

√
d y | < 1

y
,

u´

|x2 − dy2| = |x −
√
d y | · |(x −

√
d y) + 2

√
d y |

<
1

y

(
1

y
+ 2
√
d y

)
6 2
√
d + 1.

Ïdk�êm¦�|m| < 2
√
d + 1��§x2 − dy2 = mkÃ¡õ|�ê

). du
√
dØ´knê, mØ�u0.

5µd ∈ Z+Ø´²�ê�Pell�§x2 − dy2 = 1kÃ¡õ|�ê).

XJ(x0, y0)�)§Kd(x0 + y0
√
d)m = xm + ym

√
d�Ñ�(xm, ym)�´.
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Erdős-Szekeres½n

½n2.2 (Erdős-Sekeres, 1935). ¢ê�a1, . . . , an2+17¹�

�n + 1�üNfS�"

y²µb�a1, . . . , an2+1Ø¹��n + 1�üNØ~fS�§

é1 6 i 6 n2 + 14`iL«å©��ai����üNØ~fS��

Ý, K1 6 `i 6 n. 5¿{`1, . . . , `n2+1} ⊆ {1, . . . , n}. 7
k1 6 k 6 n¦�§3`1, . . . , `n2+1¥Ñygêéun. �

`i1 = `i2 = · · · = `in+1 = k (1 6 i1 < i2 < · · · < in+1 6 n2 + 1).

XJaij < aij+1
, KAk`ij > `ij+1

+ 1. Ïd

ai1 > ai2 > · · · > ain+1 ,

ù´{ai}n
2+1

i=1 �üNØOfS�.
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ü�ê²�Ú

ü��ê²�Úé¦{µ4§Ï�

(a2+b2)(c2+d2) = a2c2+b2d2+b2c2+a2d2 = (ac+bd)2+(bc−ad)2.

½n2.3 (dFermatßÑ§EulerÄky²). �êp ≡ 1

(mod 4)�L¤ü��ê�²�Ú"

y² (Hermite): -q = p−1
2 !. �Wilson½n�íØ,

q2 ≡ (−1)(p+1)/2 = −1 (mod p). �	

Ãx + qy (0 6 x , y 6 b√pc). du(b√pc+ 1)2 >
√
p2 = p, �Ä

T�nþãê¥7kü��pÓ{"b�x1 + qy1 ≡ x2 + qy2

(mod p), ù�0 6 x1, y1, x2, y2 6 b
√
pc, �(x1, y1)�(x2, y2)´Ø

Ó�kSé. -x = |x1 − x2|, y = |y1 − y2, Kx2 + y2 > 0, 
�

x2+y2 = (x1−x2)2+(y1−y2)2 = q2(y2−y1)2+(y1−y2)2 ≡ 0 (mod p).

5¿0 < x2 + y2 <
√
p2 +

√
p2 = 2p, �7½x2 + y2 = p.
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Ù¦A^ÄT�n�~f

~2.1. ?�n���êa1, . . . , an, Ù¥7keZ��Ú�n�

ê"

y²µ�n����K{ê�U´0, 1, . . . , n − 1��§

�n + 1�Ü©Ú

s0 = 0, s1 = a1, s2 = a1 + a2, sn = a1 + a2 + · · ·+ an

¥7kü��nÓ{"�sj ≡ sk (mod n), ùp0 6 j < k 6 n. K

aj+1 + · · ·+ ak = sk − sj ≡ 0 (mod n).

