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ABSTRACT. In this paper we obtain some congruences involving central
binomial coefficients and Lucas sequences. For example, we show that if
p > 5 is a prime then

0 (mod p) if p= 41 (mod 5),
1 (mod p) if p= £13 (mod 30),
—1 (mod p) if p =47 (mod 30),

Pl Ry 2k
A

where {Fp},,>0 is the Fibonacci sequence. We also raise several conjec-
tures.

1. INTRODUCTION

Let p be an odd prime. In 2003 Roderiguez-Villeags [RV] conjectured
that

and

k=0
where the sequence {a(n)},>1 is defined by

> a(n)g" =q ] -q¢"M"
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This was later confirmed by E. Mortenson [M1, M2] via the p-adic T'-
function and the Gross-Koblitz formula. The reader may also consult
[M3] and Ono [O] for more such “super” congruences.

In a series of recent papers, the author [S09a-S09e| investigated con-
gruences related to central binomial congruences by using recurrences and
combinatorial identities. (See also [PS] and [ST1, ST2].)

Let A,B € Z. The Lucas sequences u, = u,(A,B) (n € N) and
vp, = v (A, B) (n € N) are defined by

uo =0, uy =1, and upy1 = Auy, — Buy—1 (n=1,2,3,...)
and

vo=2, 11 =A, and v,41 = Av,, — Bu,—1 (n=1,2,3,...).
The characteristic equation 22 — Az + B = 0 has two roots

Lo AtTVA _A+VA

and [ 5

where A = A? — 4B. Tt is well known that for any n € N we have

Up = E a1k and v, = o™ + 6"
0<k<n

Note that F,, = u,(1,—1) and L,, = v,(1, —1) are Fibonacci numbers and
Lucas numbers respectively. The sequences P, = u,(2,—1) and @, =
vn(2,—1) are called the Pell sequence and its companion. We also set
Sy =un(4,1) and T, = v, (4, 1) for n € N; the sequences {S,, },>0 and its
companion {7, },>0 are also useful (see, e.g., [S02]).

In this paper we study congruences involving both central binomial
coefficients and Lucas sequences. Now we state our main results.

Theorem 1.1. Let A,m € Z and let p be an odd prime not dividing m.
Suppose that 62 = A2 — 4m? # 0 (mod p) where § € Z. Let a,h € ZT. If

(£52) = (32), then

p*—1 w m2) (2F h
kgé(_ll))(h’;) =0 (mod p).

0 (mod p).
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Corollary 1.1. Let p =1 (mod 3) be a prime and let a € Z". Then

) G5 O B E () Bems i

k=0 k=0 k=0

When p* =1 (mod 12), we have

p*—1 — pt—1 3
Z() Ez<) _ () — 0 (mod p)
k=0 =0
If p* =7 (mod 12), then
(p*-1)/3 (sz) (pP*-1)/3 (6k)2
Z 6??% =0 (mod p) and Z (—1)k 231’“% =0 (mod p).
k=0 k=0

Corollary 1.2. Let p = +1 (mod 5) be a prime and let a € Z. Then

p*—1 (Zk) p®—1 p*—1 3

> F2k<_}jl)k => sz Z sz

k=0

If p* = 1,9 (mod 20), then

=0 (mod p).

(‘.O

p*—1 p*—1

ZFQ ZFQk k_ZFQk 64k EO(mOdp).

If p* = 11,19 (mod 20), then

(‘.O

p—1 (2k) _p -1 (2k)2 p—1

Z sz

=0 (mod p).
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Theorem 1.2. Let p be an odd prime and let A,B € Z and p t ABA,
where A = A% — 4B.
(i) If p=1 (mod 4), then
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(ii) Suppose that (%) =1. If <_TF) =1, then

p—1 2
A uk A B k o
6B ( k) =0 (mod p).
k=0
If(_TF) = —1, then
p—1 1k 2
Z A Uk(A, B) 2k o

k=0

Remark. Theorem 1.2(i) with A = 1 and B = —1 was first noted by R.
Tauraso [T].

Corollary 1.3. Let p=1 (mod 4) be a prime. Then
p—1 (zk)
Z ( ) =0 (mod p?).
k=0

Corollary 1.4. Let p > 5 be a prime.
(i) If p=1,4 (mod 5) then

pz;l) ol < )QEO(modp).

k
(ii)) If p=1 (mod 4), then

If p=3 (mod 4) then
”i Lo <2k) ?
ARk
— 48% \ k
(iii) If p=1,9 (mod 20), then

0

0 (mod p?).

