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ABSTRACT. Let p be a prime and let a be a positive integer. In this paper
h+1)k
k+d

integers with —h < d < p® and m # 0 (mod p). We also study congruences
involving higher-order Catalan numbers C,ih) = A ((thl)k) and C,ih) =

hk+1 k
kL_H ((h'zl)k) . Our tools include linear recurrences and the theory of cubic

residues. Here are some typical results in the paper. (i) If p* = 1 (mod 6)
then

we investigate 21_01 (( )/mk modulo a prime p, where d and m are

P ) (p®—1)/3 = e
E 2 =2 = d d E —— =0 d p).
2 Gk (mod p) an 2 o (mod p)

Also,

1 otherwise.

Z & E{—2 if p® =42 (mod 7),

po—1 (4k) 1 (mod p) if p# 11 and p® =1 (mod 5),
k/ — : a —
= —1/11 (mod p) if p* = 2,3 (mod 5),
k=0 —9/11 (mod p) if p®* =4 (mod 5).
Also,
=1 (3) 1 (mod p) if p* = 1,3 (mod 5),
Z BL’“ =(¢ —2 (mod p) if p® =2 (mod 5),
k=0 0 (mod p) if p* =4 (mod 5).

2010 Mathematics Subject Classification. Primary 11B65; Secondary 05A10, 11A07.
Supported by the National Natural Science Foundation (grant 10871087) and the
Overseas Cooperation Fund (grant 10928101) of China.

1


http://arxiv.org/abs/0909.3808v2
http://arxiv.org/abs/0909.3808
http://math.nju.edu.cn/~zwsun

2 ZHI-WEI SUN

1. INTRODUCTION

Let p be a prime. Via a sophisticated combinatorial identity, H. Pan
and Z. W. Sun [PS] proved that

p—1
Z <k2—fd) = <pTd) (mod p) ford=0,...,p,

k=0

where (—) is the Jacobi symbol. Let a € Z* = {1,2,3,...} and d €
{0,...,p"}. Recently Sun and R. Tauraso [ST1] used a new approach to

determine Zi:f)l (szd) mod p?; they [ST2] also studied Zi:l (szd) JmF
modulo p via Lucase sequences, where m is an integer not divisible by p.
Quite recently, L. Zhao, Pan and Sun [ZPS] proved that if p # 2,5 is a

prime then
1

(2)=5(() ) o

p—1 1
Z2R_IC£2) = (—) — 1 (mod p),
k=1 p

where C}gz) = (?’kk)/(Qk +1) (ke N={0,1,2,...}) are Catalan numbers
of order 2.

In general, (the first-kind) Catalan numbers of order h € Z* are given
by

= (M) (1)) e

p—
k=

and

(As usual, (_‘Tn) =0 forn = 1,2,....) We also define the second-kind
Catalan numbers of order h as follows:

o _ kLﬂ((hzl)k) _ h((h::l)k) B ((l;:ll)k) (k € N).

Those C = C’,gl) = C_’,gl) are ordinary Catalan numbers which have lots of
combinatorial interpretations (see, e.g., Stanley [St]).

Let p be a prime and a a positive integer. In this paper we mainly
investigate ﬁz?)l (3:) /m* mod p for all m € Z with m # 0 (mod p), and
determine Y7 ! (%) /5% and Y0 C,g?’) /5% modulo p. Our approach
involves third-order and fourth order recurrences and the theory of cubic
residues.

Now we introduce some basic notations throughout this paper. For a
positive integer n, we use Z, to denote the set of all rational numbers
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whose denominators are relatively prime to n. Thus, if p is a prime then
Z,, is the ring of rational p-adic integers. For a predicate P, we let
1 if P holds,
[P] =

0 otherwise.

Thus [m = n] coincides with the Kronecker 6, .
Our first theorem is a further extension of the above-mentioned congru-
ences of Zhao, Pan and Sun.

Theorem 1.1. Let p be an odd prime and let a € Z*. Let ¢ € Z, with
c¢c#0,—1,2 (mod p), and set ¢ =3/(2(c+1)(c —2)). Then

pgl % (3:) . <1_ <4cp1-1)) o )
;1 c2k+1 ( :ifl) " +1)< <4c+1)) (tm0d ),
paz_:: %(;’fl) = (d(3c+2)+ 1)(1 - <4p+ 1)) (mod p).

k=
Pl 2k
c 3k p 4e+1
— = -1 d p).
§<c+1>3k<k+pa) (M) 1) ot

k

and

Remark 1.1. Note that if ¢ = —1/4 then ¢?/(c+ 1) = 22/(2 + 1)3.

Clearly Theorem 1.1 in the case ¢ = —1/2 yields the two congruences of
Zhao, Pan and Sun [ZPS| mentioned above. Applying Theorem 1.1 with
¢ =1, —2 we obtain the following consequence.

Corollary 1.1. Let p be an odd prime and let a € ZT. Then
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For a polynomial
flx)=2"+a2"  +- - +a, = H(:c — «;) € Clz],

its discriminant is defined by

By Vitae’s theorem and the fundamental theorem of symmetric polynomi-
als, we can express D(f) as a rational expression involving the coefficients
ai,...,a,. For example, it is known that

D(2® + a12? + asx + a3) = a’a3 — 4aj — 4ataz — 27a3 + 18ajazas.

If f(z) =a"+a12" ' +---+a, € Z[z] and p is an odd prime not dividing
D(f), then
D(f) ner
(50)-
p

by Stickelberger’s theorem (cf. [C]), where r is the total number of monic
irreducible factors of f(x) modulo p.

Let p be an odd prime and m an integer with m # 0,27/4 (mod p).
Then D = D((x + 1)3 — 32%) = (4m — 27)m? # 0 (mod p). Suppose that
there is no ¢ € Z,, such that mc®> = (c+1)? (mod p). Then the polynomial
(1+2)3 —ma? is irreducible modulo p, hence by the Stickelberger theorem
we have (%) = (=1)371 = 1. Thus (%) = 1, and hence 4m — 27 =
(2t 4+ 1)? (mod p) for some t € Z. Note that m =2+t + 7 (mod p).

The following theorem deals with the case m = 6 and (%) = 1.

Theorem 1.2. Let p > 3 be a prime and let a € Z*. Suppose that
p* =1 (mod 6). Then

Z ChH RS ()
__\k/J = — =0 (mOd p)
= kD) I 6
and - a_q
P =1 (3k ) 123k
(GL’C) — 9" -1)/3 _ 1 = 5 (kg;:) (mod p).
k=1 k=1

Now we need to introduce another notation. For a positive integer
n % 0 (mod 3) and i € {0, 1,2}, Z.-H. Sun [S98] investigated

Ci(n) = {k € Ly, : (MT-i_%) = wl},
3



BINOMIAL COEFFICIENTS AND HIGHER-ORDER CATALAN NUMBERS 5

where w is the primitive cubic root (—1++/—3)/2 of unity, and ()3 is the
cubic Jacobi symbol. (The reader is referred to Chapter 9 of [IR, pp. 108-
137] for the basic theory of cubic residues.) By [S98], k € Ca(n) if and

only if —k € Ci(n); also
Co(n)UCy(n)UCy(n) = {k € Z, : k* + 3 is relatively prime to n}.

