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ABSTRACT. In the first section we review the beautiful combinatorial the-
ory of Ramsey as well as the history of Szemerédi’s theorem. In Sec-
tion 2 we give a sketch of Ruzsa’s modern proof of Freiman’s theorem
on sumsets which plays an important role in Gowers’ quantitative proof
of Szemerédi’s theorem. In the last section we deduce Roth’s theorem
(Szemerédi’s theorem in the case k=3) from the Triangle Removal Lemma
(in graph-theoretic language) which is an application of Szemerédi’s Reg-
ularity Lemma (a powerful tool in graph theory), and show the Balog-
Szemerédi-Gowers theorem by a graph-theoretic method.

1. INTRODUCTION TO RAMSEY’S THEORY AND SZEMEREDI’'S THEOREM

Pigeon-hole Principle or Dirichlet’s Principle. If we put at least
n+1 objects into n drawers where n € Z+ = {1,2,...}, then some drawer

contains at least two objects.

Note that a distribution of all elements of a set A into n drawers corre-
sponds to an ordered partition A = A;U---UA, with Ay,..., A, pairwise
disjoint. We may also call such a partition an n-coloring of A with elements

in A; colored the 7th color.
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Applying the pigeon-hole principle, Erdés and Szekeres proved that any
sequence of real numbers with mn+ 1 terms contains a monotonic increas-
ing subsequence of m + 1 terms or a monotonic decreasing subsequence of
n + 1 terms.

An ordered partition A;U---UA,, of a set A corresponds to an ordered
partition Ay U---U A, of A= {{z}: 2 € A} where A; = {{z} : z € A;}.
We call a subset of A with cardinality r an r-subset of A.

The following deep generalization of the Pigeon-hole principle was ob-
tained by F. P. Ramsey in 1930 in his paper “On a problem of formal logic”
in which he aimed to prove a logical result which is actually impossible by

an undecidable result of Godel.

Ramsey’s Theorem (Ramsey, 1930). Letr > 0 and q1,... ,q, = 7 be
integers. If S is a set with |S| large enough and we arbitrarily distribute
all r-subsets of S into n ordered drawers, then for some 1 < i < n the set

S has a q;-subset whose all r-subsets lie in the ith drawer.

A Sketch of the Proof. In the case n = 1 it suffices to let |S| > ¢;.

Now we handle the case n = 2. If r = 1 then it suffices to let |S| >
q1 +q2 — 1. If r > 1 and the result holds for smaller values of r, then by
induction on ¢; + g2 we can prove the desired result for r.

If the desired result holds for a fixed n > 2. Then we can prove the
desired result for n + 1 by using the induction hypothesis together with

the case n = 2 that we have handled. O

Given integers q1, ... ,q, = r > 1, the Ramsey number R,.(q1,... ,qy) is
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the smallest positive integer such that however we distribute all r-subsets
of a set S with |S| > R,(q1,.-.,qn) into n ordered drawers there exists
1 < 7 < n such that S has a ¢;-subset whose all r-subsets lie in the ith
drawer.

Ramsey’s theorem in the special case r = 1 and ¢y = --- = ¢, = 2

reduces to the Pigeon-hole principle. It is easy to see that
Ri(qr,-o ) =1+ + ¢ —n+1

It was P. Erd6s who first recognized the importance of Ramsey’s the-
orem. Roughly speaking, Ramsey’s theorem indicates that complete dis-
order is impossible. In 1935 Erdos and Szekeres proved that if ¢1,q2 > 2

then

-2
Ro(q1,q2) < (Q1 + >

@ —1
In 1947 Erdés showed that Ra(q,q) > 2™/2 and his probability method
greatly influenced the later development of combinatorics.

It is difficult to determinate exact values of Ramsey numbers. It is

known that

R2(373) = 67 R2(374) = 97 R2(375) = 147 R2(376) = 187

Ro(3,7) = 23, Ra(3,8) = 28, Ra(3,9) = 36, Ro(4,4) = 18, R(4,5) = 25

and cin?/Inn < Ra(3,n) < con?/Inn (Shearer (1983) and Kim (1995))
Also,

R2(3,3,...,3) < |nle] +1 (Greenwood and Gleason).
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Erdés-Szekeres Theorem (Erdds-Szekeres, 1935). Let m > 3 be a posi-
tive integer. Given sufficiently many points in a plane no three of which are
co-linear, we can select m of them so that they generate a convex polygon

with m sides.

Proof. Suppose that we are given n > R4(5,m) points P;,..., P, in a
plane no three of which are co-linear. Put a 4-subset {P;, P;, Py, P} of
S={P,...,P,} into a “concave” drawer or a “convex” drawer according
as P, Pj, Py, P, are vertices of a 4-sided concave polygon or a 4-sided
convex polygon. As n > Ry4(5,m), either there is a 5-subset of S whose all
4-subsets are in the concave drawer, or there is an m-subset of S whose all
4-subsets are in the convex drawer. It can be easily shown that the former
case cannot happen, and in the latter case the m points in .S generate an
m-sided polygon. [

Let ES(m) denote the minimal number of points that are needed to
guarantee the result in the above theorem. Erdés and Szekeres showed

that

om — 4
2m—2+1<ES(m)<<m >+1
m — 2

and they conjectured that ES(m) = 2™~2 4+ 1. This famous conjecture

remains open.

Schur’s Theorem (Schur, 1916). If we distribute 1,... ,|nle] into n

drawers, then some drawer contains certain x,y,z with x +y = z.

Proof. For k =1,... ,n, let Ay be the set of integers contained in the kth
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drawer and set
A ={{i,7}: 1<i<j<|[nle]+1andj—ie A}

Then Ay, ..., A, are pairwise disjoint and their union consists of all the
2-subsets of S = {1,...,|nle] +1}. As |S| > R2(3,...,3), there is a
3-subset {a,b,c} (a < b < ¢) of S such that {a,b}, {b,c},{a,c} belong to

the same Aj. Thus
r=b—a€ A, y=c—be A, and z=c—a € Ai.

Note that 1 < z,y,z < |nle] and x + y = z. We are done. [
In 1927 van der Waerden established the following result conjectured

by Schur, this contribution made him famous as a young mathematician.

van der Waerden Theorem. For any positive integers k and m, if n
1s sufficiently large and we distribute 1,... ,n into k drawers, then some

drawer contains an AP (arithmetic progression) with m terms.