~2.2. Ø�L2n���êa1, . . . , an+1¥7k���Ø,��"

y²µØ��a1 = 2α1q1 6 · · · 6 an+1 = 2αn+1qn+1, Ù¥Ãαi�g

,ê§Ãqi��Ûê"�Ä�q1, . . . , qn+1Ñáu{1, 3, . . . , 2n − 1}, 7

k1 6 i < j 6 n + 1¦�qi = qj . u´αi 6 αj�ai | aj .
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1
m
+ 1

m+1
+ · · ·+ 1

m+n
6∈ Z

~2.3. ?���êm�n, y² 1
m + 1

m+1 + · · ·+ 1
m+n 6∈ Z.

y²µé0 = 1, . . . , n, �m + i = 2aiqi , Ù¥ai ∈ N, qi��Û

ê. dum,m + 1, . . . ,m + n¥kóê§a = max{a0, . . . , an}´�
��ê"bX0 6 i < j 6 n�ai = aj = a, KÏm + i < m + jk

qi < qj . 
qi , qjþ�Ûê§�kóêq¦�qi < q < qj , l


m + i = 2aqi < 2aq < 2aqj = m + j .

�2aq = m + k , Ki < k < j�ak > a + 1. ù�a�½Âgñ"

dþ§k���0 6 j 6 n¦�aj = a. u´kx ∈ Z¦�

S :=
n∑

i=0

1

m + i
=

n∑
i=0

1

2aiqi
=

1

2aqj
+

x

2a−1
∏

i 6=j qi
,

l
S × 2a
∏n

i=0 qi = 2xqj +
∏

i 6=j qi , XJS ∈ Z, Kþã�ª�

>�óê§m>�Ûê§��gñ"ÏdSØ´�ê.
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D9©ê

/X 1
n £Ù¥n���ê¤�©ê�ü ©ê"�D9<�

Är�knêL¤ØÓü ©ê�Ú£ù��knê�D9©

ê¤§~Xµ¦�5¿�

2

35
=

1

30
+

1

42
,

10

73
=

1

11
+

1

22
+

1

1606
.

1202cFibonacciy²z��knêÑ�L¤ØÓ�ü ©ê

�Ú§ù´Ï�

1

n
− 1

n + 1
=

(n + 1)− n

n(n + 1)
=

1

n(n + 1)
.

dd(Ø�NÚ?ê
∑∞

n=1
1
nuÑ.

~2.4. r3/5L¤ØÓü ©ê�Ú"

3

5
=

1

5
+

2

5
=

1

5
+ 2

(
1

6
+

1

30

)
=

1

5
+

1

3
+

1

15
.

25 / 1



§2.3. �g�{nØ
éuÛ�êp9Ø�p�Ø��êa, XJx2 ≡ a (mod p)k�ê)§

K¡a��p�²��{§ÄK¡a��p�²���{.

?Û�êx��¤pq + r�/ª§ù�q, r ∈ Z�|r | 6 p−1
2 . u´

x2 = (pq + r)2 ≡ |r |2 (mod p).

,��¡§0 6 k < l 6 (p − 1)/2�

l2 − k2 = (l − k)(l + k) 6≡ 0 (mod p).

Ïd§?Û²�ê�

02, 12, · · · ,
(
p − 1

2

)2

¥TÐ��Ó{"�p���{z�{X¥²��{�²���{�

k p−1
2 �.

~X: 1, 2, 3, 4¥1�4��5�²��{, 2�3��5�²���{"
26 / 1



Euler���Ún

Ún3.1 (Euler) �p�Û�ê, Kk��êm < p¦�pm�

L«¤x2 + y2 + 1, Ù¥x , y ∈ Z.

y²µdu�p���{z�{X¥Tk(p − 1)/2�²��

�{§p+1
2 �ê

−1− 02,−1− 12, · · · ,−1−
(
p − 1

2

)2

¥7k���,²�ê�pÓ{, =kx , y ∈ {0, 1, · · · , p−12 }¦
�−1− x2 ≡ y2 (mod p). �x2 + y2 + 1 = pm, ùpm ∈ Z+. d

u

pm = x2 + y2 + 1 <
(p

2

)2
+
(p

2

)2
+ 1 =

p2

2
+ 1 < p2,

7½m < p.
27 / 1



o²�Ú½n

½n3.1 (Lagrangeo²�Ú½n). z�n ∈ N = {0, 1, 2, . . .}�L
¤o�g,ê�²�Ú"

