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Abstract. In this paper we obtain some congruences involving central
binomial coefficients and Lucas sequences. For example, we show that if

p > 5 is a prime then

p−1
X

k=0

Fk

12k

“2k

k

”

≡

8

>

<

>

:

0 (mod p) if p ≡ ±1 (mod 5),

1 (mod p) if p ≡ ±13 (mod 30),

−1 (mod p) if p ≡ ±7 (mod 30),

where {Fn}n>0 is the Fibonacci sequence. We also raise several conjec-

tures.

1. Introduction

Let p be an odd prime. In 2003 Roderiguez-Villeags [RV] conjectured
that

p−1
∑

k=0

(

2k
k

)2

16k
≡ (−1)(p−1)/2 (mod p2)

and
p−1
∑

k=0

(

2k
k

)3

64k
≡ a(p) (mod p2),

where the sequence {a(n)}n>1 is defined by

∞
∑

n=1

a(n)qn = q
∞
∏

n=1

(1 − q4n)6.
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This was later confirmed by E. Mortenson [M1, M2] via the p-adic Γ-
function and the Gross-Koblitz formula. The reader may also consult
[M3] and Ono [O] for more such “super” congruences.

In a series of recent papers, the author [S09a-S09e] investigated con-
gruences related to central binomial congruences by using recurrences and
combinatorial identities. (See also [PS] and [ST1, ST2].)

Let A, B ∈ Z. The Lucas sequences un = un(A, B) (n ∈ N) and
vn = vn(A, B) (n ∈ N) are defined by

u0 = 0, u1 = 1, and un+1 = Aun − Bun−1 (n = 1, 2, 3, . . . )

and

v0 = 2, v1 = A, and vn+1 = Avn − Bvn−1 (n = 1, 2, 3, . . . ).

The characteristic equation x2 − Ax + B = 0 has two roots

α =
A +

√
∆

2
and β =

A +
√

∆

2
,

where ∆ = A2 − 4B. It is well known that for any n ∈ N we have

un =
∑

06k<n

αkβn−1−k and vn = αn + βn.

Note that Fn = un(1,−1) and Ln = vn(1,−1) are Fibonacci numbers and
Lucas numbers respectively. The sequences Pn = un(2,−1) and Qn =
vn(2,−1) are called the Pell sequence and its companion. We also set
Sn = un(4, 1) and Tn = vn(4, 1) for n ∈ N; the sequences {Sn}n>0 and its
companion {Tn}n>0 are also useful (see, e.g., [S02]).

In this paper we study congruences involving both central binomial
coefficients and Lucas sequences. Now we state our main results.

Theorem 1.1. Let A, m ∈ Z and let p be an odd prime not dividing m.

Suppose that δ2 ≡ A2 − 4m2 6≡ 0 (mod p) where δ ∈ Z. Let a, h ∈ Z+. If

(A+δ
pa ) = ( 2m

pa ), then

pa−1
∑

k=0

uk(A, m2)
(

2k
k

)h

mk(−4)hk
≡ 0 (mod p).

If (A+δ
pa ) = −( 2m

pa ), then

pa−1
∑

k=0

vk(A, m2)
(

2k
k

)h

mk(−4)hk
≡ 0 (mod p).
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Corollary 1.1. Let p ≡ 1 (mod 3) be a prime and let a ∈ Z+. Then

pa−1
∑

k=0

(

k

3

)

(

2k
k

)

(−4)k
≡

pa−1
∑

k=0

(

k

3

)

(

2k
k

)2

16k
≡

pa−1
∑

k=0

(

k

3

)

(

2k
k

)3

(−64)k
≡ 0 (mod p).

When pa ≡ 1 (mod 12), we have

pa−1
∑

k=0

(

k

3

)

(

2k
k

)

4k
≡

pa−1
∑

k=0

(

k

3

)

(

2k
k

)2

(−16)k
≡

pa−1
∑

k=0

(

k

3

)

(

2k
k

)3

64k
≡ 0 (mod p).

If pa ≡ 7 (mod 12), then

(pa−1)/3
∑

k=0

(

6k
3k

)

64k
≡ 0 (mod p) and

(pa−1)/3
∑

k=0

(−1)k

(

6k
3k

)2

212k
≡ 0 (mod p).

Corollary 1.2. Let p ≡ ±1 (mod 5) be a prime and let a ∈ Z+. Then

pa−1
∑

k=0

F2k

(

2k
k

)

(−4)k
≡

pa−1
∑

k=0

F2k

(

2k
k

)2

16k
≡

pa−1
∑

k=0

F2k

(

2k
k

)3

(−64)k
≡ 0 (mod p).

If pa ≡ 1, 9 (mod 20), then

pa−1
∑

k=0

F2k

(

2k
k

)

4k
≡

pa−1
∑

k=0

F2k

(

2k
k

)2

(−16)k
≡

pa−1
∑

k=0

F2k

(

2k
k

)3

64k
≡ 0 (mod p).

If pa ≡ 11, 19 (mod 20), then

pa−1
∑

k=0

L2k

(

2k
k

)

4k
≡

pa−1
∑

k=0

L2k

(

2k
k

)2

(−16)k
≡

pa−1
∑

k=0

L2k

(

2k
k

)3

64k
≡ 0 (mod p).

Theorem 1.2. Let p be an odd prime and let A, B ∈ Z and p ∤ AB∆,

where ∆ = A2 − 4B.