In 1933 R. Rado, one of Schur’s students, proved the following theorem
which includes both Schur’s theorem and van der Waerden’s theorem as

special cases.

Rado’s Theorem. Let A = (aij)1<i<m,1<j<n be a matriz with a;; € Z.
Then the equation A(zy,...,x,)T = 0 is partition reqular (i.e., however
we distribute all positive integers into finitely many drawers the equation
always has a solution with x1,... ,x, in the same drawer), if and only

if we can renumber the column vectors of A so that there are integers
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1< ny <ng <--- < ng=n for which the sum of the first ny (1 < k <)
column vectors 1s a rational linear combination of the first np_1 column

vectors, where we set ng = 0.

For ay,...,a, € Z™ with m > 2, we define the two-color Rado num-
ber R(ay,...,a,) to be the least positive integer N such that for ev-
ery 2-coloring of the set [1,n] = {1,...,n} with n > N there exists a

monochromatic solution to the equation ajx1 + - -+ + amx.,, = x¢ with
xoy- .- T € [1,n].
In 2005 S. Guo and Z. W. Sun [J. Combin. Theory Ser. A, to appear]

determined the exact value of R(a1,... ,am).

A Result of S. Guo and Z. W. Sun (conjectured by B. Hopkins

and D. Schaal). For any ay, ... ,a, € ZT with m > 2, we have
R(ay,... ,am) = av* +v—a,
where
a=min{ay,... ,an} and v=ay+ -+ ap.

Shelah’s Pigeon-hole Principle. Let k,m,n € ZT and m > f(n,k),
where f(1,k) =k+1 and f(j+1,k) = KGR 41 for §=1,2,.... Then,

for any k-colorings c1,... ¢, : [1,m]*™ — [1,k], there are 1 < a; < by <
m,...,1 <a, <b, <m such that
cj(al,bl,... ,aj,l,bj,l,aj,aj,aj+1,bj+1,... ,an,bn)
(*)
:cj(al,bl,... ,aj_l,bj_l,bj,bj,aj+1,bj+1,... ,an,bn)

forallj=1,... n.
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Proof. We use induction on n.

In the case n = 1, as [{(a,a) : a € [I,m]} = m > f(1,k) > k,
by the usual pigeon-hole principle there are 1 < a < b < m such that
c1(a,a) = c1(b,b).

Now let n > 1 and assume the desired result for n. Let m > f(n +
1,k) > kS (k)" and C1,...,Cne1 be mappings from [1,m]?"*2 to [1,k].

For a,b € [1,m] we define ¢, : [1, f(n, k)]*™ — [1,k] by
Cap(@1,b1,... ,an,by) = cpyi(as,br,... an,by,a,b) €1, k|

Since

m > kR 1 f(n B2 — 1, KDY,

by the pigeon-hole principle there are 1 < a,41 < b1 < m such that

Canirsanss = Cbpir,bniss 1-€., for any aq, by, ... an,b, € [1, f(n, k)] we have
Cnt1(a1, b1, ... s Qn, by, apy1,Gna1) = Cnar1(a1,01, .o @y by brgt, bpst).
For j =1,...,n define ¢} : [1, f(n, k)™ — [1,k] by
(w1, xan) = ¢i(@1, - -+ Ton, Gng1, bug1)-

By the induction hypothesis, there are 1 < a1 < by < N(n,k),...,1

N

an < by, < f(n, k) such that whenever 1 < j < n we have

/

cj(al,bl, e ,aj_l,bj_l,aj,aj,aj+1,bj+1, e ,an,bn)

/
=c;(a1, b1, ;a5-1,b5-1,05,b5,a511,b541,- .., an, by),
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ie.,

cj(ar,br, ... a;-1,b;-1,0a5,a;,a;41,bj41,... ,nt1,bny1)
=cj(ay,b1,...,a;-1,bj_1,b;,b5,a;41,bj41, ..., Gnt1,bp41).
Note that f(n,k) < f(n+1,k) <m (f(n,k) =2 if Kk =1). So the desired
result for n 4 1 follows from the above. [
For n,k € Z* we define the Shelah number S(n,k) to be the smallest
m € Z* such that for any c1,... ¢, € [1,m]*™ — [1, k] there are 1 < a; <
by <m,...,1 <a, <b, <m such that (x) holds for all j =1,... ,n. By

Lemma 2.1 and its proof, S(n, k) < f(n, k); furthermore,
S(1,k)=k+1 and S(n+1,k) < k5P 41,
Let S be a finite nonempty set. A combinatorial line in S™ has the form

L ={(z1,...,x,) € S™: all those x; with ¢ € I are equal,

and those x; with j & I are fixed},

where I is a nonempty subset of [1, n].
In 1963 Hales and Jewett established a Ramsey-type result which stripes
the van der Waerden theorem of its unessential elements and reveals the

heart of Ramsey Theory.

Hales-Jewett Theorem. For any m,k € Z% if n € Z" is large enough
then for every k-coloring of [1,m|™, [1,m]™ contains a monochromatic

combinatorial line.
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Denote the smallest n in the Hales-Jewett theorem by HJ(m, k). In

1988 Shelah used his pigeon-hole principle to show that
HJI(m+1,k) < HJ(m, k)8 (HJI(m, k), k0"

which yields the first primitive upper bound for H.J(m, k).
Proof of the van der Waerden Theorem from the Hales-Jewett

Theorem. Let h = HJ(m, k). For z1,... ,x, € [1,m] define

h—1

Flay,...,zn) =14 (z;—1)m

i=1
Then F is a one-to-one correspondence between [1,m]" and [1,m"]. Any
distribution of 1,... ,m” into k drawers corresponds to a distribution of k-
coloring of [1,m]". By the Hales-Jewett, [1,m]" contains a monochromatic

combinatorial line
{(x1,...,25) € [L,m]" : those z; with i € I are equal, z; = a; for j € I},

where () ## I C [1,h] and a; € [1,m] for j € I = [1,h] \ I. Thus, those
numbers
1+Z = 1)mi™ 1—|—Z (z—1m"™ (x=1,...,m)
jGI el

lie in the same drawer. In other words, some drawer contains the arith-

metic progression a,a +d,... ,a + (m — 1)d, where
a—1+z —1)m/~! and d= Zm
jer i€l

We are done. [
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Erdos-Graham Conjecture proved by Croot. If we distribute all in-
tegers greater than one into n drawers, then some drawer contains integers

L1y Ty with Y e 1)z =1,

Here we pose a general conjecture from which Croot’s result follows

immediately.