Theorem 1.3. Let p > 3 be a prime and let a € Z". Let m,t € Z, with
t# —1/2 (mod p) and m =2+t +7# 0,6 (mod p). Then

_2m? — 18m+27
N 6t + 3

If c € Cy(p®), then

€ Co(p*) U Cr(p") U Ca(p“).

C

p®—1 ( 3k )
]:7—:’? =0 (mod p) ford e {0,+1},
k=1

and hence . .

Z—REZWE (mod p).

=1 " k=1
When +c € C1(p*), we have

P () (£3/(2t+1) —3)/2 (mod p) ifd=0,
> T;k +(m—6)/(2t+1) (mod p)  ifd=—1,
k=1 +3/(2t+1)+3—m (mod p) ifd=1,

and hence
p*—1 @
Z —*_ =m —6 (mod p).

mk
k=1

Remark 1.2. Let p > 3 be a prime. By [S98, Corollary 6.1], if ¢ € Z,, and
c(c?2+3) # 0 (mod p), then ¢ € Cy(p) < u@p—(2y)/3 =0 (mod p), where
ug =0, u; = 1, and u, 41 = 6u, — (3¢ + 9)u,_, for n € Z+.

Combining Theorems 1.1-1.3 we obtain the following somewhat surpris-
ing result.

Theorem 1.4. Let p > 3 be a prime. Let a be a positive integer divisible
by 6 and let d € {0,£1}. Then

3k —2rq3r—
Z (k+d) = 9d+3—-2rgdr—2 (mod p)

0<k<p*®
k=r (mod p—1)
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for all r € Z, and hence

p*—1

to obtain concrete results.

;;1 (k?fd) -

We may apply Theorem 1.3 to some particular integers m = t2 + ¢+ 7

ZHI-WEI SUN

—[p = 23]3 x 29! (mod p).

Theorem 1.5. Let p # 3 be a prime and let a € Z. Then
sy [ = (mod o)
Y2kl =00  ifp? =2 (mod 9),
k=0 | -1 if p* = +4 (mod 9);
b1 ( - ) (0 if p* = £1 (mod 9),
Z kg_kl =! 1 if p* = 42 (mod 9),
k=0 | -1 if p* = £4 (mod 9);
1 ( - ) (0 if p = +£1 (mod 9),
k&l ={ 5 ifp® =42 (mod 9),
k=0 | =7 ifp* = +£4 (mod 9).
Consequently,
p“—1 ~(2)
C
3 g_kk = —3[p® = +2 (mod 9)] (mod p)
k=1
and
p*—1 ~(2)
QL = 3[p® £ £1 (mod 9)] (mod p).
k=1

Theorem 1.6. Let p # 7 be a prime and let a € Z. Then

—3[p* = £2 (mod 7)] (mod p);

k
k=1
p®—1 ( 3k ) ( 0 pr (I’IlOd 7)7
k7_kl =< —1 ifp®==2 (mod 7),
k=0 [ 1 ifp® =+£3 (mod 7);
pe—1 ( 3k (0 ifp® =+£1 (mod 7),
(er1) _ “_
= =7 ifpt =42 (mod 7),
k=0 | -1 ifp® =43 (mod 7).



BINOMIAL COEFFICIENTS AND HIGHER-ORDER CATALAN NUMBERS 7

Consequently,
Pl ) 1 (mod p)  if p® = =+1 (mod 7),
Z 7—’2 =< 0 (mod p) if p® =+2 (mod 7),
k=0 —1 (mod p) if p* = £3 (mod 7);
and
p*—1 6’(2)
Z 7—’2 = [p® # £1 (mod 7)] (mod p).
k=1

Theorem 1.7. Let p be a prime and let a € Z7. If p # 5,13, then

i1 (3k) 1 (mod p) if p* = £1,£5 (mod 13),
) # = —4/5 (mod p) if p* = £2,43 (mod 13),
k=0 —1/5 (mod p) if p* = 4,46 (mod 13),
and
pL (3 1 (mod p) if p* = £1, 45 (mod 13),
> l{gi =4 —53/5 (mod p) if p* = +2,43 (mod 13),
k=0 —47/5 (mod p) if p* = 4,46 (mod 13).
Also,
=1 A(2) 1 (mod p)  if p* =+1,45 (mod 13),
Z 1§k =4 2 (modp)  ifp"==£2,£3 (mod 13),
k=0 —3 (mod p) if p® = 4,46 (mod 13);
and
Pl () 1 (mod p)  if p* = +1,+7,48 (mod 19),
# ={ —4 (mod p) if p* = £2,£3,£5 (mod 19),
k=0 3 (mod p) if p* = 44,46, 49 (mod 19).

Now we turn to our results involving third-order and fourth-order Cata-
lan numbers.

Theorem 1.8. Let p # 5 be a prime and let a € Z7. Set
p®—1 ( 4k )

Sa= Y ’“5+kd ford=—2,—1,...,3p"
k=0
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(i) When p # 11, we have

(1 (mod p) if p* =1 (mod 5),
So =14 —9/11 (mod p) if p*=—1 (mod 5),
| —1/11 (mod p) if p*® = £2 (mod 5);
(0 (mod p) if p* =1 (mod 5),
S; =4 —5/11 (mod p) if p* = —1 (mod 5),
| —14/11 (mod p) if p® = £2 (mod 5);
(0 (mod p) if p* =1 (mod 5),
g . — —3/11 (mod p) if p* = —1 (mod 5),
T 7/11 (mod p)  if p* =2 (mod 5),
( —4/11 (mod p) if p* = —2 (mod 5);
(0 (mod p) if p* =1 (mod 5),
o —1/11 (mod p)  if p* = —1 (mod 5),
27 ) —16/11 (mod p) if p® =2 (mod 5),
[ 17/11 (mod p)  if p* = —2 (mod 5).

(ii) Ford =2,...,3p" we have
6 (mod p) ifd=p*+1,
Sq— Sqg—1+6S4-2+4Sq-35+ Sq—4 = 4 (mod p) ifd=2p%+1,
0 (mod p) otherwise.
(iii) We have

) 1 (mod p) if p* =1,—-2 (mod 5),
Z 5% =< 0 (mod p) if p*=—1 (mod 5),
k=0 —2 (mod p) if p* =2 (mod 5).
Also,
r1 () 3 (mod p) if p* =1 (mod 5),
Z 5% =< —2 (mod p) ifp® = -1 (mod 5),
k=0 1 (mod p)  if p* = +2 (mod 5).