(i) If p ≡ 1 (mod 4), then

p−1
∑

k=0

uk(A, B)

(16A)k

(

2k

k

)2

≡ 0 (mod p2).

If p ≡ 3 (mod 4), then

p−1
∑

k=0

vk(A, B)

(16A)k

(

2k

k

)2

≡ 0 (mod p2).
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(ii) Suppose that (∆
p ) = 1. If (−B

p ) = 1, then

p−1
∑

k=0

Akuk(A, B)

(16B)k

(

2k

k

)2

≡ 0 (mod p).

If (−B
p ) = −1, then

p−1
∑

k=0

Akvk(A, B)

(16B)k

(

2k

k

)2

≡ 0 (mod p).

Remark. Theorem 1.2(i) with A = 1 and B = −1 was first noted by R.
Tauraso [T].

Corollary 1.3. Let p ≡ 1 (mod 4) be a prime. Then

p−1
∑

k=0

(

k

3

)

(

2k
k

)2

(−16)k
≡ 0 (mod p2).

Corollary 1.4. Let p > 5 be a prime.

(i) If p ≡ 1, 4 (mod 5) then

p−1
∑

k=0

Fk

(−16)k

(

2k

k

)2

≡ 0 (mod p).

(ii) If p ≡ 1 (mod 4), then

p−1
∑

k=0

F2k

48k

(

2k

k

)2

≡ 0 (mod p2).

If p ≡ 3 (mod 4) then

p−1
∑

k=0

L2k

48k

(

2k

k

)2

≡ 0 (mod p2).

(iii) If p ≡ 1, 9 (mod 20), then

p−1
∑

k=0

3kF2k

16k

(

2k

k

)2

≡ 0 (mod p).

If p ≡ 11, 19 (mod 20), then

p−1
∑

k=0

3kL2k

16k

(

2k

k

)2

≡ 0 (mod p).
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Corollary 1.5. Let p be an odd prime. If p ≡ 1 (mod 4), then

p−1
∑

k=0

Pk

32k

(

2k

k

)2

≡ 0 (mod p2).

If p ≡ 3 (mod 4) then

p−1
∑

k=0

Qk

32k

(

2k

k

)2

≡ 0 (mod p2).

If p ≡ ±1 (mod 8), then

p−1
∑

k=0

Pk

(−8)k

(

2k

k

)2

≡ 0 (mod p).

Corollary 1.6. Let p > 3 be a prime. If p ≡ 1 (mod 4), then

p−1
∑

k=0

Sk

64k

(

2k

k

)2

≡ 0 (mod p2).

If p ≡ 3 (mod 4) then

p−1
∑

k=0

Tk

64k

(

2k

k

)2

≡ 0 (mod p2).

If p ≡ 1 (mod 12), then

p−1
∑

k=0

Sk

4k

(

2k

k

)2

≡ 0 (mod p).

If p ≡ 11 (mod 12), then

p−1
∑

k=0

Tk

4k

(

2k

k

)2

≡ 0 (mod p).

Theorem 1.3. Let A, B ∈ Z and ∆ = A2 − 4B. Let p be an odd prime

and let m ∈ Z with p ∤ m. Suppose that p ∤ ∆ and d2 ≡ m2−4Am+16B 6≡
0 (mod p) where d ∈ Z. Then

p−1
∑

k=0

uk(A, B)

mk

(

2k

k

)

≡
{

0 (mod p) if (∆
p ) = 1,

− 4
d
( 2m

p
)(m−d−2A

p
) (mod p) if (∆

p
) = −1.

Also,

p−1
∑

k=0

vk(A, B)

mk

(

2k

k

)

≡
{

2( 2m
p )(m−d−2A

p ) (mod p) if (∆
p ) = 1,

4A−2m
d

( 2m
p

)(m−d−2A
p

) (mod p) if (∆
p
) = −1.

Theorem 1.3 in the case A = −1, B = 1, m = −4 and d = 1 gives the
following consequence.
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Corollary 1.7. Let p be an odd prime. Then

p−1
∑

k=0

(k
3 )

(−4)k

(

2k

k

)

≡
(−1

p
) − ( 3

p
)

2
(mod p).

Applying Theorem 1.3 with A = 1, B = −1, m ∈ {4, 8} and d = 4, we
immediately get the following corollary.

Corollary 1.8. Let p be an odd prime. Then

p−1
∑

k=0

Fk

(−4)k

(

2k

k

)

≡1 − (p
5
)

2
(mod p),

p−1
∑

k=0

Lk

(−4)k

(

2k

k

)

≡5(p
5 ) − 1

2
(mod p),

p−1
∑

k=0

Fk

8k

(

2k

k

)

≡
(

2

p

)

(p
5 ) − 1

2
(mod p),

p−1
∑

k=0

Lk

8k

(

2k

k

)

≡
(

2

p

)

5(p
5 ) − 1

2
(mod p).

Theorem 1.3 in the case A = 2, B = −1, m ∈ {−2, 10} and d = 2,
yields the following result.

Corollary 1.9. Let p be an odd prime. Then

p−1
∑

k=0

Pk

(−2)k

(

2k

k

)

≡1 −
(

2

p

)

(mod p),

p−1
∑

k=0

Qk

(−2)k

(

2k

k

)

≡4

(

2

p

)

− 2 (mod p).