A. Diophantus (¿�ã§ú�c299-215½285-201) Äk¿£�ù

�(J¿3ÙÍ�5Arithmetica(�â)6¥�
9A�~f"1621c§

{I<BachetrDiophantusÍ�È¤.¶©�\5º�ãÑo²�Ú½

n£�´�ß�¤"

1748c§Euler£î.¤uyo²�Úð�ª

(x21 + x22 + x23 + x24 )(y2
1 + y2

2 + y2
3 + y2

4 )

=(x1y1 + x2y2 + x3y3 + x4y4)2 + (x1y2 − x2y1 − x3y4 + x4y3)2

+ (x1y3 − x3y1 + x2y4 − x4y2)2 + (x1y4 − x4y1 − x2y3 + x3y2)2,

l
r¯K8(��êL¤o²�Ú"Euler�y²
þãÚn3.1.

1770c§Lagrange3Eulerõcó�Ä:þy²
z�g,ê�L

¤o��ê�²�Ú"
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1-3-5ß�

1-3-5ß�(]ü1350{�) (���, 2016c4�9F): ?

Ûn ∈ N�L¤x2 + y2 + z2 + w2(Ù¥x , y , z ,w ∈ N)¦�

x + 3y + 5z�²�ê"

k��L«�A�~fµ

7 =12 + 12 + 12 + 22 � 1 + 3× 1 + 5× 1 = 32,

8 =02 + 22 + 22 + 02 � 0 + 3× 2 + 5× 2 = 42,

31 =52 + 22 + 12 + 12 � 5 + 3× 2 + 5× 1 = 42,

43 =12 + 52 + 42 + 12 � 1 + 3× 5 + 5× 4 = 62.

2020c§1-3-5ß��Ä:ßPorto�ÆAntónio MachiaveloÚ

¦�Æ¬)Nikolaos Tsopanidis¤y²"¦��Ø©“Zhi-Wei

Sun’s 1-3-5 Conjecture and Variations”uLuJ. Number Theory

222(2021), 1-20. 29 / 1



24-ß��o²�ß�

24-ß� (���§2016). z�n ∈ N�L«¤

x2 + y2 + z2 + w2 (x , y , z ,w ∈ N)

¦�x�x + 24yÑ´²�ê"

·�dß��y²]ü2400{�"

o²�ß� (���§2019). z��ên > 1�L«¤

x2 + y2 + (2a3b)2 + (2c5d)2,

Ù¥x , y , a, b, c , d ∈ N.

·�dß��y²]ü2500{�"
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]ü3500{��ß�

n�Ê�ß� (���, 2018c4�28F). ?Û�ên > 1�

L¤a2 + b2 + 3c + 5d , Ù¥a, b, c , d ∈ N = {0, 1, 2, . . .}.

5P. ·òdß��y�2× 1010, ¿\Ù�dß��1��

y²]ü3500{�"

n�k��L«{�~fµ

2 =02 + 02 + 30 + 50,

5 =02 + 12 + 31 + 50,

25 =12 + 42 + 31 + 51.
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LegendreÎÒ

�p�Û�ê§�êaép�LegendreÎÒXe½Âµ

(
a

p

)
=


1 XJa��p�²��{,

−1 XJa��p�²���{,

0 XJ p | a.

w,

a ≡ b (mod p)⇒
(
a

p

)
=

(
b

p

)
.
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Euler�O^�

½n3.2 (Euler�O^�). �p�Û�ê§a ∈ Z. K

a(p−1)/2 ≡
(
a

p

)
(mod p).

y²µXJp | a, Ka(p−1)/2 ≡ 0 = ( a
p ) (mod p). e�p - a. X

Jx2 ≡ a (mod p), K

a(p−1)/2 ≡ (x2)(p−1)/2 = xp−1 ≡ 1 =

(
a

p

)
(mod p).