Theorem 1.9. Let p > 3 be a prime and let a € Z". Then

p*—1 o3k =2\ _
3 3 (5a)—1
k=1

and

(mod p).

Relgsk oap N (52)420
YU P
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Theorem 1.10. Let p > 3 be a prime.
(i) If () = 1, then
_ C’ —6 (mod p) if p=2 (mod 3),
Z— =< 0 (mod p) ifp=a?+ 3y? and(m?y):(m_p?’y),
k= —3 (mod p) otherwise.

(i) Suppose that (35) = 1. In the case p =1 (mod 3), if there exists an
integer t € 7 such that t2 = 69 (mod p) and (97 — 3t)/2 is a cubic residue

modulo p then
p—1

Z(—l)ké’,@ =0 (mod p),

k=1

otherwise

p—1
Z(—l)kC’gL) = —13 (mod p).
k=1

In the case p =2 (mod 3), if v(p41y/3 = —13 (mod p) (where vg = 2, vy =
—97 and vy 1 = —97v, — 1320,y forn € Z*), then

p—1
Z(—l)kc_’,gl) = —10 (mod p);
k=1
otherwise we have
p—1
Z(—l)kc_’,gl) = 3 (mod p).
k=1

In the next section we are going to establish a general theorem relating
> o e ((’2‘:_162]“) mod p to a linear recurrence of order h + 1. In Section 3
we shall prove Theorem 1.1. Theorems 1.2-1.6 will be proved in Section 4.
(We omit the proof of Theorem 1.7 since it is similar to that of Theorem
1.6.) Section 5 is devoted to the proof of Theorem 1.8. In Section 6 we
will show Theorem 1.9. The proof of Theorem 1.10 is very technical, so

we omit it.

2. A GENERAL THEOREM

The following lemma is a well known result due to Sylvester which
follows from Lagrange’s interpolation formula.

Lemma 2.1. Define an m-th linear recurrence {uy }necz by

UOI"':Um_QZO, Um_lzl,
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and
Untm + Q1Uptm—1 + -+ apu, =0 (n €2Z),
where ay,...,a,, € C and a,, # 0. Suppose that the equation x™ +
a1z™ '+ - 4+ ag =0 has m distinct zeroes o, . .. , o € C. Then
un:Z ! for alln € Z.

i — o)

Now we present our general theorem on connections between sums in-

volving binomial coefficients and linear recurrences.

Theorem 2.1. Let p be a prime and m € Z, with m # 0 (mod p).

a,h € Z". Define an integer sequence {un }nez by

ug=--=up-1 =0, u, =1

}il <<H 1) - méj,h)unﬂ- =0 (neZ).

j=0 N\ Y

(i) Ford € {—h+1,...,hp®} we have

h+1 p*—1 ((h+1)k
h+1 ‘
3 ((177) o) 3

=0 J k=0

= [+

and

h+1

(d + h)/pe + 1) (mod p)

and

p®—1 (h—l—l)k)

D ok

k=0 r=1

(ii) Suppose that
D((1 + 2)"™ —maz™) # 0 (mod p).

Then, ford € {—h +1,... , hp®} we have

' ()

mk

E(h +1- m)Ud+h_1 + Upa4d+h—1

e
Il

0

r+1

h+1
+ Z ( )ud—l—h—l—rp“ (mOd p)'

0<r<[(d—1)/p?]

h
h+1
= Z( ) Up—14min{d—rpe,0} (Mod p).

Let

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)
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Proof. (i) We first show (2.3) for any given d € {—h+1,..., hp®}. Observe
that

((h+1)p”) p®—1 ((h+1)k
pe+d+h +m Z (k+d+h)
mp*—1 mk
k=0
p* ((h+1)k p®—1 ((h+1)k+h+1
=y (o) _ 3 i)
mbk—1 mk
k=1 k=0
S T (T G )
= —

k=0
(by the Chu-Vandermonde identity (see (5.22) of [GKP, p. 169]))

e S )

: k
7=0 J k=0 m
and hence
h a_1 ((h+1)k
(1) ) S D (00
= j I Pt mk  \p*+d+h

by Fermat’s little theorem. If d + h # 0 (mod p®), then
((h-l—l)p“) (A +1)p® ((h-l—l)p“ -1
p*+d+h p*+d+h\p*+d+h—-1

if d + h = p®q for some q € Z™, then

(h+1)p® (h+1)p*\ _ (h+1
= = (mod p)
p*+d+h (g + 1)p® qg+1
by Lucas’ theorem (see, e.g., [HS]). Therefore (2.3) follows from the above.
Next we want to prove (2.4) by induction.
For d € {hp* — h,... ,hp®}, as d > h(p® — 1) and (h — 1)p* — d <
h —p* < h we have
() (REY)
> b = i = 1) (mod p)

) = 0 (mod p);

" b4
Z i1 Uh—14min{d—ip*,0}

=1

Z (h + 1)
= ) Uh—1+d—ipa
1<i<h i+1

ip®>d+h

=[hp® = d + hJun—_14d—hpe = Sdhpa—nU—1 = —0q p(pe—1)-



12 ZHI-WEI SUN
So (2.4) holds for all d = hp® — h, ..., hp®.

Let —h < d < hp® — h and assume that (2.4) with d replaced by a large
integer not exceeding hp® holds. For r € {1,... ,h}, if ip® < d + h then

(R Sy
Z ; — mdj n | Up—14min{d+j—rpe,0} = 0

j=0
since ug = -+ = up_1 = 05 if ip® > d + h, then
h+1 b1
Z — MO h | Uph—14min{d+j—rpe,0}
=0 J
"/ (h +1
= Z - méj,h Uh—1+4d+j—rpe + Up—14min{d+h+1—rpe,0}
7=0
h
h+1
= Z (( ) - m5j,h) Uh—14d+j—rps — Odth,rpe = —Odth,rpa-
7=0
So we have
h+1 h
h+1 h+1
' << j ) —m(s%h) Z <T+ 1) h—1+min{d+j—rp®,0}
jIO r=1
h h+1
h+1 h+1
L8 DI () EHy I
h
h+1 h+1
= —Oppa =—p*|d+h )
2 (r 1) oasn = ()

Combining this with (2.3) and the induction hypothesis, we obtain (2.4).
This concludes the induction step.