If p 6= 5, then

p−1
∑

k=0

Pk

10k

(

2k

k

)

≡
(p

5

)

((

2

p

)

− 1

)

(mod p)

and
p−1
∑

k=0

Qk

10k

(

2k

k

)

≡
(p

5

)

(

4

(

2

p

)

− 2

)

(mod p).

Theorem 1.3 in the case A = 4, B = 1, m ∈ {1, 15, 16}, leads the
following corollary.
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Corollary 1.10. Let p > 3 be a prime. Then

p−1
∑

k=0

Sk

(

2k

k

)

≡2

(

(p

3

)

−
(−1

p

))

(mod p),

p−1
∑

k=0

Tk

(

2k

k

)

≡8

(−1

p

)

− 6
(p

3

)

(mod p),

p−1
∑

k=0

Sk

16k

(

2k

k

)

≡
( 6

p ) − ( 2
p )

2
(mod p),

p−1
∑

k=0

Tk

16k

(

2k

k

)

≡3

(

6

p

)

−
(

2

p

)

(mod p).

When p > 5, we also have

p−1
∑

k=0

Sk

15k

(

2k

k

)

≡ 2
(p

5

)

((

3

p

)

− 1

)

(mod p)

and
p−1
∑

k=0

Tk

15k

(

2k

k

)

≡ 2
(p

5

)

(

8

(

3

p

)

− 6

)

(mod p).

Theorem 1.4. Let A, B ∈ Z and ∆ = A2 − 4B. Let p be an odd prime

with p ∤ AB and (∆
p ) = 1. Then

p−1
∑

k=0

Akvk(A, B)

(4B)k

(

2k

k

)

≡ 2

(−B

p

)

(mod p2).

Theorem 1.5. Let p > 5 be a prime. Then

p−1
∑

k=0

Fk

12k

(

2k

k

)

≡











0 (mod p) if p ≡ ±1 (mod 5),

1 (mod p) if p ≡ ±13 (mod 30),

−1 (mod p) if p ≡ ±7 (mod 30).

Also,

p−1
∑

k=0

Lk

12k

(

2k

k

)

≡



















−1 (mod p) if p ≡ ±7 (mod 30),

1 (mod p) if p ≡ ±13 (mod 30),

2 (mod p) if p ≡ ±1 (mod 30),

−2 (mod p) if p ≡ ±11 (mod 30).
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Let p > 5 be a prime. By the method we prove Theorem 1.5, we can
also determine the following sums modulo p.

p−1
∑

k=0

Fk

mk

(

2k

k

)

and

p−1
∑

k=0

Lk

mk

(

2k

k

)

(m = −3, 7, −8),

p−1
∑

k=0

Pk

mk

(

2k

k

)

and

p−1
∑

k=0

Qk

mk

(

2k

k

)

(m = −4, 12)

For example,
p−1
∑

k=0

Fk

(−3)k

(

2k

k

)

≡
(p

5

)

− 1 (mod p),

and

p−1
∑

k=0

Lk

(−3)k

(

2k

k

)

≡



















2 (mod p) if p ≡ ±1 (mod 30),

−2 (mod p) if p ≡ ±11 (mod 30),

4 (mod p) if p ≡ ±7 (mod 30),

−4 (mod p) if p ≡ ±13 (mod 30).

Modifying the method slightly, we can also prove the following congru-
ences.

p−1
∑

k=0

CkPk

(−2)k
≡ 2

(

2

p

)

− 2 (mod p),

(p−1)/2
∑

k=0

CkSk ≡ (p
3
) − 1

2
(mod p),

(p−1)/2
∑

k=0

CkFk

(−4)k
≡ 2

(p

5

)

− 2 (mod p),

and

(p−1)/2
∑

k=0

CkFk

12k
≡



















0 (mod p) if p ≡ ±1 (mod 30),

4 (mod p) if p ≡ ±7 (mod 30),

8 (mod p) if p ≡ ±13 (mod 30),

12 (mod p) if p ≡ ±11 (mod 30).

In the next section we will prove Theorem 1.1 and Corollaries 1.1 and
1.2. Theorems 1.2-1.3 and Corollaries 1.3-1.6 will be proved in Section 3.
Section 4 is devoted to the proof of Theorems 1.4 and 1.5. We are going
to raise some challenging conjectures in Section 5.
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2. Proofs of Theorem 1.1 and Corollaries 1.1-1.2

Lemma 2.1. Let A, B ∈ Z and let ∆ = A2 − 4B. Suppose that p is an

odd prime and δ2 ≡ ∆ (mod p) with δ ∈ Z. Then, for any n ∈ N we have

δun(A, B) ≡
(

A + δ

2

)n

−
(

A − δ

2

)n

(mod p) (2.1)

and

vn(A, B) ≡
(

A + δ

2

)n

+

(

A − δ

2

)n

(mod p). (2.2)

Proof. Observe that

vn(A, B) =

(

A +
√

∆

2

)n

+

(

A −
√

∆

2

)n

=
1

2n

n
∑

k=0

(

n

k

)

An−k
(√

∆
k

+ (−
√

∆)k
)

=
2

2n

n
∑

k=0
2|k

(

n

k

)

An−k∆k/2

≡ 2

2n

n
∑

k=0
2|k

(

n

k

)

An−kδk =

(

A + δ

2

)n

+

(

A − δ

2

)n

(mod p).