XJa��p�²���{§K1 6 k 6 (p − 1)/2�ak2 ≡ x2 (mod p)Ã

)(Ø,, a ≡ a(kk∗)2 ≡ (k∗x)2 (mod p), gñ)"Ïd

{12, . . . , ((p − 1)/2)2, a12, . . . , a((p − 1)/2)2}

��p���{z�{X§l


a(p−1)/2(p − 1)!2 ≡
(p−1)/2∏
k=1

k(−k)× ak(−k) ≡ (p − 1)! (mod p).

2|^Wilson½n��a(p−1)/2 ≡ −1 = ( a
p ) (mod p). 33 / 1



íØ

íØ3.1 �p�Û�ê"

(i) é?Ûa, b ∈ Zk(abp ) = ( a
p )(bp ).

(ii) ·�k(
−1

p

)
= (−1)(p−1)/2 =

1 XJ p ≡ 1 (mod 4),

−1 XJ p ≡ 3 (mod 4).

y²µ(i) dEuler�O^��(
ab

p

)
≡ (ab)(p−1)/2 = a(p−1)/2b(p−1)/2 ≡

(
a

p

)(
b

p

)
(mod p).


|( ab
p )− ( a

p )( b
p )| 6 2 < p, �k( ab

p ) = ( a
p )( b

p ).

(ii) dEuler�O^��(
−1

p

)
≡ (−1)(p−1)/2 (mod p),

l
(−1p ) = (−1)(p−1)/2.
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GaussÚn

Ún3.2 (GaussÚn). �Û�êpØ�Ø�êa, K(
a

p

)
= (−1)|{16k6 p−1

2
: { ka

p
}> 1

2
}|
. (∗)

y²: éz�1 6 k 6 (p − 1)/2 k���k ′ ∈ Z¦�ka ≡ k ′

(mod p)�|k ′| 6 (p − 1)/2. 1 6 k < l 6 (p − 1)/2�ka 6≡ ±la
(mod p), l
|k ′| 6= |l ′|. Ïd

{|k ′| : k = 1, . . . , (p − 1)/2} = {1, . . . , (p − 1)/2}.

w,{kap } >
1
2��=�k ′ < 0. �k(

a

p

)
p − 1

2
! ≡

(p−1)/2∏
k=1

ka ≡ (−1)|{16k6 p−1
2

: k ′<0}|
(p−1)/2∏
k=1

|k ′|

≡(−1)|{16k6 p−1
2

: ka
p
> 1

2
}| p − 1

2
! (mod p).

l
(∗)¤á" 35 / 1



(2
p)�(½

½n3.3. ?�Û�êp, ·�k(
2

p

)
= (−1)(p

2−1)/8 =

1 ep ≡ ±1 (mod 8),

−1 ep ≡ ±3 (mod 8).

y²µp = 8q ± 1�,

p2 − 1

8
=

(8q ± 1)2 − 1

8
= 8q2 ± 2q ≡ 0 (mod 2).

p = 8q ± 3�,

p2 − 1

8
=

(8q ± 3)2 − 1

8
= 8q2 ± 6q + 1 ≡ 1 (mod 2).

1 6 k 6 (p − 1)/2�{ 2kp } >
1
2 ⇐⇒ k > p

4 . |^GaussÚn��(
2

p

)
= (−1)

p−1
2 −|{16k6 p−1

2 :k6 p−1
4 }|

= (−1)
p−1
2 −b

p−1
4 c = (−1)b

p+1
4 c = (−1)(p

2−1)/8.
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3Mersenneêþ�A^

~Kµ�p > 3��ê�p ≡ 3 (mod 4). XJq = 2p + 1��

ê, KMp = 2p − 1�Üê"

y²µq = 2p + 1 ≡ 2× 3 + 1 = 7 (mod 8), Ï


Mp = 2(q−1)/2 ≡
(

2

q

)
− 1 = 1− 1 ≡ 0 (mod q).

5¿

Mp = (1+1)p−1 = 1+

(
p

1

)
+

(
p

2

)
+· · ·+

(
p

p − 1

)
> 1+p+

p(p − 1)

2
+p > q.