(ii) Write
h+1 h+1
h+1 -
S (441) ) o
§=0 J i=1
with aq,...,app1 € C. As D := D((z + 1) —mazh) #0, a1,... ,an
are distinct. Clearly all those «;, a; 1 and
D
[l —ay) 1<s<t<h+1 j;ez

s,t#1
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are algebraic integers.
Fixd e {-h+1,...,dp"}. By part (i),

po—1 (h—i—l)k) b
k+d ) _ +1
_ E : + = E (T+1)Uh_1+d_Tpa (mod p).
1<r<h
rp®>d

By Lemma 2.1, for any n € N we have

h+1 on h+1
= ? C’L
iz_; [ji(ai — ) Z
Therefore
p® ((h+1)k) h+1 Bl
k:—|—d _ d+h-1 + —
_ Z o ch Z (r—l— 1)%‘ (mod p).
k=0 1<r<h
rp®>d
Since
h+1 h+1 pa
h 1 PN h 1 ;. a a
Z( + )a{p E( < + )a‘g) = (ma)P" = mal®" (mod p),
j=o N J j=o N/
we have

h+1 h
_ ht 1\ G-npe _ ht 1) —rpe
m= > ( , )ozi = Zl ra)% (mod p)

and hence
h
h+1 a a
Z( i )ai_”’ =m—h—1-—a? (mod p).

Therefore Zi:gl ((h’H)k) /m* is congruent to

k+d
h41
1 B . h+1\ .
EZcia?Jrh 1<h+1—m+0zf + Z (r-i—l)ai p)
i=1 0<rpe<d—1

h+1
=(h+1—m)ugyn—1 + Upatdth—1 + Z (r n 1) Udt+h—1—rpa
0<r<[(d-1)/p*]

modulo p. This proves (2.5).
The proof of Theorem 2.1 is now complete. [
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3. PROOF OF THEOREM 1.1

To prove Theorem 1.1 in the case ¢ = —1/4 (mod p), we give the
following theorem.

Theorem 3.1. Let p > 3 be a prime and let a € Z™. Then
paz‘l 4k ( 3k )

97k
— 278 \k +d

[ ((-1)%4279 —7(9d + 1)2%) /81 (mod p) ifd € {-1,...,p"},
:{ ((=1)%43=9 — (9d + 1)2%)/81 (mod p)  ifd € {p®, ..., 2p"}.

In particular,

pa—l k pa—l k
4k 3K\ 1 4k [ 3k 2
il == Bl = 2 (mod
D 27k<k) g (modp). D o (k-l—pa) g (mod p),
k=0 k=1
p*—1

ak [ 3k 16 Pl gk o3k 4
£ — 2% (mod = = 2 (mod p).
; o7k <k+1) g (modp), 27k(k—1) g (mod p)

Proof. Let ug =u; =0, us =1, and

27
un+3+(3—z)un+1+un20 forn=0,1,2,....

Since
2 1
x3+<3—£)x2+3x+1: (x—f—z) (x —2)%,

there are a,b,c € C such that u,, = (an + b)2" + ¢(—1/4)™ for all n € N.
By ug = u1 = 0 and us = 1, we can easily determine the values of a, b, c
explicitly. It follows that

16 N\ /9 "
un—g<<—1) —|—<§n—1)2) for all n € N. (3.2)

Let d € {—1,...,2p%}. Applying (2.4) with h = 2 and m = 27/4 we
get

p®—1 L 2
48 03k 0\ 3
-2 27k (k + d) =2 (r + 1) Ui+min{d—rp,0}
k=0
<

Pa]u1+d—pa + Up4d—2pa (mod p).



BINOMIAL COEFFICIENTS AND HIGHER-ORDER CATALAN NUMBERS 15
By (3.2) and Fermat’s little theorem,

—1)44%74 4 (9d 4 1)29+1
Udp1—po = (=1) 81( ) (mod p)

and d—143—d d
—1)*7"4°7* 4+ (9d + 1)2
Udg1—2ps = ) a1 ( ) (mod p).

Thus (3.1) follows.
Applying (3.1) with d = 0, £1, p* we immediately obtain the last four
congruences in Theorem 3.1. We are done. [

Now we need some knowledge about Lucas sequences.
Given A, B € C with B # 0, the Lucas sequences u,, = u,(A, B) and
v, = vy (A, B) (n € Z) are defined as follows:

uop =0, uy =1, and up41 = Au,, — Buy—1 (n € Z);
vo =2, v = A, and v,41 = Av,, — Bu,—1 (n € Z).

It ie easy to see that v, = 2uy,41 — Au,, for all n € Z. Let a and (8 be the
two roots of the equation z? — Az + B = 0. It is well known that

(a —Pu, =a" =" and v, =a" + ("

Lemma 3.1. Let p be an odd prime and let a € Z". Let A, B € Z,, with
A =A% —4B #0 (mod p). Then for any n € Z we have

Aun + (%)Un Aun - (I%)vn

Uptpa = + (mod p) and Buy—pe = 5 (mod p),

where u, = ug(A, B) and vy = vi(A, B).

Proof. Let o and 3 be the two roots of the equation 22 — Az + B = 0.
Clearly
vpa = P + 7 = (a4 B)P" = AP" = A (mod p).

Since
(@ = Bupe =a? — 7 =(a—B)" (mod p),
we have
Aupe = (a — B)P"+H = AP =D/ZA (mod p)
and hence

Upe = (A(p—l)/2)2?;ol p'

() -(2)
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Now,
n _ Aan " " p® _ p®
2un+pa :u(ap + ﬁp ) _l’_ u(an + /3”)
- - B
A
=UpVpa + Upa Uy = Ay, + E v, (mod p).
Also,
an—ﬁn _na _na Of_pa_ﬁ_pa
QUyy—pa =———— P p e S . ) n
Un—p a_ﬂm +0677) + P (™ + ")
B P 4Pt Bt — o Up  Upa  Upa
_u’I’L (Oéﬁ)pa + a — ﬁ (aﬁ)pa - u’I’L Bpa Bpa U’I’L
and hence

a A
2BUp_pa = 2BP up_pe = UpUpa — Upavy, = Au,y — ( ) vp, (mod p).

p
This concludes the proof. [

For Theorem 1.1 in the case ¢ Z —1/4 (mod p), we need the following
general result.

Theorem 3.2. Let p be an odd prime and let a € Z*. Let ¢ € Z, with
c#0,—-1,2,—-1/4 (mod p), and let d € {—1,0,...,p*}. Then

paz_l c2k 3k
(c+1)3k\k+d

k=0

- 3c+1 d ud) (3.3)
=tat1 + (c+1)2%(c—2) (udH o c2

Q(Z(Tl)cjzftlz) <1 - (4ij 1) ) (mod p),

where u, = u,((3c+1)/c%, —1/c) and v, = v, ((3c+1)/c?,—1/c).

Proof. Set m = (c+1)3/c?. Then c is a zero of the polynomial
2+ B -m)z? +3zx+1=(z+1)>—ma’
The discriminant of this polynomial is D = (4m — 27)m?2. Note that

(4m —27) = 4(c+ 1) = 27¢* = (4e + 1)(c — 2)® # 0 (mod p).



BINOMIAL COEFFICIENTS AND HIGHER-ORDER CATALAN NUMBERS 17

We can write
x2+(3—m)$2+3x+1 = (z —c)(z —a)(z - B)

with «, 3, ¢ distinct. Clearly —c—a—8 = 3—m and (—c)(—a)(—p) = 1. It
follows that a+ 3 = A and a3 = B, where A = (3c+1)/c* and B = —1/c.