If p | ∆, then both sides of (2.1) are multiples of p. When p ∤ ∆, we have

un(A, B) =
1√
∆

(

(

A +
√

∆

2

)n

−
(

A −
√

∆

2

)n
)

=
1

2n
√

∆

n
∑

k=0

(

n

k

)

An−k
(√

∆
k − (−

√
∆)k

)

=
2

2n

n
∑

k=0
2∤k

(

n

k

)

An−k∆(k−1)/2

≡ 2

2n

n
∑

k=0
2∤k

(

n

k

)

An−kδk−1

≡1

δ

((

A + δ

2

)n

−
(

A − δ

2

)n)

(mod p).

Thus both (2.1) and (2.2) hold. �
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Lemma 2.2. Let p be an odd prime and let a ∈ Z+. Then,for every

k = 0, . . . , pa − 1 we have

(

(pa − 1)/2

k

)

≡
(

2k
k

)

(−4)k
(mod p).

Proof. The congruence appeared as [S09e, (2.3)]. �

Theorem 2.1. Let A, B ∈ Z and let ∆ = A2 − 4B. Let p be an odd

prime with (∆
p ) = 1. Suppose that δ2 ≡ ∆ 6≡ 0 (mod p) where δ ∈ Z. Let

a, h ∈ Z+ and m ∈ Z with m 6≡ 0 (mod p). If ( B
pa ) = 1, then

pa−1
∑

k=0

uk(A, B)

mk
·
(

2k
k

)h

(−4)hk
≡ −

(

2m(A + δ)

pa

) pa−1
∑

k=0

mkuk(A, B)

Bk
·
(

2k
k

)h

(−4)hk
(mod p)

and

pa−1
∑

k=0

vk(A, B)

mk
·
(

2k
k

)h

(−4)hk
≡
(

2m(A + δ)

pa

) pa−1
∑

k=0

mkvk(A, B)

Bk
·
(

2k
k

)h

(−4)hk
(mod p).

If ( B
pa ) = −1, then

pa−1
∑

k=0

uk(A, B)

mk
·
(

2k
k

)h

(−4)hk
≡ 1

δ

(

2m(A + δ)

pa

) pa−1
∑

k=0

mkvk(A, B)

Bk
·
(

2k
k

)h

(−4)hk
(mod p)

and

pa−1
∑

k=0

vk(A, B)

mk
·
(

2k
k

)h

(−4)hk
≡ −δ

(

2m(A + δ)

pa

) pa−1
∑

k=0

mkuk(A, B)

Bk
·
(

2k
k

)h

(−4)hk
(mod p).

Proof. Set

n =
pa − 1

2
, α =

A + δ

2
and β =

A − δ

2
.

Clearly,

(2α)(p−1)/2 = (A + δ)(p−1)/2 ≡
(

A + δ

p

)

(mod p)

and hence

αn =
(

α(p−1)/2
)

Pa−1

r=0
pr

≡
(

2(A + δ)

p

)

Pa−1

r=0
pr

=

(

2(A + δ)

pa

)

(mod p).
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Similarly,

βn ≡
(

2(A − δ)

pa

)

(mod p)

and hence

αnβn ≡
(

A2 − δ2

pa

)

=

(

4B

pa

)

=

(

B

pa

)

(mod p).

By Lemmas 2.1 and 2.2,

p−1
∑

k=0

uk(A, B)

mk
·
(

2k
k

)h

(−4)hk

≡
n
∑

k=0

(

n

k

)h
αk − βk

mkδ
=

n
∑

k=0

(

n

k

)h
αn−k − βn−k

mn−kδ

≡ 1

mnδ

n
∑

k=0

(

n

k

)h

mk(αn−k − βn−k)

≡
( m

pa )

δ

n
∑

k=0

(

n

k

)h
mk

Bk
(αnβk − βnαk)

≡
(

m

pa

)(

2(A + δ)

p

) n
∑

k=0

(

2k
k

)h

(−4)hk
· mk

Bk
·
βk − ( B

pa )αk

δ
(mod p).

Similarly,

p−1
∑

k=0

vk(A, B)

mk
·
(

2k
k

)h

(−4)hk

≡
n
∑

k=0

(

n

k

)h
αk + βk

mk
=

n
∑

k=0

(

n

k

)h
αn−k + βn−k

mn−k

≡ 1

mn

n
∑

k=0

(

n

k

)h

mk(αn−k + βn−k)

≡
(

m

pa

) n
∑

k=0

(

n

k

)h
mk

Bk
(αnβk + βnαk)

≡
(

m

pa

)(

2(A + δ)

pa

) n
∑

k=0

(

2k
k

)h

(−4)hk
· mk

Bk

(

βk +

(

B

pa

)

αk

)

(mod p).

Note that

βk − ( B
pa )αk

δ
≡
{

(βk − αk)/δ ≡ −uk(A, B) (mod p) if ( B
pa ) = 1,

(αk + βk)/δ ≡ vk(A, B)/δ (mod p) if ( B
pa ) = −1.
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Also,

βk +

(

B

pa

)

αk ≡
{

αk + βk ≡ vk(A, B) (mod p) if ( B
pa ) = 1,

βk − αk ≡ −δuk(A, B) (mod p) if ( B
pa ) = −1.