Ïdq�Mp�ýÏf§Mp�Üê"
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�gp�Æ

eã(JdEulerÄkßÑÙ�d/ª§¿dGaussÄkî�y²"

½n3.4 (�gp�Æ). éuØÓ�Û�êp�q, ·�k(
p

q

)(
q

p

)
= (−1)

p−1
2 ·

q−1
2 .

|^(−1p ), ( 2
p )�úª±9�gp�Æ§��B/O�ÑäN

�LegendreÎÒ"

~Kµ�äÓ{ªx2 ≡ 79 (mod 113)´Äk)"

)µ79�113��ê§|^�gp�Æ�(
79

113

)
=

(
113

79

)
=

(
34

79

)
=

(
2

79

)(
17

79

)
=

(
17

79

)
=

(
79

17

)
=

(
11

17

)
=

(
17

11

)
=

(
6

11

)
=

(
2

11

)(
3

11

)
= −

(
3

11

)
=

(
11

3

)
=

(
2

3

)
= −1.

Ïdx2 ≡ 79 (mod 113)Ã�ê)"
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q��~K

~Kµéu��ên9n2 + n − 1��Ïfp§y²p��?�

L«¥� ê�1, 5, 9��"

y²µdun2 + n − 1�Ûê§p´Û�ê"5¿

n2 + n − 1 ≡ 0 (mod p), l
 (2n + 1)2 ≡ 5 (mod p).

Ïd( 5
p ) 6= −1. p 6= 5�,

(p
5

)
=

(
5

p

)
= 1,

l
p ≡ ±1 (mod 5). �p ≡ 1, 5, 9 (mod 10).
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3Fibonacciê�þ�A^

Fibonacciê�Xe�Ñµ

F0 = 0, F1 = 1, Fn+1 = Fn + Fn−1 (n = 1, 2, 3, . . .).

~KµéuÛ�êp, y²

Fp ≡

1 (mod p) XJ p ≡ ±1 (mod 5),

−1 (mod p) XJ p ≡ ±2 (mod 5).

y²µ

√
5Fp =

(
1 +
√

5

2

)p

−

(
1−
√

5

2

)p

=
1

2p

(p−1)/2∑
k=0

(
p

2k + 1

)(
(
√

5)2k+1 − (−
√

5)2k+1
)
.
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UYy²

u´

2p−1Fp =

(p−1)/2∑
k=0

(
p

2k + 1

)
5k ≡ 5(p−1)/2 ≡

(
5

p

)
(mod p),

l


Fp ≡
(

5

p

)
=
(p

5

)
(mod p).

5¿ (p
5

)
=

1 XJp ≡ ±1 (mod 5),

−1 XJp ≡ ±2 (mod 5).

�k¤�(J.
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3Lucasêþ�A^

��Fibonacciêéó�LucasêXe�Ñµ

L0 = 2, L1 = 1, Ln+1 = Ln + Ln−1 (n = 1, 2, 3, . . .).

~KµéuÛ�êp, y²

Lp ≡ 1 (mod p).

y²µ

Lp =

(
1 +
√

5

2

)p

+

(
1−
√

5

2

)p

=
1

2p

(p−1)/2∑
k=0

(
p

2k

)(
(
√

5)2k + (−
√

5)2k
)

=
1

2p−1

(p−1)/2∑
k=0

(
p

2k

)
5k ,

l


Lp ≡ 2p−1Lp ≡ 50 = 1 (mod p).
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Fp−( p
5 ) ≡ 0 (mod p)

N´y²

Ln = 2Fn+1 − Fn = Fn + 2Fn−1 (n = 1, 2, 3, . . .).