Let Uy=U; =0,Uy=1and U4 3+ (3—m)U,12+3Up+1 +U, =0 for
n € Z. Also set u,, = u,(A, B) and v, = v,(A, B) for n € Z. By Lemma
2.1, for any n € Z we have

B on o™ ﬁn
U”‘<c_a><c_ﬂ>+<a—c><a—ﬁ>+<ﬂ—c><ﬁ—a>
( a™(B—c) - (a—cW”)
STy o3
—grt a —pg"
Ac-l—B( 3 — ¢ a—ﬁ)

"t —uy_1 — Puy,

(" Ty —euy) = (c+12(c—2)

3 —3¢c—2

In light of Theorem 2.1(ii),

p®—1 ( 3k )
Z ’:TJ;: = (3 = m)Ugq1 + Upayay1 (mod p)
k=0

and hence

p*—1 2k 3k
> c+1 [CFEAVER ) s
=0

p
3 (c + 13N\ ™2 —ug — Pugp
(c+1)*(c—2)

(mod p).

Note that

3c+1)2 4 1)%(4c+1
A;:A2—4B=%+E:(C+ )Cic+ L0 mod )

and

By Lemma 3.1,
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and A .
c+
2upaydyr = < ) Va+1 + Atg+1 (mod p).
Thus
U o Cpa+d+2 - U,ptl_’_d _— C2upa+d+1
P (c+1)2(c—2)
2cdt3 — ((Mﬁ)d + Aud) — c%(ﬂ)vdﬂ + Aud+1)
= P P (mod p).
2(c+1)2%(c—2)
Note that
Vg + g . Aud + ugia
2 2
vg + Au ) + Au
_Jd d —+ c? dtl drl _ Ug+1 + Cg+2
2 2
3c+1 U
=tgs1 + ¢ ( oz Udt1 + ?d) = (3c+ 2)ugt1 + cuq.
Therefore
d+3 2 1-(458)
U _c 4 (g + Avapr) —F— — ((3¢ + 2)ug41 + cuq) (mod p)
pa—|—d—|—1 = (C + 1)2<C _ 2) p .

Combining this with (3.4) we finally obtain the desired (3.3). O

Corollary 3.1. Let p > 3 be a prime and let d € {—1,0,...,p%} with
a € Z*. Then

pa_lz_:< .t ):{ <—2>8d/2(1+27(%a)) (mod p), i 2|d, (3.5)

= o (d43)/2 ,
k+d ER (10— (B)) (mod p), if24d.

Proof. Set ¢ = —1/3. Then ¢%/(c + 1) = 3/8, (3c + 1)/c* = 0 and
—1/c=3. Let uy, = u,(0,3) and v,, = v, (0,3) for n € Z. We clearly have

Uzp = Vapt1 = 0, ugpy1 = (—3)" and vy, = 2(—3)" for all n € Z.

Applying Theorem 3.2 we immediately get the desired result. [

Proof of Theorem 1.1. In the case ¢ = —1/4 (mod p), we have ¢?/(c+1)3 =
4/27 (mod p) and ¢/ = —8/9 (mod p), hence the desired congruences follow
from Theorem 3.1.

Below we assume that ¢ # —1/4 (mod p). For the first three congru-
ences in Theorem 1.1, we may simply apply Theorem 3.2 with d = 0, &-1.
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As in the proof of Theorem 3.2, we define A = (3¢ +1)/c?, B = —1/c
and A = A%2 —4B. Let u, = u,(4, B) and v,, = v,(A, B) for n € Z. By
Lemma 3.1,

4c+1
pa

2upaty = Aug + (Z%) vn=A+A ( ) (mod p)

and

Upa_|_1 :2Upa+2 — Aupa+1 = Aupa_|_1 — 2Bupa
B G <4c—|— 1) AT A

5 - 5 (mod p).

These, together with Theorem 3.2 in the case d = p“, yield the last con-
gruence in Theorem 1.1. We are done. [
4. PROOFS OF THEOREMS 1.2-1.6

Lemma 4.1. Let p > 3 be a prime and let a € Z+. Let
up =u1 =0, ue =1, and up13+a1upro+asti,+1+asu, =0 for alln € N,
where ay,as, a3 € Z. Suppose that d € Z and
d*> = D(2® + a12® + asx + az) Z 0 (mod p).
Set b= —2a3 + 9ayas — 27az. Then

Upe = { L fmod 2) if p | ai — 3az or b/(3d) € Co(p"),
77\ £(a? = 3ag)/d (mod p) if +b/(3d) € Cy(p");

bt" =173 (mod p) if p | af — 3az,
Upay1 = ¢ 1 (mod p) if b/(3d) € Co(p*),
(£(9as — ajaz) — d)/(2d) (mod p) if £b/(3d) € C1(p®);

—a1 (267" D3 +1)/3 (mod p) if p | af — 3as,
Upayo = —aq (mod p) Zf b/(?)d) S CO(pa)7
+(a3 — 3ayaz)/d (mod p) if £b/(3d) € Ci(p”).

Proof. In the case a = 1, this is a result due to Z. H. Sun [S03, Theorems
3.2-3.3]. Modifying the proof for the case a = 1 slightly, we get the result
with general a. [J

Actually we just need the following particular result implied by Lemma
4.1.
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Lemma 4.2. Let p > 3 be a prime and let a € ZT. Let m,t € Z with
2t +1#0 (mod p) m=t>+t+7#0 (mod p). Define {un}n>0 by

up=u1 =0, ug =1, and upy3+ (3—m)upto+3upt1+u, =0 forn € N.

Set ¢ = (2m? — 18m + 27)/(6t + 3). Then

[ 0 (mod p) if p|m—6 orce Cy(p),
P :{ +(m—6)/(2t+1) (mod p) if £ce Ci(p®);
(20"=D/% (mod p) ifp|m—S6,
Upar1 =4 1 (mod p) if c € Co(p*),

| £3/(4t +2) —1/2 (mod p) if £ce Ci(p?);
((2(P"+2)/3 1 1 (mod p) ifp|m —6,

Upato =¢ m — 3 (mod p) if ¢ € Co(p?),

| £3/(2t+1) (mod p) if £ce Ci(p?).

Proof of Theorem 1.2. The discriminant of the polynomial (z + 1)® — 622
is D = (4 x 6—27)6% = —108.

Casel. p = —1 (mod 3). In this case, (%) = —1 and hence (z+1)?—62>
mod p has exactly two irreducible factors, thus (¢ + 1) = 6¢? (mod p) for
some ¢ € Z. Clearly ¢ #0,—1,2,—1/4 (mod p). Note that a is even since

p* =1 (mod 3). As
(40-1—1) B (46—1—1)“_1
pe p ’

the first congruence in Theorem 1.2 follows from Theorem 1.1.
Case 2. p=1 (mod 3). In this case, for some t € Z we have (2t +1)% =
—3 (mod p), i.e., 2 +t+7=6 (mod p). Let ug =u; =0, up = 1 and

Unts + (3= 6)upt2 +3upi1 +u, =0 (n=0,1,2,...).

