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'uß�1.12�?Ð

Lagrangeo²�Ú½n (1770). z�g,ê�L¤o��ê

�²�Ú.

ß�1.12 (2018c3�11F) n ∈ N�L¤x2 + y2 + z2 + w2

(x , y , z ,w ∈ N)¦�x + 3y�²�ê, �x½2y�²�ê.

�<[JNT, 2017]y²
2ÂRiemannb��ez�n ∈ N�
L¤x2 + y2 + z2 + w2 (x , y , z ,w ∈ Z)¦�x + 3y�²�ê.

ë�¸�Î°�|^n��g.nØy²
z�n ∈ N�L
¤x2 + y2 + z2 + w2 (x , y , z ,w ∈ N)¦�x + 3y�²�ê.

Yue-Feng She and Hai-Liang Wu, Sums of four squares with a

certain restriction, Bull. Aust. Math. Soc. 104 (2021), no.2,

218–227.
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Bringmann�Kane3ß�2.28(ii)þ��â»

éu�êm > 3, 2Âm�ê/X

pm(x) = (m − 2)

(
x

2

)
+ x =

x((m − 2)x − (m − 4))

2
(x ∈ Z).

ß�2.28(ii) (2015c3�27F) m = 7, 9, . . . , 14�, z�g,

ên�L¤

pm(w) + 2pm(x) + 4pm(y) + 8pm(z) (Ù¥w , x , y , z ∈ Z).

K. Bringmann�B. Kane¦^�/ªy²
dß�3n¿©�

�¤á.

Kathrin Bringmann and Ben Kane, Conjectures of Sun about

sums of polygonal numbers, La Matematica 1 (2022), 809–828.
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�ú¬é�
DÕL«ß��u�

ß�5.14 (n�Ê�ß�, 2018c4�27F) ?Û�ên > 1�

L¤a2 + b2 + 3c + 5d , Ù¥a, b, c , d ∈ N.

�<rùß�u��2× 1010, 2022c�ú¬rù�ß��

�yí?�2.4× 1011.

ß�5.15 (2018c4�27F) ?Û�ên > 5�L

¤a2 + b2 + 2c + 5× 2d , Ù¥a, b, c , d ∈ N.

2022c, �ú¬uy����~: n = 18836421387.

ß�5.18 (2018c4�22F) ?Û�ên > 3�L

¤a2 + 2b2 + 3× 2c + 4d , Ù¥a, b, c , d ∈ N.

2022c, �ú¬uy����~: n = 12558941213.

ß�5.27(ii) (2019c6�14F) ?Û�ên�L

¤(2a9b)2 + c(2c + 1) + d(3d + 1), Ù¥a, b ∈ N�c , d ∈ Z.

2022c, �ú¬uy����~: n = 2109982225.
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Banerjee3ß�5.16þ��â»

ß�5.16 (o²�ß�, 2019c6�21F) ?Û�ên > 1�L

¤x2 + y2 + (2a3b)2 + (2c5d)2, Ù¥x , y , a, b, c , d ∈ N.

2022c�ú¬rù�ß���yí?�1.6× 1011.

Banerjee|^�g.nØ!�/ª±9ç{y²?Û�

ên > 1 Ñ�L«¤ x2 + y2 + (2a3bz1)2 + (2c5dz2)2, Ù

¥x , y , a, b, c , d ∈ N, z1, z2�o´0�o´�õ396��ê�¦È.

Soumyarup Banerjee, On a conjecture of Sun about sums of

restricted squares, J. Number Theory 256 (2024), 253–289.
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ß�6.76��¬�ëáåy²

ß�6.76 (2013c4�21F). ?���ên, ¦�n�ê

k(k2 + 1) (k = 1, . . . , n)

�m2üüØÓ{�����êm, Ò´�����´
√

n�3�g.

�¬�ëáå|^KloostermanÚ��Oy²
dß�.

Quan-Hui Yang and Lilu Zhao, On a conjecture of Sun

involving powers of three, arXiv:2111.02746, 2021.
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'u�êOê¼êπ(x)

^π(x)L«Ø�Lx��ê�ê, �ê½näóπ(x) ∼ x/ log x .

ß�7.50 (2014c2�9F) ?��ên > 1, Ãπ(kn) (1 6 k 6 n)�

���ê. �?�Ú/, éz�n ∈ Z+k��êk < 3
√

n + 3¦

�π(kn)��ê.