A Conjecture of Z. W. Sun (Jan. 28, 2007). If A is a subset of
{2,3,...} with positive upper (asymptotic) density, then there are finitely

many distinct elements a; < -+ < am, of A with Y, 1/a = 1.

The following deep result conjectured by P. Erdés and P. Turan in 1936,

implies the van der Waerden theorem.

Szemerédi’s Theorem. Let 0 < § < 1 and k € {3,4,...}. Then there
is N(k,d) such that if n > N(k,0) and A C [1,n] with |A| > dn then A

contains an AP of length k.

In 1956 K. Roth proved this result for £ = 3 by the circle method in
analytic number theory. In 1969 E. Szemerédi handled the case k = 4 by
a combinatorial method. The case of general k was settled by Szemerédi
in 1975 in a paper which was regarded as “a masterpiece of combinatorial
reasoning’ by R. L. Graham. In 1977 H. Furstenberg used ergodic theory
to give a new proof of Szemerédi’s theorem. In 2001 W. T. Gowers em-
ployed Fourier analysis and combinatorics (including Frieman’s theorem
on sumsets) to reprove the theorem with explicit bounds.

Here are the best known bounds for N(k,¢):
,2k+9

dosUT < Nk sy < 2P
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where the lower bound is due to Behrend (for k¥ = 3) and Rankin (1962),
and the upper bound is due to Gowers (2001). In 1999 J. Bourgain showed
that N (3,8) < ¢d  los(1/9),

Szemerédi’s theorem plays an important role in the proof of the follow-

ing celebrated result.
Green-Tao Theorem. There are arbitrarily long APs of primes.

The following difficult conjecture includes both Szemerédi’s theorem

and the Green-Tao theorem as special cases.

Erdés-Turan Conjecture. Let a1 < as < --- be a sequence of posi-
tive integers with Y. 1/a, divergent. Then, for any k = 3,4,... the

sequence has a subsequence which is an AP of length k.

In my opinion this conjecture might be too strong to hold. I'd like to
modify this conjecture as follows: If a1 < as < --- is a sequence of positive

integers with >~ 1/a, = oo and >, ;1/a; ¢ Z* for any finite subset I

iel

of Z™, then the sequence contains arbitrarily long APs.

2. RuzsA’sS APPROACH TO FREIMAN’S THEOREM ON SUMSETS

Let Aq,..., A, be subsets of an abelian group. We define the sumset
Ai+- 4+ A, ={a1+-+ay,: a1 €A,...,a, € Ay}
and denote it by nA if A; =--- = A, = A. It can be easily showed that

n
|A1+"'+An|>Z|Ai|_n+1a
i=1
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and equality holds if and only if Aq,..., A, are arithmetic progressions
with the same common difference.
The following deep result of G. Freiman on sumsets first appeared in a

paper of Freiman in 1964 and then in his 1966 monograph.

Freiman’s Theorem. Let A be a finite nonempty subset of Z with |2A| <

c|A|. Then A is contained in an n-dimensional AP

Q=Q(a;q1,... ,qnil1,... ) ln) ={a+z1q1 + -+ Tngn : 0< 2 <U;}}

with |Q| < | A|, where ¢ and n only depend on c.

The n-dimensional AP @ mentioned above is said to have length [(Q) =
ly---1,, and it is called proper if |Q| = 1(Q).

Since Freiman’s theorem plays a crucial role in Gowers’ quantitative
proof of Szemerédi’s theorem, in this section we will present a sketch of
Rusza’s modern approach to Freiman’s theorem.

Given a finite sequence (4;)!", of sets, if a; € A;,...,a, € A, and
a; # a; for all 1 <i < j < n, then we call the sequence (a;)}_; an SDR

(system of distinct representatives) of (A;)I .

Hall’s Theorem (P. Hall, 1935). Let Ai,..., A, be sets. Then (A;)!,

has an SDR if and only if |\U,.; Ai| = |I| for all I C [1,n].

iel

A natural induction proof of Hall’s theorem was given by Z. W. Sun in
2001. Hall’s theorem is very important in discrete mathematics, it reveals

the fundamental combinatorial min-max relation.
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Defect Form of Hall’s Theorem. Let Aq,..., A, be sets. Then

max{|J|: J C[1,n] and (A;);es has an SDR}

An undirected graph G consists of the vertex set V(G) and the edge set
E(G) (with V(G)NE(G) = 0), and each edge in F(G) is an unordered pair
{u,v} with u,v € V(G). To make the structure intuitive we use points
in the plane to represent vertices in V(G) and join v and v if {u,v} is an
edge.

For an undirected graph G = (V, E), if there are disjoint subsets X and
Y of V= V(@) such that X UY = V and each edge e € E = E(G) has
one endpoint in X and another endpoint in Y, then we call G a bipartite
graph with vertex classes X and Y. A matching from X to Y in such a
bipartite is a set of |X| disjoint edges.

Let Ay,..., A, be finite sets and write |J_; 4; = {a1,... ,am}. We
make a bipartite graph G with vertex classes V3 = {41,... ,A,} and V5 =
{a1,... ,an} by joining A; and a; if a; € A;. Thus we can reformulate

Hall’s theorem as follows.

Hall’s Matching Theorem. Let G be any bipartite graph with vertex
classes X and Y. Then G has a matching from X to Y if and only
if I0(S)| = |S| for all S C X, where T'(S) = {y € Y : (x,y) €
E(G) for some x € S}.

In a directed graph, each edge has a direction. For two distinct vertices

u,v in a directed graph G, a path from u to v is a sequence of distinct
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vertices vg = u, v1,...,v = v with (vg,v1),...,(vi—1,v) € E(G), and 1
is called the length of the path. Two paths from u to v are independent if
no vertex other than v and v occurs in both paths.

In 1927 Menger discovered the following fundamental result in graph

theory.

Menger’s Theorem. Let G be a directed graph, and let a,b € V(G) be
distinct vertices with (a,b) &€ E(G). Then the mazximal number of inde-
pendent paths from a to b is the smallest positive integer | such that there
is a set S C V \ {a,b} with |S| = | which separates a and b (i.e., every

path from a to b contains at least one vertex in S).