So the desired results follow from the above. �

Proof of Theorem 1.1. Simply apply Theorem 2.1 with B = m2. �

Proof of Corollary 1.1. Let ω be the primitive cubic root (−1 +
√
−3)/2

of unity. It is easy to see that

(

k

3

)

=
ωk − ω̄k

√
−3

= uk(ω + ω̄, ωω̄) = uk(−1, 1)

for all k ∈ N. Since p ≡ 1 (mod 3), we have (−3
p ) = (p

3 ) = 1 and hence

δ2 ≡ −3 (mod p) for some δ ∈ Z. Observe that

(−1 + δ

p

)3

=

(

δ(δ2 + 3) − (3δ2 + 1)

p

)

=

(

(−3)2 − 1

p

)

=

(

2

p

)

.

By Theorem 1.1,

pa−1
∑

k=0

uk(−1, 1)
(

2k
k

)h

(−4)hk
≡ 0 (mod p) for all h ∈ Z+.

If pa ≡ 1 (mod 12), then (−1
pa ) = 1 and hence by Theorem 1.1 with

A = m = −1 we have

pa−1
∑

k=0

uk(−1, 1)
(

2k
k

)h

(−1)k(−4)hk
≡ 0 (mod p) for all h ∈ Z+.

Now assume that pa ≡ 7 (mod 12). Then (−1+δ
pa ) = −(−2

pa ) and hence

by Theorem 1.1 we have

pa−1
∑

k=0

vk(−1, 1)
(

2k
k

)h

(−1)k(−4)hk
≡ 0 (mod p) for all h ∈ Z+.

Note that

vk(−1, 1) = ωk + ω̄k =

{

2 if 3 | k,

−1 if 3 ∤ k.

Thus

3

pa−1
∑

k=0
3|k

(

2k
k

)

(−1)k(−4)k
≡

pa−1
∑

k=0

(

2k
k

)

4k
≡ 0 (mod p).
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(We apply [ST2, Corollary 1.1] in the last step.) Also,

3

pa−1
∑

k=0
3|k

(

2k
k

)2

(−1)k(−4)2k
≡

pa−1
∑

k=0

(

2k
k

)2

(−16)k
≡

n
∑

k=0

(−1)k

(

n

k

)2

(mod p).

where n = (pa − 1)/2. Note that
n
∑

k=0

(−1)k

(

n

k

)2

=
n
∑

k=0

(−1)k

(

n

k

)(

n

n − k

)

coincides with the coefficient of xn in (1 − x)n(1 + x)n = (1 − x2)n which
is zero since n is odd. Therefore we also have the last two congruences in
Corollary 1.1.

The proof of Corollary 1.1 is now complete. �

Proof of Corollary 1.2. As p ≡ ±1 (mod 5), we have ( 5
p ) = (p

5 ) = 1. Thus

δ2 ≡ 5 (mod p) for some δ ∈ Z. Note that
(

2

p

)(

3 + δ

p

)

=

(

6 + 2δ

p

)

=

(

(1 + δ)2

p

)

= 1.

Since uk(3, 1) = F2k and vk(3, 1) = L2k, applying Theorem 1.1 with A = 3
and m = ±1 we immediately obtain the desired results. �

3. Proofs of Theorems 1.2-1.3 and Corollaries 1.3-1.6

Lemma 3.1. Let p be an odd prime and let x be any algebraic p-adic
integer. Then

p−1
∑

k=0

(

2k
k

)2

16k

(

xk − (−1)(p−1)/2(1 − x)k
)

≡ 0 (mod p2).

Proof. This is a result recently obtained by Zhi-Hong Sun [S2] and R.
Tauraso [T] independently. �

Proof of Theorem 1.2. (i) Let α and β be the two roots of the equation
x2 − Ax + B = 0. Then

(−1)(p−1)/2

p−1
∑

k=0

(

2k
k

)2

(16A)k
vk(A, B)

=(−1)(p−1)/2

p−1
∑

k=0

(

2k
k

)2

16k

(

(α

A

)k

+

(

β

A

)k )

≡
p−1
∑

k=0

(

2k
k

)2

16k

(

(

1 − α

A

)k

+

(

1 − β

A

)k )

≡
p−1
∑

k=0

(

2k
k

)2

16k

((

β

A

)k

+
(α

A

)k
)

=

p−1
∑

k=0

(

2k
k

)2

(16A)k
vk(A, B) (mod p2).
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Hence
p−1
∑

k=0

(

2k
k

)2

(16A)k
vk(A, B) ≡ 0 (mod p2)

if p ≡ 3 (mod 4). Similarly,

(−1)(p−1)/2(α − β)

p−1
∑

k=0

(

2k
k

)2

(16A)k
uk(A, B)

=(−1)(p−1)/2

p−1
∑

k=0

(

2k
k

)2

16k

(

(α

A

)k

−
(

β

A

)k )

≡
p−1
∑

k=0

(

2k
k

)2

16k

(

(

1 − α

A

)k

−
(

1 − β

A

)k )

≡
p−1
∑

k=0

(

2k
k

)2

16k

((

β

A

)k

−
(α

A

)k
)

= (β − α)

p−1
∑

k=0

(

2k
k

)2

(16A)k
uk(A, B) (mod p2).

If p ≡ 1 (mod 4) and ∆ = (α − β)2 6≡ 0 (mod p), then

p−1
∑

k=0

(

2k
k

)2

(16A)k
uk(A, B) ≡ 0 (mod p2).

So part (i) holds.
(ii) Below we assume that (∆

p ) = 1. Choose δ ∈ Z such that δ2 ≡
∆ (mod p). Combining part (i) with Theorem 2.1 in the case m = A and
h = 2, we obtain the second part of Theorem 1.2.