By Theorem 2.1(ii), for d = —1, ..., p® we have
p*—1
k=0

Combining this with Lemma 4.2 in the case m = 6, we are able to deter-

mine 22261 (k?fd)/Gk mod p for d = 0, +1. Note that

~2) 2 (3k\ __(3K\ [ 3k
Cr _k+1<k)_2<k: k+1)

3k
(kg;d) = Upeta+1 + (3 — 6)ugt1 (mod p).
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So we have all the desired congruences in Theorem 1.2. [J

Proof of Theorem 1.3. Define {u,}n>0 as in Lemma 4.2. By Theorem
2.1(ii), for d = —1,... ,p® we have

p*—1
(3 —m)uat1 (mod p).

k=0
Observe that ¢ + 3 # 0 (mod p) since
(2m? — 18m + 27)2 + 3(6t + 3)* = 4m(m — 6)* (mod p).

By applying Lemma 4.2 we obtain the desired result. [J

Proof of Theorem 1.4. Fix d € {0,4+1}. By Theorem 3.1 (or Theorem 1.1
in the case c = —1/4),

— 2d—|—3

Z 27k <k+d) ~ g (modp).

k=1

Let m € {1,...,p— 1} with m # 27/4 (mod p). If (¢ + 1) =
mc? (mod p) for some ¢ € Z, then ¢ # 0,—1,2,—1/4 (mod p). Thus,
by Theorem 1.1 we have

p“—l

=0 (mod p)
k=1

since (4?’1) (40;1)a =1.
Now assume that (z + 1)® = 622 (mod p) is not solvable over Z. Then,
by Stickelberger’s theorem,

(g) _ <%) _ (D((1+xp)3—3x2)) C(C1)Po1—1

and hence p =1 (mod 3). By Theorem 1.2,

=0 (mod p)

R

since
2" =1)/3 — o’ =N +P*+1)/3 = 1 (mod p).
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2

Now suppose that m # 6 (mod p) and (z + 1)® = ma? (mod p) is not

solvable over Z. Then

((4m - 27)m2) _ (D((zc +1)% — me)) 1

p p

and hence m =2+t + 7 (mod p) for some t € Z with t Z —1/2 (mod p).
Let ¢ = (2m? — 18m + 27)/(6t + 3). By Theorem 1.3,

<c+1+2w> B <c+1+2w>3_1
p* 3 p 3 .

Hence ¢ € Cy(p*) and

p®—1 ( 3k )
’;:: =0 (mod p)
k=1

0<k<p*®
k=r (mod p—1)

a_q -1 -1 ¢—1 / 3k
:p ( 3k ) d k= X mrp (i)
- k

k=1 k + d m=1 m=1 k=1 m

a_q
27 P 4k [ 3k 27T 9d+3
T ; 27k <k+d) g (modp)

So we have the first congruence in Theorem 1.4. The second congruence
follows immediately since

”az‘l(?,k)_”‘ S (3k)
— k+d e Sl k+d
k=r (mod p—1)

\V]

and )
277 2rPTl/4pml
— 4 27/4-1

This concludes the proof of Theorem 1.4. [
Proof of Theorem 1.5. It suffices to deduce the first, the second and the

third congruences in Theorem 1.5. Since we can handle the case p = 2 by
detailed analysis, below we assume p > 3.

= —[p = 23] (mod p).
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By Theorem 1.3 in the case m = 9 and ¢ = 1, we only need to show

that
3e€ Cy(p*) <= p*==£1 (mod9),

3e€Ci(p?) < p*==£2 (mod9), (4.1)
3 e Cy(p*) <= p® ==£4 (mod9).

(3+1+2w) _(g)a<2—l—w) _(2—|—w)

p¢ 3 P/ p¢ 3 p¢

(2+w) _ (2—}—@) _ (1—w) :w((%)pa_l)/:&.
p¢ 3 p¢ 3 p¢ 3

(See, e.g., [IR].) Clearly,

Note that

and

() 1 0 if p* = 41 (mod 9),
% =< 2 (mod 3) if p® =42 (mod 9),

1 (mod 3) if p® = £+4 (mod 9).
Therefore the three formulae in (4.1) are valid. We are done. [

Proof of Theorem 1.6. We only need to deduce the first, the second and the
third congruences in Theorem 1.6. Since we can handle the case p = 2,3
by detailed analysis, below we assume p > 3.

By Theorem 1.3 in the case m = 7 and t = 0, it suffices to show that

1
—3 € Co(p*) < p* = =1 (mod 7),
1
—3 € Cy(p*) < p* = =3 (mod 7), (4.2)
1
—3 € Cy(p*) < p* = =2 (mod 7).
Clearly
(i) (—1/3+1—|—2w) B (3) (1+3w)
p*) p° s \p"/ 3\ Pt /)y
and hence

(—1/3+1+2w) B (1+3w)
p* 3 p* 3

since (z%) = (p%) = 1. Observe that the norm of 1+ 3w is N(1 + 3w) =
(14 3w)(1+ 3w) = 7. By the cubic reciprocity law,

<1+3w) _< p® )
p* ), \1+3w/,
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If p* = 41 (mod 7), then
P\ (ELY (LY
143w/, \143w/, \1+3w/,;
and hence —1/3 € Cy(p®). If p®* = £2 (mod 7), then

a +2
(1 41: Sw) - <1 n 3w) = (£2)(VOF3)7D/3 — 4 = % (mod 1+ 3w),
3 3

hence (%)3 = w? and —1/3 € Ca(p?). If p® = £4 (mod 7), then

p° N 2N L.
<1+3w)3_(1+3W)3_<1+3w)3_(w) -

and hence —1/3 € C1(p®). This completes the proof. O

5. PROOF OF THEOREM 1.8

In this section we define a sequence {u, }ncz by
ug=ur =us =0, ug =1
and
Upta — Upts + O6Upyo + dUpir +u, =0 (n € 2Z).
We also set
U1(11) = Upt2 — Upy1 and fu,(f) = 3Upt1 + 2Uyp,. (5.1)
Recall that the Lucas sequence {L, },cz is given by
Lyo=2, Ly =1,and L,y =L, + L,—1 forallneZ.
Lemma 5.1. (i) We have
et =3 462t Fdr4+1=(x+ 1) — 523 = H (x—(1+0%. (5.2

¢°=1
C#1

(ii) Let p be a prime, and let a € Z* and s € {1,2}. Then, for any
d € N we have

5(U§)i)+d — o)) =2L04([5 | d+ 2p® — 25+ 1] — [5 | d + 2p* — 2s])
FALog([5 | d+p* — 25+ 1] — [5] d+ p* — 2s])
d+2p* —2s+1
+ ( = 5 )de_(w)
d+ 2p® — 2s
T ) Py

d+p*—2s+1
+2< P 5 )L2d_(d+pa525+l)

d—+p® —2s
_ 2(f)L2d_(d+,ﬂ;_zS) (mod p).
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Proof. (i) It is easy to verify that

5

-1
: (z* 4+ 723 + 1922 + 23z + 11).
a’:_

I+ 1+2))'=5(1+2)° =

Therefore any primitive 5th root ¢ of unity is a zero of (1 + x)* = 523. So
(5.2) follows.