Menger’s theorem is actually equivalent to Hall’s theorem.
Proof of Hall’s Matching Theorem from Menger’s Theorem. Join
a new vertex a to all elements of X and a new vertex b to all elements
of Y to form a new graph G’. Suppose that S C V(G') \ {a,b} = X UY
separates a and b, and |['(T)| > |T'| for all T C X. Then

1SNY| > [I(X\9)|>[X\S]
and hence
IS|=1SNX|+[SNY|=|SNX|+|X\S|=|X]

Thus, by Menger’s theorem, there are |X| independent paths from a to b.
This yields a matching in G. 0O

Let G = (V, E) be a directed graph. Suppose that there is a partition
V =VoUWVU---UV, sothat E C U, (Vi_1 x V;). Then we call G a
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directed graph of level h. Such a graph G is called a Plinnecke graph of
level h if it has the following properties:

(a) Suppose that 1 < i < h, u € V;_1, v € V;, wy,... ,wp € Viyq
are distinct, and (u,v), (v,w1),...,(v,w;) € E. Then there are distinct

v1,...,vx € Vi such that (u,v;), (v, w;) € Eforalli=1,... k.

(b) Suppose that 1 < ¢ < h, uq,...,u; € V;_1 are distinct, v € V},
w € Vi1, and (ug,v), (ug,v),..., (ug,v), (v,w) € E. Then there are
distinct vy, ... , v, € V; such that (u;,v;), (v;,w) € E foralli =1,... k.

In 1969 Pliinnecke obtained the following important result.

Pliinnecke’s Inequality. Let G be a Plinnecke graph of level h > 1.
Then we have

Dy >Dy* > =D/

Y

where D; s the ith magnification ratio

o [imy (X))
D;(G) = f —
(@) @;él)?gvo | X |

with

im;(X) ={veV,: G contains a path from some v € X to v}.

The proof of Pliinnecke’s inequality involves Menger’s theorem and the

following technical lemma.

A Lemma for Pliinnecke’s Inequality. (i) If G and H are directed
graphs of level h, then D;(G x H) = D;(G)D;(H) fori=1,...,h, where

the product graph G x H 1is defined in a natural way.
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(ii) Let G be a Plinnecke graph of level h with the partition V = Vi U
ViU---UV,. If (u,v) € E(G), then d*(u) > d*(v) and d~(u) < d~(v),
where

dt(v) = {w € V(G) : (v,w) € E(Q)}|

and

d (v) =|{w € V(G): (w,v) € E(G)}|.

If Dy, > 1 then there are |Vy| disjoint paths from vertices in Vy to vertices
m V.
Pliinnecke-Ruzsa Theorem. Let A and B be finite nonempty subsets of
an abelian group with |A+ B| < c|A|. Then for any k,l € N=1{0,1,2,...}
we have

kB — IB| < " A,

where we regard 0B as {0}.

Proof. As 0B—0B = {0}, the desired result is trivial in the case k = [ = 0.
Without loss of generality, below we assume that k£ </ and [ > 1.

Define a directed graph G = G 4 g of level [ as follows: V(G) = Ué:o Vi
with V; = A + iB (actually we should let V; = {i} x (A + iB) since those

{i} x (A+iB) (i=0,...,1) are pairwise disjoint), and
E(G) = {("UZ‘,UZ‘+1) c0<<i<h, v; €V, Vi1 € ‘/i-l-l and Vit1l — V; € B}

IfueVi_q,veV, wy,...,wy € Viyr, and (u,v), (v,wy),...,(v,w,) €

E(G), then, for any 1 < j < m, we have

vii=u+(wj—v) €Vici+ B=V; and (u,v;), (vj,w;) € E(G)
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since v; —u = w; —v € B and w; —v; = v —u € B. Similarly, if
Utyenw Uy € Vicy, v € Vi, w € Vigq, and (ug,v),. .., (upm,v), (v,w) €

E(G), then, for any 1 < j < m, we have
vji=uj+ (w—v)e Vi1 +B =V, and (uj,v;),(vj,w) € E(G)

since v; —u; = w—v € Band w—v; =v—u; € B. Thus G is a Plinnecke
graph of level .
If £ > 1, then by Pliinnecke’s inequality, there is ) # A’ C Vi = A such

that

. . k
[imy, (A"))] imi (A" _ [A+B[* _ 4
Al |A] Al

and thus |A’ + kB| < c¢¥|A'|. If k = 0, then we take A’ = A, and there

~ D(6) < DG < (

is ) # A” C A" = A with |A” +IB| < c!|A”| by the same argument.
Similarly, when 1 < k < there is ) # A” C A’ such that

1/k
4" + 1] A+ kBN e
7] 41

Let R,S,T be finite nonempty subsets of an abelian group. Each d €

= Di(Gar.5) < Di(Garp)* < <

S — T can be written as s(d) — t(d) with s(d) € S and t(d) € T. If
(r,d), (r',d") € Rx (S—=T) and (r+s(d),r+t(d)) = (' +s(d'),r" +t(d')),
then d = r 4+ s(d) — (r + t(d)) = ' + s(d') — (' + t(d")) = d’ and r =
r + s(d') — s(d) = . Therefore

|R|-|S—T| < |{(r+s(d),r+t(d)) : » € Randd € S—T}| < |R+S|-|R+T].
In view of the above, we have
|A”|-|[kB—1B| < |A"+kB|-|A" +1B| < |A'+kB|-|A" +1B| < *|A'||A”|

and hence |[kB — [B| < FHHA| < KA. O
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Ruzsa’s Analogue of Freiman’s Theorem for Torsion Groups. Let
G be a torsion abelian group every element of which has order not exceed-
ing r. Let A and B be finite nonempty subsets of G with |A + B| < c|A|.

Then B is contained in a subgroup of G whose order does not exceed

c2re’lAl/IB| A).

Proof. By the Pliinnecke-Ruzsa theorem, we have |B — B| < ¢?|A| and

2B — 2B| < *|A|.