½n3.5 (D. D. Wall, 1960). é?ÛÛ�êpk

Fp−( p
5
) ≡ 0 (mod p).

y²µp = 5�Fp−( p
5
) = F5 = 5 ≡ 0 (mod p). XJp ≡ ±1

(mod 5), K

2Fp−1 = Lp − Fp ≡ 1−
(p

5

)
= 0 (mod p),

l
Fp−( p
5
) ≡ 0 (mod p). XJp ≡ ±2 (mod 5), K

2Fp+1 = Lp + Fp ≡ 1 +
(p

5

)
= 0 (mod p),

l
Fp−( p
5
) = Fp+1 ≡ 0 (mod p).
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Wall-Sun-Sun�ê

éuÛ�êp, ��÷����[Acta Arith. 60 (1992)]y²


p2 - Fp−( p
5
)

=⇒ Fermat�§xp + yp = zpvk·Ü p - xyz��ê).

¦�Fp−( p
5
) ≡ 0 (mod p2)�Û�êp�5�·¶

�Wall-Sun-Sun�ê"ÑuoÑ�VÇþ��Ä, <���u@

�ATkÃ¡õ�Wall-Sun-Sun�ê.

8cÿ�uy?ÛWall-Sun-Sun�ê, ®k�|¢L²1�

�Wall-Sun-Sun�ê��u264 ≈ 1.84× 1019.
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§2.4 a�m�gê

��êa���êmp�"¦�ad ≡ 1 (mod m)�����

êd��a�m�gê£½�¤. 0 6 k < l 6 d − 1�al−k 6≡ 1

(mod m), l
a0, a1, . . . , ad−1�müüØÓ. éu��

ên = dq + r (0 6 r < d),

an ≡ 1 (mod m) ⇐⇒ (ad)qar ≡ 1 (mod m)

⇐⇒ ar ≡ 1 (mod m)

⇐⇒ r = 0 ⇐⇒ d | m.

AO/§|^Euler½n�d | ϕ(m).

XJg ∈ Z�m�gê�ϕ(m), ={gk : k = 0, . . . , ϕ(m)− 1}
��m�{z�{X§K¡g��m���(primitive root).

®����êm����3��=�m/X1, 2, 4, pa, 2pa

(Ù¥p�Û�ê, a ∈ Z+).
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'uFermatê

½n4.1 (Euler, Lucas). �n > 1��ê§

p�FermatêFn = 22
n

+ 1��Ïf§Kp ≡ 1 (mod 2n+2).

y²µ�2�p���d . du

22
n ≡ −1 6≡ 1 (mod p) � 22

n+1 ≡ (−1)2 = 1 (mod p),

·�kd - 2n�d | 2n+1. Ïd2n+1 = d�Øϕ(p) = p − 1.

dun > 2, 2n+1�8�ê§l
p ≡ 1 (mod 8). 5¿

(−1)
p−1

2n+1 ≡ (22
n
)

p−1

2n+1 = 2
p−1
2 ≡

(
2

p

)
= 1 (mod p).

Ïd(p − 1)/2n+1�óê§l
p ≡ 1 (mod 2n+2).

EuleruyF5k�Ïfp = 641 = 27 × 5 + 1.
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'u1k + · · ·+ (p − 1)k�p

½n4.2. �p��ê§k ∈ Z+. K

1k + · · ·+ (p − 1)k ≡

−1 (mod p) XJp − 1 | k ,

0 (mod p) XJp − 1 - k .

y²µ-S =
∑p−1

r=1 r
k . XJp − 1 | k , K�Fermat�½nk

S ≡
p−1∑
r=1

1 = p − 1 ≡ −1 (mod p).

y3b�p − 1 - k . �g��p�����, Kgk 6≡ 1

(mod p)(Ï�p − 1 - k). 5¿

gkS =

p−1∑
r=1

(gr)k ≡
p−1∑
s=1

sk = S (mod p),

l
p | (gk − 1)S . Ïp - gk − 1, 7kp | S .
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����~K

~Kµ�p�q = 4p + 1Ñ´�ê§y²2´�q�����"

y²µ�2�q���d , Kd�Øϕ(q) = q − 1 = 4p. X

J24 ≡ 1 mod q, Kq = 5, dØ�U. Ïdd - 4. 5

¿q = 4p + 1 ≡ 4× 1 + 1 = 5 (mod 8)�

22p = 2(q−1)/2 ≡
(

2

q

)
= −1 (mod q).