—_

k=
If p= 11,19 (mod 20), then

p— 2
31L2k ( ) =0 (mod p).
k=

—_

o
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Corollary 1.5. Let p be an odd prime. If p=1 (mod 4), then
p—1 2
Zﬁ(k) =0 (mod p?).
k=0
If p=3 (mod 4) then
p—1 2
Qr (2k\" _ 2
232k i =0 (mod p7).
k=0
If p= 41 (mod 8), then

pz_:l % (2:)2 — 0 (mod p).

k=0

Corollary 1.6. Let p > 3 be a prime. If p =1 (mod 4), then

~1
()
If p=3 (mod 4) then
I’i Ty (2k\°
64% \ k
k=0
If p=1 (mod 12), then

p—1 2
Sk (2k
E 4—:<k) =0 (mod p).

k=0
If p=11 (mod 12), then

p—1 2
Ty (2k\°
24_k<k) =0 (mod p).
k=0
Theorem 1.3. Let A,B € 7Z and A = A2 — 4B. Let p be an odd prime

and let m € Z with p { m. Suppose that pt A and d*> = m? —4Am+16B #
0 (mod p) where d € Z. Then

2L (A, B) (2k 0 (mod p) if (5)=1,
o). |

0 (mod p?).

0 (mod p?).

= m k — (3 (m=4=24) (mod p) if (5) = —1
Also,

{2 un(4, B) 2k _ [ 205)(==522) (mod p) if (5)=1,
,Z; mk (,ﬁ)_{%(%w) (mod p) if (£)=—1

Theorem 1.3 in the case A = —1, B =1, m = —4 and d = 1 gives the
following consequence.
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Corollary 1.7. Let p be an odd prime. Then

(2:) _ w (mod p).

pl(g

—~ (3)
= (Y

Applying Theorem 1.3 with A =1, B= -1, m € {4,8} and d = 4, we
immediately get the following corollary.

Corollary 1.8. Let p be an odd prime. Then

ol <2k:) _1-() (mod p),

— (- \k 5

,:) <—Lf>k (2:) E% (mod p),
5 (%) = (2) By o)
p—1

2(2) () 5 e

Theorem 1.3 in the case A =2, B = -1, m € {-2,10} and d = 2,
yields the following result.

Corollary 1.9. Let p be an odd prime. Then

If p#5, then

and »
Z;O % <2kk> _ (g) <4 (%) — 2) (mod p).

Theorem 1.3 in the case A = 4, B = 1, m € {1,15,16}, leads the
following corollary.
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Corollary 1.10. Let p > 3 be a prime. Then

£o()=(0)-5))

(1) =5 (5) -0 3) ot
Z:Z%@) E<%);(§) o ).
> o (1)

S5 (%) =2(2)((2) 1) o
S0 () 2(2) (5(2) )

Theorem 1.4. Let A,B € Z and A = A2 — 4B. Let p be an odd prime
with pt AB and (%) = 1. Then

and

() () e

Theorem 1.5. Let p > 5 be a prime. Then

p

>
Il

0 (mod p)  ifp==+1 (mod 5),

p—1
Z % (2:) =< 1 (modp) if p==+13 (mod 30),
k=0 —1 (mod p) if p= 47 (mod 30).

Also,

—1 (mod p) if p==+7 (mod 30),
= Ly (2k\ ] 1 (mod p) if p= %13 (mod 30),
_Oﬁ<k): 2 (mod p)  if p==+1 (mod 30),
—2 (mod p) if p= %11 (mod 30).
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Let p > 5 be a prime. By the method we prove Theorem 1.5, we can
also determine the following sums modulo p.

p—1

— Fy (2k —
—’Z( )and ( ) m=-3, 7, -8),
k:Om

1

IET I ST G PR

k=0

For example,

(g) — 1 (mod p),

™M
1ML
S
|
L=
=
VR
o 2
N——
Il

and

2 (mod p)  if p= =1 (mod 30),

Ly (2% —2 (mod p) if p==+11 (mod 30),
< ) 4 (mod p)  if p=+7 (mod 30),

—4 (mod p) if p = £+13 (mod 30).

k=0

Modifying the method slightly, we can also prove the following congru-
ences.

p—1 (p_l)/2 py _ 1
Z CkPk =2 <g) — 2 (mod p), Z CiySk = (3>2 (mod p),
= (2 p k=0
(r—1)/2
CeFr _ (P
kz_;) (2 = (3) 2 (mod p),

and
0 (mod p) if p= 41 (mod 30),

Z Ci Fy 4 (mod p) if p=+7 (mod 30),
12k 8 (mod p) if p=+13 (mod 30),
12 (mod p) if p==£11 (mod 30).