Let W = {wy,... ,wi} be a maximal subset of 2B — B such that w; —
B, ... ,wi — B are pairwise disjoint. Then
k k
k|B\:Z]wi—B|: U(wi—B)‘<|(QB—B)—B|<C4|A\
i=1 i=1

and hence k < c¢*|4|/|B].
For any w € 2B — B, there is 1 < i < k such that (w—B)N(w; —B) # ()
and hencew e w;, — B+BCW+B—-B. So2B-BCW+B-—-B. It

follows that
3B—BCW+2B—-B C2W+B—-B, 4B—B C2W+2B—B C3W+B—-B

and so on. Thus, for any [ € Z", we have IB— B C (I—1)W + B — B C
H(W)+ B — B, where

HW) ={ziw1 + -+ zpwy : x1,...,25 € L}
={zyw1 + - Frpwp: 0<x; <r;<rfori=1,... k}

is the subgroup of G generated by W (and r; is the order of w;). Therefore
H(B)=U;2,(IB - B) C H(W) + (B — B) and hence

[H(B)| < |[H(W)|-|B - B| < rFe?|A] < 7 14/1P1c2| 4],
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We are done. [J
For any real number x, we define

{z} if {2} < 1/2,

|| =min|r —a| =
I an| | { 1 —{z} otherwise,

where {x} is the fractional part of x. For m € Z*, ry,... ,rp € [0,m — 1]

and € > 0, we call
ar; .
B (r1, ... ,rp;e) = {a—i—mZ: H—H Leforalli=1,... ,n}
m

a Bohr set.
In 1939 N. N. Bogolyubov established the following result via roots of

unity.

Bogolyubov’s Theorem. Let m > 2 be an integer and ) # A C Z,, =
Z/mZ. Then there are distinct ry,...,r, € [0,m — 1] with r; = 0 and

n < (m/|A|)? such that

1
B, (rl,... ,rn;Z) C2A —2A.

Proof. Write A = {ay + mZ,... ,ar + mZ} where ay,... ,a € [0,m — 1]
are distinct. For r € Z set

k

SA(?“> _ Z e27riasr/m.

s=1
For any g € Z, we assert that

m—1

g+mZe2A—2A < > [Sa(r)|*xr(9) #0,
r=0
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where x,(g) = €>™97/™ In fact, if we set Ag = {a1,...,ax} then

m—1

2

Sa(r)? Sa(r) xr(9)

<

=0
1

3

e27rz'(g—a—b—|—c—|—d)r/m
a,b,c,d€Ag

o

r=

m—1

Z e27rz'(g—a—b+c+d)'r/m

a,b,c,d€EAg T

=ml{(a, b, c,

-y
d)€ Ay: g=a+b—c—d (mod m)}|.

Let A = |A|/m € (0, 1], and set

R={re0,m—1]:|Sa(r)| = VAA|}

and

R ={re0,m—1]:]54(r)| < VAA}.

As SA(0) = |A] > VA|A|, we have 0 € R and |R’| < m. Observe that

3 rsA<r>\4xr<g>} < 3 (VAA?ISa(r)P

reR’ reR’

m—1

m—1
NAP S 8P =AAP S Y ermitamadr/m

r=0 r=0 a,a’ €Ay
=AY m = A",

(IGAO

Thus [A[*+R(>", cpr 154(r)[*xr(g)) > 0since R(z) > —|z| for any complex

number z.

For x € R, clearly

||| < = <= cos(2mz) > 0 <= R(2miz) > 0.

A~ =
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If r € Rand g € Z then |gr/m| < 1/4 <= R(x+(g9)) = 0. Let
r1,...,7y, be all the elements of R with r; = 0, and let g be an integer with
g+mZ € By(ri,... ,rp;1/4). Then R(x,,(g)) = 0forall j =1,... ,n

Therefore

(Zm (o)
S \SA<r>r4afe<xrj<g)>+|SA<0>|4+éR(Z \SA<r>r4xr<g>)

1<j<n reR’

>|A|4+ére(z 1S40 (9 >) -0,

reR’
So Z;n:_ol 1S4(r)|*x»(g) # 0 and hence g +mZ € 2A — 2A.
Finally we observe that
m—1 |A|2
A(VNAD? < 318400 < 3 [Sa () = A
reR r=0

and so n < A72 = m?/|A|%. This concludes the proof. [J

A Lemma obtained by Minkowski’s Second Theorem. Let m > 2
be an integer, and let ry,... ,r, € [0,m — 1] with ged(ry,... ,rn,m) = 1.

Then there is a proper n-dimensional AP Q C Z,, such that

1 m
C By (11, d _m_
Q C (rl r 4) and |Q| > @)

Let G and H be abelian groups, and let h > 2 be an integer. Let A C G
and B C H. A map ¢ : A — B is called a Freiman h-homomorphism if

we have
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whenever aq,al,... ,ap,a), € Aand a1 +---+ap, = aj +---+a). If

¢ : A — B is surjective and for any a;,a},...,an,a), € A we have
ar+--dap =i+ ta, = dlar)++dlan) = olay) +- -+ d(ay),

then we say that A is Freiman h-isomorphic to B via the Freiman h-

isomorphism ¢. Note that in this case ¢ is also injective since

¢(a) = ¢(d') = ¢(a) + (h = 1)¢(a) = ¢(a’) + (h — 1)¢(a)

=a+(h—1a=d+h-1)a=a=d.

When ¢ : A — B is a Freiman h-isomorphism, it can be shown that A
is a proper n-dimensional AP if and only if B is a proper n-dimensional
AP. This is the reason why Freiman introduced the concept of Freiman

h-isomorphism.

Ruzsa’s Reduction Lemma. Let A be a finite nonempty subset of 7Z,
and let h > 2 be an integer. Then, for any m > |hA—hA|, there is A’ C A

with |A’| = |A|/h such that A’ is Freiman h-isomorphic to a subset of Zy,.

Proof. Let p be a prime greater than maxhA — min hA. For each d €
(hA — hA)\ {0}, we have p{d and hence

aelp—1: mi{dah} = l{r e [Lp—1)s m|r} <=,

where {a}, refers to the least nonnegative integer of @ mod p. Thus

{q € [1,p — 1] : m|{dq}, for some d € (hA — hA)\ {0}}

1
<hA-hAP—= <p-1
m
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and hence there exists ¢ € [1,p — 1] such that m { {dq}, for every d €
(hA —hA)\ {0}.
Define ¢ : Z — Z,, by ¢(x) = {qx}, + mZ. For j =1,... ,hlet

1 .
Sj:{xEA: JTpg{qx}p<%p}.