(ii) For n € Z let

Vés) — 1 Z (Cl—Zs _ C_2S>(1 + C)Qn _ é Z (C1_28 o C_23>(1 + C)Qn

¢5=1 ¢5=1

Then {V,, },cz satisfies the recurrence relation

Ve, v 16V, +4v v =0 (nez).

n

Clearly we also have

224 — vﬁﬁg + 6v7(f_22 + 411,(;21 + vgf) =0 (n€Z).

Note that
—ZC [5] k] for any k € Z;
¢c=1
in particular
1 1
Z <1—25 —0=— Z C_QS
¢o=1 =1
Thus )
V(S) . ( Z C1—25 Z C—Zs) —0= UQS)
¢o=1 ¢o=1
and
S 1 —2s —2s
V== 3 = )L+ 20+ )
¢o=1
1 —2s —2s S
== (T = s =1 =0,
¢o=1
Also,

Z Cl 25_ 28)(1+4C+6C2+4C3+C4>

O‘lIP—‘ Cﬂll—‘

Z (3¢428 4 9¢3-2s _9¢2- 25):_2[3:1]4-3[8:2]—“58)
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and
Vi =1 ST (1 (14 60 4+ 1562+ 20C% + 15C% + 6C° + ¢F)
=

:é D (¢ = (7P)(7¢ + 15¢7 + 20¢% + 15¢7)

=1
=[s=1](7—15) + [s = 2](20 — 15) = v").

By the above, Vn(s) = v,(f) for all n € N.
Now fix d € N. For any algebraic integer ¢, we have (1 + ()P" =
1+ ¢P" (mod p) and hence

(14 ¢)2@ ) — (14 ¢)*
=(1+0*((1+ ¢~ 1)

24724
=>. ( . ) (M2 4 2¢HFP") (mod p).

k=0
Thus

5V, = Vi)

— Z (C1—25 o C_23>((1 + C)2p“—|—2d o (1 + C)Zd)
¢5=1

2d 2

= Z (CI—QS _ C—Qs) Z ( . ) (Ck+2pa + 2<k—|—pa)

¢o=1 k=0

S SN v R AP ORI 9

k+2pe=2s—1 (mod 5) k+2pe=2s (mod 5)

+10 > (2:) ~10 > (2:) (mod p).

k+p*=2s—1 (mod 5) k+p*=2s (mod 5)

It is known that

2d d—r
5 Z (k) _22d = [5 | d—T’]2L2d—|— ( 5 )LQd—(dsr

k=r (mod 5)

for all 7 € Z. (CE. [$92], [SS], [Su02] and [Su08].) Therefore 5V ,~ V"))
is congruent to the right-hand side of the congruence in Lemma 5.1(ii)
modulo p. So the desired congruence follows.

The proof of Lemma 5.1 is now complete. [
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Remark 5.1. On April 27, 2009, the author sent a message [Su09] to
Number Theory List in which he raised the following conjecture: Let p
be a prime and N, denote the number of solutions of the the congruence
2t — 23+ 622+ 42 +1=0 (mod p). If p=1 (mod 10) and p # 11, then
N, =4;if p=3,7,9 (mod 10) then N, = 0. Also,

1 (mod p) if p=1,3 (mod 10),
v]gl) = Upt2 — SUpy1 = ¢ —2 (mod p) if p =7 (mod 10),
0 (mod p)  if p=9 (mod 10).
In May 2009, the conjecture was confirmed by K. Buzzard [B], R. Chapman
[Ch], E.H. Goins [G] and also D. Brink, K. S. Chua, K. Foster and F.
Lemmermeyer (personal communications); all of them realized Lemma

5.1(i). The author would like to thank these cleaver mathematicians for
their solutions to the problem.

Lemma 5.2. Let p #5 be a prime and let a € Z+. For s = 1,2 we have

vl =[5 p—s—2|—[5 | p®—s|+2[5 | p* —2s+1] —2[5 | p* —2s] (mod p).

Also,
—3 (mod p) if p* =1 (mod 5),
vpyr —1=4 2 (mod p)  if p* = —1 (mod 5),
—1 (mod p) if p* = £2 (mod 5);
e - { £3 (mod p) if p* = =1 (mod 5),
v +1 (mod p) if p* = £2 (mod 5);
(—6 (mod p) if p® =1 (mod 5),
L ) Tmodp) ifp* =1 (mod5),
LA 2 (mod p)  if p* =2 (mod 5),
( 3 (mod p)  if p* = —2 (mod 5);
2 (mod p)  if p* =1 (mod 5),
1(92)+2 —vf) =¢ —3 (mod p) if p* = —1 (mod 5),
| —4 (mod p) if p® = +2 (mod 5);
—18 (mod p) if p* =1 (mod 5),
o@ @ ) 16 (medp) i p = —1 (mod 5),
prks —8 (mod p)  if p* =2 (mod 5),
=5 (mod p)  if p” = -2 (mod 5);
and .
ey = { 0 (mod p)  if p® ==%1 (mod 5),
e =

45 (mod p) if p* = +2 (mod 5).
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Proof. Note that for a € Z we have

(5o =-(§) =-Bra=lla-1

Thus Lemma 5.1 in the case d = 0 yields the first congruence in Lemma
5.2. We can also apply Lemma with d = 1, 2, 3 to get the five congruences
in Lemma 5.2 following the first one.

Now we deduce the last congruence in Lemma 5.2. By the proof of
Lemma 5.1,

sl | =5V = 37 (¢ = ¢ (14O Y (mod p).
¢5=1

For any primitive 5th root ¢ of unity, clearly
1+QE+) =¢+F+F+ =1

and hence

1+ =(C=) =21+ + (=" = -1

also
(=== == =2 2
and
1+ =1 +¢")? =1+2¢" +¢*" (mod p).
Therefore
5oty = 30 (¢ - ¢ - 207 + 2071+ 207 + ()
¢o=1
=3 (¢ -2t 20720 + ()
¢o=1

5((-1) x242x 1) (mod p) if p® =1 (mod 5),
5(1x 2+ (—2) x 1) (mod p) if p* = —1 (mod 5),
5(2x2+1x1) (mod p) if p* =2 (mod 5),
5(—2x 24 (—1) x 1) (mod p) if p* = —2 (mod 5).