Ïdd - 2p. 
d�4p�Ïf§�Ud = 4p = ϕ(q), l
2��q�

��"

ß� (���§2013). ?��êp, kg ∈ {1, . . . , p − 1}¦
�g��p����g − 1�²�ê"
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§2.5 �
Í¶�ß�½½n
êØ´ïÄ�ê£9knê¤5����DÚêÆ©|§Ù

¥ý�Ü©áuX{êÆ"Gauss¡/êØ´êÆ�å�0"

Kronecker `µ/þ2ME
g,ê§Ù§êÆÑ´<E�"0

x�nâ£Goldbach¤ß�£{¡�·K/1+10¤µ�

u2��óê�L¤ü��ê�Ú"

~Xµ

4 = 2+2, 6 = 3+3, 8 = 5+3, 10 = 5+5, 12 = 7+5, 14 = 11+3.

x�nâß�ÏÙpJÝ���/êØ�)þ�²¾0§ù

�ß��8E�)û§8cù�¡�Ð�(JE´�µd�

/1+20£¿©��óê��¤���ê�Ø�Lü��ê¦È�

Ú§~Xµ22 = 17 + 5 = 7 + 3× 5¤"�Ck<y²�µd½n

¥�/¿©�0�²(��u101872344071119349.
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�µd

�µd£1933-1996¤ò%ãÉ&�õc§GÑ
�SÚè

xâ�5/1+20"1999c·Iu1Vg�µd3x�nâß�

þ�Z(J�80©e¦"1996cuy�?Ò�7681��1(�5

�·¶�/�µd(0"

Goldbachß�q�vk¢S^å§��Ck<�Ñ§�¬N

Æ�å±9é¡+�����'"
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Ì)�ê

éu�êp > 2, p + 1�óêÏ
Ø´�ê"XJp�p + 2Ñ

´�ê§K`§�´�éÌ)�ê"~Xµ

{3, 5}, {5, 7}, {11, 13}, {17, 19}, {29, 31}, {41, 43}

Ñ´Ì)�êé"

Ì)�êß�:kÃ¡õéÌ)�ê"

ù�ßÿ½N�F1êÆ[Ò¿£�
§1849c{IêÆ

[de Polignac$�ßÿz��óê�L¤���ê�Ã¡õg"

�þk<rGoldbachß��Ì)�êß�ùü�¶K'�

/­Uê0�/ç9
0§�Ù�B�êØ­.�/É��

�0£=B¼�öØ3�¶|�¬´ù��(Û¤"
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ÜÃ/

2013c4�§¶Ø�²D�u<êÆ[ÜÃ/£58�§1985cÑ

Ic´·I)ÛêØÆ[�«J�Ç�a¬)§{INew

Hampshire£#¾Ù��¤�Æ��ù�¤�Ñ/Bounded gaps

between primes0ù�¯­´��#�£�uLuAnnals of

Math.¤§^°|�)ÛêØ�{¤õ/y²kÃ¡õé�

êp�q < p¦�p − q 6 7× 107, ½=�3�u7Z���ó

êd¦kÃ¡õé���ê��d . 52 / 1



ÜÃ/ó��YuÐ

ÜÃ/�­�â»�À
��êØ.£$�êÆ.¤§.¾

Ì)�êù��PJKëEuler, Gauss, Dirichlet, Riemann,

Hilbert, Hardy, Selberg, Tao�êÆ�[ÑÃ�GÛB�'uÜÃ

/¯,��«��ÁUX/§ISþÍ¶)ÛêØ;[Andrew

Granville@�ù´êØ¤þ���¤J��£/One of the great

results in the history of number theory0¤§ùp·2Ú^� �l

�µØµ/ÜÃ/�½nÃ¦<Ø��êÆ����p:§´á

u�ù�(¥þ�<�O\1���¬0"

�5�cêÆ[James Marynard^��{'��{r7Z�

ü�600§y3�Ð�þ.´246.