�<�ëáåy²
é?Ûn ∈ Z+8Ü{π(kn) : k ∈ Z+}�¹Ã¡
õ��õ´ü��ê¦È���ê.

Z.-W. Sun and Lilu Zhao, On the set {π(kn) : k = 1, 2, 3, . . .}, J.

Comb. Number Theory 11 (2019), 97–102.

ß�7.56(i) (2015c10�7F) ��ênÑ�L

¤π( k(k+1)
2 ) + π(m(m+1)

2 + 1), Ù¥k ,m ∈ Z+.

2024c3�Á�cuy�~n = 241540.

(an)n>1�\{ó�éz��ên > 1kk ,m < n ¦�an = ak + am.

ß�7.58 (2015c9�23F) S�an = π( n(n+1)
2 + 1) (n > 1)�\{

ó. éu�ên > 3���an = ak + am¦�0 < k < m < n.

2024cNeil Clifté2 6 n 6 224�y
��an = ak + am (k ,m > 0).
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ß�8.17�5P8.6¥ß��y²

ß�8.17 (2015c9�) ?·ε ∈ {±1}9�knêr , kk��

ØÓ�êp1, . . . , pk¦�

r =
k∑

j=1

1

pj + ε
.

dßÿ�Bloom32023c|^)ÛêØ¤y².

Thomas F. Bloom, Unit fractions with shifted prime

denominators, arXiv:2305.02659, 2023.

5P8.6 éu�ên > 2, �ö32013cßÿ2n ± nØ´n�

ê.

dßÿ�6��9ÙÆ)�Wz|^¿�ã%C¤y¢.

Jia-Hui Wang and Hui-Lin Zhu, On a conjecture of Zhi-Wei

Sun and related Diophantine equations, J. Comb. Number Theory

12 (2020), 217–225.
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ß�9.17�H���Zå_y²

ß�9.17 (2019c) ���êa�b > ap�, �êp > 3÷

vp ≡ ±1 (mod b). Ké?Û��ên,

pn−1∑
k=0

(
− a

b

k

)( a
b − 1

k

)
− (−1)〈−

a
b
〉p

n−1∑
k=0

(
− a

b

k

)( a
b − 1

k

)

Ø±(pn)2
(−a/b

n

)(a/b−1
n

)
�p-adic�ê, ùp〈x〉pL«��

�r ∈ {0, . . . , p − 1}¦�x ≡ r (mod p).

dßÿ�H���Zå_ÏLq-�[¤y².

Victor J.W. Guo and He-Xia Ni, Proof of some supercongruences

through a q-microscope, Rev. R. Acad. Cienc. Exactas Fis. Nat.

Ser. A Mat. RACSAM 117 (2023), no.4, Paper No. 147, 9 pp.
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�9NÚê�ß�9.10�9.20

NÚê/XHn =
∑

0<k6n 1/k (n ∈ N).

ß�9.10 (2010c9�23F) éu�êp > 3, ·�k

p−1∑
k=1

(2k
k

)
k4k

H2k ≡
7

3
pBp−3 (mod p).

ß�9.20 (2010c10�3F) �p > 5��ê, K∑
p/2<k<p

(2k
k

)2
k16k

H
(2)
k ≡ 31

2
p2Bp−5 ≡ −

∑
p/2<k<p

(2k
k

)2
(2k + 1)16k

H
(2)
k (mod p3).

fIR��Hy²
ß�9.10±9ß�9.20¥1��Ó{ª.

G.-S. Mao and H. Pan, On two conjectural congruences of Sun

involving harmonic numbers, Rev. R. Acad. Cienc. Exactas Fis. Nat.

Ser. A Mat. RACSAM 117 (2023), Paper No. 102.

G.-S. Mao and H. Pan, On the supercongruences involving harmonic

numbers of order 2, arXiv:2201.03418. 11 / 30



�9¥%|Üê²��Ó{ªß�

ß�9.15(i) (2009c11�10F) éu�êp ≡ 3 (mod 4),

p−1∑
k=0

(
2k
k

)2
8k
≡ −

p−1∑
k=0

(
2k
k

)2
(−16)k

(mod p3).