Clearly Z?Zl 1S;| = ]U?:l S;| = |A|, so for some 1 < j < h we have
|Sj| = |A|/h. We denote this S; by A’
Let a,...,a, € A’. Since

J—1 J
Tp < {qal}pa cee 7{qah}p < Epa

we have
{gar}p + - +{aan}p = (G = Dp+ {alar + -+ an)}p
and hence
¢(ar) + -+ dlan) = (G — Vp+{q(ar + - -+ an)}p + mZ.
Ifay,...,a, € A" and {q(a1 +---+an)}p = {q(a] +--- +aj},)}p, then
¢(ar) + -+ ¢lan) = d(ay) + - + d(aj)
= {alar +--+ap —ay — - —ap)hy

= {q(a1 +"‘+ah>}p - {Q(all +"'+a;b)}p € mi

< a+--+a,—aj;—--—a;,=0.

Therefore the restriction of ¢ on A’ is Freiman h-isomorphic to ¢(A’) C
/el

Now we are ready to establish Ruzsa’s extension of Freiman’s theorem.
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Freiman-Ruzsa Theorem. Let A and B be finite nonempty subsets of
Z with |A + B| < c|4| and |A|?/|B|> = X\. Then B is contained in an

n-dimensional AP ) with

n < 28632\ + 0711(210032)\)28032)‘ and 1(Q) < 2"c*A|.

Proof. Note that ¢ > 1 since |A + B| > |A|. By the Pliinnecke-Ruzsa
theorem, we have |B — B| < c¢?|A| and [8B — 8B| < ¢!%|A4]. Choose
a prime p € (c!%|A|,2¢16|4]]. As p > c!%|A| > |8B — 8B|, by Ruzsa’s
reduction lemma, there is B’ C B with |B’| > |B|/8 which is Freiman
8-isomorphic to a subset S of Z,. By Bogolyubov’s theorem, there are

distinct r1,... , 7y, € [0,p — 1] with r; = 0 such that

2 2 16 2
p p 2c ’A|) 8 32
n<|—=| = < = 2%¢>* A
' (|5|) <|B,|) <|B|/8

and Bp(r1,...,7Tn,;1/4) € 25 — 2S5, In view of the lemma obtained

by Minkowski’s second theorem, if n; > 1 then there is a proper ni-

dimensional AP @)’ C Z,, such that

p 4]
(477,1)”1 (4711)"1 '

1
Q' CB, <r1,... ,rnl;z) C28—-2S and |Q'| >

Note that this is also valid when n; = 1.

Let ¢ : B — S be a Freiman 8-isomorphism. For a,b,c,d,a’,b',c,d €
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B’, clearly

¢(a) + d(b) — d(c) — ¢(d) = d(a’) + ¢(b') — d(c) — ¢(d)
<= ¢(a) + ¢(b) + ¢(') + ¢(d') + 4¢(a)

= ¢(a') + ¢(V') + ¢(c) + ¢(d) + 4¢(a)
<—a+b+d+d +4a=d+b +c+d+4a

~—a+b—c—d=d +bvV - -d.

Thus we can introduce a well defined surjective map ¢ : 2B’ — 2B’ —
25 — 28 by letting ¥(a +b —c —d) = ¢(a) + ¢(b) — ¢(c) — ¢(d) for

/ / / / /
a,b,c,d € B'. For a1,b1,... ,a4,bs4,a7,b7,... ,a,,b, €5,

W(ar + as — az — as) +(by + by — by — by)
= P(ay + ay — a5 — ay) +p(by + b5 — by — b))
= ¢(a1) + ¢(az) — ¢(as) — ¢(as) + ¢(b1) + @(b2) — ¢(b3) — P(ba)
= ¢(ay) + ¢(a3) — d(as) — dlay) + (b)) + ¢(b5) — P(b5) — H(b))
= ¢(ar) + ¢(az) + (b1) + B(b2) + dlaz) + ¢(al) + ¢ (b3) + ¢(b))
= ¢(a1) + ¢(a3) + ¢(b1) + B(b3) + ¢(az) + ¢(as) + ¢(bs) + &(ba)
<= a1 +azs+by +by+ahy+al + b5+ b
=a} +ay + by + b5+ az + as + bz + by
> (a1 +az — a3 — ag) + (b1 + by — by — by)

= (a} + ay, — aj — a}) + (b} + by, — by —b}).

Therefore 1) is a Freiman 2-isomorphism from 2B’ — 2B’ to 25 — 25,
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and hence Q; = ¥~ 1(Q’') C 2B’ — 2B’ C 2B — 2B is also a proper n;-

dimensional AP with

016|A| S 616|A|
(4ny)m = (210¢32))25¢52X

Q1) = Q1] = Q' >

Let B* = {by,... ,by,} be a maximal subset of B with b1+Q1,... ,b,,+

(1 pairwise disjoint. Then

nolQil = 3 b+ Q] = [B* + Q1| < |B+(2B—2B)| = [3B-2B| < 4]

=1

and hence

51 A
ny < c’| Al < 0*11(210032)\)28032’\.

Q1]
For each b € B, there is 1 < i < ng such that (b+ Q1) N (b; + Q1) # 0 and

hencebe b; + Q1 — Q1 C B*+ Q1 — Q1 C Q2+ Q1 — Q1, where
Q2:{51b1+'-'+5n2bn21 01,... 75n2 6{0,1}}

is an ng-dimensional AP with [(Q2) = 2"2. Note that @1 — Q1 is an

ni-dimensional AP with
Q1 — Q1) < 2™M1(Q1) = 2™ Q1| < 2™ |2B — 2B| < 2™ c*|A|.
Thus B is contained in an n-dimensional AP Q = Q2 + (Q1 — Q1) with
n=ni+ny <2832\ + 0—11(210032/\)28c32/\

and
Q1 S UQ) = U@ — QIQ2) < 2 H]AJ2" = 2744,

This concludes the proof. [
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3. TRIANGLE REMOVAL LEMMA AND THE

BALOG-SZEMEREDI-GOWERS THEOREM

The most important technique used by Szemerédi in his combinatorial
proof of Szemerédi’s theorem is his powerful regularity lemma in graph-
theoretic language.

Let G = (V, E) be an undirected graph (without multiple edges). For
A, B CV we define

A, B
e(A,B) = |EN(Ax B)| and d(A,B) = Ele’B)’,

and call d(A, B) the density of edges between A and B. For € > 0 the
pair (A, B) is said to be e-regular if |d(X,Y) — d(A, B)| < € for all those
X CAandY C B with | X| > ¢|A| and |Y| > ¢|B|.