In the next section we will prove Theorem 1.1 and Corollaries 1.1 and
1.2. Theorems 1.2-1.3 and Corollaries 1.3-1.6 will be proved in Section 3.
Section 4 is devoted to the proof of Theorems 1.4 and 1.5. We are going
to raise some challenging conjectures in Section 5.
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2. Proors oF THEOREM 1.1 AND COROLLARIES 1.1-1.2

Lemma 2.1. Let A,B € Z and let A = A? — 4B. Suppose that p is an
odd prime and 6> = A (mod p) with 6 € Z. Then, for any n € N we have

Sun(A, B) = (#)n . (?)n (mod p) (2.1)

and

vn(A, B) = (#)n + (?)n (mod p). (2.2)

Proof. Observe that

(5 (5]
73 () (V) = 3 ()t

3

:2_2 <k>A ok = (T +(=5—) (modp).
k=0
2k
If p| A, then both sides of (2.1) are multiples of p. When pt A, we have

w4, B) = 1A(<A+2x/Z>n_ <A—2x/3>n)

n

SR ) e

_2y (”)An—mw—m
2 k=0

2tk

ol

Thus both (2.1) and (2.2) hold. O
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Lemma 2.2. Let p be an odd prime and let a € Z*. Then,for every
k=0,...,p* —1 we have

@ _1)/2 ok
((p . )/ ) = ((_ng (mod p).

Proof. The congruence appeared as [S09¢, (2.3)]. O

Theorem 2.1. Let A,B € 7Z and let A = A2 — 4B. Let p be an odd
prime with (%) = 1. Suppose that 5> = A # 0 (mod p) where § € Z. Let
a,h € Z* and m € Z with m #Z 0 (mod p). If(p%) =1, then

a __ h 4— h
pzl w(a,B) (3" (M)pzl mru(AB) () oap)

- —E = o % —A\hk
2w ) )& B e
and
p*—1 2k P piol ok 2k

% —NRE = a k _A4\hk )
2w IR N T
If ()= —1, then

. a_ h

pzl w(A,B) (9" 1 (M ) "~ mFun(4,B) (%) (mod p)

2 — ik a k —4)hk
N AT SR
and
p*—1 2k\ P Pl g 2k 1
S~ 04 B) (29) E_5<M> mtur(AB) () (o)
2 Tk )& B
Proof. Set

_pt—1 A+ _A-9
n = 2 ) - 2 and 5 - 2
Clearly,
<2a)(p—1)/2 = (A+ 5)(1)—1)/2 = (A;— 5) (mod p)

and hence

o = (a@—l)/z)xté - (M)Eg:g v (w) (mod p).
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= (2429)

i (555) () () o

By Lemmas 2.1 and 2.2,

Similarly,

and hence

h
Emn5 Z (Z) mk(an—k ﬁn—k)
k=0
my n h_ kg
E(ZEL) Z (Z/) %(anﬁk ﬁnak)

k:O mk (—4)hk
:Zn: n hozk-l—ﬁk_ "L\ " an k4 gk
o k mk k mn—k
k=0 k=0

B~ ()at { (8% — a*)/6 = —ur(A, B) (mod p) if (2
(a* + 8%)/6 = vr(A, B) /6 (mod p) if (£) = —1.
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Also,

pe

o =
B* —ak = —up(A, B) (mod p) if (

So the desired results follow from the above. [

Proof of Theorem 1.1. Simply apply Theorem 2.1 with B = m?2. O

Proof of Corollary 1.1. Let w be the primitive cubic root (—1 4+ /—3)/2
of unity. It is easy to see that

k_ —k
<§) Y Y ug(w + @, ww) = up(—1,1)

for all k£ € N. Since p = 1 (mod 3), we have (_73) = (£) = 1 and hence
52 = —3 (mod p) for some § € Z. Observe that

<—1p+ 5)3 _ (5(52+3);<352+1)) _ ((-3);—1) _ (2)

By Theorem 1.1,

Pl (=1, 1) (20"
>

k=0

=0 (mod p) for all h € Z*,

If p = 1 (mod 12), then (;—al) = 1 and hence by Theorem 1.1 with
A =m = —1 we have

a1
" up(—=1,1) (%

D

k=0

=0 (mod p) for all h € Z*.