This yields the last congruence in Lemma 5.2. We are done. [J

Proof of Theorem 1.8. For the polynomial
ot —2® + 62 +4r+1 = (z+1)* — 523,

its discriminant is 5% x 112.
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(i) Suppose that p # 11. Then p does not divide D((x +1)* —5z3). For
any n € Z we have

1u, = Bupt1 + 2u,) — 3(upt1 — 3uy,) = v,(?) — 31}7(11_)1.

Let d € {-2,...,p"}. Applying Theorem 2.1(ii) with h = 4 and m = 5,
we get
Sd = Upatdt2 — Udt2 (mod p)

and thus
2 2 1 1
115 = (vz(aa)+d+2 ¢(1422) 3(1)1(;(1)4-(14-1 - U¢(1+)1) (mod p).
Therefore, with the help of Lemma 5.2, we have
2 2 1 1
1150 =02, o) 30— o)
2—3(-3) (mod p) if p* =1 (mod 5),

=¢ —3—-3x%x2(modp) ifp*=—-1 (mod 5),
—4 —3(—-1) (mod p) if p* = £2 (mod 5);

and
1181 =(uiys — 05”) = 3(vfi — v5")
—18 — 3(—6) (mod p) if p* =1 (mod 5),
] 16 -3 x 7 (mod p) if p* = —1 (mod 5),
] -8-3x2(modp) ifp?*=2 (mod5),
—5—3x3 (mod p) if p* =—2 (mod 5).
Also,
1151 =(v (E)H — v%z)) 3(111()(11) - v(()l)) = Uéz)“ — 31);?
3—3x1(modp) ifp*=1(mod5),
] —3-3x0 (mod p) ifp*= -1 (mod 5),
] 1-3(-2) (mod p) if p* =2 (mod 5),
—1—-3x1 (mod p) if p* = -2 (mod p).
and

115_ =(0? —v5) = 3wl — o)) = ol — 300
0—-3x0 (modp) ifp* :1(m0d5),
—1-3x0 (mod p) if p*=—1 (mod 5),
—1—-3x5 (mod p) if p* =2 (mod 5),

2 —3(—5) (mod p) if p* = —2 (mod p).
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This proves part (i).

(ii) Part (ii) follows from the first congruence in Theorem 2.1(i) with
h =3 and m = 5.

(iii) As 0,23) = (4kk) — 3(k 1) and 0(3) = 3(4k) - 3(1@4-51) for any k € N,
if p # 11 then we can obtain the last two congruences in Theorem 1.8 by
using the congruences on Sy, S+1 mod p in part (i).

Below we handle the case p = 11. This time we turn our resort to

Theorem 2.1(i). By (2.4) in the case h = 3 and m = 5,

p*—1 ~(3) p*—1 4k p*—1
Cy ()
a-y i
(4 4\
== Z (U2—rpe — 3Ug—1—ppa) —Z ( )v_rpa (mod p)
T‘+1 ( + 1) r=1 r + 1
and
a_1 - a_1 a_q Ak
pz oY 3p (M) ' G
kT k k
k=0 5 k=0 k=0 5
4 3
4 ) 4\
= Z (Bug—rpe — U1 —ppe) = ( )U1_r « (mod p)
r+1 (T +1 r=1 +1 P

By the proof of Lemma 5.1, oV = V(l) for all n € Z. Since p* = 11? =
1 (mod 5), if ¢ is a 5th root of unity then

(14072 =1 +¢") ™ = (1+¢)~" (mod p).

Thus . ) 1 1
o =V, =V = oY, (amod
and (1) (1) 1 _ @
U1 —rpe =Vi_ rpe =V, =v_ rp® (mod p).
Therefore
p*—1 ~(3) 3
C 4 1 1 1 1
)
k=0
—vgl) vg" = uz — 3up — (uz — 3u1) = 1 (mod p).
and
p“—1 =(3) 3
C
U S () LA R R
k=0 r=1

=u{! — v§" = uz — 3uy — (us — 3us) = 3 (mod p).

In view of the above, we have completed the proof of Theorem 1.8. [
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6. PROOF OF THEOREM 1.9

Proof of Theorem 1.9. Let Uy =U; = Us =0, U3 =1 and
4

4
Un_|_4-l- <4— —

33) Un_|_3 + 6Un+2 + 4Un_|_1 + Un =0 for n € Z.

Observe that

4

(1+x)4—§—3933:(a:—3)2<x—%) (:L’—%),

where o + f = —14 and af = 81. Let u, = u,(—14,81) and v, =
v, (—14,81) for n € Z. By induction,

25U, = (6n — 11)3" 1 + 373D (5, — 11u,_y) for n € Z.

This, together with Fermat’s little theorem and Theorem 2.1(i) with h = 3
and m = 41/33, yields that if d € {—2,... ,p®} then

paz‘l 33k ( 4k )
o A4k
2o \k+d
56U2_|_d_pa + 4U2_|_d_2pa + U2+d_3pa

67 _ 5(2Ud_|_2_ a + 36Ud+2_2 a + 35"U,d_|_2_3 a)
=—(6d+1)392 P P P
64( +1) + 64 x 32d—1
11(2 _pa + 36 _opa + 35 _a,a
~ 11(2ugy1—pe + 36ugr1-—2pe + 3 Udt1-3pa) (mod p).

64 x 32d-1

Let n be any integer. Note that v, = 2u, 1 + 14u, and A := (—14)? —
4 x 81 = —27. Applying Lemma 3.1 we get

7 —2 _2 un—l—l
nepe = —— (14 (=) Y — (=2 d p).
oo =57 (1 (5) ) = (57) S5t oo

It follows that

17 +98(52) 14 [ —2
U/n—2p” = ’U,(n_pa)_pa = Tun + @ p—a Up+1 (mod p)

and

(329 — 805(52))un — 115(52)tn41
Un_3pa = U(n_pa)_Qpa = 813

(mod p).
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Combining the above, for any d = —2, ..., p® we obtain the congruence
Pl g3k gk s
64§jzﬂ<k+d)+6n&r+w3
k=0 (6.1)
(1705 — 482(;—3))ud+1 — (775 + 46(;—3))ud+2
= a2 (mod p).
Putting d = 0,—1 in (6.1) we get
P*—1 o3k 44 1+ (=2
33k (4k + (3)
ﬂ?<ﬁ>5 255 (modp)

k=0

and

Pl g3k 220 + 23(=2
33k 4k +23(5%)
3;@(14—1) ~— g (wed )

It follows that

By Lemma 3.1,

A —2
Qupayr = —14ug + (—) vy =—-14—-14 (—) (mod p)
p* p*

and A 5
2upayo = —1duy + (ZE) vy =196 + 34 (;—a) (mod p).

Thus, by taking d = p® in (6.1) we obtain the second congruence in The-
orem 1.9. We are done. [
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