Szemerédi’s Regularity Lemma. Let 0 < e < 1 and mg € Z*. Then
there are positive integers M = M(e,mg) and N = N(e,mqg) such that
whenever G = (V, E) is an undirected graph with |V| > N there is a

partition Vo UVi U--- UV, of V with
Vol <elVI, Wil=---=[Vi], mo<m<M ()
and at most em? pairs (V;, V;) (1 <i < j < m) not e-regular.

Triangle Removal Lemma (Ruzsa and Szemerédi, 1978). For each 0 <
0 < 1, there exists 0 < ¢(d) < 1 with the following property: If G = (V, E)
is an undirected graph with |V| sufficiently large, and G contains fewer
than c(0)|V|? triangles and then it is possible to remove fewer than &|V|?

edges from G to create a graph containing no triangles.
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Proof. Let € = §/12 and set mg = |12/§] + 1 > 1/e. By Szemerédi’s
regularity lemma, there are positive integers M = M(g,mg) and N =
N(g,mg) such that when n = |V| > N there is a partition VoUViU---UV,,
for which (%) holds and there are at most em? not e-regular pairs (V;, V;)
with 1 <i<j <

Suppose that |[V| > N and let Vo UV U---UV,, be a partition of V as
described above. Now we delete certain edges by the following rules:

(i) Delete those edges in E with one endpoint in V{. Since the degree
of each vertex is at most |V|, the number of edges we delete in this step is
at most |Vp| - [V] < |V]2.

(ii) Delete those edges with two endpoints in the same V; with 1 < i <

m. The number of edges we delete in this step is at most
|4 V|2
Z’V|2 (' |) | | <€‘V‘2
mo
(iii) Delete those edges with one endpoint in V; and another endpoint
in Vj, where 1 < ¢ < j < m and (V;,V}) is not e-regular. As e(V;,V;) <
Vil - |Vi] < (]V|/m)? and there are at most em? not e-regular pairs, the
number of edges we delete in this step is at most em?(|V'|/m)? = ¢|V|2.
(iv) If (V;,V;) is e-regular with 1 < i < j < m but d(V;,V;) < 3¢/2,
then delete those edges with one endpoint in V; and another endpoint in

V;. The number of edges we delete in this step is at most

3 V| V| 3
(m) —5u : Vi < ZelV]2
m 4

2)2 m

Let E’ denote the set of those edges left after the above four steps.
Then |[E\ E'| < (3+ 3/4)e|V|? < 4¢|V|?.
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Now assume that any graph formulated by removing fewer than §|V|?
edges from G contains triangles. Let [ be the maximal number of pair-
wise edge-disjoint triangles contained in G, and let 11, ... ,T; be pairwise
disjoint triangles in G. If we remove all edges of T1,... ,T; from G, then
the induced graph contains no triangles since each triangle in G shares an

edge with some T; with 1 <4 < [. Therefore 31 > §|V|?. As
J
B\ B < 4|V = VI <L,

the graph G’ = (V, E’) must contain a triangle 7T'.

Suppose that the three vertices of the triangle T' lie in V;, V; and Vj,
respectively, where 1 < i < j < k < m. By the formulation of E’, the pairs
(Vi, Vj), (Vi, Vi), (V;, Vi) are e-regular and d(V;, V;), d(V;, Vi), d(V;, V) are
all greater than 3¢/2.

Let

VY = {ve Vit d({v}, V) <d(Vi,V;) e}

If |Vi(j)| > ¢|V;|, then |d(Vi(j)7 V;)—d(V;, V})| < e since (V;, V;) is e-regular,

hence

d(V;,Vj) — e < d(V;7,V;) > d({v},Vy) <d(Vi,Vy) —e

W, “)r evrt

which leads a contradiction. Thus |Vi(j )| < ¢|V;|. Similarly, |V;(k)| < elVil,
where

VI = v e Vi: d{v}, Vi) < d(Vi, Vi) — e}
For U =V; \ (Vi(j) U Vi(k)), we have

U] = Vil = [V = [V > Vi = el V| — eVi| = (1 — 2e) Vil
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Let w € U. Then d({u},V;) > d(V;,V;) —e > 3¢/2 — ¢ = ¢/2 and
d{u}, Vi) > d(V;, Vi) —e = /2. Thus |Tj(u)| > ¢|V;| and [Ty (u)| > €| Vi,

where
Lj(u)={veV,:(uv)eEY}and Ty(u) ={ve Vg : (uv) € E'}.
As (V;, Vi) is e-regular, we have
|d(Lj(w), i (u) —d(Vj, Vi)| <e
and hence
e(T'j(u), Tr(u) > (d(Vj, Vi) = &)|T5(w)] - [Tr(u)] = §€|Vj\€|Vk!-

Note that e(I'j(u), 'y (u)) is the number of triangles in G with u as a vertex
and the other two vertices in V; and V}, respectively.
By the above, the number of triangles with vertices in V;, V;, Vj, respec-

tively is at least

3

€ €

> (T (u), Te(w) > U15elVilel Vil = 5
uelU

(1 = 28)[Vil[V;|[Vi|.

Recall that |[Vi| = [V;| = [Vi| = (V| = [Vol)/m = (1 = )[V|/M. So G

contains at least ¢(8)|V|? triangles, where

¢(5) = e3(1 —25])\2(31 — 2¢) >0

only depends on . This concludes the proof. [
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Roth’s Theorem. Let 0 < 6 < 1. Ifn € Z* is sufficiently large, then

any subset A of [1,n] with |A| > on contains an AP of length three.

Proof. For each a € [1,n], call {(a,1),...,(a,n)} a vertical line, and
{(1,a),...,(n,a) a horizontal line. For m € [2,2n] call {(a,b) € [1,n]? :
a+b=m} a skew line. Construct a graph G = (V, E') whose vertices are
these 4n — 1 lines and whose edges are just those (L1, L) with Ly # Lo

and Ly N Ly C X, where
X ={(a,b) € [1,n]*: a+2bc A}.

Clearly L1 N Ly = () if L; and Lo are lines of the same kind. If L; and
Lo are lines of different kinds, then there is a unique intersection point of
L, and Ls. Thus a triangle in G is formed by three lines of three different
kinds, and so the intersection points of these three lines can be written as
(a,b),(a+d,b),(a,b+d) € X.