Now assume that p* = 7 (mod 12). Then (%;HS) = —(;—3) and hence
by Theorem 1.1 we have

p®—1 ok h
Uk(—l,l)(k) o N
Z (—1)F(—4)hk =0 (mod p) forall heZ™.
k=0
Note that ) -
i
—1.1) = ¥ -k _ )
pob ) =e e {—1 it 34k
Thus
p*—1 (Qk) p*—1 (2k
k = \k) —
3 Z (—1)k(—4)k — — =0 (mod p)
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(We apply [ST2, Corollary 1. ] in the last step.) Also,
p“—1 Zk) - n

DT - Z(—D’“(Z)Q (mod p).

k=0

T
where n = (p® — 1)/2. Note that

n 2 n
e (M ey n

S0 () =X () )

k=0 k=0
coincides with the coefficient of 2™ in (1 — z)"(1 + x)™ = (1 — 2?)™ which
is zero since n is odd. Therefore we also have the last two congruences in
Corollary 1.1.

The proof of Corollary 1.1 is now complete. [

Proof of Corollary 1.2. As p=+1 (mod 5), we have (5) = (%) =1. Thus
52 =5 (mod p) for some § € Z. Note that

(g) (3—1—5) B <6+25) B ((1+5)2) _q
p p p p '
Since ug(3,1) = Fy, and vg(3,1) = Lok, applying Theorem 1.1 with A = 3
and m = +1 we immediately obtain the desired results. [

3. PROOFS OF THEOREMS 1.2-1.3 AND COROLLARIES 1.3-1.6

Lemma 3.1. Let p be an odd prime and let x be any algebraic p-adic
integer. Then

p—1 (2k)2

Z 1’“? (:ck —(=1)P=Y/2(1 — :z:)k) =0 (mod p?).

Proof. This is a result recently obtained by Zhi-Hong Sun [S2] and R.
Tauraso [T] independently. [

Proof of Theorem 1.2. (i) Let a and 8 be the two roots of the equation
a:z—A:z:—i—B:O Then
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Hence
p

1(2

_ i 2
i)
2~ (164)

~uk(A, B) =0 (mod p?)

if p =3 (mod 4). Similarly,

p—1 (2k) 2

So part (i) holds.
(ii) Below we assume that (%) = 1. Choose § € Z such that §% =

A (mod p). Combining part (i) with Theorem 2.1 in the case m = A and
h = 2, we obtain the second part of Theorem 1.2.
The proof of Theorem 1.2 is now complete. [

Proofs of Corollaries 1.3-1.6. Recall that

k
(5) =ur(—1,1), Fop =uk(3,1), Lok =vk(3,1),

and
Pk: = Uk(2, _1)7 Qk = Uk(27 _1)7 Sk = Uk;<4, 1) Tk: = Uk:<47 1)

In view of this, we immediately obtain the desired results from Theorem
1.2. O

Lemma 3.2. Let A, B € 7Z. Let p be an odd prime with (%) = 1. Suppose
that b> = B (mod p) where b € Z. Then

0 (mod p) if (A518) =1,

FAZ2) (mod p) - if (A54) = —1;

u(p—l)/Q(A7B) = {
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(4=2) (mod p) if (A=42) =1,

0 (mod p) if(A2;4B) = —1.

U(p_|_1)/2<A, B) = {

Also,

2(4=2) (mod p)  if (A1B) =1,

—4(452) (mod p) if (A548) = 1.

Vp—1)/2(A4, B) = {

Proof. The first two congruences are known results, see, e.g., [S1]. The
last one follows from the first two since v,, = 2uy 11 — Au,, forn € N. [

Proof of Theorem 1.3. Let n = (p—1)/2, and

A+ VA A—VA
=—3 and ﬂ:T.
By Lemma 2.2,
2k\ _ [(n k
e ) = (—4)" (mod p) forallk=0,...,p—1.
So we have
p—1
uk(A,B) 2k

and

Il
3 |l
o
N
> 3
N——
VR
|
=~
%Q
S
3|
>~ D
T
N——
I
VR
[
|
35
N———
3
+
VR
[
|
35
N——
3

k=
Observe that
(m—4a) +(m—43) = 2m —4A and (m—4a)(m—43) = m* —4mA+16B.