The proof of Theorem 1.2 is now complete. �

Proofs of Corollaries 1.3-1.6. Recall that
(

k

3

)

= uk(−1, 1), F2k = uk(3, 1), L2k = vk(3, 1),

and

Pk = uk(2,−1), Qk = vk(2,−1), Sk = uk(4, 1) Tk = vk(4, 1).

In view of this, we immediately obtain the desired results from Theorem
1.2. �

Lemma 3.2. Let A, B ∈ Z. Let p be an odd prime with (B
p ) = 1. Suppose

that b2 ≡ B (mod p) where b ∈ Z. Then

u(p−1)/2(A, B) ≡
{

0 (mod p) if (A2−4B
p ) = 1,

1
b
(A−2b

p
) (mod p) if (A2−4B

p
) = −1;
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u(p+1)/2(A, B) ≡
{

(A−2b
p ) (mod p) if (A2−4B

p ) = 1,

0 (mod p) if (A2−4B
p ) = −1.

Also,

v(p−1)/2(A, B) ≡
{

2(A−2b
p ) (mod p) if (A2−4B

p ) = 1,

−A
b
(A−2b

p
) (mod p) if (A2−4B

p
) = −1.

Proof. The first two congruences are known results, see, e.g., [S1]. The
last one follows from the first two since vn = 2un+1 − Aun for n ∈ N. �

Proof of Theorem 1.3. Let n = (p − 1)/2, and

α =
A +

√
∆

2
and β =

A −
√

∆

2
.

By Lemma 2.2,
(

2k

k

)

≡
(

n

k

)

(−4)k (mod p) for all k = 0, . . . , p − 1.

So we have

(α − β)

p−1
∑

k=0

uk(A, B)

mk

(

2k

k

)

≡
n
∑

k=0

(

n

k

)(

(−4α)
k

mk
− (−4β)

k

mk

)

=

(

1 − 4α

m

)n

−
(

1 − 4β

m

)n

and

p−1
∑

k=0

vk(A, B)

mk

(

2k

k

)

≡
n
∑

k=0

(

n

k

)(

(−4α)
k

mk
+

(−4β)
k

mk

)

=

(

1 − 4α

m

)n

+

(

1 − 4β

m

)n

.

Observe that

(m−4α)+(m−4β) = 2m−4A and (m−4α)(m−4β) = m2−4mA+16B.

Thus

(

m

p

) p−1
∑

k=0

uk(A, B)

mk

(

2k

k

)

≡− 4 × (m − 4α)n − (m − 4β)n

4β − 4α

≡− 4un(2m − 4A, m2 − 4Am + 16B) (mod p)
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and

(

m

p

) p−1
∑

k=0

vk(A, B)

mk

(

2k

k

)

≡ vn(2m − 4A, m2 − 4Am + 16B) (mod p).

Note that

(2m − 4A)2 − 4(m2 − 4Am + 16B) = 16(A2 − 4B) = 16∆.

Via Lemma 3.2 we are able to determine un(2m−4A, m2−4Am+16B) and
vn(2m−4A, m2−4Am+16B) modulo p and hence the desired congruences
follow. �

4. Proofs of Theorems 1.4 and 1.5

Proof of Theorem 1.4. As (∆
p ) = 1, there is an integer δ such that

δ2 ≡ ∆ (mod p2). Set α = (A + δ)/2 and β = (A − δ)/2. Then

p−1
∑

k=0

Akvk(A, B)

(4B)k

(

2k

k

)

≡
p−1
∑

k=0

(

2k

k

)(

(Aα)k

(4B)k
+

(Aβ)k

(4B)k

)

=

p−1
∑

k=0

(

2k
k

)

(4β/A)k
+

p−1
∑

k=0

(

2k
k

)

(4α/A)k
(mod p2).

Note that

4α

A

(

4α

A
− 4

)

≡ − 42

A2
B ≡ 4β

A

(

4β

A
− 4

)

(mod p2).

Hence by the main result of [S09b] we have

p−1
∑

k=0

(

2k
k

)

(4α/A)k
+

p−1
∑

k=0

(

2k
k

)

(4β/A)k

≡
(−B

p

)

+ up−(−B

p
)

(

4α

A
− 2, 1

)

+

(−B

p

)

+ up−(−B

p
)

(

4β

A
− 2, 1

)

(mod p2).

Since
4α

A
− 2 +

4β

A
− 2 = 0

and un(−x, 1) = (−1)n−1un(x, 1) for any n ∈ N, the desired result follows
from the above. �
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Lemma 4.1. Let p 6= 2, 5 be a prime. Then

F(p−( p

5
))/2 ≡

{

0 (mod p) if p ≡ 1 (mod 4),

2(−1)⌊(p+5)/10⌋( 5
p )5(p−3)/4 (mod p) if p ≡ 3 (mod 4),

and

F(p+( p

5
))/2 ≡

{

(−1)⌊(p+5)/10⌋( 5
p )5(p−1)/4 (mod p) if p ≡ 1 (mod 4),

(−1)⌊(p+5)/10⌋( 5
p )5(p−3)/4 (mod p) if p ≡ 3 (mod 4).

Also,

L(p−( p

5
))/2 ≡

{

2(−1)⌊(p+5)/10⌋( 5
p )5(p−1)/4 (mod p) if p ≡ 1 (mod 4),

0 (mod p) if p ≡ 3 (mod 4),

and

L(p+( p

5
))/2 ≡

{

(−1)⌊(p+5)/10⌋5(p−1)/4 (mod p) if p ≡ 1 (mod 4),

(−1)⌊(p+5)/10⌋( 5
p
)5(p+1)/4 (mod p) if p ≡ 3 (mod 4).