�ö[FFA 22(2013)]é�êp ≡ 3 (mod 4)y²


p−1∑
k=0

(
2k
k

)2
8k
≡ −

p−1∑
k=0

(
2k
k

)2
(−16)k

≡ (−1)(p+1)/42p
/((p + 1)/2

(p + 1)/4

)
(mod p2).

ß�9.19 (2010c3�13F) �p > 5��ê, K∑
p/2<k<p

(
2k
k

)2
k16k

≡ −21

2
Hp−1 (mod p4).

�p3��<yL. fIRy¢
ß�9.15(i), 9.16, 9.19�.

(1) G.-S. Mao, Supercongruences involving products of two binomial

coefficients modulo p4, arXiv:2201.06951. (2) G.-S. Mao, Proof of two

congruence conjectures of Z.-W. Sun arXiv:2304.04548.
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ß�9.24�g�y²

ß�9.24 (2019c) (i) éuε ∈ {±1}�l ,m, n ∈ Z+, õ�ª

1

n

n−1∑
k=0

εk(2k + 1)2l−1
k∑

j=0

(
−x

j

)m(x − 1

k − j

)m

´��õ�ª.

(ii) é?Ûl , n ∈ Z+, õ�ª

(2l − 1)!!

n2

n−1∑
k=0

(2k + 1)2l−1
k∑

j=0

(
−x

j

)2(x − 1

k − j

)2

´��õ�ª.

1�^3m = 2��/�1�^3l = 1��/�H��)

û, ���/�g�¤y². e¡ù�y²
ß�9.24(ii).

Wei Xia, Proof of a conjecture of Sun and its extension by

Guo, Ramanujan J. 62 (2023), 617–631.
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�9Franelê�Ó{ªß�

Ãfn =
∑n

k=0

(
n
k

)3
(n ∈ N)��Franelê.

ß�9.45 (2011c3�9F) ��êp�3{1, K

p−1∑
k=0

fk
2k
≡

p−1∑
k=0

fk
(−4)k

(mod p3).

XJ�p = x2 + 3y2 (Ù¥x , y ∈ Z�3 | x − 1), Kk

x ≡ 1

4

p−1∑
k=0

(3k + 4)
fk
2k
≡ 1

2

p−1∑
k=0

(3k + 2)
fk

(−4)k
(mod p2).

éu�êp = x2 + 3y2 (Ù¥x , y ∈ Z�3 | x − 1), �ö[JNT

133(2013)]y²

∑p−1

k=0
fk
2k
≡
∑p−1

k=0
fk

(−4)k ≡ 2x − p
2x (mod p2).

ß�9.45�fIR�4ýy¢. fIR�y²
�'�ß�9.47(i).

G.-S. Mao and Y. Liu, On two congruence conjectures of Z.-W. Sun

involving Franel numbers, Proc. Roy. Soc. Edinburgh Sect. A, to appear.
14 / 30



ß�9.49�9.93�4Vçy²

5g|ÜOê�Motzkinê/XMn :=
∑bn/2c

k=0

( n
2k

)
Ck

(n ∈ N), Ù¥Ck =
(2k
k

)
/(k + 1)�Catalanê.

ß�9.49�9.93 (2010c6�9F) ?��êp > 3, ·�k

p−1∑
k=0

M2
k ≡ (2− 6p)

(p

3

)
(mod p2),

�k
∑p−1

k=0 TkMk = 4
3

(p
3

)
+ p

6

(
1− 9

(p
3

))
(mod p2).

�<[Adv. Appl. Math. 136 (2022)]®yé�êp > 3kÓ{

ª
∑p−1

k=0(2k + 1)M2
k ≡ 12p

(p
3

)
(mod p2).

4Vçy¢
þãß�§y²�~qJ§'��Ñu:´|

^ð�ªMn =
∑n

k=0(−1)n−k
(n
k

)
Ck+1.

Ji-Cai Liu, Supercongruences involving Motzkin numbers and

central trinomial coefficients, Proc. Edinburgh Math. Soc., to

appear. See also arXiv:2208.10275. 15 / 30



ß�9.50�oA�û�my²

�<Ú\aquMotzkinê��a#êµ

Wn :=

bn/2c∑
k=0

(
n

2k

) (
2k
k

)
2k − 1

(n ∈ N).