Thus

< )plu <2k)__4x(m—4ai;:g_4mn

k=0
= — 4u,(2m — 4A,m?* — 4Am + 16 B) (mod p)
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and

p—1

m vi(A, B) (2k

<?) Z ki(mk ) (k) =v,(2m — 44, m* — 4Am + 16B) (mod p).
k=0

Note that

(2m — 4A)* — 4(m?® — 4Am + 16B) = 16(A* — 4B) = 16A.
Via Lemma 3.2 we are able to determine u, (2m—44, m?—4Am+16B) and
Un (2m—4A, m?—4Am~+16B) modulo p and hence the desired congruences
follow. O

4. PROOFS OF THEOREMS 1.4 AND 1.5

Proof of Theorem 1.4. As (%) = 1, there is an integer 0 such that
62 = A (mod p?). Set a = (A +6)/2 and 3 = (A — §)/2. Then

ey

k=0
R (2R (At 4By ks () K= ()
=2 < k) (f5 + (o) = 2 (p/AF 2 {asayr (0P
Note that

4o (Ao 4? 46 (40

Hence by the main result of [S09b] we have

p—1 (2kk) . p—1 (2kk)

2 (da Ay 2 {45/ 4)F
= (373) +tu, =z <4Za —2,1) + <$) +u, (=) <Zf 2,1) (mod p<)
Since A 43

a
2+ —2=0

and u,(—x,1) = (=1)""tu,(x,1) for any n € N, the desired result follows
from the above. [
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Lemma 4.1. Let p # 2,5 be a prime. Then

Fo—(2)/2 = { 0 (mod p) B iy - 1 (mod 4),
2(=)LeFDAUR)5E=D (mod p) - if p=3 (mod 4),
and
(_1)L(p+5)/10J(

Forn/e = { (—1)L+5)/10)

Also,

)5P=1/4 (mod p) if p=1 (mod 4),
)5(P=3)/4 (mod p) if p=3 (mod 4).

Yo Yot

—1)L(+5)/10] (5y5(p—1)/4 =
Loy (o1))2 = 2(-1) ()5 (mod p) ifp=1 (mod 4),
° 0 (mod p) if p=3 (mod 4),
and
I [ (=)lp+)/1005(e=D/1 (mod p) if p=1 (mod 4),
(r+(%))/2 = (_1)L(p+5)/10J(%)5(p+1)/4 (mod p) ifp=3 (mod 4).
Proof. This follows from Z. H. Sun and Z. W. Sun [SS, Corollaries 1 and
2. O
Proof of Theorem 1.5. As in the proof of Theorem 1.3, we have

p—1
Fi (2K 12
_k< ) =_4 <_) Upo1)2(2 X 12 — 4,122 — 4 x 1 x 12 4 16(—1))
p

3
=—4 <2—9) u(p—1)/2(20,80) (mod p).

Set n = (p — 1)/2. As the equations 2z — 20z + 80 = 0 has two roots
10 + 2/5, we have

(10 +2v/B)™ — (10 — 2¢/5)™

Uy, (20,80) =
( ) 5
1+V5\" 1-Vv5\"
—(4 n—1 — (=1
o ((557) - (557))
_{ or=35(r=V/AE  if 2 | n, ie., p=1 (mod 4),
| 2235(=3/4L, if 24 n, ie., p=3 (mod 4).
Therefore

_ <§) S <2k) _ 3TV e ifp=1 (mod 4),
| BPIAL, 1y if p=3 (mod 4).
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Case 1. (£) = 1. By Lemma 4.1,
Fop-1y/2 = Fp-(z)),2 =0 (mod p) if p=1 (mod 4),

and
L(p 1)/2 = L(p ( N/2 = =0 (IIlOd p) ifp =3 (IIlOd 4)

It follows that .

p—
Fy (2k\
ZW(Z{) =0 (mod p).
k=0
Case 2. () = —1. If p=1 (mod 4), then by Lemma 4.1 we have

—1)/4 —1)/4
5PV 1y = 5PV E 2y

55(p—1)/4(_1>L(p+5)/10J <§) 5(p—1)/4 — (_1>L(p+5)/10J (mod p).
p

If p=3 (mod 4), then by Lemma 4.1 we have

— 4 - 4
5L )0 = 5T L ()12

5(r-3)/4(_1)Lr+5)/10 (?) 5G+D/4 = (_) L1090 (od ).
P

Therefore

,:)ik< ) ~(§) (DL (mod p)

and hence the first congruence in Theorem 1.5 follows.
The second congruence in Theorem 1.5 can be proved in a similar way.
We omit the details. [J

5. SOME CONJECTURES

Our following conjectures involve representations of primes by binary
quadratic forms. The reader may consult [C] and [BEW, Chapter 9] for
basic knowledge and background.