Proof. This follows from Z. H. Sun and Z. W. Sun [SS, Corollaries 1 and
2]. �

Proof of Theorem 1.5. As in the proof of Theorem 1.3, we have

p−1
∑

k=0

Fk

12k

(

2k

k

)

≡− 4

(

12

p

)

u(p−1)/2(2 × 12 − 4, 122 − 4 × 1 × 12 + 16(−1))

≡− 4

(

3

p

)

u(p−1)/2(20, 80) (mod p).

Set n = (p − 1)/2. As the equations x2 − 20x + 80 = 0 has two roots

10 ± 2
√

5, we have

un(20, 80) =
(10 + 2

√
5)n − (10 − 2

√
5)n

4
√

5

=(4
√

5)n−1

((

1 +
√

5

2

)n

− (−1)n

(

1 −
√

5

2

)n)

=

{

2p−35(p−1)/4Fn if 2 | n, i.e., p ≡ 1 (mod 4),

2p−35(p−3)/4Ln if 2 ∤ n, i.e., p ≡ 3 (mod 4).

Therefore

−
(

3

p

) p−1
∑

k=0

Fk

12k

(

2k

k

)

≡
{

5(p−1)/4F(p−1)/2 if p ≡ 1 (mod 4),

5(p−3)/4L(p−1)/2 if p ≡ 3 (mod 4).
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Case 1. (p
5 ) = 1. By Lemma 4.1,

F(p−1)/2 = F(p−( p

5
))/2 ≡ 0 (mod p) if p ≡ 1 (mod 4),

and
L(p−1)/2 = L(p−( p

5
))/2 ≡ 0 (mod p) if p ≡ 3 (mod 4).

It follows that
p−1
∑

k=0

Fk

12k

(

2k

k

)

≡ 0 (mod p).

Case 2. (p
5 ) = −1. If p ≡ 1 (mod 4), then by Lemma 4.1 we have

5(p−1)/4F(p−1)/2 = 5(p−1)/4F(p+( p

5
))/2

≡5(p−1)/4(−1)⌊(p+5)/10⌋

(

5

p

)

5(p−1)/4 ≡ (−1)⌊(p+5)/10⌋ (mod p).

If p ≡ 3 (mod 4), then by Lemma 4.1 we have

5(p−3)/4L(p−1)/2 = 5(p−3)/4L(p+( p

5
))/2

≡5(p−3)/4(−1)⌊(p+5)/10⌋

(

5

p

)

5(p+1)/4 ≡ (−1)⌊(p+5)/10⌋ (mod p).

Therefore

p−1
∑

k=0

Fk

12k

(

2k

k

)

≡ −
(p

3

)

(−1)⌊(p+5)/10⌋ (mod p)

and hence the first congruence in Theorem 1.5 follows.
The second congruence in Theorem 1.5 can be proved in a similar way.

We omit the details. �

5. Some conjectures

Our following conjectures involve representations of primes by binary
quadratic forms. The reader may consult [C] and [BEW, Chapter 9] for
basic knowledge and background.

Conjecture 5.1. Let p > 3 be a prime. If p ≡ 7 (mod 12) and p =
x2 + 3y2 with y ≡ 1 (mod 4), then

p−1
∑

k=0

(

k

3

)

(

2k
k

)2

(−16)k
≡ (−1)(p−3)/4

(

4y − p

3y

)

(mod p2)
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and
p−1
∑

k=0

(

k

3

)

k
(

2k
k

)2

(−16)k
≡ (−1)(p+1)/4y (mod p2).

If p ≡ 11 (mod 12), then

p−1
∑

k=0

(

k

3

)

(

2k
k

)2

(−16)k
≡ 0 (mod p).

If p ≡ 1 (mod 12), then

p−1
∑

k=0

(

p − 1

k

)(

k

3

)

(

2k
k

)2

16k
≡ 0 (mod p2).

Conjecture 5.2. (i) Let p be a prime with p ≡ 1, 3 (mod 8). Write

p = x2 + 2y2 with x, y ∈ Z and x ≡ 1, 3 (mod 8). Then

p−1
∑

k=0

Pk

(−8)k

(

2k

k

)2

≡
{

0 (mod p2) if p ≡ 1 (mod 8),

(−1)(p−3)/8(p/(2x) − 2x) (mod p2) if p ≡ 3 (mod 8).

Also,
p−1
∑

k=0

kPk

(−8)k

(

2k

k

)2

≡ (−1)(x+1)/2

2

(

x +
p

2x

)

(mod p2).

(ii) If p ≡ 5 (mod 8) is a prime, then

p−1
∑

k=0

Pk

(−8)k

(

2k

k

)2

≡ 0 (mod p).

If p ≡ 7 (mod 8) is a prime, then

p−1
∑

k=0

(

p − 1

k

)

Pk

8k

(

2k

k

)2

≡ 0 (mod p2).

Conjecture 5.3. Let p be an odd prime.

(i) If p ≡ 3 (mod 8) and p = x2 + 2y2 with y ≡ 1, 3 (mod p), then

p−1
∑

k=0

Pk

32k

(

2k

k

)2

≡ (−1)(y−1)/2

(

2y − p

4y

)

(mod p2).
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If p ≡ 7 (mod 8), then

p−1
∑

k=0

Pk

32k

(

2k

k

)2

≡ 0 (mod p).