For each v = (a,b) € X, we let T, denote the triangle in G whose
vertices are three different lines passing v. Clearly those T, with v € X

are pairwise edge-disjoint. Observe that

| X| :Z|{(a,b) € [1,n)*: a=c—2b}

ceEA

> ([5]-1) = (F-2) [{eca: > T}

ccA
c>on/2

on on
> — — —.
/(4 2>2

If n > 10/4, then 2 < dn/5 and hence

on  on\ on 62 1\2
|X|>(Z_?)7>E<n__> =d'|V|?
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where ¢’ = §2/640. If we remove fewer than §'|V|? < |X| edges from G,
then there is a triangle T, with v € X left in the resulting graph. By the
Triangle Removal Lemma, if |V| = 4n — 1 is sufficiently large then the
graph G contains at least c|V|?> > n? > | X| triangles, where ¢ > 0 only
depends on 4.

Assume that |V| is sufficiently large. By the above, G must contain a
triangle T different from those T, with v € X. Let (a,b), (a +d,b), (a,b+
d) € X be the three intersection points of the three lines used as the

vertices of T'. Then d # 0, and also
a+2bc A a+d+20€ A, a+2(b+d) =a+2b+2d e A

So A contains an AP of length three with common difference d. [

To obtain the general case of Szemerédi’s theorem in the above spirit,
one should extend Szemerédi’s Regularity Lemma and the Triangle Re-
moval Lemma to hypergraphs. We mention that there are several different
versions of them for hypergraphs. Contributors in this direction include
Erdés, Rodl, Skokan, Gowers, Chung, Graham, Tao, and Ishigami. We
will discuss this in future lectures.

The initial form of the following result was first obtained by Balog and

Szemerédi in 1994 via Szemerédi’s regularity lemma.

Balog-Szemerédi-Gowers Theorem. Let A and B be finite nonempty

subsets of an abelian group. Let E C A X B with

Al|lB E
\E|>| IH( | and |A+ B| < K'\/|A]||B],
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E
where K > 1, K" >0 and A+ B ={a+b: (a,b) € E}. Then there are
A’ C A and B’ C B such that
A1z L imy = Bl a4 B < 22K () TATB]
42K 4K

For convenience, if X is a finite set and f(z) € C for all x € X, then

we define

reX

For a predicate P we let

1 if P holds,
[P] = .
0 otherwise.
A Lemma on Paths of Length Two. Let G = (V, E) be a bipartite
graph with vertex classes A and B. Suppose that |E| > |A||B|/K with
K > 1. Then for each 0 < ¢ < 1 there is A’ C A with |A'| > |A|/(vV2K)

such that

H(a,a’)eA’xA’: {beB:(ab), () € BY| < 5 |B\}‘<€|A’]2.

Proof. For b € B, the neighborhood of bis N(b) = {a € A : (a,b) € E}.

Observe that
151 14

Eb€B|N(b)| |B’

and hence by the Cauchy-Schwarz inequality we have

S AP

Eies(NO) > Eres NG > -
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Let
i / . / —6
Q_{(a,a)eAxA. IN(a) N N(d')| < 2K2\B|}.
Clearly,
: _ / € elAPPB
S Y laa)efl= Y IN@ANW@) < [9]5 1B < T
beB a,a’ €N (b) (a,a’)eQ
and so
Bew 3. (1-2lwa) €9)
8 )
a,a’ €N(b)
1
_ 2 /
=Eues|NO)" — —Evep > la,d)eq]

a,a’ €N (b)
AP 1 elA? AP
L -
K2 & 2K? 2K

Thus, for some b € B we have

% ey (1_ [[(a,a’g)eQ]])

Set A’ = N(b) C A. Then |A'| > |A|/(vV2K) and
{(a,a’) € Q: a,d’ € A'}| < A2

This concludes the proof. [

Proof of the Balog-Szemerédi-Gowers Theorem. Let G be a bi-

partite graph with vertex classes A and B, and with the edge set E. Let
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A, ={a€ A: |N(a)| > |B|/(2K)} and G, be the induced bipartite graph
with classes A, and B. Clearly e(A \ A, B) < |A||B|/(2K) and thus

[Al1B]  |AllB]

* > -
E(G.)] > Bl - 5= >

Note that L = |A|/|A«| > 1 and |E(G.)| > |AL||B|/(2K/L).
Applying the above lemma to the graph G, we know that there is

Al C A, such that

V2(2K/L) 2V2K

and

Thus there are fewer than |A.|?/(16K) pairs (a,a’) € A, x A/, which are
bad in the sense that |N(a) N N(a’)| < |B|L?/(128K3).
Let

A/
A = {a € Al :|{d' € A, : (a,d’) is bad}| < ‘8—;('}

If [AL \ A > |AL]/2, then

AL
16K

(AL AL

> |{(a,a") € (AL\ A") x AL : (a,d’) is bad}| >

which leads a contradiction. So |A’| > |A.]/2 > |A|/(4V2K). Set

Al
"= : - 2|—* )
B {beB {a € A, : (a,b) € E}| 4K}
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Then

[ALIB' > ) [{a€ A (ab) € E}|

beB’
“Yleed:@heB) - Y Hoedl:(ab)er)
beB beB\B'
B| ALl _ |AL]|B]
A/ |__ % 2 k
A~ 2 Tk 2 UK

beB\ B’
and hence |B’| > |B|/(4K).
Let a € A’ and b € B’. Then
| AL
4K

|A%]

H{a' € AL : (d',b) € E}| > and |{a’ € A, : (a,d’) is bad}| < Tl

Therefore

a€ Al :(a',n) € Eand |[N(a) N N(a)| > L% 5|
* ’ 128 K3

=|{a € A, : (a’,n) € E and (a,a’) is not bad}|
(AL A A A
4K 8K 8K T 162K2

and hence

{(a',b') € Ax B:(a,b),(d,V),(d,b) € E}|
Al LBl _ |AlIB|
= 16\/§K2 2QTK3 = 9I2K5°
Note that (a +b") — (' +b') + (' +b) =a+b. So

|A[|B]
212K5'

B
H{(z,y,2) 1 z,y,2€ A+ B, x —y+z=a+0b}| >

By the above,

Al|B E
]A'+B’|% <{(z,y,2) :2,y,2€ A+ B, x —y+2z¢€ A + B'}|

E
<|A+BJ° < (K'VIA||B])®

and it follows that |A’ + |B’| < 212 K®(K’)3\/|A||B|. We are done. [J
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