Conjecture 5.1. Let p > 3 be a prime. If p = 7 (mod 12) and p =
2?2 + 3y? with y = 1 (mod 4), then

SO g
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> (5) %

If p=11 (mod 12), then

and

[ay

o)) B
< |—
[\v]

s = (=1)P+D/%y (mod p?).

Conjecture 5.2. (i) Let p be a prime with p = 1,3 (mod 8). Write
p =122+ 2y? with z,y € Z and x = 1,3 (mod 8). Then

iy Pk <2k)
k:O

Also,

{ 0 (mod p?) if p=1 (mod 8),
(—1)P=3)/8(p/(2x) — 22) (mod p?) if p=3 (mod 8).

p-1 k \ <2k:) M(Hﬁ) (mod p?).

2 2z
k:O

(ii) If p=5 (mod 8) is a prime, then
p—1 2

P [(2k\°
ZW(k) =0 (mod p).
k=0
If p=7 (mod 8) is a prime, then

S () ECE) =0 ot

k=0

Conjecture 5.3. Let p be an odd prime.
(i) If p=3 (mod 8) and p = 2 + 2y* with y = 1,3 (mod p), then

p—1
/2 (g, P d »?).
kzong() (1) v= L) (mod 7
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If p="7 (mod 8), then

S (Y =0 o ).

k=0

(i) Suppose that p=1,3 (mod 8), p = 2% + 2y? with x = 1,3 (mod 8)
and also y = 1,3 (mod 8) when p =3 (mod 8). Then

CLp, (26\7 _ [ ()@ /A(p/ () — 2/2) (mod p?) ifp=1 (mod 8),
Z;) 39k ( ) - { (—=1)@+1/2y (mod p?) if p=3 (mod 8).

Conjecture 5.4. Let p be an odd prime.
(i) When p = 1,3 (mod 8) and p = x® + 2y? with x,y € Z and x =
1,3 (mod 8), we have

o (2:) = ()2 (40— ) (mod )

k=0

p—! ]ng _ 0 (mod p?) if p=1 (mod 8),
Z ( ) B { (—1)®=3/82(z 4 p/x) (mod p?) if p=3 (mod 8).

= (
(ii) When p = 5,7 (mod 8), we have

3 Sx (i) =0 tmean

k=0

Conjecture 5.5. Let p be an odd prime.
(i) When p = 1 (mod 8) and p = 2 + 2y*> with v,y € Z and v =
1,3 (mod 8), we have

o (%)2
29k

— 328 \ k
If p="5 (mod 8), then

582 o

(i) If p= 1,3 (mod 8) and p = z*+2y? with x = 1,3 (mod 8) and also
y = 1,3 (mod 8) when p =3 (mod 8), then

Z_I 2’“) { (~1)P=V/8(p/2 — 22) (mod p?) if p=1 (mod 8),
(—1)@ /22y (mod p?) if p=3 (mod 8).

(—1)P—1)/8 (433 - g) (mod p?).

k=0
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Conjecture 5.6. Let p > 3 be a prime. If p = 7 (mod 12) and p =
22 + 3y? with y =1 (mod 4), then

-1
Sk (26N _ | \w+1)/a p 2
E 4k < ) = (—1) 4y 3 (mod p*)
and
p—1 2
kS (2k _ p
- = _1 (p 3)/4 _ = 2 .
g:o " (k) (-1) 6y 3 (mod p©)
We also have

Sy (2k 0 (mod p?) if p=1 (mod 12),
;4k<k> :{O(modp) if p=2 (mod 3).

Conjecture 5.7. Let p > 3 be a prime. If p = 7 (mod 12) and p =
22 + 3y? with y =1 (mod 4), then

pls P
=k =2y — — (mod p?
64k<> y 6y(m0 p”)

and

If p=11 (mod 12), then

[y

p— 2
Sk (2k\° _
E @(k:) =0 (mod p).

k=0

Conjecture 5.8. Let p > 3 be a prime.
(i) If p=1 (mod 12) and p = 2? + 3y* with x =1 (mod 3), then

p—1
T (2k)" _ 1y o-1/at@-1)/2 p 2
< ) = (—1) (41' - ;) (mod p*)

and



and

and

ZHI-WEI SUN

p—1 2
5 M (2:) = (1) a2 <4x _ %p) (mod )

he
L
=
3
e
COEN
~
[N}
1

= (—1)P+D/4 <20y — 8_p) (mod p?)
Y
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