(ii) Suppose that p ≡ 1, 3 (mod 8), p = x2 + 2y2 with x ≡ 1, 3 (mod 8)
and also y ≡ 1, 3 (mod 8) when p ≡ 3 (mod 8). Then

p−1
∑

k=0

kPk

32k

(

2k

k

)2

≡
{

(−1)(p−1)/8(p/(4x) − x/2) (mod p2) if p ≡ 1 (mod 8),

(−1)(y+1)/2y (mod p2) if p ≡ 3 (mod 8).

Conjecture 5.4. Let p be an odd prime.

(i) When p ≡ 1, 3 (mod 8) and p = x2 + 2y2 with x, y ∈ Z and x ≡
1, 3 (mod 8), we have

p−1
∑

k=0

Qk

(−8)k

(

2k

k

)2

≡ (−1)(x−1)/2
(

4x − p

x

)

(mod p2)

and

p−1
∑

k=0

kQk

(−8)k

(

2k

k

)2

≡
{

0 (mod p2) if p ≡ 1 (mod 8),

(−1)(p−3)/82(x + p/x) (mod p2) if p ≡ 3 (mod 8).

(ii) When p ≡ 5, 7 (mod 8), we have

p−1
∑

k=0

Qk

(−8)k

(

2k

k

)2

≡ 0 (mod p).

Conjecture 5.5. Let p be an odd prime.

(i) When p ≡ 1 (mod 8) and p = x2 + 2y2 with x, y ∈ Z and x ≡
1, 3 (mod 8), we have

p−1
∑

k=0

Qk

32k

(

2k

k

)2

≡ (−1)(p−1)/8
(

4x − p

x

)

(mod p2).

If p ≡ 5 (mod 8), then

p−1
∑

k=0

Qk

32k

(

2k

k

)2

≡ 0 (mod p).

(ii) If p ≡ 1, 3 (mod 8) and p = x2 +2y2 with x ≡ 1, 3 (mod 8) and also

y ≡ 1, 3 (mod 8) when p ≡ 3 (mod 8), then

p−1
∑

k=0

k
(

2k
k

)2

32k
Qk ≡

{

(−1)(p−1)/8(p/x − 2x) (mod p2) if p ≡ 1 (mod 8),

(−1)(y+1)/22y (mod p2) if p ≡ 3 (mod 8).
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Conjecture 5.6. Let p > 3 be a prime. If p ≡ 7 (mod 12) and p =
x2 + 3y2 with y ≡ 1 (mod 4), then

p−1
∑

k=0

Sk

4k

(

2k

k

)2

≡ (−1)(p+1)/4

(

4y − p

3y

)

(mod p2)

and
p−1
∑

k=0

kSk

4k

(

2k

k

)2

≡ (−1)(p−3)/4

(

6y − 7p

3y

)

(mod p2).

We also have

p−1
∑

k=0

Sk

4k

(

2k

k

)2

≡
{

0 (mod p2) if p ≡ 1 (mod 12),

0 (mod p) if p ≡ 2 (mod 3).

Conjecture 5.7. Let p > 3 be a prime. If p ≡ 7 (mod 12) and p =
x2 + 3y2 with y ≡ 1 (mod 4), then

p−1
∑

k=0

Sk

64k

(

2k

k

)2

≡ 2y − p

6y
(mod p2)

and
p−1
∑

k=0

kSk

64k

(

2k

k

)2

≡ y (mod p2).

If p ≡ 11 (mod 12), then

p−1
∑

k=0

Sk

64k

(

2k

k

)2

≡ 0 (mod p).

Conjecture 5.8. Let p > 3 be a prime.

(i) If p ≡ 1 (mod 12) and p = x2 + 3y2 with x ≡ 1 (mod 3), then

p−1
∑

k=0

Tk

4k

(

2k

k

)2

≡ (−1)(p−1)/4+(x−1)/2
(

4x − p

x

)

(mod p2)

and
p−1
∑

k=0

Tk

64k

(

2k

k

)2

≡ (−1)(x−1)/2
(

4x − p

x

)

(mod p2);
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also

p−1
∑

k=0

kTk

4k

(

2k

k

)2

≡ (−1)(p−1)/4+(x+1)/2

(

4x − 2p

x

)

(mod p2)

and
p−1
∑

k=0

kTk

64k

(

2k

k

)2

≡ (−1)(x−1)/2
(

2x − p

x

)

(mod p2).

(ii) If p ≡ 7 (mod 12) and p = x2 + 3y2 with y ≡ 1 (mod 4), then

p−1
∑

k=0

Tk

4k

(

2k

k

)2

≡ (−1)(p−3)/4

(

12y − p

y

)

(mod p2),

p−1
∑

k=0

kTk

4k

(

2k

k

)2

≡ (−1)(p+1)/4

(

20y − 8p

y

)

(mod p2)

and
p−1
∑

k=0

kTk

64k

(

2k

k

)2

≡ 4y (mod p2).

(iii) If p ≡ 5 (mod 12), then

p−1
∑

k=0

Tk

4k

(

2k

k

)2

≡
p−1
∑

k=0

Tk

64k

(

2k

k

)2

≡ 0 (mod p).

If p ≡ 11 (mod 12), then

p−1
∑

k=0

(

p − 1

k

)

Tk

(−4)k

(

2k

k

)2

≡ 0 (mod p2).
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