Ì)�êß�8c�Ã¢S^å§<�&?§X{ÑunØ

þ�,�"Üu1992c3Purdue�ÆÆ¬.��éØ�ó�§3

¯êA�óõc§1999câ¼�#¾Ù���Æ��ù���"
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Collatzß�

Collatz31937c�´�Æ)�JÑ
eãÍ¶�ßÿ"

Collatzß�£�¡/3x + 1ß�0¤: ?���êa1 ,X½Â

Ða1, . . . , an, K3an �Ûê�4an+1 = 3an + 1, 3an�óê�

4an+1 = an/2. @o7k��êN¦�aN = 1.

~Xµ

7→ 22→ 11→ 34→ 17→ 52→ 26→ 13

→ 40→ 20→ 10→ 5→ 16→ 8→ 4→ 2→ 1.

êÆ[®éa1 6 260�y
Collatzß�"

â@�êÆ[3Ê���zcSéùßÿÃU�å§ù�¯

K8c�wØÑkÛ^å"Terence Tao(>óZ)�C3d¯K�

VÇ��þ��­�â»"
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Dirichlet½n�van der Waerden½n

��k�ú��n���ê�£q¡�â?ê¤Xeµ

a, a + n, a + 2n, . . . , a + (k − 1)n.

Dirichlet½n (1837). ��êa���ênp�§KÃ¡��

ê�

a, a + n, a + 2n, a + 3n, . . .

¥�¹Ã¡õ��ê.

van der Waerden½n £1927¤µr�N��ê�¿/�

\n�ÄT¥�, é?����êkÑk�ÄT�¹��k���

ê�"

~Xµr�ê�\1��ÄT¥
rÜê�\1��ÄT

¥§@o�ê½öÜê¥¹k�½�Ý���ê�"5¿5, 11,

17, 23, 29´��5��ê��ê�"
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Green-Tao½n

2004c�cêÆ[Ben Green£=I<¤�Terence Tao£>

óZ§e7u¾, 2006c�Fieldsø¼�ö¤ò)ÛêØ!|Üê

Æ�ÄåXÚ�(Ü¤õ/y²
Í¶�Green–Tao½n"

Green-Tao½n £2004¤µ?���êk > 3, kk��ê¤

��ê�"

5µ8c®uy�����ê��ê��k26�"
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Waring¯K

Lagrange3Eulerõcó�Ä:þy²
z�g,ê�L

¤4��ê�²�Ú"

1770cWaring3¦�5�ê�g¹6¥��µ/z�g,ê

Ñ´4�g,ê�²�Ú§9�g,ê�á�Ú§19�g,ê�4

g�Ú§37 �g,ê�5g�Ú"��/§é�êk > 1�3�

�¦�U���êg(k)¦�z�g,êÑ�L«¤g(k)�g,ê

�kg�Ú"0

XÛ(½g(k)B´Í¶�Waring¯K§1940cHilberté��

�k > 1(á
g(k) ��35"®�g(2) = 4, g(3) = 9,

g(4) = 19 (1986c), g(5) = 37 (1964c�µd), g(6) = 73 (1940c).

��y²k¿©��g(k) = 2k + b
(
3
2

)kc − 2, Ù¥/�¼êbxcL
«x��êÜ©.
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Gibreathß�(1958)

3d���ü��êS�Ä:þO���ü���ýé����

�#�S�§2O�ùS���ü���ýé�q���S�§Xd

?1e�"3�ê������S��>1��o�1.

2, 3, 5, 7, 11, 13, 17, 19, 23, . . .

1, 2, 2, 4, 2, 4, 2, 4, . . .

1, 0, 2, 2, 2, 2, 2, . . .

1, 2, 0, 0, 0, 0, . . .

1, 2, 0, 0, 0, . . .

1, 2, 0, 0, . . .

1, 2, 0, . . .

1, 2, . . .

1, . . .
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