ß�9.50 (2017c11�14F)

(i) ?���ên, ·�k

n−1∑
k=0

(8k + 9)W 2
k ≡ n (mod 2n).

(ii) éuÛ�êp, ·�k

1

p

p−1∑
k=0

(8k + 9)W 2
k ≡ 24 + 10

(
−1

p

)
− 9

(p

3

)
− 18

(
3

p

)
(mod p).

oA�û�m|^ÎÒO���©�{y²
dß�.

Na Li and Qing-Hu Hou, Reduction on the congruences of

partial sums of P-recursive sequences, arXiv:2312.13613.
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ß�9.67�Ûá+y²

Zagierê/X

Zn :=
n∑

k=0

(
n

k

)(
2k

k

)(
2(n − k)

n − k

)
(n = 0, 1, 2, . . .).

ß�9.67 (2011c12�7F) éuÛ�êp, ·�k

p−1∑
k=0

kZk

8k
≡
(

1−
(
−1

p

))
p2−

(
3 + 2

(
−1

p

))
p3qp(2) (mod p4),

Ù¥qp(2) = (2p−1 − 1)/p (Fermatû).

dßÿ��<�Æ)Ûá+¤y²§�{þ|^
Zagierê

�4í'X

(n + 2)2Zn+2 − 4(3(n + 1)(n + 2) + 1)Zn+1 + 32(n + 1)2Zn = 0.

Ûá+, �9WZ�{�Zagierê�Ó{ª§H®�Æa¬Æ

 Ø©, 2022. 17 / 30



ß�10.59(i)�10.60�Charlton�<y²

-Hn =
∑

0<k6n
1
k (n = 0, 1, 2, . . .), β(4) =

∑∞
k=0

(−1)k
(2k+1)4

.

ß�10.59(i) (2014c11�21F) ·�k?ê�ª

∞∑
k=0

(2k
k

)
(2k + 1)2(−16)k

(
5H2k+1 +

12

2k + 1

)
= 14ζ(3).

ß�10.60 (2014c11�21F) ·�k?ê�ª

∞∑
k=0

(2k
k

)
(2k + 1)316k

(
9H2k+1 +

32

2k + 1

)
= 40β(4) +

5

12
πζ(3).

ùü�ßÿ�5g¥{=��Ê êÆ[éÃ¦^È©�¼

ê�§¤y¢.

Steven Charlton, Herbert Gangl, Li Lai, Ce Xu and Jianqiang

Zhao, On two conjectures of Sun concerning Apéry-like series,

Forum Math. 35 (2023), no. 6, 1533–1547.
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ß�10.62�10.63�Mü�ëèry²

�7'�φ =
√
5+1
2 ≈ 1.618 . . . .

ß�10.62 (2014c11�29F) ·�k
∞∑
k=1

L2k

k2
(2k
k

) (1

k
+

1

k + 1
+ · · ·+ 1

2k

)
=

41ζ(3) + 4π2 log φ

25
,

Ù¥LucasêL0, L1, L2, . . .Xe�Ñ: L0 = 2, L1 = 1,

�Ln+1 = Ln + Ln−1 (n > 1).

ß�10.63 (2014c12�7F) ·�k
∞∑
k=1

vk

k2
(2k
k

) (1

k
+

1

k + 1
+ · · ·+ 1

2k

)
=

124ζ(3) + π2 log
(
55φ6

)
50

,

Ù¥v0 = 2, v1 = 5, �vn+1 = 5(vn − vn−1) (n > 1).

ùü�?ê�ª�Mü�ëèr^È©�{y².

C. Xu and J. Zhao, Sun’s three conjectures on Apéry-like sums involving

harmonic numbers, J. Comb. Number Theory 12 (2020), 209–216. 19 / 30



ß�10.68���)û

ß�10.68 (2014c11�26F). (i) ·�k?ê�ª
∞∑
k=0

(2k
k

)
(2k + 1)8k

( ∑
06j<k

(−1)j

2j + 1
− (−1)k

2k + 1

)
=−

√
2

16
π2.

(ii) �p�Û�ê, K

p−1∑
k=(p+1)/2

(
2k
k

)
(2k + 1)8k

( ∑
06j<k

(−1)j

2j + 1
− (−1)k

2k + 1

)
≡

(−1p )

16
Ep−3

(
1

4

)
(mod p).

dßÿ1�^�John M. Campbell32022cy², 1�^�

fIRy².

John Campbell, On a problem concerning alternating odd

harmonic numbers, hal-03651744, 2022.

G.-S. Mao, On some congruences involving Apéry-like

numbers and harmonic numbers, 10.13140/RG.2.2.12985.17760.
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ß�10.77(i)�10.78(i)¥?ê�ª�«<�y²

ß�10.77(i) (2014c8�12F) ·�k?ê�ª
∞∑
k=1

48k

k(2k − 1)
(4k
2k

)(2k
k

) =
15

2

∞∑
k=1

(k3 )

k2
.

ß�10.78(i) (2010c4�5F) ·�k?ê�ª
∞∑
k=1

(28k2 − 18k + 3)(−64)k

k5
(2k
k

)4(3k
k

) = −14ζ(3).

ùü�?ê�ª�K. C. Au («<�)|^�AÛ?ê

�WZ�{¤y².

Kam Cheong Au, Multiple zeta values, WZ-pairs and infinite

sums computations, arXiv:2212.02986, 2022.

ß�10.53-10.76¥�9NÚê�?ê�ªÑ®�y¢
§�

�¢3�Ñd«<�)û.
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ß�11.1�11.17�ÁLuy²

ß�11.1 (2013c9�7F) �½��ên 6= 2, 4,

k0, 1, . . . , n��ü�i0, i1, . . . , in¦�i0 = 0, in = n, �

i0 + i1, i1 + i2, . . . , in−1 + in, in + i0

�n ± 1Ñp�.

�ö®yß�11.13n��Ûê�¤á.

ß�11.17 (2013c10�2F) �n > 1�Ûê, Kk�n{z�

{X¥������ü�(a1, . . . , aϕ(n))¦�

{a1 − a2, a2 − a3, . . . , aϕ(n)−1 − aϕ(n), aϕ(n) − a1}

�´�n�{z�{X.

dßÿ3n�Û�ê�g�����|^�n���5`².

ÁLu, H®�Æ��.�Ø©, 2022. (y²
þü�ßÿ)
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ß�11.22�HÆ��<y²

ß�11.22 (2021c8�) �n > 1��ê§ζ���ngü 

�"

(i) XJn�óê§K∑
τ∈D(n)

n∏
j=1

1

1− ζ j−τ(j)
=

((n − 1)!!)2

2n
=

n!

4n

(
n

n/2

)
,

ùpD(n) := {τ ∈ Sn : éj = 1, . . . , nÑkτ(j) 6= j}.
(ii) XJn�Ûê§K∑

τ∈D(n−1)

n−1∏
j=1

1

1− ζ j−τ(j)
=

1

n

(
n − 1

2
!

)2

,

� ∑
τ∈D(n−1)

sign(τ)
n−1∏
j=1

1

1− ζ j−τ(j)
=

(−1)
n−1
2

n

(
n − 1

2
!

)2

.
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ß�11.22�HÆ��<y²

þãßÿ�HÆ��<y²§¦�¦^
eãÍ¶(J(ë

�P.B. Denton�<[Bull. AMS 59 (2022)]).

A��þ-A��ð�ª �A´Eê�þ�n�HermiteÝ
§

Ùn�¢A���λ1, . . . , λn. q���þvn = (vn,1, . . . , vn,n)T´

A��λn�A�A��þ§�Ù�ê‖vn‖ =
√∑n

j=1 |vn,j |2�1.

?·1 6 j 6 n, 4Aj�lA¥í�1j1�1j�¤��HermiteÝ


, ¿�λj ,1, . . . , λj ,n−1 �Aj�n�¢A��. @o, ·�k

|vn,j |2
n−1∏
k=1

(λn − λk) =
n−1∏
k=1

(λn − λj,k).

X. Guo, X. Li, Z. Tao, and T. Wei. The eigenvectors-eigenvalues

identity and Suns conjectures on determinants and permanents.

Linear Multilinear Algebra, published on line.

https://doi.org/10.1080/03081087.2023.2172380.
24 / 30



�9ÈÚª�ß�11.23(i)

�þ�
A = [aj ,k ]16j ,k6n�ÈÚªXe�Ñ:

per(A) = per[aj ,k ]16j ,k6n =
∑
σ∈Sn

n∏
j=1

aj ,σ(j).

ß�11.23(i) (2021c8�) é?ÛÛ�êp, ·�k

per[|j − k |]16j ,k6p ≡ −
1

2
(mod p)

�

per[|j − k + 1|]16j ,k6p ≡
1

2
(mod p).

ë�¸��º|^
��+��Ý�day²
ù�ßÿ"

Yue-Feng She and Han Wang, On some Toeplitz-type

matrices over finite fields, Finite Fields Appl., 91 (2023), Article

No. 102268.
25 / 30



ß�11.24��º����y²

ß�11.24 (2021c8�31F) �n > 1�Ûê§ζ���ngü

 �. K∑
τ∈D(n−1)

sign(τ)
n−1∏
j=1

1 + ζ j−τ(j)

1− ζ j−τ(j)
= (−1)

n−1
2

((n − 2)!!)2

n
.

dßÿ¥Ù¥�ª3ζ = e2πi/n ��du

det[aj ,k ]16j ,k6n−1 =
((n − 2)!!)2

n
,

ùpaj ,k3j 6= k���cotπ j−k
n , 3j = k���0.

�º����|^A��þ-A��ð�ªy²
dßÿ"

Han Wang and Zhi-Wei Sun, Proof of a conjecture involving

derangements and roots of unity, Electron. J. Combin. 30 (2023),

no. 2, Paper No. 2.1, 10 pp.
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'udetMp�ß���o��Î°�y²

ß�11.27 (2018c9�13F) �p�Û�ê, 4MpL«

r[( i−jp )]06i ,j6(p−1)/2 �1�1���¤1 ¤��p+1
2 ��
, ¿

4NpL«r[( i−jp )]16i ,j6(p−1)/2�1�1���¤1¤��p−1
2 �

�
. K

det Mp = (−1)b
p+3
4 c det Np =

(−1)
p−1
4 XJp ≡ 1 (mod 4),

(−1)
h(−p)−1

2 XJp > 3�p ≡ 3 (mod 4),

Ù¥h(−p)L«J�g�Q(
√
−p)�aê.

2024c�o��Î°�|^�êêØ!�5�ê�GaussÚ

y²
'udet Mp�ßÿ, 'udet Np�ßÿE�)û.

Li-Yuan Wang and Hai-Liang Wu, A conjecture of Zhi-Wei Sun on

determinants of certain Legendre matrices, arXiv:2401.05853.
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ß�11.32�Î°��<y²

ß�11.32 (2018c12�) ?��ê p > 39Ø� p�Ø��

ê d , é

D(d , p) :=

∣∣∣∣(i2 + dj2)

(
i2 + dj2

p

)∣∣∣∣
16i ,j6(p−1)/2

·�k(
D(d , p)

p

)
=

(dp )
p−1
4 XJp ≡ 1 (mod 4),

(dp )
p+1
4 (−1)

h(−p)−1
2 XJp ≡ 3 (mod 4),

Ù¥h(−p)L«J�g�Q(
√
−p)�aê.

Î°�!ë�¸��o�y²
dßÿ"

H.-L. Wu, Y.-F. She and L.-Y. Wang, Cyclotomic matrices

and hypergeometric functions over finite fields, Finite Fields Appl.

82 (2022), Article ID 102054, 15 pp.
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ß�13.3�13.4�gk��Ü�Vy²

ß�13.3�13.4 (2014c8�30F) én = 1, 2, 3, . . ., -

an =
1

n

n−1∑
k=0

(
n−1
k

)2(n+k
k

)2
4k2 − 1

, bn =
1

n3

n−1∑
k=0

(3k2+3k +1)

(
n − 1

k

)2(
n + k

k

)2

.

K(an+1/an)n>3�(bn+1/bn)n>1Ñî�4Oªu4�17 + 12
√

2,

�S�( n+1
√

an+1/ n
√

an)n>2�( n+1
√

bn+1/
n
√

bn)n>1Ñî�4~ª

u1.

�<[Colloq. Math. 154 (2018)]®y(an)n≥1�(bn)n>1Ñ´�

êS�.

gk��Ü�V^ÎÒO��)Û�{y²
ùü�ßÿ"

Ernest X.W. Xia and Zuo-Ru Zhang, On the log-concavity of

the n-th root of a sequence, J. Symbolic Comp., to appear. See

also arXiv:2112.12427.
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